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INTRODUCTION

In an earlier paper by the author {1945) the problem of linenr estimation has been dealt
with under very general conditions. The problem is, wiven the vector Y == (y, », ... 5}
of n stochastic varirtes such that B(Y)=TA" where T == (r, r,...7,) ix & row matrix of
m unknown parameters and A is & known matrix with » rows and m colunim and »lso the
dispersion matrix A of the stochastic variates, to find a linear function BY ' such that

(a) E{BY')=LT" indepenclently of T ..y
and (b) V(BY') ix minimun .. ('th
where LT ia a given paramatric funclion.

The object of the present puper is to extend the above problem to cases whore the
parameters 1,,7,,...,7, are subject to & linear restrictions G=TR’ where G and R are known
matrices the former being a row muatrix with & clements and the latter being a matrix with
k rows and m columns. The problem in to find & linear function b, +BY’ (il one vxistz, not
necessarily homogeneous in y'x) such that

(a) E(b, + BY') = LT' subject 2o G = TR’ P T3
(b) V(b, + BY’) i minimum v (121)

The dincunsion on teats of lincar hypothesss givon by Rao (1845) holdx good in these
eiluntions &lso,
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2. NOLUTION TO THE GENERAL PROHLEM

If b, and B exixt auch that (1.2) i3 satisfi=d thon

LT = B, -+ BY") = b, + BA'W” o2h

i~ true whenever (= T which gives that for s suitable vector 1) we ot
b, - (BA - L)T" = DIG" - RT") o2
or BA=DR =L and b, — DG e (2412)

Also if b, und B satinfy (2:12) then E(b,-+ BY')= LT* which gives that the necewary and su-
ficient comdition that LT" is estimable is that there exist b, nnd B such that for o svitable 1) the
relations BA+DR= L and b= DG are identically trur.

From the sct of 4,. B and D satinfving (2.12) we have Lo selvet thase for which V(BY’)
= BAB’ i the least.  Introducing Lagrangion multipliers 24w 20 - 3
have to minimice BAB - 2C(A'B'-R° D' = 17}-£ 2d(h, ~ PGY with vesped
elements of B, 12 and €. ‘This leads to

2een ) W
1o d, b, and the

BA- CA" =0, BA+ DR= L ey
(R =dG, d=0, b=DE e

Defining A7 as the inverse of A we got
B = CA’\ CAAA = DR = L L2y
CR' =0, b, =DC" oo (223)

o we get that b, und B aatisfying (1.2) and (1.21) are given by B- CA'N Y and b = DG where
Cand D satisfy the ~qualims
CAA'A - DR =L, CR" =0 L2y

As shown earlier (Rao : [IM5) we ean easily prove that b, and B are unique for adl € anid
D satisfving (2.24) and the variance asociated with b, - BY” derived from above is the hase,

3. THE ANALOGHE OF MARROFE™S RULE

It ias been shown above that the best estimate of LT* ix given by DG'4 CA'Y 'Y”
where Cand D satisfy (2.24). I we construet the quantities Q={g,. ¢.. . ... §.4) by the trns
formation Q=YA"A with E(Q1=A"A"'AT" = H" we ean rextatte the resnit of xection (2) an
if there exist C and 1) such that 1)1 =CH’ + DRT' and CR =0 then the best unlnansed estimate f
L1 ix DG’ CQ" und this ix unigue for all C and D alizfying the aboer relation.

We may transinte the above result into the following rule. Lot ux construtet the linear
rquations
QW=H + SR and CR" == 0 Loy

in 1, 75,0 7wl & preudo.variates o, 0y, ..., g, of thy vectorN=(v,, 0. ..., ¢,) and ot
v l) and S=(1,, %, ..., %) ax solutions . Becanse of the identity .
LT = DRT' 4- CH’  where CIV' =~ 0 Looe2n

LT = DRT" + CH' = DG’ + C(Q° -R'S) = DG 4 0Q .. (329)

we eet the result that the mbstitution of any solution of (3.2) in an extimable paramedric
Sunction LT’ leada to ils best estimate.
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1€ NT' is any given purametric function then E(NT")=NT’ whon and only when NT*
is estimable. This may be used ax the criterion of cstimability. A non-estimable parametrie
function will reveal itself either in violation of this eriterion or in giving different expressiofm
for different solutions.

The equations (3.2) may bu called normal equations appropriate for this ease and aro
rendily obtained hy minimising the expression.

55 A (=00 (¥-8) - 34
where AY (1,5 =1,2, ..., n)ure the elements of A™, with respect to 7,, 7.,....r,, subject to
the restrietions G=TR' thus leading to the usual rule of least squares,

The equations (3.2) arc always solvable. For this il is enough to show that if there
exist U and W aieh that
U(H' + R'S") + WRT" =0 Lo (35)
then UQ’+DG’=0 which is trué for we can show that both the expectation and the variance
of UQ'+ DG vanish if (3.5) holds.
The abovo discussion shows that we ean adi a consistent and « convenient and some-
times a vonventionally chosen set of equations to (3.2) and got solutions for substitution.

From the necessary and suffivient condition for estimability (2.12) we. derivo that the
number of estimuble parametric fun.tione is equal to the rank of tho matrix obtained by
wdjoining R to A.

4. VAKIANCES AND COVAKIANCES 0% ESTiMATRS

The best estinuate of LT’ is given by DG’ 2-CQ’ whir: C ard 1) sutisfy (2:24). [t
folinws that

V(DG + CQ’) = CA’AAC' = (L — DR)C' = I.C' .o 4D
[f LT’ and MT" are estimated by DG'+CQ’ and AG' +xQ', then
cov. (DO + CQ') (AG’ + XQ) =sov. (CQ) (XQ) = Ly'=MC" .. (11)

which are analogous to those derived by Rao in (1945).

We can also show that the intrinsic properties of nurmal equations, discussed in the
provious paper, hold good in this ease rlso. These results, in particular cases, have becn al-
ready discussed by the author elsewhere (Rao : 1943}

5. TESTS OF LINEAR HYPOTHESES

The nature of linear hypothesis is the assignment of the value of one or more linear
parametric funotions. The case of a single parametrio function does not present any difficulty.
If the »'s form a multivariate normal system, we conatruct the normal variate with zero
mean and unit variance by taking the ratio of the deviation of the estimate from the given
valuo to ite standard deviation and test for its significance. Thuy if LT' is an estimable
pavametric funetion with a specified value ¢ and its best unbiasund cstimate is DG’ —CQ’ then
to test the hypothesis LT'=§ we construoct the statistio

v=(DG'+CQ — )y T .m0
which ean be referred to a probability intagral table of normal deviates.
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We can extend this result to test tho composite hypothesis that a pumber of para-
metric functions L, T", L,T', ..., L,T’ have asvigned values §,.¢,,..., &. [f E and ¢ be the
veotors defined by (L,T' L, T' ... L,T') and (§:..- .§;) then for tho hypothesia to be con-
sitent it follows that if there cxists two vectors M=(m, m,...m) and N = (n, n,...1m)
suoh that ME’==NRT’ or 0, then M§=NQ’ or 0 respectively. In this case we can
replnce the composite hypothesis by finding an functi

ind,

set of p ie f
M,T, M,T",.. .M, T’ and corresponding values 9,,n.,...,%,, derived by linear combinations
from L,T",L,,T", ..., L,T" such that no linear combination of the new wet enn be derived from
the parawetric functions TR’ ocouring in the linear restrictions G=TR'". If the best estimates
of MyT’ —n,, M.T" —~1,, ..., M, T*—7,, are given by the eloements of the vector P=(P,P,...Py)
with their dispersion matrix given by D, then following the arg a9 in the pravious
paper, we got the statistic V, snitabli: for testing the coraporite hypothesis as the root of the
reterminental cquntion

|P'P- VD] =0 B

The statstic V' is distributed as x* with m degrees of freedom.on the null hypothexsis
anul as the Bessel function variate delined in the previous paper, on the non. null hypothesis.

Sinze Vi invariant when the matrices P'Pand D are pre or post multiplied by noa
singular square matrices, it follows that V is the same for uany set of independent, functions
MT, MT ... M, T chosen above.

The neceasary statistivs when the variunces and covariances are not known are ob-
tained by studentising the above statistics with the help. of suitable quadratic estimates of the
variances and covariances. The general problem of quadratic estimation is being idered
for this purpose and it will be shown elsewhcr.:, that many problems concerning linear hypothe-
sis can be answered with the help of two distributions viz the f and I' distributions.
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