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CHARACTERISATION OF THE PARENT DISTRIBUTION
BY INEQUALITY MEASURES ON ITS TRUNCATIONS

By SUBIR KUMAR BHANDARI
Indian Statistical Institute

SUMMARY. 1t is shown that for Gini-index, H-indox and Dalton's measure, the values
of the inequality index for all upper (or lower) tr ions of a distribution d ine the distribu-
tion uniquely up to scale change. Moreover, the y-entropy measure for all upper truncations
determine the distribution unique up to translation shift.

1. INTRODUCTION

It is shown in this paper that if for some measures of inequality (in
income), the upper a-truncated distributions corresponding to two income
distributions F' and ¢ have the same inequality measure for every « in (0, 1),
then F and @ are equal except for possible change in scale. The specific
inequality indices considered in this paper are Gini-index, coefficient of varia-
tion, entropy measure, measures derived from Mellin’s transform, and
Dalton’s measure.

Bhattacharya (1963) and Schelling (1934) (see Piesch, 1975) have proved
independently that a y and sufficient condition for an arbitrary lower
truncation to leave the Lorenz curve unchanged, is that the continuous den-
sity function has the Pareto form with index greater than 1. Ord et al. (1983)
have shown that if the Gini-index or H-index (based on Mellin’s transform)
is invariant for all upper truncations, then the parent distribution is Pareto.
This generalizes the result of Schelling (1934) and Bhattacharya (1963). Fur-
thermore, Ord ef al. (1983) have shown that a distribution with continuous
density having support (0, c0) is exponential if and only if, the entropy in-
equality measure is invariant for all upper truncations.

Our paper thus generalizes the results of Ord e al. (1983) as well as those
of Bhattacharya (1963) and Schelling (1934).

2. THE MAIN RESULT

Let F be the distribution function of a gative random variable X,
and F, be the distribution function of X, given X > Z, (F), where Z, (F)
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is the upper a-quantile (0 < @ < 1) of F. Let 4 (F) > 0 be the mean of the
distribution F. We shall assume throughout that the inequality measure
I(F) for any distribution F is scale-invariant. For the following theorem
we have considered I(F) to be any one of the following : Coefficient of
variation, Gini-index, measures derived from Mellin’s transform, and Dalton’s
messur2. (see Nygard and Sandstrom (1981), Ord ef al. (1983), Marshall and
Olkin (1979)). Note that the above inequality indices are special cases of the
following general functional form, or related to this form by one-to-one
correspondence :

I(F) = f Sp(z) AFE)T [ F)), @)

where Sg(z) is either T ¢t dF(t), or a suitably chosen strictly convex function
8 of 2, and 7T is some suitable function.
Theorem 2.1 : If for any two distribulion functions F and G on (0, o)
I(F,) = I(G,) . (22)
for all 0 < a < 1, then G is a scale-transform of F. Conversely, if G i8 a scale-
transform of F, then I(F,) = I(G,) for all 0 <a < 1.

Proof : Suppose, for distributions F and G with 4(F) > 0 and x(G) > 0,
we have I(F,) = I(G,) for all 0 < a < 1, but F is not a scale-transform of G.
Without any loss of generality, we may assume that u(F) = u(G@) = 1, since
I(F,) is not affected by a scale transformation of F.

Let
ZF)
L) = [ ¢ dFOE). . (23)

Since F is not a scale-transform of G by our assumption, the Lorenz curves
corresponding to F and @ will be different. Note that the set of all points
« ¢ [0, 1] for which Lg(a) = Lg() is closed. Since Lg() is continuous in e,
we can get a; and a,, 0 < &; < a3 < 1 such that

Lyla) # Lela) for all « e{ay, o),

Lg(o) = Lelay) for i = 1, 2. . (24)
Without loss of generality let us assume

Lle) < Lola), for oll a e(ey, @) . (2.5)
gince Ly(a)—Lg(e) has the same sign in (a,, ).



CHARACTERISATION OF THE PARENT DISTRIBUTION 299

Note that (2.4) implies

M) = p@G,), fori =1, 2. e (26)
Thus, we must have
] ®
| Se(z)dF@z) = [ Sclx)d@(z),i=1,2. . (27)
EA0] Zogl®
The relation (2.7) implies
2, (P) 2, (6)
| Sp@)dF@)= [ Sglz)dG(z). . (2.8)
Zg(F) Zgy@

Case I : Suppose now
Selz) = 1 L dF(). . (20)

Then assuming F and G to be continuous, (2.5) contradicts (2.8) ; note that
the Lorenz curves corresponding to F and G cannot both become straight
lines in (a;, @).

Case II :  Suppose Sp(z) is a strictly convex function § of .

Let X and Y denote random variables with distribution functions F and
G, respectively. Now note that the conditional distribution of X, given
2,(F) < X < Z,(F), is Lorenz dominated by the conditional distribution
of Y, given Z,z(G) <Y< Z,l(G). This follows from (2.4) and (2.5); as
a matter of fact, (2.4) implies that the above conditional distributions have
the same mean. Now, it follows from Ross (1983) or Atkinson (1970), or
Ryff (1963, 1965) that

z, (P) e
I S(a:) dF(z) > I S(z) dQ(z), ... (2.10)

which contradicts (2.8) with Sp = S¢ =S

Remark 2.1: It follows from the above proof that an analogous result
holds also for lower truncations.

Remark 2.2: Consider the following density on (0, ¢) :
fz)= l+ﬂ 2, —1<f <. e (201)

Note that all the indices considered above for this density are invariant with
respect to lower truncations, Hence, any continuous distribution for which
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the above inequality indices are invariant with respect to lower truncation
has the density of form (2.11).
3. TRUNOATION AND ENTROPY-MEASURE OF INEQUALITY
Definition 3.1 : The y-entropy (—1 <7y <o) of a distribution func-
tion F on (0, o) with density f is defined as

oF) = ; .'{' (1—f")) dF(z), for y # 0

and eoF) = — of’ log f(z) dF(z).

The following theorem can be proved following an argument analogous to
the proof of Theorem 2.1 :

Theorem 3.1: If f 148 positive on an inlerval in [0, o), then
{e,(Fy) : 0 < @ < 1} determines F uniquely except for a possible shift in tran-
slation.

Remark 3.1: It is an interesting problem to find a necessary and suffi-
cient condition for {C,, 0 < @ < 1} to correspond to {I(F,), 0 <a <1} for
some given inequality measure I.
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