THE INDIVIDUAL SAMPLING DISTRIBUTION OF THE MAXIMUM,
THE MINIMUM AND ANY INTERMEDIATE OF THE
p-STATISTICS ON THE NULL-HYPOTHESIS

By SAMARENDRA Na'TH ROY
Statintical Laborntory, Caleuttu.

INTRODUCTION

Given two random samples 8’ and 87 of sizes n’ and 2, and variance and covariance
matrices fa'y, . unel .e”)li drawn from two p-varite normal populations X' and X" with
varianee antk covariance matrices ga’ g 1and ta”jil, it was shown earlier by the author (1039)
nnik adwo by others (1039) that the nuﬁh\polhmis {for the popuintions) ra’,
be npproprintely tested by a set of p-statistics given by the p roots
in this particulur case) of the determinantal equation in 2 |a’, — l’u .,| =0 The
Jjoint sampling distribution of these p-statistics on the mill hypothesis ta’,, = -a; wax nt
the sume tine obtuined by the author {1939) nad by others (1939). The joint dixlribu!ion of
these k'si=1, ..} ou the non-null hypothesis (that is, when "a’), 7 a7, | waxalso given
by the aathor wlitthe later {1942) and it was found that thisinvolved ax population pammeters
Pyuantities «%, x7,
which come vut ns the p roots (all positi
x*s|a’ ) —xa”, | =0. Closoly nasociatedt with this is the second problem of nwltivariate
analysis of varinnee which can be stated na follows. Given /fsmples 8N, ... 8, of sizes
#ny o ng and mean valies Ti{r) nnd varianee and covarinnee matrices fay(rhi {where i, §
refer to the different varistes, and r to the sample, and i j, = 1.2, .. pandr=1,2,....1}
supposedd to have been drawn from ! p-varinte normal populations x,, X., ..., ¥, with mean
values m(r) and varianee and covarianee matrix 187y (supposed to be lhv sume for all
populutions), to test the null hypothesia m(D)=my (2} =...= m,(8), (=1, 2,...,p). This
is. of course, in terms of onc-wny clssificati The same techni cuulrl by a slight
twist be usedd for nnalysin of varianer in terms of multivay and othor types of chssifica-
tions, Bt wax shown by the author (1030) that the null hypothesis in the case just men-
tioned could be appropriatoly tested (when > p) by a st of p-statistics 1), #2,,...4%
which comc out as the p roots {all positive in this case) of the determinantal equation in
7 by - 1 57 =0, where

wa”yy could
' (all positive

.ox%, which are nll unity when and only when ey = &%yt and

in this case) of the determinantal equation in

U ]
Va= S mlE0-5) GO-B)0-1; Fa= 3 - laytl S o,-1)
' ’ (L1
(r)/zn,. G j=1,2 ... p)

The joint distribution of these p-statistica t,, by, . .., , on the null-hypotheris mi{1) = my(2) =

=,m{l) (i=1,2,....p) comes out to bo of the saame form as that of k,, &, ...k, of tho first
prohlem and ‘waas indieated as such by the author(1930) and by othors (1939). The distribition
on the nem-null hypothesin my()1 22m(2)z5. . s€m({l) (i=1, 2, ..., p) was given by tho
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author (1942) n littlo Iater and involved as parameter » cortain function of p quantitics
', are the p roots (all positive in this case) of the
-determinantal equntion in vI—|8° — v? 8"y | = 0 where 87 i already defined and

Bu= ¥ mim=m) (mr=mHe=1): m=

i I
A ."n. myr)f '.‘_:‘ ne Yy

It was noted that r,'a (i = 1,2, ..., p) are vern when and only when ¢ 87, = 0 which
happens when and only when mfl) = sy = ..o (). (i = L2, .., pt. 1t in siso worth
noting here that while on the respective null hypotheses the joint distribution of &' of the
first problem hax the same form us that of £'s of the second problem, the correnponding dix
tributions on the respeetive non-null hypotheses nre entirely different. ‘Ihis feature of the
problent ix well-known in lln-'uni\'nrinu' cuse sl is found W be enrried over into the multi-
varinte in a manner one would be nutncally lul to expeet.  The cuse for < p has alvo heen
sinee investiguted amd the =olution will be out shortly.

In the firt case on the null hypothesia the joint mampling distribution of the p
statistics k.,
out ax

R A ] | to he 3 Lin ling order of itude) comes

Const. I ke »t k(LR
i

ko) (F, RTEA T IR

Wl ® (k0,2 L ) (ke

% ’ REY
PO N S X

! I o1 1
wherv A==(n"—1).(n"—1) oLy
while in the second ease on the null hypothesis the distribution of 8,1, ..., 1, (supposed
to be wrennged in an azeending order of maguitude) comex out ux

N N1
Lonut. R | B e
-l

(D Bt e )

(007 (2 78 L (P )

X [{)]
£y Fpy - B L
1 1 . | 1
!
whore a={—-DAN—-N) and N= £, .. (LG}
e

It will be aocn that (1.3) nnd (1.5) arc, ua noted carlicr, exactly of the rame form.

‘The objuot of the present puper is to fud out the sampling distribution of (i) the
maximum atatistic &y, or £, of (1.3) or (1.5), (i5) the minimum =tatistic &, or ¢, of (1.3} or (13}
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p-STATISTICS—INDIVIDUAL SAMPLING DISTRIBUTIONS

sivl (iii) in gonoral any intermeclinte atatistic &y vefy {j = 2,3, ..., p—1). Tt isovidlent that
ono linc of investiyation wonld serve for hoth &' and I's. The next paper will bo concermnl
with the kampling distribution of (i) k,, kyor £y (j = 2,3, ..., p — 1) on the non-null hypothexis
'y 7= taypli and (i) &, 0, and £(§ co = 1) on the non-nall hyputhesis ¢, 170,

2. NOTATION AND MATHEMATICAL FRELIMINAKIES

Ifin (1.3) we put A =2 (i = 1,

) then (1.3) reslueea to

Const. l’i L a alt'“'(l+t'|).
-
[E R T S CN SN

(£ (&) oo (@1 ()

X

Similarly i€ wo put ay = z°(i = 1,2, ... p) (1.5) gocs over into
Coust. III' x"rt’iz',,’(l+z'.) \x_‘

-
(T Pt L (1 (1)
[C2fy L S Y L Rt el ) L

X (2.2

Now {2.1) and (2.2) being of the same form wo ean conveniently put «, for cither ', or 7.
m for cither (n'~-p—2);2 or (I—p—2)/2, and n for cither (n'+n"=2)2 or (N=1);2. Itis
10 bo naticed thut (#'—p =232 (1 4+ 1" — 212 aud ({—p—2),2<(N—1} 2, which means that
m in any caso is less than n. Wo can now write (2.1) or (2.2) in the form

Const. II‘I =, drf(l41,)*
”l

ER N O A A

It x, o

X ' o (23)
o gy PR S
1 1 1 1

It wns shown in earlier papers that, unarmingal, ench of the & or '8 varica from O to =«
and arranged in an axeciiling onder we have

Nk QHE o oy <0G 20 a1 0L LS v v K K< o0 ]
[R5]
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1t iv to be remembered here that (1.3) and {(1.5) or (2.1) and (2.2) give the relevant distribu-
tions only when the statinties have een arrunged in an ascending order.  Otherwise, se
pointed out in earlier papers, instead of the determinants ocenrring hero we would have had
absalute values of these determinants coming in.
Now from (2.4) it easily follows that
0K &0 K oo €ty 1Kty K5 K 0 .24l

The dintribution (2.3} can e conveniently rewritten in the form
v

‘onat. 1 de,
=

P £, o et e

=gy O-r 7 MexF {T-xy

A i Fale
[T L I N R LK

. 242
7=t £y oz z,=
L (R e
g T T zm
Uz (kx4 (1 F0)e
or i n more compresaed nnlation
»
Const. F{m,, n; zp: mp, nix,0t coomyn;x,:my, n; )% dr, Lo 24
"1

where the function F{ ) standa for the determinant in (2.42) and where m = w —i -1
li=pp=1..1)

“The incomplote probability integrals of the distributions of (f)z,, (fi}%,, and (i) z, for
fa=p—1, ....2) arc given respectively by the p-fold integrals

. %5 Pet 5
UDI ll:,[ ll.t,,.,I dz,, ... [ de,Ffmg n:xom, nizpgsomoni a0 (25

(ii)[ ’ dz, I: drg ... I ’ dlz, I ‘ dx, Flmg, n; 2yl mpy mezp om0 (25])
. P .
v [ '
s’ s n s ] 72
i [ 7 ey [ 7y [ P [T [ | dnBmnin. o nin)
’l’ 1 XF'I N * L "

In (i) the ordor of integration is from #,—2,—x,— ... z,; in (i) tho order i fram £~
2y \DTp.3—> . .—F; in ({H7) it in from xp—2y. . ., =1 on one side and from x,—r.—. ..~z
on tha other side. It will be nlao aven thal (i) gives the incomplete probability integral
of z, from 0 Lo x whenco wo could, if we liked, casily obtain the incomplete inteyral from
X 10 of, (1) gives tho incomplete probability integral of x, from x to  wheneo thut for the
range 0 to x could bo casily obtaincd, while {iii) gives the incomplote integral for ) from x
10 @ whounco again that from 0 to x is immodiately dorivable.
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pSTATISTICS—INDIVIDUAL SAMPLING DISTRIBUTIONS

I tho function F{ )} defaed by (2.43) wo bave the restriction {i) = pr,3r, 3
2R e 2EPEH PO, (i) my=m+s—1{s=p, p—1, ..., 1} and (iii) allthe n's aro equal
and greater thay wr,. It will bo necewsary and henee dexirable to relax (i) and (ifi) and
consider mp, 1, My Myt ooy, kabject, however, to the provinos that (a) my>my.,
> D> m (By>n, 0> L >a aml (Y >m. The more general type of function
F{ } will then be

Flmyomg o2y mpaa My s s com my i x s myong oz .. (28)

where the £,’s are mubject to (i) and m,'s and 2,'n are subjeet 1o {a), (8) und (), and
a=p,p—1, ... 2, 1. Forauch n function we whall have, of eourse, incomplete probability
integrals corresponding to (2.5, (2.51) and (2.52), Such integrals would not directly arise ont
of the statistics] situations consitlered here, but it will be seen lnter on that in course of
reduction of the main integrals, such inteyrals would accur ns mathematical muxilinries not
open ta direet etatistical interpretation,

We shinll denote (2.5), {2.51) and {2.52) respectively by
F{x:mp n;mgyn:. . om n},
Fl{mg,n; mipq,ni..omy, n; x}) and (2.7

Flmpnioompni X mp,oni. om0}

Or, xince all the »'s are equal, by
F{x: mpoimpge ooy n),
Flmpy mpy o comyy vy x) and A )]
Flmy mygy coomys X5y, ooomy ;)

while the corresponding incompleto integrals arising out of (2.6) can be, of vourse, con-
veniently denoted by

. F(x: mp, npsmpa, vy -oomy, vy} Flmg, ngs mp onpr oo myomy; x)
an

Flmpngsoomyny s x;ompyn i oomy, m} . (27
Tt will be seen from (2.42), (2.41), (2.5), (2.62) and (2.6) that tho evaluation of the
functions defined by (2.7)—(2.72) invalvex a conzideration of the following types of integrals

@ xaede, [0 3 dr,

freede, 17 2 dzy., "3 g 3
AR IR B

.['('117,,)7» ‘l_(l+x,_,)-',-: L=
amd’

» “ o I
f ™ dr, I ERL 1,'1:11,[ 1™ dyy,

.__IT|+;,,)-’." = (5 _'u+x,)-", R

where {in'y, 'y ... m”) iv any permutation of my, my .y, ..om and (0%, ... &) isthe
correxponding permutation of (my, wp_y, .1 n,)
Tho integrals given by (2.73) wo enn conveniently denote by
Flx oo w'o; olpn Al o'y w0} Flm', n'p o'y w5 0oy, Y 1 x)
wndd YO PN ST VTR FR U/ VIR 18] - (274)
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) defined now xhould be carcfully dis-

tinguished.  For purposs of reduction and o another all notation lo
{2.7), (2.71) and (2.72) appears to be more helpful nancly
f My My My Rply oo My, Ry Mipy Mp Mgy Ryy ou.omy,ony
Floxil mpmy mpun oomyn, , F Wy, By Mgy Moy ooy, my fix
m.,,. Hy My, Ny my,om | mp,. n, m,,,: Ny m,,.n‘
My My Mg, Dl ool gy Ny
and l-'! | ' my, 'u. .

My Mg Mp, Mol .

X3 (mpy By oy Bp o my, )

“The notation can be illustrated for the case of three varintea for which

My, Ay
¥ x;<m . Ny
niy, Ny

f 4

I

I

my N, My, N,
my, w,omy, N,
my R, omy,m

. .1-"lv ,'-"".
=+ (175 e

o " dz,
o ()

_ I "y dr, 2 dr, I"_ﬁ:dx. _ l‘" 7, j'" £ de,
RIS R IRTE  B i L T
" I'i."_nd_:,_ 7 dry I”x,": dr, J'" e ds, I' 2% dz,
ez Ry IE=A TR B (RPN N oy

=1 my, myom,,

+ F0 iy, 0 i, 0,5 g, nyc) R F (G g, 00, i, 0,0

ny o )= FNT g, g2 myy 1y g, )= FOX 0,0 mgnag myon)

—F(x; my, ny0 oy, wyd oy, ng) 274
Similarly,
My Ry mp N, Mg, 1
F ma, Ny iy, n, myn | %
my, g omun, o om,m, I
» »
-+ z,"x dry £ tlr, :,Lrli_J‘ 7 dn, I i de,
(l'r’x)" (H")' REEN r (l+l)" (+n)
1,"1 dey x ms dry .xl". dr, _ l‘ . x dr, l‘ s dxy
1 (H-J':)' l Ty (H—I.)" ., k) OFRR
+ I’ ° I dry lll:r,_ I " nl.r,‘ I e dr, * R :I:‘,
v, WFap PR S I e ’, Ery: L)

= Flmgngs mpn,: myny; X)=Flmang: mon: mn
- F(m,n,; myny;

138

myng; X)FFOn0; mang mng; x)— Fim s om,, 1,0 mang; X)

yo X)=F(m o mangs mn: X)

(237
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My Ry My, Ry My My
F Ma My M, N, MRy
X

o My Pl By, Ry
- - . - P
rmadr, 2,1 de, £ V= de, = dr, f *x" dr,
+I ,,u+:.)--'( _u+z.)-xI TTam —I R I ,’(;'+7.)-"=)
J’ " r dx, ]’. 2% d, I’ o de, I amudr, " r dr,
sl Fner (4o I T (e (l-}.}‘,)-‘-
[ o dr, [ dn_ g s de f T rims de,
aram\ 1 WFRs] s T asnm o

=Flma,ny; mpnyi x; m,‘n,) Fimgang ul.n,: Xy )= Flomptys mayl X: ;)
A F(mang mpmg x; mg ) F F0mme mynad X0 man)—=Flimn,: mgng; x: o) . (2,78)

A detailed expnnsion for the caxe p = 3 makes evident the meaning of thic notation for any
pencral p. - Going back to {2.42) wo nutico that in an actunl p-variate problem n, =, , =

ooo=n, = A(supposc) and m,=m+s—1 (r=p, p—1,,..1) although ns we shall sce lnter
on, oven there, for purposes of reduction the auxiliory functions F{  } have to be con-
sidered in which nyzéng., & ...on and mosfma—1. If, however, #, = #, = ...=n,=n,
then we ean also moro appraprintely replace (2.73) by

my Mg o..omy My My ..oy

Fl ox; L T T DA T
My My e Wy my My .oy inix
My My ..oy My My ..omy

My My, ..oy

and Fix; (m', n;,_, 'I;.):ll o (279
v

‘The following is 8 group of fundamentul theorems needed for rebuction of thoe present problem

Yomdz ooy 1 1 Ymdr 8Q
I.(l+z)' ) n=m—1I [(l+-r)' 7 )]‘ "—"'—TI (—IW‘ kT

s “amdr Q.
+mr|[ﬁ°“" T e ) oy rl e
m "r=rdr X
t ]‘ (H_‘)_Q(x) .o (28)

Hero Q(z) is any function of x which conl'orma to tho usual conditions of differontiability aml
integrability from 0 to ¢ and the result (2.8) ia obtained by integrating 1/(1+z)*-= and
differentiating {x=/(1 + z)=} Q(£). 1 i3, of course, less than n as in all sitnations to ho
comidered liere.  Weenn express (2.8) in a moro convenicnt notation.

F(x; ma; Qy=—(1/a—m—1) Fimn—1; x)Q(x)+{1/a~m—1) F{x; mn-1;Q")

+(min—m—1)F(x; m—1, ; Q) e (281)
s O)em Y oamde x=
whero F(x; m,n; Q) I ieF Q). F(ma—1; x)= T sy
and Q= %e—
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It follows from (2.81) by tranxposition that

Fix;mn; Q)= (I/m+1) Fut1ln—1 x)Qx)=(1/m+])) Fix; m+1,n—1; Q)

+{m+1/n—m=2) F(x;m+1n; Q) .o (283
Similarly
® amdr _ ~r  8Q
[_ T+z) e o= n-m—l (l+x)" U n—-l] T+ 8

" = i de
n—m—1 I T+ T W9

or  Flmn Qrx)= (Ijn—m=1) Fy{m, n—1; x)Q(x)+{{jn—m—1) F(m,n—1; Q’; x)
+({m/n—m—1) Fim—1, n; Q; x) . {284
and by transposition

Fimn ; Q; x)=—(1m+1) F(m+1,n-1; x)Qx)—(1jm+1) Fim+1,n=1; Q; x)
+{n—m—2/m+1) Fim+1,n; Q; x) . (259)

“This is ono group of theorems mostly needeqd here. Thero is another gro p which we should
not directly use here but which might bo wseful in other types of reduction

Yredrs ) “rdr 8Q , m ("t dr
f (Fd=—g I:(l+z)- U ’:I_ *im1) e e Ta =1 i 3
or Fix; mn: Q)=—(1n=1)F {mn—1; x)Q{)+(1;n~1) F(x; m,n—1;Q}

F(nfm+41) Fix; m+1n—1;Q)
and the associnted theorem oo (2.56)

F(x; mn; Q)= (1/m=1) Fm+1n; x)Q(x)—(1/m+1) F(x;m+1,5;Q)
Fafm=1)F(x; m+1,a=1; Q)

(2.80) ia cvidently obtained by integrating 1./{(14+z)® and differentinting 22Q(z).
Wo have similarly

Finn; Q;x)= (1ja=1) Ffm,n—1; x)Q{x)+{1/n—=1) Fima~1,Q’ ;%)

+(ma=1) Fin—=1,n-1:Q ; x)
and alternatively 2.87)

Fug; Q ; xym—=(1fm+1) Fobu+ 10 ; x) Qx)=(1m+1) Fomi-bm; Q)|
+{nfm+1) Fon+1n+1:Q;x}

The way in which tho throrens {2.8—2.83) are projiosed 1o bo used for purposes of reduction
hera ay be illustrated as follows for the case of two variates (p = 2). Withn, =a,=»
we bave

: r™: dr, I"_;r,::‘:lt,
RLEEATIE R
=P(x ;m, n; Q), where Qz,)=F(z,im,n) -

F{x; mu,n s myn)e= !
(2.85)-

Ho
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Lemembering that Q' = x,%1{l + x,)" we mee that the right aide of (2.5%) reduces by
weing (2.81) to

= n—=m =1} Flmm =1 x) F(x s omym) - (Um—m,—1) F{x ;my 4 m, 20—1)
+(mgfn—=m=1) F(x;m,—1;n;m.n). o 28)
This is if we integrate out by purta over ry, trying to reduce i, in rucceasive xtages.

On the other hantl we might integrte out by parts over x, trying to decrense ) in succen.
sive atagen.  In this cuse

. 5oL
F(x;mm; mm) =I #7 ds, I oo dey

RILEZ2 2R B BT
- I'_’-" a0 mem=1) I e —1) f"{-.'f.'" an
Jiday fea Ry

== n=m,=1) F(x ; m,+m,, 2e—=1}+{mfn—m,~1) Fix;mnim=ln) ., (29

‘This is obtnined by nging (2.51) aned rememibering that here Q=1 (2.80) ix to be umed when
my >y, and (2.0) when m; < m,, onr ohject in any caxe being to get to Fa; ', n; ', m)

where m’ is iy or mg whichever is lens,
As an nlternative procedure we might alse huve had by uning (2.53)
F{x om,n smm)= (1m,+1) Fylm,+1a—1;x) Fixzmn)=(Um, +0) Fixs w4 14wy 2n—1)
Fln—m,—2 m+2) Flz;m+1,n;mn) o280
or Fix;man;ma)= (i +1) F(x;m4+14m,, 2n=1)
+(n—m,—2{m,+1) F(z;m,n;m+1n) o (292)
We shall use (2.01) or (2.92) according as m, > m, or my > m, our ohject there being in any

case 1o get to Flx; m®, »; m® u} where m* iy m, or m, whichever is greater,

For p == 2, uning {2.89) or (2.9), we have (for the distribution of the maximum slatistic).

m+l m
l-'(x:m+l,n;m,n)sl-‘{x,'( ):nl

mtl m )
=+Fx;m+Ln;mn)=F(x;mn;m+la)
=—(In—m—2) Fo(m+1n—1;x) Fix;mn)}+(1/n—m—=2) F(x;2m+12n-1)
+ 0+ Un—m—2 F(x; mn; man)+(1fn—m—2) Fx ; 2m+12n-1)
—(m+1n—m=2)F(x ;mn;mn)=(2n—m—2) F(x; 2m+12n-1)

—{l/n—m=2) Fy{m+1,n—=1; x) F(x; m,n) e (2.03p

Alternatively by using (2.91) and (2.82) wo could havo

m+1l m
Fix; o
[ m+l m )
=(2/m{-F(x; 241, 20—~ 1)~ (m 4 1)F (41,0~ 1 x) Fx: m+1m) e (2042
141
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With a general my and m, (hut my>0m,) wo shoulid have had in place of (2.03) and (2.94)

[ fmomy
F{x;m,n;m, n}=F{ .'( );n
x " n} lx - I

= (2{n—my41) Fix mgton, 20— 1) —(1n~m,—1) Fifm,m—1;x) F(x;m, n)

m=L m,
+{m,fa—m,—1) F {x;( );n] . (205)
my—1 om,

or nltematively

= (2/my 1) F(x ;o 22 —=1)—=(1/m,+ 1) Fin, +1,8—1 ; x) Fo{x ; m,n)

m, l;l.+l
+{a—m—2/m+1) Flx; ):n . {200)
m, w41

{2.93) or (2.00) gives un u recursion formula by which we get after a few steps to

m, m, ", m,
Fix; in rorFix; in .- {2.961)
LU LY m, M,
either of which is zero by definition of the functionn F{ )

This enables us 1o evaluate F{x; my, 3wy, 8} in terms of functions lik F(x; m', »)
which are readily evaluated from the incomplete B-function tables and functiona like
Fx: m’, n’) which nre of course dinetly ealeulated,

Similarly we have by nsing (2.84)

Fnn; myn; x)z[ -f(-'-l.;_;l‘;}j —_

= (1n—my—1) Fimy+m 32n—1; x)+(mfa—my—1) Finy—1,8: m, a: x) .. (297)
or on the other hand
= (Yr—m,—1) Flm,n—1;x) Fimn 5 x)= (4 n—m,—1) Fim,4-m,, 2a—1; x)

+(m,/fn—m,—1) Fon,.n;m—1,n; x) o (208)
The form (2.97) (obtained by integration by parts over x,) or (2.08) (obtained by inteyrs-
tion by purts over £,) is to be used according as m.>m, or m,>m, our object being in
any caso to get to F(m'; n; ', n; x) where m” in the lesser of my and m,
Alternatively Ly uxing (2.85)

Fimy, nmyn x)=—(1m+1) Fou,3m,+1,2u—1x)
+(n—m,—2:m,41) Fim,+1.n;m, 8;x)

(1, +1) Fmy 41, n—=1; x)F(m,n; x}+ (1w +1) Fongtmy+1,20—1; x)
S (n—m,—2/m,+1) Fin,, 0o +1,n5x) - B
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“Of the two forns givon by (2.99) the first or the sceond js to bo uned according asm, > m, or
m,>m, our object in any enso being to get to F(m®, n; m", n; x) whero m” is the greater
of mgand . Using (2.97) and (2.95) wo cnaily sco (with my>sm,) that

F{m,n;m,n;x}=F { (m, l".) in;x }

= (2fn—m=1) Fim+m,, 2n—1;x)= (1/n—m,~1) Folm, n=1; x)F(m,, n: x)

—1
(=, —1) et inix 299
l =1 m,

and using (2.99) we have

m, my
Fil, sug xp= (8 1) Fimy+m 41,201 x)
m, my
= m+ D) Pl +1, =1 x) F(npn ; x)
m, w1
+{n—m,—2{m +1) F ,'n,'x] o (2992)
m, m+l

By wning (2.091) or (2.992) we cun by suecensive rlagen get to

(R At

", m,

cither of which is zero by dofinition. This means that wo can express Flong, # 5 w05 x}
in terms of functions of the form F(m', n’ ; z) which are calenlable in termy of the incomplete

B-functions tables. For the distribution of the minimum statistic (for p = 2)

m+1 m
F{m+1, n ;mn; x} =V in;x
m+l m

=2n—m—=2) F2m+1,2n—1; x)=(V/n—m=2) Fylm+1n=1;x)Fimn;x)
{2:093)
=(2/m+1) F(2m+2,2n~1; x}~(1/m+1) Fim+1n—1;x) Fim+1,n; x)

Except for a constant factor (2.03) and {2.94) givo us two nltornative forma for the distribue
tion of tho maxinum statistio for p = 2, and {2.993) gives us two aliernntivo forna for the

distribution of tho minimum statistie for tho caso p = 2,
3. THE ACTUAL DERIVATION OF JHE DISTRIBUTIOR OF TIUE NMAXINUM AND THE
MININEM  STATISTIC FOK TIE OENENAL CASE.

Beforo proceeding with the actual derivation for the general case we «hull prove

a few more auxilinry theorems or lemmaa,
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It foltows from the notation and definition liscunsed in §2 that whether in

F(x 5 (g, gy oo}y n}or F{lmy, iy ccomy) g x}

that is, in

My My ..oy my Mgy .. omy
Fyxof my mpy oo omy Jinp or Fib my om0 omy Eaix
My Mgy ..My My Mey ..My
il we put m, = m{e£s", and e, o’ = p,p— 1 ...1) then F{ ) beeomes zero.  Stated
otherwise, if in the pseudo-determinantul forma wo put any two columns equal then F( }

Leconwes zero.  This is evident if we look at the expansions (2.76) or (2.77).
‘Turning now to functionn F( ) we notice first that

Flr:mn ;o n)+Fe ;om0 mn)

_ I‘_r,-_ul_,r. [' mdny J" o de, J-" £ dr,
LRSS , (ny Utz R (L2,
=F{x ; m,, 2)F(x ; 1y n) A )
Likewise, if in F(x 3 mp, 05 migyy 5 ooomy, n) we permuto the parameters m,, Mipyy ooe )
over the different placen then
SF(x;m'p, n oy, )= l’l F{x ;m,, n) EATT
-t

whem 'y, m'py, oo 'y} i any permutation of (my, g, .. my) amsl where the summa.
tion X extends over all such possible permutations,

Sunilarly we have also

SFim'pm s’y ;.o n x)= {.l F(m,n;x) o (3.2
]

Gioing back to the expansions (2.74) nud (2.75) we notice that wo could have gencralised

Mg Ny Mgy g e W, My Ny My Mg .. WAy
Fixil mpnp wpnngy oo mong Jpand Pyl omponp mpompy o0 mpny Jix
Mo My Mp My w. Mgy Mo Rp Mpg Mpey e DM,
[
) Mgty Mo Myupey « o My Ayt £ Mo ter Mprpornitipeay o M1 My ]
Fix: . . . . amd F . - . :xy
Mgty Mgy Raspes oo Mg Ay Myphip Mgt - My J
or to Fi{x: (my.ny)} and F(Ong, ng)sx} .. 0, j=p,p—1, .. 1) Lo (303)

The apevinl cuse we have comvidered enrlier b4 obtuined if we put myy == myy my = 8y
{j=p, ... 1) and the more specind ease dlirectly nrizing out of the distribution problem ta be
considered here is obtained if further we put my = w, 5-j, ny=n(j=pp— L ..u 1)
The law of expansion of (3.13) is, of course, evident.

OF great use for lnler investigationa-will be an uppropriate notation which covers the
case of all other rows of the pscudo.determinants being liko (my, ng 5 Mgy Wy oo 1y 1))
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and only one row being like (m'p, n'p 5 'y, 0'puii ooy, 0°) Whero (n'p, 'p 5wy ' 005
L.on'y, n)) oceurs in the s-th row wo shall change our symbols a little and write for
513

F{x; {mvy, noy)} und F{(mt), ny); x) e (304)
where mey=mg), why=n,; (i%a and j=pp—1, .. 1)
(15 p
and mhy=m'y, nhyy=n')(i=s, and j=p, p-1, .. 1)

Fur 1he more special use arising direetly out of the distribution problem we have, of course,
mhyy=my+j i nty=n(izts, and j=p~1, .. 0)

. . (3.06)

mhyy=m'y ;nty=n'jli=a, nd j=p—1, .. 0)

1t will be seen that insteard of the single suffix notution {my, nys wp_, np. 5 ..oy, 1) we
use for convenivnee the two-way and double »uffix notation
{Maps Mup s Mooy s Roupyy oee Moy, Ney)

Pursuing the line suggested by (3.1), (3.11) and (3.12) we have now

mn’y iy, L oWy g My b Ry my, o,

. My, Ry Moy, 1, n, migy mp e, o omny
Fix;t mpn, wpuny, o0 omgny —=FIx:l mpny om0 omm )}
Mp, My Blpan Mgy oo MRy M My Mg Mgy .. MM 1

My Ry Mgy Moy oo M Ry
m,n, Mo, e,y
+Fix| mlmt, mlay, mwn’, —-F{- +F

m,.‘ ny ’ '"v-l-’"--u -.. "y, ;l|
My My MyaBpy .. Ml
H(=1P FIx| ompmp mpaten . mny
wpn'p 1n',,;,rl',_, .. 111'.,;1'.
MpaMys + o M Pig,Mtp Mp_aMp_ys )0, ]

=F(x; m' ' ) F x| Comy, —F(x,'m',_.,n',_,)F]x; Mp, By Mpylipy s < Myt }

Ly es ML { My Np My lip.ye By,

My .. MW,
FonH (=P Fx ) F Sl mem, oL mym, .o {(319)
My . mm,
or in the more compact notation of (3.14) and (3.15)
l:l‘. (=1 Fx; (mtynty))
Mopdlop »+ Marp,iy Merjar Maspasltor]-z »o Moyl

o) ¥ort-1 » Mon oL (3.18)

= 'S (=1 (x ;s myn ) FIxGl mgng, o0 miggan
14 . X .

Mypfop v Morfuns Moufer Mo pMony oo Mol
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where mty and nty) aro given by (3.13) nod gy = mgy,ony =0y (=pp — 1, .. 1) e
could if wo like drop the *a” of the double anflix througho hin witl be done in some of the
in caxs where no confusion ia likely to be caused thereby.

invextigntions to follow, specially

Thix summation X earrivs obvious limitations at the extremitica.  We should havo likewive
et

— 1 Fmngatyg) s 3} = : =1 B,y x) F{Copmyyndi x) . (319

The mechanizm by which (3.17), tlt ix, (3.18) or (1.19) ix obtained may be illostrated
n particulur the ease of p = 3 and working it out in detail,  Here we have
|f myn’y 'y m 'y My ny M,
Fix;| mzng myn, = Fix; [ o', m' o, ’
| My gy MR, My My, n,  mn, o
Mgy MG Ry mgm
+Fx: [ myny mun, omymy
mhyn’y w'a’y owlon’
- | trmtdz, I"_{,-, dr, (P rmidr, I"_,,-. ds, I"»:,-Ld;,
NIRRT E AR e AT I R (L

.
l‘ ' rds, " 27,
T

{ " £, dr, I b ™ dey j‘" r~dr, E =3 rlx.)

by eonsicd

=

Y (141"
P o0) 4+ 0) ccniiiiiaan
= Fix:miaty F}x '_(m,,u, m.,n.)‘ —Fpx: "','".')F(x .(m,.u, m,,n,)l

my,n, My " \myny myny

+F(x:m’ | 0')) le .'(""'"’ Malty )I

Mgy oy

)
RIETATI R B B R

R ]

We can at this stage fruitfully take up the main distribution probiem.
[T T TR I}
l-[x sl ompn om0 omn =X+F{x;m'ynm'yam ;.o m',n)
Mg My .

where (', 'y, wi’}) s any permutation of the symbols (g, my_,, m,) and the
~ign -} or — i3 to bo tuhen acconding as it is an even penntitation or an odd permutation.
‘The number of terms in the summation is, of course, p . Suppose that my>mp > ... D,
aml sappose further we tey 10 decrease sy in succewive stuges Gl we get to .. Suppose
that inany term F(x; 'y, n s m'poy, 5 o oom’y, n), o, in the Jargest of (m'y, 'y om'y)

thatis, m’ =m,. Then using the fundamenta) relutions (2.81) and (2.82) it s casily seen that

Flasmpnm'p s oo’y =(Un—m,— 1) Fix: m'pn: .. oo’
+(§In—m,—-l) Fix;m'pn ;.. m'
H{mpfn—m,=1) F{x im'yn;

ho above relutions will hokl for a = p —1,p — 2

3.21)

[E[}
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If # = p wo whall have inntend
¥(x; mpn; ', 00
0 m—=my—=1) Fix; m,+m
F(mpn—my—1) Fix:m,—1, n; 0,

wied finslly if a == 1 we shall have

ey )= —(Un—m,~1) F,(x; mpn—1) FOG 'y on;min; ooy n)

2 ca o’
In=1;m'p 00 m' )

i vem'y )

n—1)
(3.23)
The left hand sides of (3.21), (3.22) aned (3.23) are all p-foll incomplete integrals, but the first
two terma on the sight hand sidde of (3.21). tho xecond term and the second fictor of the firt
term on the right hand of {3.22) anl the first term on the right hand side of 1.23) are nll
(p—=1}-fol incomplete integeals, “The last terma on the right hand side of (3.21) nmd (3.23)
arc all p-fokl incomplete integeals again but with one parameter sy, decreased (by one) 1o

= 1) F(X 0ttty m

F(x; m’yngon’yns oo’ my )= —
Gl in—m— ) F(x s’y i,

mp—1.

Ax 0 mora convenient notation we ean replace

() F{xmipm:oomlpgdm’n 2= m's m; oom'yn) by
= =

Fix;mpmy oo om' ey n mgn

-
where mp, is always added to the “m’ on the left and a—1 to "a" on the beft.

mogm

w'yn)

(i) Folx smpn—1) F(x oo’y m o'y, o0’ ) by

-
F{x;mpn—1;m

-

" Lom'y,n)

(i) Flx o' yn oo’ onn s mpto g, 20— me,m s ooom'yn) by

- -

Fx;mpm i ooom'niman—t ', n; oom'ym)

-

>
where my, is always added to the ' on the right and n—1 to the *a” on the right

Using the results (2.51)—(3.23) nnd the notation (3.24) wo find that

PR Mg A L mp
FY x;f mpn mgn .0 ompn
M W .. m
P
mn=1 mym .. omn
B
== {ln—m,—1) Fix; =1 m, . myn
P J
mon=1 mg,m .. mn
> -
mp, n—1 mgm o own
. -
+(nmmp=) Fix:h o =1 mo o .. mm
2 (=
=] Mh L mN
me=ln i m o omn
Fimm=m,—DFx o omp=ln om0 mn oo 323)
[ IR TN R )

where in the wecond term on tho right hand

3 of (3.23), 8 in the psewlo-determinant

merely means that the correapaiding terma in the formal expansion nre not to be conxiderad
atall; Qs introduecd merely to write the paeudo-determinant in a complete form.

"1
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1f we ugo now the relations (3.17), (3.18), (3.21)—{1.23) and the notation (3.24), tho riply
funed wide of (3.25) would wimplify thus:

“+
men=1 wm,n . own
-~

i -
Fix; mpm—=1 m,. mn

-
mpn—L mg L omym

Mg W, B L. mn
=F(x ;m,n) Fl sl mpan me,m oo myn

T I T T I ]

{ mgam, =1 20— L metmg2n—1
—F{x, "oy, "0 . mn
[ m,‘_,,n m;_,,n ’ m,’,n
+ () - )
Mg M., . nipn l
+Fx; LW ) ny .0 .. ny,n v
'[ ny +my,2n—1 m,. ,+m,.‘.’n—l m.+mw-n—] J

Ml MR L. mn
= Fo(x; myn) F Xl ompam o mp,m L omn

Mp o MR L my

Mg W Mgt Lo MR
+F(x ;mptm, 20—1) Fix; m, R TN S TN
) ..

Moy B .. oW
=~F(x; mp+m2n=1) F{x; m, ,,n myn o . m,,n

Mgl M oomn
m,, I T T

——”

L F(x ;m 4, 2n—l)F{x ;

Mg M L
=Folx;mom) Wix; { mpn mpm .0 myn

' Mgl B M B MR L. B
= X (=1 Fx;omtmg, 20—=1) Fix;{mgam ooomy, ‘,n m, l,u . o 326}
el N [

Likewiso with obvious limitations at the extremitios, which the ¥ summationg will
alwuys o wapposed to earry Rl
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-
mn—-1 me,n .. myn

Y
Fix; mun~1 m, .0 m.n
= I

a m,,

) ; 5 i
Moy Fmp2n=1 mg4m2 -1 ., mm2n-]

e omyn

= Fix; My 0 My n . myn
", ,n My o myn
nyy,n Hy R . myn

=FAIx;{ wmpatma2a—1 g dm2a—1 .0 mtm,2n-1

my,n ny M .- "y,
+ () = ) ot .
ny N "y mn
+F <x; myyn My gt .. My

Mpatmpdn—=1 wmy +m2n—=1 . ot 2n—1

{the Inst term being 4+ or — according s p is oddl or even)
Mg .. Byt MM  .. gR ]

s
= X (1PN F(x; medm 2n—DF{x ) om0 o mm o ma
ol . e . . .
Combining {3.26) and (3.27) we have now (3.26) reducing to
My MR L mM,n

F{x;| mpm mpn .. myn

mun o Mmoo Nn

p

IS S T BRI T

==(lfn=my=1} Fo(x; mmn=1)F {x;| mpn mn .. m.n
m,’,.,n m,:,,n m.'n

My s Mg Pyt . My ]

+(2/n—m|,—l)£I (=1 R m g, 2n—DF{ G mpan ooman san ooogn 1)
a1

Mgsah oo By MR L BN

me=ln mpn .o omem
F{min—m—=1)Fix; . . .- oo {328

M=l mpn .. omgn
The left hund vide ia & p-th order pseudo-determinant. On the right hand sidv the first term-
mvolves & (p—1)th order pseado-determinant, the sccond group of terma cach involves n
{p—2)-1h order preudo-determinant, the third terny iv a prendo-determinant of the p-th order
ne doubt, but the parameter my is replaced by my—1.  (3.23) providve us with a reeursion
chain by which iy i reduced in succesnivo stages to mp_, and as soon o4 this happeos the
whele pseudo-determinant becomies zero as we have slrendy observed.
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Proceeding along the recursion chain mugyested by (3.25) we bave

[ LRI R TR )
F. x:(m,,n [ZJSPR TR 3

[ [y wmpan oo man\ ] vy,
=—F {x; . .

l Mym My, mn '

ni LM MR L iR n
+ 3 (=t er; " A
el l . [N NN RSV |

wheee Q= (m I Jaemy 3t 1) FUX 5oy my—r4 1,20 =1) o (32
ey )

g1 ) Flximp—r41n—1)

144"

or iu a different notation already comnidered carlicr

F{x; (mpt : myn 3 o0 piyn)}

=—F(x;(my ;0 mp; o omun)} }? o my P, fnemy 2 Py F{x G oty —r41.2n—1)
~l
] b Ta BT
+ X (=D Fixy (mpaan; o0 ompanms meggns o)} X 2Q, o (33
eyl ast

The p-fold psendo.determinant is thus thrown back on (p — 1) and (p — 2)-fold ones, and
these again on (p — 2) and {p — 3) and 30 on till we get to [-fold cascs, that is, functions
of the type F{x; m, n} which are casily caleulated from the incomplete B—function tablex,
Now (3.3) in the reduction formula if ono attempta o reduce my, to my., ; on the other hand
if one tried to raine m, to my then using again the same body of theorems one would have had

[N T
Fix: . . .. .

mpd mpR L omgn
- -
[ wyn i o mn mtlin—1
= {Im+N)F (x: PR
l man mg A omn mla—l
- -
mpt iyt oo omyn my4la=1

+(1fm+1) F Ix.' - . -

. - -
Mk Wt oo mn mtln—l
MR Mgt .. MR

mp g .. oma my+la
= =2 +OFx{ mpn oo mn o+l

My B BB
= (=0 (i 0) By L= Flx:{ .

Mg B . gl

v mv.n .. Hl,.‘,ll Hl._l.ll ot
{0 (2m 1) X (1) Fixg b m+1, 20=1) Fix: o .. -
had BIGH T il

[ fmgn g Lo kL »
+ (et =2, 1) l-‘tx,'(". e ' | e

mpt Mt Wl mt L J
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;u,,n Men .. R\ Ty
-({—1)* Fix; . . e X (wm-rPp e Py) Fofx: my4rn—1)
m,n

mpn Lad

. MpR MM MR L mn m,m,
H{=1px () Fyx{ . el . 2 o (30
L4 Mp R MR R GR L. N -

where Qu=(w-mye Py yfoor D) Fix 2t rom,, 20=1)

and where, 08 in {3.29), the left hand wide ina peth order prendo-determinant whils on the
right hand side the fint term involves a {p—1)-th and the second involves up to (p—2)-th
order psewdo-determinants.  In a different notation already uked (1.32) can be replacel by

F{x : (g mp i .. myun)}

(=1 F{x : (mynpeomg)) X " (oo Peligee ) Buf 5 (myr, mel)
r~l

.
+{—1) :. (=0 Flx: g s ooomegmim g oo mn)) X .ZQ,
- ~t
where Q=(mm=ele-tjmp-e v} F{x; (m,+r4my 22-1)) . (31)
In the actual distribution problem of maximum statistic for p varintes we have
m=m+j+l (j=p, p=1, ... 1)
Tience (3.3) is to be replaced by
F{x: pn+p—=1, n ; m+p—=2,n ; .. mn)}
=—F{x; (m+p—2, n; m+p=3,; .. mn)) Fux;m+p-), r=1)in—m—p
+{2/n—m—1) é (=D F{x : (mdp~2n .. mban; mta=2,n; .. mm)}Q,
apet
where Q,=F(x ; 2m+p+s-2,5n-1) P 13
and (3-33) ia replneed by
Fx;(mbp=1n;m+p=2,n:.. mn)}
= (=1 Fi{x;(m+p—1,n:m+p=2,0;..m+1n) (Um+]) Fx; m4l, n-1)
+(~-1) ;' (=1~ F{x:m+p=ln;..miyan;m+s=2,n; .. m+1,n9)} Q,
-
whore Q,={2,m+41) F(x;2m+s,22-1) o {3.35)
This ia #o far s the distribution of the maximum of p-statistics is concerned.  We shall now

turn to the distribution of the minimum statistic.
Remembering (2.84) and (2.85) suppose we try to expand

MpR Wy h < BB
F{(mpn imp ;.. mpn); x)=F \ L x
MR My .. By,

with the proviso that mp>wi, > o0 S,

As indicated earlivr wo can writo this as X Fin'pons m'p,ni .
My ooy ) is any permutation of {mmpe gy oo vy g} and the
Permutations.

oo’y m i x) wheee (',
mination is over all such
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Consider the typieal term Flm'y,n; m'py, ni coom’y, ngom',ng Tomung x) el
rupposc that m’y = mp, Suppose further that wo try to reduce mp in suecessivo stages to
my_y. Then uaing (2.84) we have

Fion'pm ;oo mppiimgst s’y ooy 0 x)
=(lfn—mp—1) Fln'yn; .. n; ntm
o ” »

—(tn—my—1) F(m'yyn oo w'iatmy, 2n=1 m

2r—1; m'egm; .. m'yn;x)

n;o..om'ym;x)

+nyfn—m,— 1) Flm'pn:ooowlo g smpg—=Lmsw'cang ooomlyng x) o, (RIG
When s = p, the middie tenn would not be there, snd when #=1, the first term is 10 be re.
phneed by Fo(mp,n — 15 x) Fin'p, r o', ny coom’s ng x)/(n — mp — 1), Ax earlier
introduce now the notation

- o
Fin'pn s ooom'amy mpn=1m'o 0y o0ow'on s x)

- -
and  Fln'an; ooomn impr—1 s om i omm i x) for

Fon'pn s ooomimimy g tmg, =15 wm' g oomn s x) and

Fin'ung oom'y by, 20—1 ', 05 .. m' g x) respectively, with the provio

- -
that  Flmp, n—1;m'qpn: .. om'n’; x) would denoto Fofmy,n—1; x) Fim'p.n; .. m'un; 1y
‘Then wo can replace (3,36) by

Flm'pn; ooom'onompn g om' o, me oo’ i x)
-
=(jn—mp— VBF'pn; ooy mpm=1; 'y 0o on ;i x)

-
~{Un—my— 1} Fn'pn; .o m'samimgn—1; 0’y 0. m'yn i x)

F(mpfn—m,—1) F{m'pn 5 oo om'yn ;i my—lin mon .o owyn i x)
m,.u Mo oo Myl
¥ . . . ;X
gt My .. MR
Mip B oo My
> o
mp—1 m,_,,n . m,, B3
> -
mgn—1 myan ooomn

-~ -
men—1 mpn .. own
—(Ujn—m,—1) F -~ =
(in=my—1) ¥ mn—1 m,._..n . m,,n i X

Heneo we have

= (Ifn—mp=1) ¥

TN

-
m,,,n—l (LR R T}

my— L L g
my—la mym omR x
wy— m,,,,,u oy n

52

+{myn—m,—1) ¥
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2xpmading and proceading exnetly as for the cuse of the maXimum statistic we Juve

F{lmpn ;mpym . omyn) ; x)

=—(n—m—=1)F(mg, =1 x)XF{(mp 0 mpy,n 2o myn) i1}

n=1:x)Q,

+(2/a—my—1) ;' Fim +m,, 2
el

Ma= i mym

Flmgn=mg= ) FI| =L mgyn . . ompn x[ o338

my—10

N AT B TR SR}
where Q,=F . . . . 3
(LI S L IR I T S W)

We have thus by successive stagen as before

Lompn

F{(m,n ;. .mn);x}

=—F{{m,,n;m, ;. m.m);x) x x“ {mePros wm o ) Flmy—r 1 n~1;x)

+2 l‘ (=) F{lmpn oo omgn o ni. oman)ix} ;_? ' qQ,
ot "
where Qu=(mpPr-sm-mt D) Flm,tm,—r+1, 20=1; %) Lo (33

“This i if we reduee w, by ruccessive stages to my., 5 on the other band if we try to inerense
1, by sucecwsive stages to sy then proceeding exactly as for the caxe of the maximum statis.
tic we have, by using (2.85),

My W B DR a
- -
Fl{Onn ;. omyn) i xy=—(fm41) B wmpmowp,n o, mgnom+la—1
AP JIOIN
R R |
-
My my R wm+1on—1
. N -~
U+ F myn o mpn . omn Rl R I
. PN - -
mpn Mg . .omn omtl, n—l J

g .. man w+ln
+{n—m —2fm +1) F [N X (4)

myr .. myn omln
whenee we have
F{{mpn .. my,n); x}

= (—=Ip F{mn;m, m; .. myn) x) x’-ﬁ {n-my-rPefmtPe) Fofmy+rn—1)
=1

mym,
- ): (=10 Flmum; ooy ot men; oomn)i X} X ! 2Q,
“ -

where

(n-my-rPe-1fmy e Pr) F(m, +r ., 20—1; x) (3410
153



Yor. 7) SANKUYA: THE INDIAN JOURNAL OF STATISTICS [ Pagr 2
In the actual distribution problent we have my = m 4+ j — 1(j = p, ..., 1} and heace (3.39)
uned (3.41) reduce respectively 1o
F(m+p—tm;. .mn);x}

=—F({tm+p =L, ) x}X{n—m=p) Folm+p—1,n—-1;x)

+2 ';‘.'I (=1t Fllm+p=2,n:. .mtan:mya=2,n;.. mny; x)Q,

where Qu=(l/n—m~p)F(2m+p+s-2,2n-1;x) -y
aml
F{im+p=1.n;..mn)x)
= (=1 F{tmtp=-Lon; . mtln);x} (Im+1) Fofm+1,n—1;x)

H=1p i (=1 F{Ontp—Linz . omba,nimta—2,n; . miln);x)2Q,
where Qo=(m+1)F(2mts2n—1;x) v {343

We shull now apply (3.34) for the maximum statistic and (3.42) for the mininunn statistic to

the particular caso of threo or four vasiates, that iy, for p = 3 and p = 4.
For p = 3, (3.34) becomes F{x;(m+2,n;m+1,n;mn)}

==F{xim+1L,n;mn)} (n—m=3) Fix;m+2,n-1)
+2/n=m=3)F(x; 2m+3, 20 —1)F(x ; m,n}

n—1)F(x, m+1,n)
2m+3, 2n—1}F(x ; m,n)—2F(x; 2m +2, 20— 1)F(x ; m+1,n)
—(Un—m=2) Fx;m+2, n—=1)(=Fx;m+],n=1) F(x;mn)
+2K(x;2m+1,22-1)]

(348

and (3.42) becomes F{m42,n:m+1,n;mn);x}
==(ln—m~3) Flm+2,n=1:x) F{{m+1,n;mn);x}
+(2n—m=2) [F(@m+3, 20 —1; x) Fim,n ; x)
—F2m+2,2n=1; x)Fm+1,n;x)]
=—(n—m=3)(1 n=m=2) Folm+2,n—1;x}(—=F,(m+1,n~-1;x)
X Fim+1,0; x)+2F(2m+2, 20—1 ; x))
+FEm+3 20— x)F 0 X)=F2m4 2, 20 =1 5)Fn+1, 0 ;X)) . (B34

For p = 4, (3.34) becomes F{x;(n+3,0;m42, n;m+1,n;mpn))

= (Un—m—4)[—Fofx:m+3, n=1x{3.44)
+(2m—n=3) F(x ; 2m+5, 20 =1, %) (=F.(x; m+ 1, n—1)F{x; mn)
+2F(x; 2m 4|, 2n 1))
F+(2m—m=3)Fx; 2m 4N =) =F(c;m+2, u—-DF(x; m+1,n)
+2F(x ; 2m+3,21—1))
— (2= —HF(x 2, = 1= Falx s m+2, 20— 1) F(x 5 m,m)
— (2 —m=2) Fo(x s m41, a=1)F( x; )
42F(x; 2m 43, 2n= 1)+ 2mEdn—m=2F(x; 242, 0-1)

[46)
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For p = 4, (3.42) breomes F((m+3,m;m+2,n;m+1,n:mn):x)

sS—(ln—m=4)[Fom+3, n=1: x)X (3.45)
H(2fn—m—BF (245, n =1 :x{=F,on+), a=1; x) Fimn ;%)
F2F @m0, 20 =15 X)) (+(2 n—m—3)F(2m +3 i x)
X(=Fm+2, n=1;x) Fm+1, n: x)+2F2m+3, 21 ; x))
—(2n=m=BF 24— x —F 42, n—1; x)F{m,n ; x)
Fin+2n—m=2)F(m+1,n~1;x) Fimn ;x)
2R 42, 2 —=1 ;)4 2m - 2n—m =2 F@m 41, 20 —1 ; 2))] R E R

We can if we like alwo apply (3.42) and (3.43) to find out the actunl forma for the eases p=3
and p = 4 when reduction up to the final stage (that is, where we can directly uso the incom.
plete B-fuction tables) has been effected. This, however, wonkl appear to be hanlly necessary
for purposes of illustration afier the detailed reduction alrendy given by (3.46) and (3.47).
It i more worth while noting from (3.34), (3.35), (3.42), (3.43) that for final reduction of the
pevariate problem it is only neceasary to caleulate

Fixim4j,n—1) se=Fim+jrn=L:x){j=p,p—1...1), F(x: 2m47, 20 =), F{2m+i
G=2p~2,2p-3, .. 1), Fix;m+j’ ;u—1). Fon+j" n=1; x){jf'=p—1, .. })

-1 x)

It ia evident from a look at (3.34), (1.35), (3.42) and (3.43) as well as at the more general
forms {3.3), (3.33), (3.39) and (3.42) that once the baxic quantities indicated just now have
been calenlatesd from the incomplete B-function tables, all functions like
Flim+p—1n;mtp=2,n;..omn): x), F{im+p=2,0 .. m4p=3.n; .. mu): %),

coes F{{m+1on s mn) i x) and alo F{x; (m+p~1,n: .. mn),

e Bl Ondp=2n, . mm)), Fix; (mt1,n 0 mn))
can be evaluatedd. A alight adaptation aml adjustinent of the recursion formalae 1o the necils
of a compact computational procedure would be, however, necessary.  Thig in poxsible and
haa been actually done, but is not worth while indicating in tho present paper. It will,
however, be discussed in detail and the actual tabulational and computational provedure
will be set forth in a later paper by the author and other collsborator.

4. THE DERIVATION OF TUE DISTRIBUTION OF »(j=p— L, p—~2,...2)
We shall consider now the functions.

Flmgm ;g s} oompy i mpn s X smpn ;o) o G=p=1,p=-2, ..., 2)
[T U S TR
L% ST S

asF{x(mun mon .. mgn)
Myn T L omgn o9

men mpam .. omn |

Suppose that we triesl to reduee my, successively by 1; the pruendo-detenminaut is caxily
expanded into the sum of a minber of terma of which the typieal one is cither of the following
different types.
0 Fwyn:
[ I L T I TS TR U I N TR ) I
(i) Flw'uny com'ansxim'png. oom'un)

wWyon Xy whani o’ n)
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where ', = my, and where in the three different cusen we have respectively,
G)a<j Gse>j (i) a=j
The whole prevdaaleteminant is (i), B(ii) or ({0} where the mummation is taken
over all permutations of (my, myy, ... en), 8 typiesl permutation being denoted as before
by (00 ey <o’y '), 1t follows from (2.81), (2 §2) and (2.84) that
() Flmyn ;o om’ o xsm’y g, ooy il om'yn)
=—(fn—m,—1) Flmon;. .m'ynix;m’y. R T T TR TN N
F+(n=m,—=1) Flmgn:. . m'yn;x;m
A{mpin—m,—1) Flmyn ;. oodpn s xomipn . omfoaimy—=1a s, oom'yn) Lo (40)

exeept when s = Lin which case the secomld term wonkl be absent,  In the notation pie.
viously introduced we ean write this in the alternative form.
-~
—(Un—nr,—1) Flo'pus . oonpyn x5’y ng ooy i 5oy,
—_,— e
m'yoon s —lim . ' n)
HE TR I U R T Y

-~
n—1;m' . .m'n)

+(lfn—my,—1) Flm
+(mgfn—my— )F (s,

com'pniximy

RIS SRR al =1,

Similady

(1} Fin'pn . oo ompnim’, s om'prxim’gml o'
- -
= (Un—m,=DFm'pn ;. cw'apnimon—1m's oniomyn i xm’y s, om'yn)

-— -
—{ln—my=1) Fim'yn 2o’ ympn=1 o', s o om'm s mly g m L owln)
g =1y Fon' o o', — Ly o e X ng Lom'n) (312

excepl when ¢ = p in which case the second term would be absent, and fnally

(i) F(m'pn ;o oy impn i x s’y m ..o’ n)
= (Un—mg=1) Fo(x;men—1) Fin'yn ;.. m'pan s x) Fx;m'yon.omy )
+(/n—nm,=1) Fim'pn ;. oy wdp by, 2n=10x; .. m'y,n)
—(fn—my=1) Fn'yn ;oo 5w, 2n—1 xsm'yn . .om’yn)
Fmpfn—m,— ) Fin'yn i o'y pmy—1,m x5 m'y s oo, )

or in & different notation
= (Un—m,=1) Fo(x;mm=1) F(m'n ;.. m'un ) Fixm'p,moom' o)

- - -
F(n—m =1} Flm'on o owdpym s mn =1 x 0w’y om0 L om'yyn)
PR
Do impn—=1 X m' =17 m'n)

—(1fn—nt,~1) F(n’,
L) B C R 1

Hmn—my =) Fim',n ; om' o pm,—Ln;xsm'yn ;..

The mechanism by which (4.13) is ubtained becomes evident if wo consider {for purposes of
illustration) the caso of threo variables

I.x,"x dry I © x,™ dr, ]" x™ dr l” x™ dr,

-tz ¥ln)

SALE SR (B S R B (R AL B Ay
' o n (e
where #{r) [',(l+1,)‘ and ${r,) I. (l+l.)'l .. (4.14>
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Then jnvegrating by parts {the integration Leing for 11 4 £,)> ™ and the

diltercntiation for ¢{r;) v(xs).2,"/( 1 4 x,)™ we should have the expression
=(n = D21 $0) #)+ L j—m,=1) [. AT Ve H 1) U]

dr,
Fr)
= (Un—my=1) F(x;mun—1) P’y ; x) F{x ; m* 0}

(L a—my=1) Fom’ 0 s iy’ 20 =1 x)

(U=, =1y Fon' g, 20— x5 u) 4 (n n—my=1) E(a'son s ma= ;5 m,im}
= {(V—ma— 1) F(x;myn—1) Fon'yn ; x) F(x ; m’),n)

v
+(msfn—my—1) [ f(l * olx) 9l

- -
+(), n=my= 1) FOn'yn s my, n=1 ;%3m0 )

- -
— (I n—=my=1) Fim'sn gy n=1.x; m’y,n)
+(ngfn—my—=1) FOn's8; my—Ln  x ;') .. (4.15)
Henee we have
- -
myn=1 myn .. omm
[ e mar .. mgn - o -

MR MM .. My 1 mpn— | ST T B Y
. . . »op=(n—m—) | 5> " e
X; (mpn mp g oo wgn) xmpn =1 mpm .. )
. . . . - . LA
Mg My .. mR mn=—1 m,m .. wyn

My .omR

[m] LT NN I
-~ my=Ln mn Loy
men—=L omeam .. own my—=Ln mggn omn
(1w F{ - . st pimgfn—m,—=1)F . . e
Xy(mpn—=1 myn .. mn) Xi{my—1n mg oo omy,n)
- - N i * .. . . .
mun—1 mpn .o omn m,—La m, . mn

F (U n—mp—1) Fo{x ; mpn—1)[F{(mpyn; mppni. oompn); X} F{x; (g 05 mypm;. om0}
—F{0n,pnimy ;. mp,mimp ) x) Fix; {mpn Jagan pomn)} L] (616)

]
= 2fn—m,—1) X (=1 Flmg,n: .oman;m, oo X, mn )Ry
)

U
F2m—my=1) X — (1P Flag e oompns X mg ngcomegmgoe ngoman )R,
i "

F{myIn—my—1) Flm,— Ln; my ;. omgns x; om0, o n}
F0n—m,—1) Fo(x;mpn—1) XEF{{m' 0 mpqn ;. nwly xRy . (417)
where R,=F(m,+m,, 21=1:x), R,=F(x; m, '+ mp, 21 =1)

il Ry=F{x: 00w’ n.om'ym)}

winel where (i) 'y (S>> Dl Dm0} m' Swl D> o’y and (f) m' g omle g,
w’y iz any sclection subject to i), of p—1—{j—1), that is, p—j out of my . m,., ...
g > ..o >m) and (i) o'y, oo’y are those of gy ooy thit are left out after
the welection (i17),  We take the e or —re gign in thivsummation, acording as the cor-
responding torm in the formul doterminuntal expansion is +-ve or —ve,
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By mucersive reduction this comen ont na

J LSS
DN (I g G I Xy ) };' ! I
vt -

-
. mgn}

i (=1t F{mm . myn ximy,
=i

My e

PR X (YRR T RO TUW A T S B o S SRR s 1} ':, o

where R = (m P, jeompteeD,) Flun,fmy—r41, 2n—
R, = (m e m 20 P)) F(x 5 oy my—rt1, 2
aml Ry = (mP,fv mpz P Fix;my—r41,n=1)

If on the other hand we had tricd to increase m, Auceewively by one to m, then we wonll
Jive had.
Flmyn: . ompn;ximpm;.omyn)
i . L,
= (=0 X (=1t Flmn s oomeqn i ns oomar Xm0 man) SR,
v
-,

Comgn) TR,
-

(=1P Flmgn:oompnix mpni o omegnim,

F3E Flo'pm ooy m)i x) B{xc(m'pn s m' )} ¥R,

where Re=(n-m,-+P,_jmyee D)) Flan 7=, 20-1; x),
Ry= (-t P,y fong 1) Flong dr4om, ;x)
and Ro=(wmetP, fimye P) Fidx sy 41,0 —1) RN

and whero 'y, m'p, o oom’),y is any selection (in proper order) of (mp, wp.y, o}

and (' ... %) in the complementary set.

In actual statistieal problems we have wy=

+i=1(i=p, p=1,...1) and hence jwp—m,,,
=1, and in {£.18) anel (4.19) there would be only one term each i the ' sunimations althongh
the numberas of terms in the %" ummations would be the same (for any *
only one here).  We shall consider in particular the ease of p = 3 for which
e+, )F2m42,20—1;x)
—¥(x ; m.mF(x M+ (Un=m=B)F(x; mtp=2,n—1)

XUV 1,0 x )F(x;mn)—Fpn, 0 x) Flx; w41, 0)] D)
or == (21} [Find 2, 00 x) F2m+), 201 ; x)~F{x;m 31, 0} Fix; 2m+2,20-1)]

i+ ) Fix;m4 1, n—0) [Fn42, 0 x) Fon4-1, 0 x)-F( JF( ) .. (421)

, whivh latter is

Flnt2nm4bnix;mn)=(2n—m
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