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Chapter 0O

Introduction

In this introductory chapter, we begin with a brief description of spin glasses in section
1. We are not physicists. The purpose of this section is to trace the history of the
models. Section 2 gives a brief summary of the thesis and section 3 recalls certain
known facts which will be used later in the thesis.

0.1 Origin of the problem

The models considered in this thesis have their origin in spin glass theory. Roughly,
spin glass is a glassy state in a spin system or a disordered material exhibiting high
magnetic frustration. The origin of this behavior can be either a disordered structure
(such as that of a conventional, chemical glass) or a disordered magnetic doping in
an otherwise regular structure. But what is a glass? Loosely speaking, it is a state of
spins with local ordering (in solid state physics, this is called local ‘freezing’ - locally,
the system looks more like an ordered solid rather than a disordered liquid) but no
global ordering. Spin glass can not remain in a single lowest energy state (the ground
state). Rather it has many ground states which are never explored on experimental
time scales. The freezing of the spins, in spin glasses, is not a deterministic one like
ferromagnetic materials. Rather they freeze in random with some memory effect.
Experiments show that the susceptibility obtained by cooling the spin glass system
in the presence of a magnetic field yielded a higher value than that obtained by first
cooling in zero field and then applying the magnetic field. If the spin glass is cooled
below T, (a certain critical temperature) in the absence of an external field, and then
a magnetic field is applied, there is a rapid increase towards a value, called the zero-
field-cooled magnetization. This value is less than the field-cooled magnetization.
The following phenomenon has also been observed in the measurement of remanent
magnetization (the permanent magnetization that remains after the external field is
removed). We can cool in the presence of external field, remove the external field
and then measure the remanent magnetization. Alternatively, first cool with out the
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external field, then apply the external field and measure the remanent magnetization
after removing the external field. The first value is larger than the second one.

The other peculiarity of the spin glasses is its time dependence, which will be
explained now, that makes it different from other magnetic systems. Above the spin
glass transition temperature, 7., the spin glass exhibits typical magnetic behavior.
In other words, at temperature above T,, if an external magnetic field is applied and
the magnetization is plotted versus temperature, it follows the typical Curie law (in
which magnetization is inversely proportional to temperature). This happens until 7,
is reached, at which point the magnetization becomes virtually constant. This is the
onset of the spin glass phase. When the external field is removed, the spin glass has
a rapid decrease of magnetization to a value called the remnant magnetization, and
then a slow decay as the magnetization approaches zero (or some small fraction of the
original value). This decay is non-exponential and no single function can fit the curve
of magnetization versus time adequately below 7T.. This slow decay is particular to
spin glasses. If a similar procedure was followed for a ferromagnetic substance, when
the external field is removed, there would be a rapid change to a remnant value, but
this value is a constant in time. For a paramagnetic material, when the external field
is removed, the magnetization rapidly goes to zero. In each case, the change is very
rapid and if carefully examined it is exponential decay.

Behind this strange behaviour of spin glasses, according to physicists, there are
essentially two major causes. These are quenched disorder and frustration. The term
“quenched disorder” refers to constrained disorder in the interactions between the
spins and/or their locations but does not evolve with time. In statistical physics, a
system is said to present quenched disorder when some parameters defining its be-
haviour are random variables which do not evolve with time, i.e., they are quenched
or frozen. This is in contrast to annealed disorder, where the random variables are
allowed to evolve themselves. Usually the spin orientations depend on several facts
such as the interactions, external fields and thermal fluctuations. Their dynamics
or thermodynamics will suggest whether to order or not. The spin glass phase is
an example of spontaneous cooperative freezing (or order) of the spin orientations in
the presence of the constrained disorder of the interactions or spin locations. It is
thus “order in the presence of disorder”. On the other hand, “frustration” refers to
conflicts between interactions and the spin-ordering forces, and not all can be obeyed
simultaneously. Frustration arises when pairs of spins get different ordering instruc-
tions through the various paths which link them, either directly or via intermediate
spins. The relevance of frustration is that it leads to degeneracy or multiplicity of
compromises forcing the system to have several ground states.

Keeping these two in mind, in 1975, S. F. Edwards and P. W. Anderson [21] pro-
duced a paper, which in the words of Sherrington [37], at one fell swoop recognized
the importance of the combination of frustration and quenched disorder as funda-
mental ingredients, introduced a more convenient model, a new and novel method
of analysis, new types of order parameters, a new mean field theory, new approxi-
mation techniques and the prediction of a new type of phase transition apparently
explaining the observed susceptibility cusp. This paper was a watershed. Edwards
and Anderson’s new approach was beautifully minimal, fascinating and attractive but
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also their analysis was highly novel and sophisticated, involving radically new con-
cepts and methods but also unusual and unproven ansétze, as well as several different
approaches. In their model, two spins interact if they are neighbour to each other.
The same year Sherrington and Kirkpatrick [38] proposed their model with mean field
interaction. In this model all spins interact with each other. In both the cases the
interaction among the spins were random and driven by Gaussian random variables.
Due to rich and complicated correlation structure among the energy over the configu-
ration space of the spins, initially the models were not easy to study analytically. To
get some insight into these models, in 1980, B. Derrida [T5] proposed a system without
any correlation structure over the configuration space. He proposed a solvable model
called Random Energy Model (REM) for spin glass theory. In REM, all the random
variables are independent and identically distributed but the distribution depends on
the number of particles. Like Edwards-Anderson model and SK-model, he considered
these random variables to be Gaussian. But this is a toy model since the energy of the
system does not depend on the configuration. Amazingly he could show that though
this is a very simple model, it exhibits phase transition.

REM has no correlations at all. But the correlation structure in the Edwards-
Anderson model and SK-model were very complicated. So the next idea is to study a
system which exhibits correlations, but their structure is simple enough to explicitly
solve the model. B. Derrida [I7] proposed another model for spin glass theory in 1985,
by bringing correlations through a tree structure. The tree structure comes from the
configuration space. Simply put, he identifies the configuration space as the branches
of a tree. This is called Generalized Random Energy Model (GREM), a generalization
of the REM. Here also the driving distributions were Gaussian. In this project we
will focus ourselves on REM and GREM and some related models.

0.2 Setup and Summary

For an N particle system with classical spins +1 or —1, a sequence of +1 and -1
of length N gives a configuration of the system. A typical configuration is denoted
by o(N) or by ¢ when N is understood. That is, o is a sequence of +1 and -1 of
length N. The space of all possible configurations o of a system is called configuration
space and denoted by ¥y or simply by 2V since ¥y is nothing but {+1, —1}". Now
depending on the configuration, the system possesses some energy called Hamiltonian.
For a configuration o, it is denoted by Hy(c). The model is defined through the
Hamiltonian. So different models have different Hamiltonian structures. In spin glass
theory, the Hamiltonian is considered to be random.

When the system is cooled, it settles down at a configuration where the Hamil-
tonian is minimized. Hence it is very essential to get information about the con-
figurations where the infimum of the the Hamiltonian is attained and its value. In
statistical physics one analyzes this problem via the partition function of the system.
The partition function, denoted by Zy(3), is defined as follows:
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Zn(3) = Z e BHN(0).

TEXN

Here 3 > 0 is a parameter, represents the inverse temperature. Sometimes when the
Hamiltonian depends on an external field h, we will denote the partition function as
Zn(06,h). Now note that among all the summands in the above sum if one takes large
0, only that summand will contribute where the Hamiltonian attains the minimum
among all possible configurations. On the other hand, if the focus is on maximum,
then instead of —f3 one has to consider 3 in the exponent.

But the information in partition function about the minimum energy is in expo-
nential scale. So it is customary to study the logarithm of the partition function.
Also the energy of the system depends on the number of particles in the system and
becomes large when N is large. To get some asymptotic result on log Zy(3), one
has to normalize it properly. In this case, % is the correct normalization (in some
sense). According to statistical physics, —BLN log Zn(() is called the free energy of
the system. Since one is interested in the asymptotic of the free energy, that is, in
—% z\}lgéo % log Zn(), for mathematical purpose we can forget about the —% term in

the definition of free energy. And from now on, we will call A}im % log Zn(0) as the

free energy of the system.

In statistical physics, there is another important concept called Gibbs’ distribution.
This is a distribution on the configuration space. According to this, the probability
of a configuration ¢ is proportional to e ®#~(®)  In particular, if G (o) denotes the
Gibbs’ probability for a configuration o € ¥y, then

e—BHN(0)
GN<U) = 72]\7(5) .

It is worth noting that, since Hy(co)’s are random, the Gibbs’ distribution is also
random. Note that, Gibbs’ distribution is so defined as to give maximum weight
to that configuration which has minimum energy. We shall not deal with Gibbs’
distributions in this thesis.

Generalized random energy model (GREM) is one model in this theory proposed
by B. Derrida [I7] in 1985. To describe a version of this fix an integer n > 1. For N
particle system, consider a partition of N into integers k(i, N) > 0 for 1 < i < n so
that > k(i, N) = N. The configuration space 2", naturally splits into the product,

[12*¢N) and o € 2V can be written as 0,09 - -0, with o; € 2*GN) An obvious
n-level tree structure can be brought in the configuration space. Consider an n level
tree with 2¢(N) many edges at the first level. These edges are denoted by oy, with
oy € 2F0N) In general, below a typical edge o105 - - - 0;_1 of the (i — 1)-th level there
are 2F0:N) edges at the i-th level denoted by o059 --0;_q10; for o; € 2FGN) Thus
a typical branch of the tree reads like oy05 - - - 0, making a one one correspondence
with 2%, the configuration space. For each i, 1 < i < n and edge 0 - - - 0;, associate
a random variables £(oy - --0;). All these random variables are i.i.d. A(0,N). One
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non random weight, a; > 0 for each level is fixed. In GREM, Hamiltonian for a
configuration o = oy - - - g, is defined as

Hy(o) = Z a;£(o109 - - - 0;). (0.2.1)

When n = 1, GREM reduces to REM, another model proposed as a solvable model
by B. Derrida [T5] in 1980. If a; = 1 then Hamiltonians of REM are nothing but 2V
many i.i.d. N (0, N) random variables.

Though it was just a toy model, with correct but heuristic arguments Derrida [T6]
showed phase transition occurs in REM and in the low temperature the system got
completely frozen. In 1986, B. Derrida and E. Gardner [I8] gave the solution for the
averaged free energy for GREM and in 1987, Capocaccia et al [8] gave a rigorous
mathematical justification. Indeed, the convergence holds almost surely as well as
in L, for 1 < p < oco. In 1989, Galves et al [24] studied the detailed fluctuation
of free energy for both the models and further analysis was carried out in 2002 for
REM and other models by Bovier et al [7]. In a different direction, Dorlas and
Wedagedera [20], in 2001 used the large deviation principle (LDP) [T4144] to study
the free energy for REM. In the next year, Dorlas and Dukes [I9] extended this
technique to GREM. Though GREM is a little complicated than REM, it is not a
realistic model for spin glasses. More realistic models were proposed earlier in 1975 by
Edwards and Anderson [21] (EA-model) through nearest neighbour interaction and
another by Sherrington and Kirkpatrick [38] (SK-model) by mean field correction in
the same year. These are the most complicated models in this theory. Though several
heuristic arguments and conjectures [33] were made and several rigorous results were
proved [T, 23, 25, 39, A0, 4T, it was only in 2002, Guerra and Toninelli [26] showed
the almost sure existence of the free energy via interpolation technique and convexity
argument. A discussion of the SK-model using stochastic calculus was initiated by
Comets and Neveu [12] continued in [TT,2]. For EA-model very little has been known
till know. In 2003, the idea of Guerra and Toninelli has been generalized to the GREM
cases by Contucci et al [I3]. We thank these authors for clarifying their setup.

Note that all this analysis was done with Gaussian driving distributions. In 2004,
Carmona and Hu [9] considered non-Gaussian distributions and showed that the free
energy of the SK-model does not depend on the driving distribution. Rather, under
some moment condition on the driving distributions the free energy of SK-model is
universal (see also [I0]). It should be noted that earlier already in 1983, Eisele [22]
considered a class of distributions with exponentially decaying tails for the REM. He
is the first to identify the relevance of LDP to study free energy for REM. He studied
completely different types of phase transitions — some kind of iterated large deviation
phenomena. For the analysis to go through, he assumed the existence of exponential
moments of all orders for the driving distributions. The last two articles are the
starting point for this thesis. Now the natural question to ask is, whether there is any
universality of free energy in REM as well as in GREM? Moreover, is the existence of
exponential moments of all orders necessary?

To answer the above questions our first successful attempt [28] via LDP argu-



Chapter 0: Introduction 6

ment was with double exponential driving distributions. In [28], we provided negative
answer to the above questions. First of all, considering Hy to be i.i.d. double expo-
nential driving distribution with parameter 1, we show that the nontrivial free energy
is different from that of the Gaussian REM. Though the Hamiltonian does not depend
on N, it is interesting, the system exhibits phase transition. Secondly, note that in
this case Fe'N does not exists for t > 1. Here in the first chapter, we extract the
essence of the argument in [28] and state as

Theorem 0.2.1. Let {\y} satisfies LDP with a strictly quasi-convex rate function
I(x). For a.e. w, the sequence of empirical measure {un(w)} of 2V i.i.d. random

variables having law \y satisfies LDP with rate function J given by,

Z(x) if I(z) <log2
J(x) =
00 if Z(x) > log 2.

We apply this theorem to the known Gaussian case [16,20,34], as well as to double
exponential case and further to Weibull type exponentially decaying tail distributions.
We also show that the energy in REM is not distribution specific rather rate specific.
In the compact distribution section we give some partial results when there is no
non-trivial rate function for the driving distributions. In the concluding section, we
apply the above theorem to discrete distributions — Poisson and Binomial. There we
show that even the existence of phase transition depends on the parameter of the
underlying distributions. For example, if the Hamiltonian Hy(o) is Binomial with
parameter N and p, phase transition takes place only when p > %

For GREM, once again our first attempt [29] was with the double exponential
driving distributions along with the LDP arguments [19]. The original formulation
of GREM in the literature is slightly different from the formulation we mentioned
above. In the second chapter, we start with a discussion of this reformulation. Then
we bring a general tree structure in GREM and prove a basic fact which is used in
the analysis of this chapter as well as for several other models considered in the next
chapter. The details are in chapter 2. Briefly, we consider trees all of whose branches
extend up to n-th level. Let B;y be the total number of edges at the i-th level and
By be the number of leaves of the tree. Let s?y be the sum of the squares of the
numbers of leaves at the n-th level below each edges at the ith level. If £ denotes a
random variable having the common distribution of the £(oy09 - - - 0;), then we have
the following.

Theorem 0.2.2. Let A = Ay x -+ X A, C R". Denote q;x = P(§ € A;) for

1< <n.
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a) If > Binin -+ - qin < 00, for some i,1 < i <n then a.s. eventually,
N>n

b) If for alli=1,--- ,n, > 32812'7N < 00, then for any € > 0 a.s. eventually,

(1 - OBun(A) < un(D) < (1+ €)Eun (D).

In section 2.4, we use this result for GREM with a general family of driving
distributions. For fixed v > 0, we consider the driving distributions of &(oy - - - 0;)
having density

DNy () = 2F1(l) (—)T 6771@11 — o0 <z < o0. (0.2.2)

Note that when v = 2, this is the Gaussian case. We discuss this case systematically
in section 2.5 and bring out the essence of this model. Here it is.

For each j, 1 < 7 < n, we have a sequence of probabilities {)\g\,,N > 1} on R
satisfying LDP with a good, strictly quasi convex rate function Z; and £(oy - - - 0;) ~
)\g\,. Define for each w, py(w) to be the empirical measure on R”, namely,

() = 5 38 (E(01,0), 60102, 0), -+ &1 ,)

where 6 (x) denotes the point mass at x € R™.

Theorem 0.2.3. Suppose w —p; >0 for1 < 5 < n. Then for a.e. w, the

sequence {pn(w), N > 1} satisfies LDP with rate function J given as follows:

J J
Supp(T) = {(z1, -y 2n) 0 Y Te(wr) < D0 pelog?2 for 1 <j <n}
and

k=1 k=1

S Tu(m) if v € Supp(T)
J(z) = { k=1

00 otherwise.

This result, with the help of Varadhan’s Integral lemma [43,[T4], reduces the prob-
lem of free energy to merely calculation of certain infimum. In section 2.6, we solve
this variational problem for general n and produce the explicit energy expression in
the case of v > 1 and v = 1 by different arguments. Further, for v > 1, we characterize
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the energy function for GREM and show that the energy function is continuous in +.
For 0 < v < 1, we only give the energy expression for n = 2. The beauty of the above
theorem (Theorem [Z3) is that, it allows us to consider different distributions at
different levels of the under lying tree. This we considered in [30] and here in section
2.7. Even the simple case, n = 2 the model exhibits a lot of interesting phenomena.
For example, consider a 2 level GREM with exponential driving distribution at the
first level and Gaussian in the second, and give equal weights at the two levels, that
is, a; = ag. Then even if py = 0.00001 (very small) the system reduces to a Gaussian
REM. On the other hand, if we consider a 2 level GREM with Gaussian driving dis-
tribution at the first level and exponential in the second, the system will never reduce
to a Gaussian REM. Moreover, in either case, the system will never reduce to that of
an exponential REM.

In the third chapter, we randomize the underlying trees. To keep the same num-
ber of furcations for all edges at given level, for fixed N, we take one Poisson random
variable at each level to determine the number of furcations. We called this model
as reqular Poisson GREM. On the other hand, it is possible to keep the number of
furcations depend on the edge. In other words, for each edge we can associate a Pois-
son random variable to determine the number of furcations for this edge. This we
called Poisson GREM. We discussed multinomial variation also using results from [27].
These are all different methods to randomize the tree. Note that the configuration
space is no longer 2/V. These models are interesting and Theorem [LZZ above is power-
ful enough to handle these models. However, in all these cases the free energy remains
same as in the usual GREM. Whether there are other interesting tree structures that
exhibit peculiar phenomena is not clear to us. As far as our knowledge goes, the
GREM with randomized (or even nonrandomized but general) trees is not discussed
in the literature.

In 2006 Bolthausen and Kistler [3] proposed a model (BK-GREM) bypassing the
ultrametricity in the configuration space. Even in this model, they have shown that
the energy of the system is again a suitable GREM energy. In section 3.4, we provide
a proof via LDP arguments. Then in section 3.5, we construct n! many GREMs,
one corresponding to each permutation of the set {1,2,---,n} by manipulating the
weights from BK-GREM. We characterize a class of permutations so that (1) the
corresponding GREM energy will be the same for all the permutations in that class,
(2) this energy is the minimum over all possible n! many GREMs and (3) this is the
energy of the BK-GREM. Bolthausen and Kistler [3], have shown that the energy of
BK-GREM is the infimum over GREM energies corresponding to all possible chains.
Our analysis shows that instead of considering all chains, one needs to consider n!
many GREMs. This is still a large number. We conclude this chapter, by defining
one model, called block tree GREM, where the free energy is maximum of all possible
n! many n level GREMs, rather than minimum as in the BK-GREM.

In the last chapter, we introduce a new model, word GREM. This brings out the
crucial role played by LDP in all the earlier models. Here we start with a distribution
having finite mean and Ay denotes the law of the sample mean (of size N). Then
Cramer’s theorem [I4] suggests that the sequence {\y} satisfies LDP with a convex
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rate function given in terms of the Fenchel-Legendre transformation of the starting
distribution. We consider a set of n symbols I = {¢,¢, - ,¢,} and take S to be any
collection of finite number of words formed by these n symbols. As earlier, we consider
k(i,N) >0, 1 <i <n as a partition of N so that the configuration space 2" splits
as [T, 2¢EM. For s = ¢, -+, € S and a configuration o = (g, ™) where
o' € 2F0N) e denote o(s) = (0™, 0%,--- ,0%). For s € S, let \* be a probability
on R having finite mean. Let A} denote the distribution of the mean of the first
N random variables of an i.i.d. sequence with common law A\°. For the N particle
system, we have the following. For each s € S and each o € 2V, we have a random
variable £(s,0(s)). These are independent random variables. For fixed s, they are

identically distributed and the common distribution is A%,. Then for a configuration

o= {0, ,on) € 2", we define the Hamiltonian in word GREM as
N
Hy(o) = NF(E(@) + 5o 0.23)
i=1

where f : RS — R is a continuous function, £(0) = (£(s,0(5)))ses and h > 0 is the
intensity of the external field.

We present a large deviation proof for the existence of the free energy for this
model and apply the analysis to known [I6] REM with external field.

This model includes REM, GREM and BK-GREM and may perhaps include mod-
els truly more general than these. Further, it allows external field. Moreover, different
driving distributions can be used at different words in the collection.

In this project, we did not consider the analysis of Gibbs’ distribution. With Gaus-
sian driving distribution, there are several results for REM [A2/4] and for GREM [5L6].
See also [35,3TL32B6]. For exponential driving distribution we verified that for REM,
in the high temperature regime, Gibbs’s distribution converges to the uniform distribu-
tion [28] where as in the low temperature regime it converges to the Poisson-Dirichlet
distribution. This is similar to that of Gaussian REM. So is it true for any other
distributions considered in this thesis? Since we do not have anything substantial to
say regarding this issue, we have not considered.

0.3 Large Deviation Terminology

Recall that
Zn(B) =Y e M) = VB e N

where E, is expectation w.r.t uniform probability on 2V space. And hence,

1 1 -
N log Zn () = log2 + N logEJe’NﬁH]yV( ).
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The last term in the above equation is well known expression in the Laplace’s

principle. It is indeed
1
log [ My,

where juy is the uniform probability on the space 2V. The only trouble is uy are
on different spaces. If we transport uy to R by the map o +— Hfjv((’), then we will
arrive at exactly the Laplace type situation, where Varadhan’s integral lemma comes
to rescue. Since Hpy depends on w, the transported probability will be random. So
the application of LDP needs careful attention.

Since there are several terminologies (using € or using N etc) for large deviations,

we fix our terminology now and recall some known facts. Let X be a Polish space.

Definition 0.3.1. A function Z : X — R is called a lower semicontinuous function if
for any a € R, the set {z : Z(x) < a} is a closed set. It will be called good if the set
{z: Z(x) < a} is a compact set.

The following two properties of lower semicontinuous function are worth mention-
ing.

Proposition 0.3.1. Let f be a lower semicontinuous function. Then for any x,

st f) = @)
c:neighbourhood of Y€

Proposition 0.3.2. Let f be a good function and {F,}, be a sequence of closed sets

so that F,,11 C F, for every n and N, F, = {xo}. Then

f(ag) = lim inf f(y).

n yeky

Definition 0.3.2. Let {un} be a sequence of probabilities on X. {un} is said to

satisfy large deviation principle with rate function Z if
1. 7:X — [0, 00] is a lower semicontinuous function,

2. for any Borel set B,

1 1
— xienlgo I(z) < limNinf N log un(B) < lim;up N log un(B) < — ;I;%I(:L’)
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Further, if for 0 < a < oo, the set {z : Z(x) < a} is a compact set, then 7 is called a

good rate function.

A sufficient condition for the existence of LDP is the following:

Proposition 0.3.3. Let X be a Polish space. Let A be an open base for X. Let {jy} be
a sequence of probabilities on X. For each A € A, let L,(A) = —liminfy + log uy(A)
and L*(A) = —limsupy + log uy(A). Suppose for every x € X,

sup L.(A) = sup L*(A)=ZI(x) (say).

reAcA reAcA

Assume moreover that either {un} is eventually supported on a compact set or the
sequence is exponentially tight, that is, given any a < oo, there is a compact set K
such that limsup y + log un(K°) < —a.

Then the sequence {un} satisfies LDP with rate function Z.

The next proposition is a variation of well-known Varadhan’s integral lemma,
which will suggest that only we have to calculate some infimum to get the free energy
limit.

Proposition 0.3.4. Suppose the sequence of probabilities {un} on a Polish space X

satisfies LDP with rate function Z and, moreover, uyn are eventually supported on a

compact set C. Then for any continuous function f: X — R,

1 _Nf .
lim Nlog/e duy = —%gg{f(x) +Z(z)}.

N—oo

We need the following known as Cramer’s Theorem.

Theorem 0.3.5. Let X1, Xs, -+ be i.i.d. real valued random variables with EX; < oo
and Ay be the law of their sample mean. Then the sequence of probabilities {\y}

satisfies LDP with a convex rate function I given by
Z(z) = sup{fz — log Ee’*1}, (0.3.1)
D

where D = {0 : log B’ < 00} C R.
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The following is also true.

Lemma 0.3.6. Let 7 be as in the above theorem. If Dy = {x : I(z) < oo} and
T = FX,| < o0, then

1. Z(z) =0,

2. T is strictly decreasing on {x < T} N Dz,

3. T is strictly increasing on {T < z} N Dy.



Chapter 1

The Random Energy Model

In this chapter we discuss a toy model of spin glass theory, called Random Energy
Model (REM). In the literature [16,42], this is driven with Gaussian distributions.
In [22], Eisele discussed the model with more general distributions, particularly with
regularly varying distributions and the relevance of large deviation methods in this
context. We study the model with other types of distributions. For instance, the
driving distributions could be exponential or more generally Weibull. Or they could
be compactly supported etc. Our discussion mainly relies on the idea of Dorlas and
Wedagedera. In [20], they first used the large deviation techniques to get the asymp-
totics of the free energy.

After defining the model in the first section, we give a general large deviation
result in the section 1.2 and apply the results in REM with diverse distributions in
section 1.3. In section 1.4, we give partial results with compact distributions where
we could not use the large deviation results. We conclude this chapter by considering
the model driven by some discrete distributions.

1.1 Setup

In this model, proposed originally by B. Derrida [I5], for each N, the Hamiltonian
Hy(o) are independent over o € Xy. Derrida considered them to be centered Gaus-
sian with variance N. In spite of the simplicity of this model, in [16], he showed the
existence of phase transition. Using the entropy energy equation, he evaluated the
limiting annealed free energy limy + E'log Zy(3) and showed that for low tempera-
ture, that is, for § large, free energy becomes linear in 3. It is known that, in fact,
+ log Zn () converges a.s. [20].

13
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1.2 Main Results

Let us consider a sequence of probabilities (Ay, N > 1) on R". Assume that {\y}
satisfies large deviation principle (LDP) with a strictly quasi-convex good rate function
Z(z). An extended real valued function f, which may take the value +oo but not —oo,
defined on a convex set will be called a strictly quasi-convex function if for any two
distinct 1 and x5 in {f(x) < oo} and for each 6 € (0,1) we have f(0x;+ (1 —0)x2) <
max{f(z1), f(z2)}. For every N, let &, 1 < i < 2% be i.i.d. random variables (R"
valued) with distribution A\y. These random variables, of course, depend on N but to
ease the notation we are suppressing their dependence on N. For every sample point w,
we define y1y(w) to be the empirical measure on R™, namely pn(w) = sk . 6 (&(w)).
Here § (x) denote the point mass at z. Now we are ready to state our first theorem.

Theorem 1.2.1. For a.e. w the sequence {un(w)} is supported on a compact set and

satisfies LDP with rate function J given by,

IZ(x) if I(z) <log2
J(x) =
00 if Z(x) > log 2.

Proof. Step 1: Let A be an open subset of R™. If 3" 2Ny (A) < oo, then almost
surely eventually pun(A) = 0.
Indeed, using P for the probability on the space where the random variables are
defined,

P(un(A) > 0) = P(& € A for some i) < 2V An(A).

Now Borel - Cantelli completes the proof.

Step 2: Let A\ be an open subset of R™. If Y m < 00, then for any e > 0,

almost surely eventually
(1 —e)An(A) < pun(D) < (1 +e)An(AD).

Indeed,
Var n(2) = B (5 £ 1460 ) —R(8) < 2oww(A)
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Now Chebyshev yields

P{an(2) = A(B)] > () € s

and Borel-Cantelli completes the proof.

Since 7 is strictly quasi-convex, the set {Z(x) = log2} does not contain any line
segment, we can choose a countable open base 28 such that for every A € 9B either
AN{Z(x) <log2} = @ or AN{Z(x) < log2} # @. For instance, we could choose B
to be the collection all open boxes such that (i) Z value at a corner point is different
from log 2; (ii) each co-ordinate of a corner point is either rational or +oo.

Step 3: Let Z(x) > log2. Then almost surely, sup {—liminf < logun(A)} as
TeENEDB

well as sup {—limsup  log pun(A)} are co.
reAED

Since Z(x) > log2, pick Ay € B such that = € Ay and Ay N {Z(z) < log2} = @.

Then limsup +log An(Ag) < — inf Z(y) = —L < —log2. Fix a > 0 such that
(STA

—L < —log2 — a. Then for sufficiently large N, + log Ay(Lo) < —log2 — «, that

N
is, Awv(Ag) < 27Ne Mo In other words, 2V Ay (Do) < eV for all large N. Thus by
Step 1, a.s. eventually un(4p) = 0 and hence the claim.

Incidentally, this also shows the following. If K is the compact set {z : Z(z) <
log 2} then consider a bounded open box A € B such that K C A. Clearly, A s
union of 2n many boxed from B. The above argument shows that py is a.s. even-

tually zero for each of these 2n boxes. This shows that the sequence {uy} is a.s.

eventually supported on a compact set, namely, A.

Step 4: Let Z(x) < log2. Then almost surely, sup {—liminf+ loguy(A)} as
reAED
well as sup {—limsup + log un(A)} are Z(z).
reAED
Fix A € B such that # € A. Then liminf & log Ay(A) > — ingI(y) =—-L>
ye

—log 2, where the last inequality is a consequence of the strict quasi-convexity of Z.
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Fix o > 0 so that —L > —log2 + a. So for large N, +logAn(A) > —log?2 + a,

"N

that is, Ay (A) > 27VeNe In other words, 2V Ay (A) > V. Now use Step 2, for any

€ (0,1), eventually
(1 —e)An(A) < pun(D) < (1 +e)An(AD).
Hence by definition of LDP, we have eventually

—Z(A) <lim 1nf%log,uN(A) < lim sup % log un () < —Z(AD), (1.2.1)

N—oo N—o0

where as usual Z(A) = ingI(x).
Te

From the first part of the above inequality we have,

sup {—hmlnf—loguN( )}< osup Z(A) < Z(x). (1.2.2)
AeBrel N AeBzel

Moreover, for every A € B such that x € A using the right side inequality of

(CZT), we have
1 _
limsup — log un(A) < =Z(A).
N N

Let B, = {Ar € B : k > 1} be a subclass of B so that Zk+1 C A\, for every k
and NpAg = {z}. Then

1 _
sup {—lim sup logun(A)} > sup  Z(AD)
AeBwen N AeBrel

= I(x). (1.2.3)

The last equality follows as 7 is a good lower semicontinuous function (see Proposition

372).
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From (CZ32) and ([C2Z3)), it follows that

1 1
sup {—liminf —logun(A)} = sup {—limsup —logun(A)} =Z(x).
AeBrel N N AeBzel N N

Now proof of Theorem [LZT] is completed by appealing to Proposition and

observing that {uy} is eventually supported on a compact set. O

Remark 1.2.1. The fact that Z is a good rate function is essential in the above theorem
to conclude that almost surely eventually the sequence {uy(w)} is supported on a

compact subset of R".

Remark 1.2.2. Observe that the strict quasi-convexity of the rate function in the above
theorem is a technical assumption. On real line that assumption can be replaced by
the assumption: Z is strictly monotone on {z : Z(x) € (0,00)} or by the assumption
that {z : Z(z) = log2} is a nowhere dense set. Such a condition is needed only to

ensure that there exists a countable base as mentioned in the above proof.

The implication of the above theorem in REM is amazing. To see this, let us
assume that {Ay} is a sequence of probabilities on R and satisfies large deviation
principle with a good rate function Z. Let us assume also that Z be strictly quasi-
convex or satisfies any one of the conditions in remark [CZ2 For fixed N, let us
consider 2%V i.i.d. random variables (o), 1 <o < 2N distributed like Ay. We can
identify these 2% many o with the elements of ¥ = {+1,—1}. Let us define the
Hamiltonian for o € X to be

Hy (o) = N¢(o).
Now note that the partition function can be written as
Zn(B) = 2V Bye PN

where F, is the expectation with respect to uniform probability on the ¥y space.
Hence

1 B 1 _Npz
hj{lnﬁlogZN(ﬁ) = log2+hj{fnﬁlog/e dun(z).

By Theorem [CZT], the induced probabilities {uy} are a.s. eventually supported
on a compact set. That is, for almost every w, there is a compact set K, such that
{pn(w), N > 1} are all supported on K. Moreover, by previous theorem they satisfy
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LDP with a good rate function a.s. Hence to find the existence of limy % log Zn(8),
we can use Varadhan’s integral lemma with any continuous function, in particular,
f(z) = P on R. This will lead to the following:

Theorem 1.2.2. If the sequence of probabilities {\n} satisfies LDP with strictly

quasi-conver good rate function I, then almost surely,

1
lim — log Z —log2 — inf T(z)) . 1.2.4
Jim - log ~(B) = log LA (Br +I(z)) (1.2.4)

Thus in the REM, the existence of limiting free energy is just a corollary of large
deviation principle. To get the the expression of the free energy one has to solve the
variational formula. Hence the calculation of asymptotics of free energy reduces to
calculation of the above infimum.

Remark 1.2.3. In the literature [T6L20042], for REM, the Hamiltonian Hy (o) is defined
as VN&(o), with £(o) ~ N(0, N). In our case with the Gaussian driving distribution
it is same as N¢(o) where £(0) ~ N(0,+). But the large deviation technique allows
us to consider Hy to be any continuous function of (o). In other words, if f(z) is
a continuous function on R then one can define the random Hamiltonian Hy (o) =

Nf(&(o)) where £(0) ~ Ay. In that case, the above theorem will reduce to

Theorem 1.2.3. If a sequence of probabilities {\n} on R satisfies LDP with strictly
quasi-convez good rate function T and Hy (o) = N f(&(0)) where {(o) ~ Ay and f is

a continuous function on R, then almost surely,

Jim o Zy(8) =log2 — _ inf (3f(x) +Z(x)). (1.25)

Of course, the appearance of f above makes it more general, but this could be
obtained from ([CZA) by contraction principle of large deviation techniques. Different
choices of functions f allows us to consider the Hamiltonian driven by other distribu-
tion which can be obtained as a function of known distributions. For instance, if we
consider f(x) = x? then we can get the information of the model when its Hamiltonian
is an appropriate x? if Ay as N(0, %) Also we can consider several other functions,
for which we do not know the corresponding closed form expression of the distribution
of the Hamiltonian. For example, f(x) = x cos(1000x|x|*!) etc.

Remark 1.2.4. A close look at - %I<11f ) (Bf(x) +Z(z)) suggests the following: If we
z)<log
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consider the Hamiltonian of an N-particle system to be an odd function f of random
variables £(0) ~ Ay and if the sequence {Ay} satisfies LDP with a quasi-convex
good rate function taking value 0 at the origin, then the contribution for the limiting
free energy z\}lgéo % log Zn () comes from only that part where the function f(x) is
negative. More precisely, f being an odd function f(0) = 0. Since Z(0) = 0, infimum
in (CZH) is non-positive. So only points x where f(z) < 0 need to be considered

while calculating the infimum. Thus, we have, almost surely,

lim —log Zy(3) = log2 —  inf  (I(z)+ Bf(x)).

N—oo N {Z(z)<log2}~—

where {Z(z) <log2}~ = {Z(z) <log2} N{f(x) < 0}. For example, when f(z) ==z

we have the following

Corollary 1.2.4. If f(z) = x and Z(0) = 0, then almost surely,

1 .
gyl Zn(f) =log2 = inf  (T(@)+5).

One can see that the contribution to the free energy is only from the negative values
of the random variable. This can be made precise as follows: Let {Ay} and {vy} be
two sequences of probabilities satisfying LDP with a good strictly quasi-convex rate
functions Z; and Z, respectively so that Z;(0) = Z5(0) = 0 and Z,(z) = Zy(z) for
x < 0. Then consideration of &y ~ Ay or &y ~ vy will lead to the same limiting free
energy. In other words, symmetry of the random variables does not play any role in

the evaluation of limiting free energy. To illustrate, if we consider the density of Ay

given by,
% %6_%]\[962 forx >0
on(x) = , (1.2.6)
%eNx for x < 0

then from the discussion of our next section, it will be clear that this sequence {\y}
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satisfies LDP with rate function

%2 for x > 0,
I(z) =

—x forx <0

and hence {Z(z) < log2} = [—log2,+/2log2]. Here the distribution of Ay is of
Gaussian form in the positive part of the real line whereas on the negative part it
is of exponential nature. If {5 ~ Ay, then as inf (%xQ + ﬁx) > 0 the above

{0<z</21log 2}
corollary will reduce to

Corollary 1.2.5. If Ay has density ¢y given by (LZ1A), then almost surely,

.1 .
Jim 7 log Zy(f) = log2 — P (—z + Bz).

Hence the Gaussian part of the random variables does not contribute to the lim-

iting free energy. Similarly, if we consider the density of Ay to be

%e‘N“f for x >0
on(z) = , (1.2.7)
% %e*%N”ﬁ for x <0

then the rate function will be

T forx >0
I(x) =

%xz for x < 0.

In this case Corollary [LZ4] will reduce to

Corollary 1.2.6. If Axy has density ¢n given by (I.217), then almost surely,

1 1
lim —log Z =log2 — inf —z? .
Noso N 0g Zn(f) = log {—\/213)22930} (Qx +ﬁx)

Here the exponential nature of the random variable on the positive side does not
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play any role.

Remark 1.2.5. Suppose that the sequence of probabilities {\y} is supported on [0, co)
and satisfies LDP with a quasi-convex rate function Z with Z(0) = 0. For example,
fix a number v > 0 and put Z(z) = 27 for + > 0 and oo for < 0 is such a rate

function. It follows from Corollary [L2Z4] that, when f(x) = z, then almost surely

1 .
gyl Zn(f) =log2 - inf  (T(@)+52).

As the sequence {Ay} is supported on non-negative real line, Z(x) = oo for z < 0.

Hence {Z(z) <log2}~ ={Z(z) <log2} n{f(x) <0} ={0} and

1
lim N log Zn () = log2

N—oo

almost surely. In this case, the system will not show phase transition.

The examples given above are rather artificial. Of course, there are natural ex-
amples of random variables £(o) whose distributions satisfy large deviation principle
with a good convex rate function. In the following sections, we discuss some examples.

1.3 Distribution with exponentially decaying Tail

In this section, we consider the driving sequence of distributions (Ay) such that for
x>0, \y[—z,2]° ~ eV for some v > 0.

1.3.1 Gaussian Distribution

Our first natural example is the Gaussian distribution well studied in the literature [16),

34,20,42). Let Ay be the centered Gaussian probability with variance % That is,

502 . .
having density ,/%e’NT, for —oo < x < oo. It is obvious that Ay = 0 as N — oo.

The following is well known. It can also be obtained from Cramer’s theorem [L3H.
Since the proof is simple, we give it.

Proposition 1.3.1. The sequence {\n} satisfies LDP with rate function T = %2 on
R.
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Proof. Let A C R be an open interval. Let m = in£|x|, M = sup |z|, and gy =
4SS [ =VAN

An(A). With this notation, note that, we have

N M x \/NM x2 © ac2 ]_ Nm2
gy < 2 —/ e N7 dy </ e~ 2dx </ e 2dx < ez, (1.3.1)
27 m Nm Nm \/Nm

with the understanding that when m; = 0, the last expression is % and

2 dr > =

/ 7& 1/\/N(m+5) 2 \/_ 7& (mt6)?
- \/271’ 2 2

Nm

forany 0 <6 < M —m.
From above two inequalities, we can conclude that for any open interval A, the
limit, 1\}220 % log Ay (A) = —m;. Once again, Proposition 3.3 completes the proof.
O

Remark 1.3.1. Note that, here Z(z) = %2 is a continuous function with compact level
sets. Not only that, it is a convex function and hence quasi-convex.

As a consequence of Theorem [LZ3), if for 0 € ¥ the random variables (o) ~ Ay
and the Hamiltonian Hy (o) = N f({(0)) with any continuous function f on R, we
get the following:

Corollary 1.3.2. If Ay ~ N (0, %), then almost surely,

lim - log Zn(8) = log2 —  inf 2
m tlos Zy() <log2 — nt (650 + 5

N—oo 22<2log 2

Taking f(z) = =, we will get the classical case where the Hamiltonian for
N-particle system Hy is Gaussian with mean 0 and variance N. Note that,
inf ( x x—2> = inf (x—Q— a:) Let us denote the function g(z) = £ — Bz
22<2log 2 frt3 0<z<v2Tog2 \ 2 b gle)=%-F

so that ¢'(x) = x — f and ¢"(z) = 1 > 0. Therefore, at x = (3 the function g at-

tains its infimum. So as long as 6 < /2log2, the inf (% — ﬁaz) is attained
0<z<+/2log?2

at x = (3. Moreover, as ¢ is a decreasing function on [0, 3], for f > 1/2log2 the

inf <§ — ﬁaz) is attained at x = v/2log2. Hence we get the following
0<z<+/2log?2
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Theorem 1.3.3. If Hy(o) are independent N'(0, N), then almost surely,

lim 3 log Zw(8) = log2+ 2 if g < /2log2
= [Bv2log2 if B> +/2log2.

As we mentioned at the beginning, this is classical.

1.3.2 Exponential Distribution

Another simple but interesting example is the exponential distribution. Let Ay be

two sided exponential probability with scale parameter % That is, having density

%Ne‘Nm, for —oo < & < 0o. Once again, it is obvious that Ay = 0 as N — oco. Now
we show the following

Proposition 1.3.4. The sequence {Ay} satisfies LDP with rate function T = |z| on
R.

Proof. Let A C R be an interval. Let m = inf{|z|: x € A}, M = sup{|z|: x € A},
and ¢y = An(A). With this notation, we have

N [o.¢]
qNn = —/ e Nlgy < / e dr > e N,
2 A vV Nm

and
NM N(m+8)
qn = / e Tdr > / e Tdx > Nie Nm+o),

Nm Nm
for any 0 <9 < M —m.

From above two inequalities, we can conclude that for any interval A\, the limit,

1\}1_{%0 + log Ay (A) = —m. Once again, Proposition completes the proof. O
Remark 1.3.2. As in the Gaussian case, here also, note that, Z(z) = |z| is a convex

continuous function with compact level sets.

Corollary 1.3.5. If {n(0) are independent (over o) two sided exponential variables

with scale parameter -, f is a continuous function on R and Hy (o) = N f(£(0)) then
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almost surely,

1 .
Jim = log Zy(f) = log2 — ‘xéglfw (Bf(x) + [=]) -

If we take f(r) = z, the Hamiltonian for N-particle system Hy is, of course,
two sided exponential random variables with scale parameter 1, that is have density
%e*‘x‘ on R. In that case, for the limiting free energy, we only need to calculate

inf that i inf 1—7). A simple calculati ields the followi
|m|§112110g2 (|x| + Bx), that is, O§x1§n210g2x( B). A simple calculation yields the following
Theorem 1.3.6. If Hy (o) are independent two sided exponential random variables

with scale parameter 1, then almost surely,

liﬁn%logZN(ﬁ) = log2 ifp<l1

— Blog2 ifB>1.

Remark 1.3.3. Interesting observation in this analysis is that, the random Hamilto-
nian, for N-particle system being exponential random variables with scale parameter
1, does not depend on the number of particles. Even then, the system shows a phase

transition.

1.3.3 Weibull Distribution

A more general class that can be considered are the Weibull distributions. Let Ay be
the probabilities on R having density

N @[
Onq(T) = E\xﬁ_le*N%, —00 < x < 00. (1.3.3)

This is known as Weibull distribution with shape parameter v > 0 and scale parameter

1
(%)7 Clearly, ¢y is the usual two sided exponential density, considered in the
previous subsection. We show that,

Proposition 1.3.7. If A\x has density ¢n ., then {\n} satisfy LDP with rate function
7="1onR.
B!

Proof. Let A C R be an interval. Let m = inf{|z|: z € A}, M =sup{|z|: z € A},
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and gy = An(A). With this notation, we have

~
N M

N || i mY
qn :/ — |z te NV de S/ T </ e =e N da, (1.3.4)
A 2 NmY Ny
Yy Y
and
m Y
1 NM 1 N( +9) 5 ()
qn > —/ D e tdy > —/ Toetdr > —N(m +66)"te™V 5 . (1.3.5)
2 Jymy 2 Jymy 2
Yy Y

for any 0 < 6 < M —m and some 6, 0 < § < 1. Mean value theorem is used here.

The above two inequalities imply that for any interval A C R, lim +log Ay (A) =

lim +
Nl~>oo N
—mTw. Thus Proposition [L3.3] completes the proof. O

Remark 1.3.4. In this case, rate function Z(x) = @ is a continuous function with

compact level sets. But Z(z) is convex, only when v > 1. Note that, for 0 < v < 1,

Z(z) is not convex but clearly quasi-convex and hence Theorem is applicable.

Corollary 1.3.8. If&n(0) are independent (over o) having density ¢, f is a con-

tinuous function on R and Hy(o) = N f({n(0)) then almost surely,

lim %logZN(ﬁ) =log2 — inf (ﬁf(x) + m) .

N—o0 || <~ylog2 Y

As earlier, if we take, f(r) = =z, the Hamiltonian for N-particle system Hy
is a two sided Weibull distribution with shape parameter v and scale parameter
V%N "5, In this case the problem of limiting free energy reduces to the calculation
of inf (m + ﬁx), that is, inf (ﬁ — x)

a7 <log2 \ 7 ogmg(ylogQ)% K

For v > 1, to calculate the above infimum, we imitate the Gaussian case. Let us
denote g(z) = £~ — Bz so that ¢/(z) = 277" — § and ¢"(z) = (y —1)27" > 0 on
[0, (vlog 2)%] So g being twice differentiable convex function, the infimum of g will
attain where ¢’ = 0. But ¢’ will be 0 on [0, (vlog 2)%] only when < (ylog 2)% In
that case, the infimum will occur at x = ﬁw_il When 5 > (vlog 2)%, then ¢’ < 0 on
[0, (v log 2)%] and hence infimum occur at = (ylog 2)%

For v < 1, the function g(z) = % — fx = 27 (% - ﬁ:pl*“’> is a product of two

functions. Here 27 is a positive increasing function on [0, (v log 2)%] On the other
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hand, % — Bz is a decreasing function taking the value % at 0. If this function
always remains positive then clearly the minimum of g is 0 attained at x = 0. On the
other hand, if this function takes negative value in [0, (ylog 2)%] then the infimum of
g is attained at (vylog 2)% This situation occurs only when % — Bz'=7 = 0 for some z
in [0, (ylog 2)%] This happens only when 3 > vfi(log 2)71_;1. Hence the infimum of
g on [0, (ylog 2)%] is attained at x = 0 for § < ff%(log 2)71_77 and at x = (ylog 2)%
for 5 > fy_%(log 2)_1%.
We can combine the above arguments as

Theorem 1.3.9. If {Hn(0), 0 € Yy} are independent having two sided Weibull

—1
distribution with shape parameter v > 0 and scale parameter 'y%NjW_, then almost

surely,
1 log2 + =167 if 5 < (ylog2)7,
lim — log Zn(0) =
N N 1 . 1
(ylog2) 3 if = (vlog2)
if vy >1
and
1 log 2 if B < ’y*%(log2)7l%,
lim —log Zn () =
N N 1 _ _1 1l
(vlog2)"3  if B>~ " (log2)
ify <1

Remark 1.3.5. Tt is easy to verify that, if Ay has density,

_Nl=l¥
dn~(2) = Const.e™™ 7 —o0 < < o0,
more precisely,
I v 1 ylal?
¢N,7($)=2F—177W Nve V5 _co<z<oo
)

then {\y} satisfies LDP with rate function Z(z) = i|x|7. Note that here v = 2 is

K]
the Gaussian distribution. Hence in REM, if we consider Hy to N (0, N) or two sided

Weibull distribution with shape parameter v = 2 and scale parameter 2N, they
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will produce the same limiting free energy. So the limiting free energy of REM is not

entirely distribution specific, but it is ’rate-specific’.

1.4 Compact Distributions

In the previous section we observed that, for the existence and evaluation of free
energy, we concentrated our attention on the set {z : Z(x) < log2}. That is, the
entire support of the random variables are not contributing to the system. To do that,
we used a variant of Varadhan’s lemma. In general Varadhan’s lemma is applicable
to the class of bounded continuous functions. In our case the functions used in the
previous section are rather unbounded. As suggested by Proposition L34 if the
underlying sequence of probabilities are eventually supported on a compact set, we
can overcome this little technicality. Our assumption that the rate function Z is a good
rate function will ensure that the sequences of induced probabilities are almost surely
eventually supported on a compact set. Since 7 is a good rate function {Z(z) < a}
is a compact set for every a € R. In particular, {Z(z) < log2} is a compact set. For
example, if { Ay} is a sequence of probabilities satisfying LDP with rate function Z so
that Z(z) <log2 for all x € R, then we may not be able to apply Varadhan’s lemma
to get the free energy of the system. In particular, if Z(z) = 0 for all x € R, we
can not infer anything about the existence of the free energy of the system by large
deviation techniques.

To start with, let us note that, if Z takes two value 0 and oo so that {Z(z) = 0}
is a compact set, say C'. In this case, in view of Remark [[2Z2 we can apply Theorem
with f(x) = [z. This will ensure the almost sure existence of the limiting free
energy and is equal to log2 — iréf Bz =log2 — Bxg, where zo = inf{z : = € C'}. Note

that, if C' C [0, 00) then clearly the limiting free energy becomes negative for large /3
if 0 ¢ C whereas if 0 € C then it will be just a constant, log2. So we will not get any
phase transition here.

Though we do not have a clear picture when Z is identically 0, we have some
partial results. First of all, note that Z(x) = 0 for all x € R iff ]Vlgnoo ~log A (A) =0

for every open subset /A of R. This follows from definition of LDP.

Now let us consider the case, when the Hamiltonian is supported on a compact set.
For each N, let Ay be a compactly supported symmetric probability with density ¢y
and {{y(0) : 0 € ¥} be independent random variables having density ¢. Consider
the Hamiltonian

HN<O') == N£N<O')

Let [—an, ay| be the support of ¢n. Let us assume that ay — o as N — oo. Here we
allow the possibility that « = co. For s > 0, denote ay(s) = P{{n(0) > s}. Note that
in this setup if {\y} satisfy LDP with rate function Z(x) = 0, then + logay(s) — 0
as N — oo for 0 < s < au
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The following theorem suggests that if the tail probability does not decay expo-
nentially fast over N, then we can not expect any annealed phase transition.

Theorem 1.4.1. Let [—ay, ay]| be the support of {n and for s > 0, denote ayn(s) =

P{¢n(o) > s}. If ay — a and + logan(s) — 0 as N — oo for 0 < s < a, then
) 1
lim NElog Zn(B) =log2+ af.

N—oo

Proof. As

2N€_6NaN S ZN(/Q) S 2N65N04N’
the proof for a = 0 is immediate. Moreover, in this case, for every sample point
o1
]&Enoo N log Zn(B) = log 2.
So let @ > 0 (may be av = 00). Since log is concave, by Jensen’s inequality
Elog Zn(8) <log EZN (D). (1.4.1)
As Hy are bounded by Nay,

EZx(B) = 2V BN < oNefNan,

Hence, by assumption and ([CZ1),

1
lim sup NElog Zn(B) <log2+ ap. (1.4.2)
N—o0
Now we show,
1
li]\rfn inf NElog Zn(B) > log2 + af. (1.4.3)

For that, with arbitrary but fixed 0 < s < «, let Xy = #{0 : Hy(c) > sN}. Then
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EXy =2ay(s) and EX% = 2N (2N — 1)a3(s) + 2Vay(s). Hence
E(Xy — EXy)? = EX3 — (EXy)? < 2%Van(s). (1.4.4)

If Xy < 2N lay(s) then EXy — Xy > 2N lay(s) so that (Xy — EXy)? >
22N—2a?v(s). Let AN = {XN S 2N_1CLN(S)}. So AN C {(XN—EXN)2 Z 22N_26L?V<S)}.
Hence, by Markov inequality and ( [CZ4),

B(Xy— EXy) _ 4

22N=242 (s)  — 2Nay(s)

P(Ay) <
ie, P(AS) >1— ﬁ}v(s). But on A%,
Zn(B) > XneN > 2V gy (s)e N,

and hence

4

© 2Nay(s)

E [log Zn(B)1as,] > [(N —1)log2 + log ay(s) + BsN] (1 ) . (1.4.5)

Now Ay = {Xy = 0} U{l < Xy < 2V"a,(s)}. Since Zy(B) > 2Ne #Non and

PP(Xy =0) = (1 —an(s))?" we have
E [log ZN(/Q)]'{XNZO}} > (Nlog2 — Nay)(1— GN(S))QN- (1.4.6)
On {1 < Xy <2V lay(s)}, log Zn(B) > Bmax Hy(o) > 3sN > 0 and hence

1) [log ZN(ﬁ)l{lSXNSQN—IaN(S)}} Z 0. (147)
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Thus from (CZH), (CZ6) and (CZ1) we have

an(s)

LBlog Zy(8) > [Xtlog2+ 1y sl (1 L)

+[log 2 — Bay] (1 — an(s))*".

By assumption, 1 log ay(s) — 0 so that 2¥ay(s) — oo and hence (1—an(s))?" —
0 as N — oo. Thus, under the assumption,

1
lim inf NElog Zn(B) > log2 + Bs.

N—oo

Since 0 < s < « is arbitrary, we have

1
lim inf NElog Zn(B) > log2+ af

N—oo
which remain true even when o = oo with the understanding that the right side of
the above inequality is oco.

This completes the proof. O

Since &y has density ¢y with support [—ay, ay| and Hy = Ny, the support of
Hy will be [-Ty, Txn| where Ty = Nay. If we assume, @y be the density of Hy with
support [—Ty, Tx|, then we can apply the above theorem with ay = TWN

The following examples will illustrate the applications of the above theorem.

Ezample 1.4.1 (Uniform Distribution). Let ¢y (z) = ﬁl[_TN,TN}. IfIx — >0,

a—s
2c

then ay(s) — > 0 for all 0 < s < a. So utilizing the above theorem we get,
a) if Ty = v/N then Nh_r)noO % log Zn () = log 2 for every sample point,

b) if Ty = N then ]\}1_120 %Elog Zn(B) =log2 + 3,

¢) if Ty = N? then ]\}1_120 %Elog Zn(B) = 0.

Similar remarks follows for the other examples also.

Example 1.4.2. Let 6 > 0 be fixed and

S

[ 1
o 2T]<Ef+1 (TN - |.T‘) ) _TN S X S TN-

on(T)
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It 5 — >0, then ay(s) - } (%)

>0forall0<s<a.

Example 1.4.3. Let

(2) 1 T TN TN
T) = —— COS — -
N Ty Ty 2

If I¥ — o >0, then ay(s) — 1 (1 —sin£) > 0forall 0 < s < aZ.

Example 1.4.4. Let

N N
_ ||
QON("L‘) - Q(QNTN - 1>6 1[*TN,TN]'

If I¥ — o >0, then ay(s) - L as N — oo for all 0 < s < a.

In the following examples, above theorem is not applicable.

Ezample 1.4.5 (Truncated Double Exponential). Let

1

_ —|=|
on(r) = 2(1 — G*TN)G Loy, r)-

eTN—SN—l

m. Hence W - —8#0

Let £ — a(> 0) as N — oo. Then an(s) =
as N — oo for all s with 0 < s < a. Thus we can not apply the Theorem [[ZT] any
more. However, if Hy(o) has density ¢n(z) and Ay is the law of +Hy(o) then if
TWN — «a(> 0), by analysis of subsection [[32, we can easily see that the sequence

{An} satisfies large deviation principle with rate function Z given by,

|z|  for |z] < «
I(x) =

oo otherwise.

Hence we can use Theorem [L2.3 to conclude that the free energy will be same as that

of exponential REM as long as a > log2. Where as if a < log2 then almost surely,

1 log 2 for0< (<1
lim — log Zn(0) =

N N

log2 —a+ pBa for g > 1.



Chapter 1: The Random Energy Model 32

Ezample 1.4.6 (Truncated Gaussian). Let

1 e2
on(z) = C—N‘f N 17y, 1]

Let ¥ — a(> 0) as N — oc. Then%—>—%SQ7£OasN—>oof0rallswith
0 < %82 < «. Thus we can not apply the Theorem [[Z1 once again. However, if
Hy (o) has density ¢n(z) and Ay is the law of +Hy(o) then if Z¥ — o(> 0), by
analysis of subsection [[3], we can easily see that the sequence {Ay} satisfy large

deviation principle with rate function Z given by,

%:pQ for %:pQ <

I(x) =

oo  otherwise.

Hence we can use Theorem to conclude that the free energy will be same as that

of Gaussian REM as long as o > log 2. Where as if a < log 2 then almost surely,

1 log2—0—%ﬁQ for 0 < B < V2«
hj{fnﬁlogZN(ﬁ) =
log2 — a+ Bv2a for g > v2a.

1.5 Discrete Distributions

We conclude this chapter by considering the REM driven by some discrete distribu-
tions.

1.5.1 Poisson Distribution

Let us consider the Hamiltonian for the N particle system Hy(o) ~ P(N6) where
P(N®) is the Poisson distribution with parameter N§. Let Ay be the law 1 P(N6).
We also can think of Ay as the law of the sample mean for a sample of size N from
P(6). Then by Cramer’s theorem (Theorem [L3H), {\y} satisfies LDP with convex
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good rate function Z given by

0 —x+xlogy forx>0
%) otherwise

T(z) = { (1.5.1)

Hence by Theorem [C23 if for ¢ € Xy the random variables £(o) is distributed like
An and the Hamiltonian Hy (o) = N f(£(0)) with any continuous function f on R,
we have the following:

Corollary 1.5.1. If \y ~ +P(N#), then almost surely,

lim %logZN(ﬁ) =log2 — inf (Bf(x)+Z(x)).

N—oo Z(xz)<log?2

Notation: Note that here 7 is a convex continuous function on [0, o) so that Z(0) = 6;
Z(#) = 0 and Z(x) — oo as x — oo. So the set {z : Z(x) = log 2} contains only one
point when 6 < log 2; contains zero and one non-zero-point for § = log 2; contains two
positive points for # > log2. As a consequence, the set {Z(x) < log2} is an interval
[1,25]; 1 = 0 in case of § < log2 where as 21 > 0 in case of > log2. In any case,
0 € (l‘l, ZL‘Q).

Hence when f(x) = x the above corollary implies that

li]{[n%logZN(ﬁ) =log2 — inf {ﬁx+0—x+xlog%}

[z1,22]

:1og2—0—[inf]{(ﬁ—1)x+xlog§}.

To calculate the above infimum, let g(x) = (8 — 1)z + 2 log 5 on [0, 00). Clearly, g is
a convex function. ¢'(x) = 3+ log 7, so that ¢'(z) = 0 implies T = fe=". Hence g at-
tains its infimum at 7 = fe~%. We consider two cases, namely, § < log2 and 6 > log 2.

0 < log2

For 3 > 0, 0 < #e? < 0 < x5. That is, the point T = e ”, where
¢ attains minimum, belongs to € [zr1,25] for every 8 > 0. Hence inf g(z) =

[z1,22]
(B—1)0e P —0ePloge ™ = —fhe "

0 > log 2

As (3 increases from 0 to oo, 8e=? decreases from 6 to 0. Since 0 < z; < 6, there
exists By > 0 such that
G = g4,

Clearly, for 3 < B, 0e™” € [z1,15] so that inf g(x) = —fe ®. Since g attains

[x1,22]
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its infimum at T = fe~?, g is increasing (by convexity) on (T,00). For 8 > fy,
T = 0e P < e P = z;. Thus g is increasing on [z, 75]. As a consequence, when
B > By, we have [inf]g(a:) =g(z1) = Pax1 + Z(x1) — 0 = By +log2 — 0.

x1,T2

All this leads to
Theorem 1.5.2. Consider REM where the Hamiltonian Hy (o) is Poisson with pa-
rameter NG.

a) For 6 <log2, almost surely,
1 3
hmﬁlogZN:10g2—9+€e for 3> 0.

b) For 0 > log?2; let x1 be the least positive solution of x(logg —1) = 0 —log?2,

and By = log % = %(:gZ — 1. Then almost surely,

limﬁlogZN =log2 —0+0e? for B<
= [y for B> [y.

Now if we take f(x) = —z, then by Corollary [LE1] almost surely, the limiting
free energy is given by

1 .
lim - log Zy () = log 2 — I(m;gfm{f (z) — Bz}

=log2—6— inf {xlog% —(B+ 1)1’}

Z(x)<log2

To calculate the above infimum, let g(z) = xlog§ — (8 4 1)z on [0,00) so that

g'(x) =logZ2—pFand g"(x) = L > 0 on (0,00). Hence g attains its infimum at z = fe”.

Note that, z = 6 for =0 and x — oo as  — o0o. So there exist 3; > 0 such that

Z(0ePr) = log2, that is, #e®* = x,. So the infimum I(xi)gllcog2 {zlog% — (B + 1)z}

occurs at fef for 3 < 3; and at x, for > 3 leading to the following

Theorem 1.5.3. In REM, if the Hamiltonian Hy(o) negative of Poisson with pa-

rameter N6, then almost surely

lim%k)gZN =log2 — 0+ 0e for B < B3y
= B for B> (.
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1.5.2 Binomial Distribution

Let Xy ~ B(N,p) where B(N,p) is the Binomial distribution with parameter p (0 <
p < 1). Put {y = % Observe that when p = 0 or 1, then the Hamiltonian is
deterministic one and uninteresting. Let Ay be the law of £x. Thus &y is nothing but
the proportion of heads in /N tosses of a coin (with chance of heads p). By Cramer’s
theorem (Theorem [L3H), { Ay} satisfies LDP with convex good rate function Z given
by

T(z) = {xlog% +(1—a)log 1= forz € [0,1] (15.2)

00 otherwise.

Note that here Z is a strictly convex continuous function. Now fix a continuous
function f on R. Consider N particle system with Hamiltonian Hy = N f({n(0)).
By Theorem [LZ3 to calculate the limiting free energy we only have to solve the
optimization problem

sl (Bf(x) +Z(x)).

Note that here Z(0) = —log(1l — p); Z(p) = 0 and Z(1) = —logp. So the set
{z : Z(z) = log2} = {0,1} when p = 3 otherwise the set {z : Z(z) = log2} is a
singleton. Let us denote the set {Z(z) <log2} as [r1, 2] where 0 < 21 <p <zy=1
forp>%;0:x1 <p<x2<1forp<%and0:x1 <p<x2:1forp:%.

When f(z) = z, by Theorem [[Z3, we have almost surely,

1 T 11—z
lim — log Zy(6) = log2 — inf log = + (1 —x)1 .
im - log Zy () = log [xllr}m]{ﬁxﬂs ogp+( z) Ogl—p}

To calculate the above infimum, let g(z) = Sz + zlog 2 + (1 — 2) log% on [0, 1].

Clearly g is a convex function and ¢'(z) = 3 + log fﬁ;’; So g attains its infimum at
_ . _ D .
T iven by 7() = —————=. We now consider two cases.
p<g:
As [xq,x9] = [0, x5] where x5 > p and ZT(5) < ﬁ < p for every 8 > 0, we have
Z(B) € [x1,x2] = [0, 22]. Hence on [x1, 5], g attains its infimum at () and by routine

algebraic manipulations, we get, [inf } g(z) = Bz(B)+Z(T(B)) = B—log(p+(1—p)eP).

p>;

Since Z(3) decreases from # < pto 0 as (3 increases from 0 to oo and 0 < z1 < p,

there exists By > 0 such that
f(ﬁo) = T.

Hence as T((3) € [x1,x9] for f < fy, g attains its infimum at Z(83) on [z1, 2] and we
get [ inf } g(z) = B—log(p+(1—p)e”). On the other hand, for 8 > 3, g being a convex
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function and attains it infimum at = < zy, g is increasing for x > 7. Hence ¢ attains
its infimum on [z, z5] at x; leading to [inf ] g(x) = g(x1) = pr1+Z(x1) = By +1og 2.
T1,T2
All this leads to

Theorem 1.5.4. In REM, if the Hamiltonian Hy (o) is Binomial with parameter N

and p, then almost surely,

a) forp < %

o1

hmﬁlogZN —log2 — 3+ log(p+ (1 — p)e®) for 3 <0.
b)for p > %,

lim L log Zx = log2— 4+ log(p+ (1 — p)e?) for B < fiy
= —fx; for B > (.

On the other hand, if we take f(z) = —z, then by Theorem [[Z3, almost surely,

lij{{ﬂ%log Zn(B) =log2— inf {Z(x)— Bz}

Z(x)<log2

1
=log2 — inf {:UlogfjL (1—3:)10g1
p

[z1,22]

- - ﬁl’} ’
—-p
where we use the same notation for x1, x5 as in the case for f(z) = x.
To calculate the above infimum, let h(z) = xlog + (1 —z)log :=£ — Bz on [0,1]

so that h'(z) = log( — f and ¢"(x) = x(l 5 > O on (0,1). Hence g attains its
. Note that, 2(0) = p and z(5) — 1 as § — o0. So

infimum at z(0) =

p+(1—pe
the infimum inf h(x) is attalned at z(f8) for every f > 0 for p > 3 and for § < 3

[z1,22]
for p < %, where 3, > 0 is such that Z(z(0;)) = log2, that is, (1) = za. For p < 3

and # > (3; the infimum [inf : h(z) is attained at at xs. To be more precise, we get
1,22

the following;:

Theorem 1.5.5. In REM, if the Hamiltonian Hx (o) is negative Binomial random

variable with parameter N and p, then almost surely
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a) forp > 3,
1
limﬁlogZN =log2+ 3 +log(p+ (1 —p)e™®)  for 3 >0.
b)for p < %,

limlog Zy =log2+ 3 +1log(p+ (1 —ple?) for <5
= B Jor 8> f.
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Chapter 2

The Generalized Random Energy
Model

In the random energy model (REM) [I5,[16] of Derrida, the Hamiltonians in dis-
tinct configurations are independent. The idea in generalized random energy model
(GREM) is to bring an amount of dependence in the Hamiltonians through the struc-
ture of configurations. Of course, very little can be achieved by assuming an arbitrary
covariance matrix. To introduce hierarchy, an n-level tree structure was suggested by
Derrida [I7], where the branches of the tree are in correspondence with the configu-
ration space. In this chapter we discuss this model with some modifications. There
are two essential differences from what is usually considered in the literature. First,
we provide a general framework of trees. However, they will be considered in the
next chapter. Second, we split the number of particles N into n groups rather than
splitting the number of spins (or ‘factorizing’ 2 as is customary in the literature). This
allows us to introduce a further randomization at the tree level, like Poisson trees and
multinomial trees. These will be consider in chapter 3.

In this chapter, we specialize to the driving distributions having exponentially
decaying tails. The basic inequalities lead to the large deviation principle (LDP) for
the random probabilities as in the case of REM considered in the previous chapter.
This leads to an explicit formula for the free energy. For the exponential GREM,
the driving distribution does not depend on the number of particles. This does not
make it less interesting. In fact, the Gaussian case is no more complicated than the
exponential case. The present treatment clearly brings out the similarities between
the two cases. There are dissimilarities too. As expected, for small values of 3 (inverse
temperature), the energy function in the exponential case does not depend on  where
as for the Gaussian it is quadratic in 5. In the Gaussian case, all the weights associated
with all the levels of the tree participate in the expression for free energy, where as in
the exponential case it is not always so.

Even though for any finite number of particles, we have a truly n level tree, in

39
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the limit, it may collapse to a lower level tree — it may even correspond to REM
(see remarks 22611 and EZ6.H). This leads to the notion of reduced GREM. For such
models, the energy function determines all the parameters of the model. It is also
possible to characterize the energy functions. It is interesting to note that in the
SK-model, subject to certain moment conditions of the underlying distribution, the
energy function is universal [9], while it is not true here.

2.1 Derrida’s Model

Let us first describe the model in detail. As a generalization to his REM [16], in
GREM [I7] Derrida introduced a tree-like structure in the energy levels. This is
what we now explain. Fix a positive integer n > 1. This n will be the level of the
tree. For each level 1 = 1,2,---  n of the tree, fix number «; so that a; € (1,2) and
[T, @ = 2. For fixed N, in the tree, there will be o) many nodes at the first level.
Below each of the first level nodes, there will be o) many nodes in the 2nd level.
Hence, there will be a total of (ajas)” many nodes at the 2nd level. In general, at
the ith level, there will be o many nodes below each of the (i — 1)th level nodes
giving a total (ajas--- ;)Y many nodes in the ith level. So at the n-th, that is,
last level there will be (ajam - -+ a,)Y = 2¥ many nodes (leaves). Derrida associates
the configuration space Yy with the all possible branches from root to leaves of the
above tree. Since there are 2" many configurations, he assumes [[ , a; = 2. To
define the Hamiltonian, he associates an independent random variable to each edge
of the tree. For i = 1,2,---,n there are (ajay--- ;)" independent Gaussian mean
zero random variables & ]@ with variance a; N associated to each of the ith level edges.
Here ay,as,- -, a, are positive numbers so that » . ; a; = 1. The Hamiltonian for
a configuration, that is, for a branch from root to a leaf is the sum of the n random
variables associated with the edges constituting the branch. So the partition function,
in this model, reduces to

vz

N N
1 Zn—lar]y
1=1

Zn(3) = Z Y e A(Tia )

( ia=(i1—1)ad +1 io=(in—1—1)a +1

Q

In the entire explanation above, we pretended that each o is an integer. But is
this possible? — No. One way out is to consider [a¥]. Being the number of edges,
each o has to be an integer which divides 2V because (ajas -+ a,)Y = 2V. By the
fundamental theorem of arithmetics, o = 2FGN) for some positive integer k(i, N).
Moreover, k(i, N) fori = 1,---  nissuch that k(1, N)+k(2, N)+---+k(n,N) = N. In
other words: given any tree with 2 leaves the construction allows only for furcations
in powers of 2 at each layer. This was also noted in [I3]. To eliminate the confusion
regarding whether o is an integer or not, we made the natural modification to the
model in the next section.
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2.2 A Reformulation

We formulate GREM as follows. As above, fix an integer n > 1. Let N > n be
the number of particles, each of which can have two states/spins +1, —1; so that

the configuration space is 2. Consider a partition of N, into integers k(i, N) for
1 < i < n with each k(i, N) > 1 and >_k(i, N) = N. The configuration space 2",

naturally splits into product, []2*®Y) and ¢ € 2V can be written as 0,05 - - - 7,, with
o; € 2*@N) - An obvious tree structure can be brought in the configuration space.
As earlier imagine an n-level tree. There are 2¥(:V) nodes at the first level. These
will be denoted as oy, with oy € 2F(V) . Below each of the first level nodes there are
2kZN) nodes at the second level. The second level nodes below oy of the first level
will be denoted by o109 with o9 € 2k2ZN) - Tp general, below a node o109 ---0,_1 of
the (i — 1)-th level there are 2¢(-N) nodes at the i-th level denoted by o104 - - - 0;_10;
for o; € 28@GN) Thus a typical branch of the tree reads like o105 - - - 0,,. Obviously the
branches are in one one correspondence with 2V, the configuration space. At the node
oy - --0;, we place a random variables (o - - - 0;). We assume that all these random
variables are i.i.d. with a symmetric distribution. We associate one weight for each
level, say weight a; > 0 for the ¢-th level. These are not random. In a configuration
o = oy -0, the Hamiltonian is

Hy(o) = Zaig(al 0y). (2.2.1)

For 8 > 0 the partition function is

Zn(B) = e PHN@) = oNE, e 0HN©), (2.2.2)
Here E, stands for expectation with respect to o when the configuration space 2V
has uniform distribution. In other words, E, is simply the usual average over o.
Since ¢’s are random variables both Hy and Zy are random variables. We suppress
the parameter w. As usual % log Zn(0) is the free energy of the N-particle system.
This is the object of study. As N changes, the common distribution of the &’s would
in general change and so in Hy.

2.3 Tree Formulation

We now reformulate the setup as a general tree structure. Though most of the trees
that we consider later are regular —— in the sense that the number of furcations
of a node depend only on its level, and not on the particular node —— the present
formulation is general. It allows randomization of the tree, which we do consider later
in the next chapter.



Chapter 2: The Generalized Random Energy Model 42

Let n > 1 be fixed integer as earlier. For each N > n, let Ty be a tree of height n
with each branch extending up to the n-th level. o; denotes a typical node at the first
level and in general below a node o103 - - - 0;_1 of the (i — 1)-th level, o109 - - - 0;_10; is
a typical node at the i-th level. We shall now define some useful quantities associated
with the tree. Let X be the set of all branches o;05 - - -0, of the tree T. Let B;y
denote the number of nodes at the i-th level. In particular, B,y is the total number
of branches of the tree, which will simply be denoted by By. For a node oi05 - - - g; of
the i-th level, let e(oy09 - - - 0;) denote the number of nodes at the n-th level below the
node o103 - - - 0;. Equivalently, e(oy105 - - - 0;) is the total number of branches extending
o109+ -0;. Clearly, > e(oy---0;) = By for any i. Let s’y = > €*(oy---0;).

01y 50 015,054

Assume that &(oq---0;) is a symmetric random variable associated with node
0109 ---0;. We assume that these random variables are i.i.d. Strictly speaking we
should be using superscript N for the nodes, random variables etc. But for ease in
reading we suppress the superscript. This should be borne in mind. We do assume

that all our random variables are defined on one probability space. Consider the map
Yy — R” defined by

o= & = (§(01),&(0102), -, §(01- - 0n)).

Let pn be the induced probability on R™ when >y has uniform distribution, that
is, each o0 € Xy has probability ﬁ. In other words, for any Borel set A C R",

i (A) = BLN#{a &, € A).

In particular, if A is a box, say A = Ay x --- x A, with each A; C R, then

1 n
pn(B) = 5= Y. I1a0os--- ).
N ,
<o1-onp> 1=1
Denote g;y = P(§ € A;) for 1 < ¢ < n. Since all the &(oy ---0;) (for fixed N)

are i.i.d., we did not use suffix for ¢ in defining ¢;5. However since the common
distribution will in general change with N, ¢;5 would in general depend on N. Then

Eun(A) = qingan - qun. (2.3.1)
Here now is the basic result.

Theorem 2.3.1. Let A = Ay x -+ X A, C R". Denote q;x = P(§ € 1\;) for

1< <n.
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a) If > Binin -+ - qin < 00, for some i,1 < i <n then a.s. eventually,

N>n
pn(A) = 0.
2
b) If foralli=1,--- n, Z m < 00, then for any € > 0 a.s. eventually,

(1 - OBun(A) < un(D) < (1+ €)Eun (D).

In proving the first part of the theorem we will use the idea of Dorlas and Dukes
[T9], where as for the last part, we follow Capocaccia et al [§].

Proof. a) Let jo be such that Y Bjonqin - - gjon < 00. Then
N>1

1

() = 5o % 21_1 14,61 +-00)
< BLNUZ(; ng(( - 0i))e(or - ajy)
= Gy, (say).

Let Ax be the event {Gy = 0}. Observe that
Jjo
Ay =38 > [1alor--0)) =1
0104, =1

Now by Chebyshev’s inequality,

PAY) <E Y [[1a((o1--03) = Bionaiv -+ qon-

o105 =1

Thus by assumption and Borel-Cantelli, Ay will occur a.s. eventually. i.e. Gy =0

and hence py(A) = 0.
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b) We first get an estimate for the variance of uy(A).

var(ux (L))
(v (A))? = (Epuy(A))?

(
5.5 BT 1aElor o) Lo (€n--m) = by aly
N O10n i=1
1
7

T1Tn

< > X EH1A( (o1---03)) II 1a,(&(01---09))1a,(E(T1 -+ 7))
N j=lo1-0j 9j+10n i=j+1
Tj+1"Tn
Oj+17Tj+1
< LZ e (s 2‘ B Z €2<0'"'O")
>~ 32 Q1N q]NQ(j+1)N qnN 1 J
N j=1 0103

1
= g L O iy

Hence for any € > 0, by Chebyshev’s inequality and (Z3I)

[ 2

Pllnn(8) = Bun(8)] > Bin(8) < gz 3 N

qiN - QJN.

But, in view of the assumption, the sum over N of the right side is finite. So by

Borel-Cantelli lemma, a.s. eventually,
(1—e)Eun(D) <un(Dd) <1+ e)Eun(D).

O

For GREM type regular trees the condition above will simplify as follows. This
result is in [T9] though not explicitly stated.

Corollary 2.3.2. Let k(i,N), 1 < i < n be positive integers with > k(i, N) = N.
Suppose that the tree has 2°N) nodes of the i-th level below each node of the (i-1)-th

level.

a) If S 2FQN)FHk@N) g oo giy < 00, for some i,1 < i < n, then a.s. eventu-
N>n

b) If > 27 kLNF-Fk@EN) gL g7t < o0, for each i = 1,--- ,n, then for any

N>n
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€ >0, a.s. eventually,

(I—e)an-gan < pun(D) < (1 +€)qin - - Gun-

2.4 Exponentially Decaying Driving Distributions

We fix a number v > 0. In this section we consider an n level GREM where for the N
particle system the random variables £(oy - - - ;) are i.i.d. having probability density

__le?
~n~(x) = Const.e W71 —o0 <z <00,
7/-\/

More precisely,

1 y=1 =
PNy (T) = T (—) TeT T — o<z < oo (2.4.1)
’ 2I(5)

Note that ¢y is independent of N and is two sided exponential density with
parameter 1. On the other hand, ¢n o is Gaussian density with mean 0 and variance
N. Of course, v can be larger than 2 as well.

If we define the map Xy = [, 2*¢-¥) — R" by

s g(glaw) §(0-10'27W) g(o'l---o'n,w)
g N ' N N

and transport the uniform probability of 3 to R™, we get a probability py(w) on R™.
In evaluating the free energy, we will be applying Varadhan’s lemma (Proposition
[37). This explains the factor % in the above map, which was not present in the
general framework of Theorem 371

Let A = Ay x --- x A, be a non-empty open rectangle of R". For such A

and 1 < i < n define m; = inAf |z| and M; = sup |z|. Clearly, m; < oo for all i.
TEL TEN;

Observe that in case m; > 0 then A; C (—=M;, —m;) U (m;, M;) and in case m; = 0
then A; C (—=M;, M;). In any case A\; C (—M;, —m;] U [m;, M;) for each i. Let
m = (mq, -+ ,my). Also define ¢;x = P(% €N, for1<i<n.

First let us assume that v > 1. Let J C R be an interval. Denote m = 3161615 |z| and

M = sup |x|. Denote gy = P(% € J). With these notations, we have the following
zeJ
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two observations:

N5 o0 (2.4.2)
< 5 / e dx

with the understanding that when m = 0, the last expression is 1 and

§ ) IR AN A
gy = P (— eJ| > (—) e W ldy
N N 2r(1) \N N

1 NmTW+5 st
o) /N”ﬂ x v e Ydx (2.4.3)
) m?
S e~ (N48).

for any 0 < 0 < %(M“f —mY).
Now let v < 1. J,m, M as above except that J is now assumed to be bounded
interval of R so that 0 < m < M < co. With ¢y as earlier, we have

3 1 /7 T/NM .
=P = < - yNY=T
qN (NEJ _P()<N> Nme Ny

1
5
1N
= — / 5 e %dx
F(;) Nzl
11 0 (2.4.4)
v —x
< - M/ e *dx
LS)NMY) - INes
L_l
- v Nzt
— ; L_le v,
(L) (NMY) =

with the understanding that when m = 0, the last expression is 1. The difference
between (ZZ4) and ([ZZ2) is just that in the penultimate inequality the lower bound
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of the integral appeared in (ZZ.2) where as in (ZZ4), the upper bound of the integral
appeared.

3 1 (7)32— MM o
= - > — NY—1
qn P(NGJ _2Fl) N Nmew dx
v

(
1 NmTW'HS S S
>T(l) - x 7 e tdr (2.4.5)
5 mY
y—1

for any 0 < § < 2(M” —m?). The difference between [ZZ3) and [ZZ3) is just
that in the penultimate inequality the upper limit of the integral appeared in (ZZ3)
where as in (ZZ1), the upper limit of the integral to bound e™* and lower limit to

bound z~ 7 is used. Moreover, when m = 0 the lower bound for gy can be given by

52 .
ﬁ/ ™5 e %dx for 0 < 01 < 09 < % As earlier, this bound does not depend
v 51

on N.

From now on we assume that k(l&N) — p; for 1 < i < n with p; > 0. Clearly,
> pi=1. Let
N k e k
U={T€R": ) <> pilog2, 1<k <n}. (2.4.6)
X Y X
i=1 i=1

Proposition 2.4.1. uy = 6y a.s. as N — oo.

Proof. For any € > 0, define A(e) = [—€, €] X - - - X [—¢, €] € R"™. By Markov inequality,

&

P(un(A(e)) > €) < %E,MN(AC(E)) < %P(|§| >eN) < 2?nP(f >eN) < Q?nCNeNW :

where Cy can be obtained from ([(ZZ2) for v > 1 and from ([(ZZ4]) for 0 < v < 1. Since

% logCy — 0 as N — oo, the proposition follows from the Borel-Cantelli lemma. [

Proposition 2.4.2. If ANV = ¢, then a.s. eventually px(A) = 0. Moreover, the

sequence {pn} is supported on a compact set.

Proof. ANV = ¢ implies m ¢ V. This is seen as follows. By definition of m;, either

m; or —my; is in A,;. Thus for each 4, there is an ¢; = £1 such that e;m; € A;. Thus
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the vector (eymy, -+ ,€,my,) € A and hence ¢ U. By the symmetry of ¥, m ¢ ¥ as

well. As a consequence, for some j, 1 < j <mn,

]my
>

i=1

J
> pilog2. (2.4.7)
=1

For v > 1 using (ZZ2) and for 0 < v < 1 using (ZZ4) we can say that ¢y <
m
CZ-NefNT where % logCiny — 0 as N — oo for 1 < ¢ < j. Hence as a consequence of

@21 and the fact w — p;, we have

N>1 N>1

Thus by Corollary 2232, a.s. eventually py(A) = 0.

To see the last statement of the Proposition, fix any é > 0. Let J be the compact
set [—log2 — 4, +1og2 + §]". Since the complement of this set is union of 2" open
rectangles of R™, each of whose closures are disjoint with ¥, the earlier part implies

that eventually un(J) = 1. O

Proposition 2.4.3. If (AN W) £ ¢, then for any € > 0 a.s. eventually

(I—e)qan-gan < pun(D) < (1 +€)qin - - qun-

Proof. The assumption (A N W)° # ¢ implies m € WO, Indeed, since (AN W)? #£ ¢,
pick (z1,---,2,) € (AN W)’ By symmetry of U, (|zy|,---,|z.|) € ¥° as well, and
now 0 < m; < |z;| for all ¢ yields (mq,---,m,) € 0.

We are going to show that the hypothesis of Corollary ZZ32(b) holds. Fix i,
1 <i<n. Using @Z23) for v > 1 and using [(ZZH) for v < 1, we can say that

m !
J

qiN > CjNe_N 7 M for 1 < j < n with sufficiently small § > 0. Thus

k(,N) J 1 ;
N BN 1ogo— 0 4 Liog Oy | —i6
2—(k(1,N)+~~~+k(i,N))q—1 o q_l e L;l( N log 5t log N) i }
1N iN
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i v
J

i
Since m is an interior point of W, there is an a > 0 such that > p;log2 — > mT >

7j=1 7j=1
«. Now use the fact that w — p; and %log Cin — 0 as N — oo to deduce

7 . m
that eventually > (%logZ -+ %log C’ZN) > «. Making 6 > 0 smaller, if
j=1

i , o
necessary, assume that eventually > (M log2 — =+ + % log C; N) —1i0 > «. Hence,

, N
J=1

L (kG ™1 :
> Tlog277+ﬁlogCiN —id

_ N{
eventually e  U=! < e N As a consequence,

Z 27(k(1,N)+---+k(i,N))q1*]\1[ .. .qlle < 0.
N>1

Hence by Corollary 232, the proposition follows. O

Remark 2.4.1. (AN W)Y # ¢ implies in particular, that p; > 0. In fact, ¥° # ¢ iff

p1 > 0.
Now, we have the following,

Proposition 2.4.4. For a.e. sample point w,

. N ml R 0
am plogan(B) = =2 S A (ANT)TES

Proof. When A NW = ¢, the result is immediate from Proposition
Assume that (ANY)° £ ¢. Fixanye, 0 < e < 1. Let v > 1. By (ZZ2), + loggiy <

+logCiy — % where +logCiy — 0 as N — oco. Hence limsup loggn < ”f;.

Similarly, by using (ZZ43]) we get lim inf % log gin > mTZ Thus lim % log ¢;n exists and

,
m.
equals to ~

for each i. The same holds even if 0 < v < 1, where we need to use

ZZ3A) and (ZZH). Then by proposition we have a.s eventually, a.s. eventually

(I—e)qn - gy < un(D) < (14+€)qin - - gan-

Y
7

1
So by taking logarithms and using Nlim Nlog ¢y = ———, for each i we get the

proposition. 0
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Let us consider the map I : R™ — R, defined as follows,

(7 = 1 3 |7 ifzew
(@) = 5y lul ife (2.4.8)
= o otherwise.

Theorem 2.4.5. Almost surely, the sequence {un} satisfies LDP with the rate func-

tion I.

Proof. Let A be the collection of all rectangles A = Ay x --- x A, C R" such that
each /\; is a bounded interval with rational endpoints and either A N ¥ = ¢ or
(ANwP £,

It is easy to check that A forms a base for the usual topology of R™. For A € A,
by Proposition 244 the limit, — ]\}'Enoo % log un(A) exists almost surely. Denote this
limit by La. Since A is a countable family, out side a null set, these limits are well
defined for all A € A.

In view of Proposition (L33 to complete the proof, we show that for 7 € R",

I(z) = sup La. (2.4.9)
zeheA

If £ ¢ U, clearly sup La =o00=1().
zeNeA

Now consider, £ = (x1,-++ ,x,) € V. Suppose T € A€ A If A=A x---x A,

with m; = inf |y|, then m; < |z;| and hence m;

yeN; v

< ‘xi/h. Therefore, by Proposition

<Y = Thus

sup L < I(). (2.4.10)
zehcA

On the other hand, consider € > 0 so that € < |z;| for any ¢ with z; # 0. Let A be

the box with sides A; = (z; — €, x; + €). By choice of €, m; = inAf ly| equals |z; + €]
yen,

3

depending on the sign of x;. Of course, if ; = 0 then m; = 0. Thus for the A so

constructed, we have, La = Y. lzixd? g being true for all sufficiently small e,
{i:x; #£0}
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we conclude that

|z -
sup L 2 =1(z 2.4.11
TeENEA ; Y ( ) ( )
@Z210) and ZTII) complete the proof of [ZZAY) thus completing the proof of the
theorem. O

We shall now proceed towards an expression for the free energy. Denoting f(Z) =

n
E ﬁaix‘iu
=1

li]{fn%logZN(ﬁ) = log2—|—li]{fn%logENe—Nf
— log2 — inf ; mly
og %gw{;ﬁamﬁ; =}

by Proposition L34l This last infimum equals gn\g > (% — ﬁaixi) Since 3 > 0,
TeV =1

a; > 0 it is easy to see that the above infimum is attained when all the x; are negative.
In other words, by symmetry of ¥, the infimum is attained at a point —2 for some
eVt =vn{z:x;,>0for1<i<n}. Thus

lin L log Zy(8) = log2 — it 3 (&
im — log ~N(B) =log2— in 2 —+ — Baz; | .

In this way, for the above mentioned class of driving distributions, the free energy
exists almost surely and is a constant. Not only that, finding an explicit formula for
the free energy reduces to calculating the above infimum.

Remark 2.4.2. It is also worth noting that the LDP holds good even when the driving
distributions at various levels are different. To be more specific, let us fix n numbers
Y1, ,Yn; €ach greater than zero and consider an n level GREM where the driving
distribution at the i-th level is ¢ -,. More precisely, for any node oy - - - 0; at the i-th
level £(0y - - - 0;) has density ¢ -,. Of course, all the random variables are independent.

Define as earlier, the map ¥y — R"™ by

- (f(;l)’ 5(0;70'2)7._. 75(01}\'7'%)) _

Let pun be the induced probability on R™ when Xy is equipped with uniform proba-

bility. The same arguments as above, with ¢;y = P (ij € Ai>, will show that
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almost surely, the sequence of probabilities {uy, N > n} on R” satisfies LDP. In this

case, with rate function I will be given by

@ = Sk fzew
(@) = L5 i7e (2.4.12)
= o0 otherwise,
where
GPE k
U={TeR":> <> plog2, 1<k<n}, (2.4.13)
- Yi -
i=1 i=1
with p; = A}im w Let, as earlier, " be the part of ¥ in the positive orthant of

R". As a consequence of all this, we have the following:

Theorem 2.4.6. If the driving distribution has density ¢, at the i-th level, we have

)

almost surely,

zevt | =\ v

1 . (]’
hj{’fnﬁlogZN(ﬁ):log2— inf {Z( A

2.5 Inside Out

A close observation of the above discussion reveals the following cute idea. Though
the identification, at first glance, will look like very simple, its implication in GREM
will be understood through the rest of this chapter.

Let for each 7, 1 < j < n, we have a sequence of probabilities {)\3\,, N >n}onR
which obey LDP with a strictly quasi-convex continuous good rate function Z;. That
is, 7; has compact level sets and for any two distinct points z and y in {0 < Z; < oo}
we have Z;(0z + (1 — 0)y) < max{Z;(z),Z;(y)} for any 6 with 0 < § < 1. For the
sake of simplicity, we will also assume that Z;(0) = 0. The assumption of strict
quasi-convexity is purely a technical assumption and this can be replaced by similar
other conditions also. For example, one can replace this by requiring that the set
{z : Z;(x) = a} is a nowhere dense set for every a > 0. We mentioned this condition
in Remark [CZ2], but there we demanded this only for o = log 2. Now, let us denote
{+1,-1}Y by Ey. For each N, let k(1,N),...,k(n, N) be non-negative integers
adding to N and put ¥,y = {+1, —1}*0:N)_ Clearly, Xy = Sy X Sy X - - - X 5,y and
we express o € Yy as 0109 - - - 0, With o; € 3;, in an obvious way. Suppose for fixed
N, we have a bunch of independent random variables as follows: {£(0y) : 01 € X5}
having distributions Ay, {£(0102) : 09 € Yoy, 01 € X1} having distributions A% and
in general {{(o109---0,;_10;): 0; € XN, - ,01 € ¥yn} having distribution )\g\,.
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Define for each w, pun(w) to be the empirical measure on R", namely,
1
MN<W> = 2_]\/' Z 4 <§<017 w)v §<0-10-27 w)v o 7&(01 ©c o Op, w)>

where 60 (z) denotes the point mass at x € R".

Theorem 2.5.1. Suppose w —p; >0 for1 < j <mn. Then for a.e. w, the

sequence {pun(w), N > n} satisfies LDP with rate function J given as follows:

J j
Supp(T) = {(x, -+ an) + 30 Ti(aw) < 52 prlog2 for 1< j<n}
k=1 k=1

and
n

> Ti(wy) if v € Supp(T)

=1

J(z)

I
Bl

00 otherwise.

Proof. In what follows A denotes a box in R" with sides A;; 1 < j < n where each
A; is an interval. The proof consists of the following steps. The steps are executed
one by one as in Propositions to 2424, so will not be repeated here.

Step 1: If AN Supp(J) = ¢, then a.s. eventually un(A) = 0.

Step 2: If (A N Supp(T))° # ¢, then for any € > 0 a.s. eventually

(1—¢) H A (D) < pn(D) < (1+e) H A (D).

Step 3: For a.e. sample point w,

lim %bgw(g) — —f)L(Ai) if (AN Supp(T))° # ¢
e’} i=1
= —o00 if A0 Supp(T) = ¢,

where T;(A;) = inf{Z(x) : © € A\;}.
To conclude the proof we use the idea of Theorem 41 O

We note that continuity of the rate functions Z; is not necessary, but then one
needs to go through lim sup and lim inf of % log un(A) an in Theorem [LZT], instead
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of limits which we used above.
The implications of the above theorem for GREM [I7] are clear. For fixed N, and
o € Yy one defines the Hamiltonian

Hy(o) = NZaif(al e 0y).

Here a;, 1 < i < n are positive numbers called weights. In the Gaussian case, it is
customary to take Y a? = 1, though it is not a mathematical necessity. As earlier,
Zn(B) = >, e PN Special choices of Ay lead to all the known models consid-
ered. Centered Gaussian were consider in [I7,8,[T9,29]. More general distributions
as well as the cases when some p; are zero were considered in [29]. Moreover one
could take different distributions for different values of j, see §Z1 for some interesting
consequences. Thus the main problem of GREM is reduced to a variational problem.
Note that, if n = 1, GREM reduces to REM.

2.6 The Variational Problem

In this section, we derive explicit formulae for the free energy. We return back to the
driving distribution given by (ZZ1]), namely, having density

L ry\5 -l
Oy (@) = 2F(%) (N> T e oo << 00, (2.6.1)

We now consider the model with same driving distributions at different levels. In this
setup, we need to calculate the infimum

inf (—’ — ﬁaixZ) (2.6.2)
zevt = \7

in order to get an explicit formula for the limiting free energy. Note that, putting
vi =~ got all ¢ in (ZLT3) we get
k k
UV={reR": Zm\'y SnypilogQ, 1 <k<n} (2.6.3)

i=1 i=1

and as usual U is the part of ¥ in the positive orthant of R".
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2.6.1 ~v>1

First let us assume v > 1. To evaluate the infimum let us put, for 1 < j <k <n

~y—1

R log 2

= = . (2.6.4)
a[; +...+alz

Set 7o = 0 and for [ > 0 (integer),

Bri1 = Ikn>in B(ri+1,k) 7y =max{i>nr:B(r+1,i) = B4} (2.6.5)
7y

Clearly, for some K with 1 < K <n, we have rx =n. Put §y = 0 and Bx 1 = oo,
so that 0 = Sy < (1 < B2+ < Bk < Bk41 = 0.
Fix j < K and let § € (0, 8j+1]. Define 7 € U as follows:

T = (Ga)7T ifie{r 41, ) forsome 1,1 <1< ] (2.6.6)
= (Ba)7T P>+ L -
Claim: inf — — Baw; tz.
i gler\lw;(v ﬁax)occursa T

In order to prove the claim, fix any 7 € U'. For k < j (recall that j < K was
fixed above), first note that, by Holder’s inequality,

2=

(g0 (80) <t

=1

Tk Tk
where the last inequality follows from the facts 7 € ¥t and > 7] = > yp;log2 so
i=1 i=1

Tk Tk Tk
that >z <> ypilog2 =3 7).
i=1 i=1 i=1

)
Hence, S 7] ' (%; — ;) > 0.
i=1

Since 3 > (3;, we have (ﬁﬁ —1) >0 for 1 <1 < j. Moreover since 3 are increasing

with [, these number (6_ — 1) are decreasing. It follows that,

J T
=1

i:Tl_1+1
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In other words, using the definition of 7;,

Z Ba; (@ — ;) >y 7 (@ — ). (2.6.7)

Now,

7 T (2.6.8)
> 5oy (T — ) — x—) by ([Z61)
=1 v
Y $—z+7_1x2—x@21>
—\7 gl
>0

. . . vl 11—
where in the last inequality we used ;7 < %xz + -7
x

On the other hand, utilizing the definition of Z; and the inequality [Sa;x; < -+

2

“/T_l(ﬁai)ﬁ we have,

n v n =
Z (55_1 - ﬁale) - Z (x_z - /Balfl)
i=r;+1 v i1=r;+1
" v —1 2.6.9
=3 (I — o
i=r;+1 v v
>0.

Clearly, (Z63) and (ZE3) complete proof of the claim. This argument is in fact a
generalization of Dorlas & Dukes [19], Capocaccia et. al. [§].
All this leads to the following explicit formula for the free energy.

Theorem 2.6.1. For GREM with driving distribution having density ¢y~ as defined
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in (Z01), almost surely,

1 n n . Jj o1 ry -
lim =log Zy(8) = 35 plog2+ 5% 3 (Ba) T+ 847 ¥ a7
=1

’ii?"j-}-l iiT’j-}-l i=r;_1+1

if B;<B8<Bj41,0<j<K-1
K 1 ry A
= ﬁl;ﬁf—l > a7 if B> Pk

i:Tl_l +1

Observe that for v = 2, that is when the driving distribution is Normal, with
proper identification of parameters this is essentially the same formula as in [8,[19].
In defining the f3;, Capocaccia et. al. use a variant in [§] (§3.2). In defining r;,
Dorlas and Dukes [I9] consider the least index, where as recall that, we define r;4; as
max{i > 7, : B(r;+1,i) = B41}. This makes no difference because ‘nothing happens’
in between these two indices. This follows from the fact that if a; > 0, b; > 0 for
i=1,2,3and & = tbotbs  bitbs thep this will imply that & = betba b2 g,

al a1+az+a3z a1+az al az+as az
defining r;11 as min{i¢ > r; : B(ry+ 1,4) = G431}, when {i > r;: B(r; + 1,i) = Bi41}
is not a singleton set, ;.o will be same as ;1. And this will continue until the
maximum index of the set {i >, : B(r; + 1,i) = B41} is attained.

Moreover, the weights a; in Dorlas and Dukes [I9] are incorporated in the density,
there was no need to assume ) a; = 1, their parameter J can be incorporated in the
weights. In fact, there is one benefit of putting the weights in the density. The large
deviation technique will easily allow us to consider variable weights a;5 depending
on N at the i-th level instead of a constant weights a;. For instance, let a;y > 0 for
all 1 <7 <nand N > 1 be the weights of the i-th level for the N particle system
with a;y — a; as N — co. When the weights a; did not depend on N, they were not
brought in the large deviation argument. The free energy was

Tev+

n 2
log2 — inf (% - ﬁaixi) , (2.6.10)
=1

where

k k
~ 1 _
Ut ={TeR": E 5xf§§ pilog2}N{z e R": x; > 0,1 <i < n}.
i=1

=1

If we consider variable weights a;y as above then they must enter in the large deviation
arguments. If (i, N) ~ N(0, %), then it is not hard to show that the distribution of

a;n&(i, N) satisfies LDP with rate function % Accordingly, we get the limiting free
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energy as

e Y+ 2(1,

= 1

LI~
log2 — inf < ﬁxl) , (2.6.11)

where

k

:{ZEER":Z 2

i=1 4

pilog2}N{z e R": z; > 0,1 <i < n}.

IIM?r

Though we seem to have two different optimization problems in (Z26.10) and (Z6.1T]),
they produce the same result as the former can be transform to the later using affine
transforms y; = 7*. So this will lead to the expected result that the limiting free
energy of the Gaussian GREM is continuous with respect to its weights. Not only in
the Gaussian case this can be made precise in all the models (v > 1) discussed in this
subsection by the same way and for other models with some extra efforts.

In the Gaussian case, that is when v = 2, two simple cases are worth mentioning.

The numbers 3; mentioned below are same as the above, in these particular cases.

Corollary 2.6.2. (Gaussian Case)
i) Let 0 < By < B3 <. <p" Put 8; = V2p’longrj—l -+,n. Then a.s.
1 2

lim 5 log Zx(8) =log2 + & 3 a if B< B,
= szlog2+25az\/—2pzlog 2+ 23 a
Jj+1 Jj+1

if B < B < Bjp1 for1 < j<m,

— ﬁiawm log? if B> B

> 0. Then a.s.

®|’B
3IN3

i PL_ P2 _ ...
ii) Let p=0=

hj{}l%logZN(ﬁ) — 10g2+%221:al2 Zfﬁ < 210g2

= py2lg2y.al 5>

Remark 2.6.1. We say that an n level GREM with some particular driving distribution
is in reduced form, if the limiting free energy of the model can not be obtained from
any k level GREM with same driving distribution where k£ < n.

For a Gaussian n-level GREM, as the above analysis shows, if it can not be ob-
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tained as a k-level GREM then (;s are defined for 1 < i < n. On the other hand if it
can be obtained as the energy function of a k-level Gaussian GREM for some k < n,
then the ;s of the construction are only for 1 <i < k.

If a GREM is in reduced form, according to this definition, we do not know whether
its energy function can be obtain as that of a k-level GREM for some k£ < n with,
of course, different driving distributions. Along with the setup of the model in this
subsection, we are lucky enough to get the explicit expression of the limiting free
energy. Moreover we know the explicit expression of the ;s where the expression of
the free energy are changing. We observed in this case that there may be at most n
many [;s. But we do not know, whether this the intrinsic property of the model or
there are some driving distributions so that for an n-level GREM, we can get more

than n many ;s.

Remark 2.6.2. It can be shown that the energy function determines the parameters of
the model for every v > 1 and one could characterize functions those arise as energy
functions for GREM. As observed in in the above Corollary, an n level GREM may
reduce to a k level GREM for some k < n or even to a REM. In such a case, some
weights a; occur in groups and get added up. Of course, in such a case when the model
is not in reduced form, clearly it is not possible to recover the weights from the formula
for energy. But it is interesting to note that when the GREM is in reduced form, we
can recover the parameters from the energy function. To make the statement precise
first of all note that, in this set up, GREM is in reduced from if and only if all the

~y—1 = _1

Y Y ¥ .
pi, a; are non zero and plT < pQT < .-+ < Pr—let us assume this to be the case.

y—1
This is similar to that of the Gaussian case. Note that, in this case 3; = %

for 1 <7 <mn. From Theorem 6.7}, it follows that the limiting free energy £(f3) is a
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continuous function with £(0) = log2. It has a continuous derivative £'(3) with

;

0 if =0
£(9) = {47 3 TN 0Tl MG < B 0k S0
i=k+1 i=
>4l it 5> fh.
Further,
¢ oy 7
ﬁﬁﬁ;alfl, for 0 < 8 <
E"(pB) = %ﬁ% éa}wl, for O, < B < Bgy1, for 1 <k <n
0, for 6 > 3,.

The energy function can be characterized in this case. To start with, observe that
the above energy function has the following properties:

i) £(0) =log2 and £'(0) = 0,

ii) £ is a continuously differentiable function,

=1 n ol
log2) 7 2=y 5=1 2— _
iii) denote ), = Opilog2) 7 . — v—ilﬁ%l > a]™" and 0 = = then 0 = 29 <
k

ag
T < 0 < XTp < Tpgpp =00, ¢ > Cg > o0 >y > 1 = 0 and 0 > —1 with
E"B)=(1+0)p% in (z;_q,z;) for 1 <i<n+1.

Conversely, let f be a function on [0, c0) such that

i)f(0) =log2 and f'(0) =0,

ii) f has continuous first derivative,

iii) there are finitely many points 0 < 27 < --- <z, and ¢; > -+ > ¢, > 1 =0
so that the left and right derivatives of f’ are unequal at z; for 1 < ¢ < n and
f"(x) = 2%; in (2;_1,2;) for 1 <i < n+ 1 with 2o = 0 and 2,41 = co. Then f is

642

the energy function for -GREM with driving distribution having parameter v = =,
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1 : :
pi = (sz%(xi(ci —¢iy1))?*? and a; = (¢; — ¢i41)7+2 for 1 <i < nif

o 0+ 2

Z 2972(c; — i) = ; i log 2. (2.6.12)

In particular for a Gaussian GREM, it is in reduced from if and only if all the p;, a;

are non zero and 2 < 25 < ... < 22 When that is the case, from Theorem L6l with
1 2

~v = 2, it follows that the limiting free energy £(3) is piecewise quadratic continuous

function with £(0) = log2. It has a continuous derivative £'(3) with £'(0) = 0 and

(

;a?v 1 (07 %)7

E"B) =19 a2, (Vzp’“log Y Zl;kl:llogQ) for1 <k<n-1,
k+1
0, if 3 > yZpaion?,

\

Moreover, if f is a C! function on [0, 00) with f(0) = log2 and f/(0) = 0 so that
there are finitely many points 0 < z; < --- < x,, where the left and right derivatives
of f" are unequal and f” is a positive constant, say, ¢; in (z;_1,z;) with oy = 0 and

ZTpe1 = 00. Then f is the energy function for some Gaussian GREM iff

1> >c, >0 =0 and Zx —¢ip1) = 2log 2. (2.6.13)

2.6.2 =1

Now, let us assume v = 1. Note that v = 1 represents the two sided exponential
distribution with mean 0 and parameter 1. In this case, we can not use the above
argument directly as the ratios B(j, k) defined in (264), the constants a; appear
with exponent —— W/ . However, to get the expression for the free energy, we can directly

proceed to evaluate
n

inf (1 — Ba;)x;,

Feut
* i=1
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where

k k
@+:{§6R";Z\xi|gzpilog2, 1§k§n}ﬁ{i’:xi20f0r1§i§n}.

i=1 i=1

This is what we will do now. To calculate the infimum, let us set ry = 0 and for
k=1,2,---, let us define 3, r; as follows:

and in general, for k > 1,

1
ﬁk = mm{— e <1 < n}
a<

)

1
rr =max{i:ry_1 <i<n, —= [}
a;

Obviously this process stops at a finite stage say at K, so that fx = i and rg = n.
We put ki1 = oo. For example, if a; > as > -+ > a, then 0, = i, r, = k for
k=1,2,---,n, and K = n. On the other hand if a; < ay < --- < a,, then 3, = i,
ri =n and K = 1.

Clearly, 0 = Gy < 1 < B2+ < B < P41 = 0.

Remark 2.6.3. The case v = 1 can also be recovered as a limiting case from the

previous section. We can proceed by defining 3y as done in the last subsection. But
a=1

=
now we have to take limit lim., (M) to define B(j,k). A simple

y=1_ ... ~—1
a; +-tay

calculation shows that, B(j,k) = m Hence the (is defined in the earlier
JS1S 7

subsection lead to the same formula as above when 3 | 1.
Now, fix j < K and let 8 € [§;, Bj11). Define T € U as follows:

T
T, = > pjlog2 ifi=r for some l,1 <1<
s (2.6.14)

=0 otherwise.
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Claim: inf ) (1 - Ba;)x; t 7.
aim Eler\lwz;( Ba;)x; occurs at T

In case j = 0 that is 8; = By = 0, the claim is obvious. Indeed, for 8 < f,
(1 — Ba;) is positive for all 4, the infimum occurs at T with Z; = 0 for all 7. So let
us assume that 7 > 1. First note that, since 3 > 3;, we have 3 > g for 1 <1 < j
and (1 — g) = (1 — fa,,) < 0. Moreover since 3, are strictly increasing with [, the
numbers a,, are strictly decreasing, that is, a,, > a,, > --- > a,,. Now to prove the
claim, fix any 7 € ¥,

Z(l _ﬁaz) 1_2(1 _ﬁaz)xz
i=1 i=1

>0 o — 3201 - e
=1 1=1

(Since (1 — Ba;) > 0 and 7; = 0 for i > r;)

Tl

:Z | Z (1 = Bai)z; — (1 — Bay,)7y,

(By definition of 7;)

J
E ﬁarl § T, — Erl

=1 i:T(l,1)+1

(Since by definition a,, > a; for rg_1) +1 <i <1y)

Jj—1 T l
— Ba,,) (Z T; — Z:cm> +) Blar.,, — an) (Z T — Z@)
=1 1 1

rj T

J—1
=(1 = Bay,) > (2 = pilog2) + Y Blan,,, —ar) Y (i — pilog?2)

1 =1 1
>0

Ty
The last inequality follows from the facts that (i) by definition > (z; —p;log2) <0,
1
(ii) (arg,,, —an) <0 for 1 <1< jand (iii) (1 — Ba,;) < 0. Hence, the proof of the
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claim.
Here then is the formula for the free energy.

Theorem 2.6.3. For two sided exponential GREM, almost surely,

log 2 if B < b

J r
log2+ > (Ba,, —1) > pilog2 if B; < B < Bjt1.
=1

T'l_l-‘rl

o1
lim - log Z (8) =

Remark 2.6.4. Once again, the free energy for the case v = 1 can be recovered from

that of v > 1 as a limiting case. It is quite easy to check that with notation of

Tl

1
and r; as in subsection 2.6.1, lim,1(a;)™T = &+ > pjlog2 where k = #{i :
J=ra-n+1
a; = MaXy, , +1<i<r a;&rgoy +1 < i < ri}. Moreover, for fa; < 1, we have

limvll(ﬁai)ﬁ = 0. So y; = lim,; 7;(7y), where Z; as given by (ZG.0), may not give
7; as defined in (Z6.14)). The only difference will be that T; = 0 for ;1) +1 <i <1

Tl
and T, = Y.  pjlog2 whereas, with the same notation of k as above, y; =
J=ra-1+1
Tl
% A > pjlog2 for those i where rg-1ny +1 <4< r and a; = MaXy, ) +1<i<r Gi-
Jj=ra-1n+1
n

But it is easy to see that if inf+ (1 — Ba;)z; oceurs at T, then it will occur also at
zev
i=1

y = (y;). Thus the limiting free energy in the case of v = 1 is nothing but the limiting

(v — 1) case of the limiting free energy of the GREM where v > 1.
Thus Remarks and Z6.4] will lead to the following

Theorem 2.6.4. If £,(3) and E(B) denote the limiting free energy as given by The-
orems [Z6.1 and [Z6.3 respectively, then for all B > 0, almost surely,

lim &,(8) = £(3).

vl

As in the case of 7 = 2, for the case v = 1 also two special situations are worth
mentioning
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Corollary 2.6.5. i) Let a; > ay > -+ > a,. Then a.s.

(

log 2 if B < é
) 1 k .
Jvlgllm N log Zn(3) = { log2 + i;(ﬁai — 1)pilog2 if i <p< aklﬂ
B app;ilog?2 ifﬁZai-
\ =1 "

ii) Let a; < ags < --- < a,. Then a.s.

3|’—‘

1 log 2 if B <=
lim —log Zy(B) =

N—oo N . 1

faslog2 if 3> L.

Remark 2.6.5. Returning to Theorem EZ6.3, it is interesting to note that exponential

GREM with parameters (py, -+, ppn, a1, -+ ,a,) is equivalent to GREM with param-

1 r2 n
eters (pllv"'ap/Kva'lla"'va'lK) Wherepllzzpjv p12: ijv"'ap/K: Z Pj and
1 7’1+1 T(K—l)"’_l
ay = ap,, @y = Qpy, -+, a5 = a,,. This is evident from Theorem Here ‘equiv-
alent’ is used in the sense that for every (3, both systems have the same free energy.
Thus, in order that an n-level GREM does not collapse to a lower level GREM it is

necessary and sufficient that the weights a; be strictly decreasing. One should keep

in mind that we are using the same distribution at all levels of the GREM.

The purpose of the following remark is to show that the energy function determines
the parameters of the model. One could characterize functions that arise as energy
functions for exponential GREM.

Remark 2.6.6. As observed in the previous Remark, an n level GREM may reduce to
a K level GREM for some K < n. In the exponential GREM, some weights a; do
not appear in the formula for free energy. When such a thing happens it is clearly
not possible to recover the weights from the formula for energy. It is interesting to
note that when the GREM is in reduced form, we can recover the parameters from
the energy function. Here is the precise statement.

Since an exponential GREM is in reduced form if and only if ay > --- > a, > 0
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and p; # 0 for 1 < i < n, let us assume this to be the case. Let £(5) be the
energy function, that is £(4) = hjrvn% log Zn (). From Theorem Z63 it is easy to

see that £(F) is a piecewise linear continuous function of 3 taking value log2 near

zero. Further, its derivative £'(3) = i a;p;log2 in (i, a;ﬂ). These properties are
good enough to show the following: Zg(lﬁ) uniquely determines all the quantities p;
and a;. In other words, the energy function identifies the parameters.

If 0 < x; < -+ < x, be the points where the left and right derivatives of £(5)

xi(ci—ci—1)
gz for

are unequal, then a; = x% Further, if £'(f) = ¢; in (x;,z;41) then p; =
1 <1< n. Here zo =0 and z,; = o0.

In fact the above considerations lead to a characterization of energy functions for
exponential GREM. Suppose f is a continuous function on [0, 00) with f(0) = log2.
Further suppose that there are finitely many points 0 < x; < --- < x,, where the

left and right derivatives are unequal and f’ is a constant, say, ¢; in (z;, z;11). Here

xo =0 and x,.1 = oo. Then f is the energy function for some exponential GREM iff

O=cp<c<---<g¢, and le(cz —¢i—1) = log 2. (2.6.15)
i=1

2.6.3 0<y<l1

Now we come to the case v < 1. Unlike in the above two subsections, here we
have not been able to derive the closed form expression of the free energy for general

n Y
n level trees. For v < 1, the function ) (% — ﬁaixi> is not a convex function,
i=1

rather a concave function. Moreover the domain ¥ = {z € R" : Zle |z |7 <
Zle ypilog2, 1<k <n}isalsoa non-convex set. Hence in order to calculate

inf (—’ — ﬁaixi) (2.6.16)
Tevt = \7

with

k k
Ut ={TeR": Z ;|7 < nypi log2,& x, > 0 for 1 < k <n}, (2.6.17)
i=1 i=1
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we can not use the convex analysis, as we did for the case v > 1. However, by change
of variables, the problem can be brought back to optimizing a convex function over a
convex set. Now we specialize to the case n = 2. We shall calculate

jiGr\lpﬁ {(%x’f — Bajxy) + (%xg — ﬁagxg)} (2.6.18)

with
Ut = {(z1,29) > 0: 2] <vpylog2, 2] + 23 < vy(p1 + po)log2}. (2.6.19)
To do so, we transform the problem by denoting %x? = x, %:p; =, aw% = a,

QQ'Y% =0b, p1log2 =c,pylog2 =dand a = % so that, @ > 1 and we need to calculate

- sup (s~ ) + (G ) (2620)
with
Ut ={(z,y) >0: z<c,x+y<c+d} (2.6.21)

Let f(z,y) = (Baz™ — x) + (Bby® — y). Since f(z,y) is a convex function and we
are looking for supremum over a convex set, the supremum occurs at the boundary
points. Note that ¥+ is a polygon. Where as for any € € R, the set {f(x,y) = €} is
either empty set or a smooth curve. Hence the above supremum occurs at one of the
corner points, A = (0,0), B = (¢,0), C = (¢,d) and D = (0,c+ d), of U*. Now

F(A)Z£(B) iff B g (2.6.22)
> < c+d

HA) 2 £(O) B2 —mer, (2.6.23)
> . < 1

fLAA)Z (D) 32 et dnt (2.6.24)

F(B)Z f(C) iff B2 dell, (2.6.25)

f(B) Z f(D) iff b(c+d)* > ac* and 3 = T D e (2.6.26)

f(B) > f(D) if b(c+d)* < ac®, (2.6.27)

F(C) Z (D) iff ac™ +bd™ Z bc +d)™. (2.6.28)

Note that the last two relations do not depend on 3. Now comparing all the possibil-
ities, we obtain the following three scenarios:
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b(c+d)* < ac* + de‘I

Let us assume b(c + d)* < ac® + bd®. Then it is easy to see that

C) > f(D),
b(c+d)a§ac°‘+bd°‘:>{f(+zl_f( >1 .
: < — < ey
ac™+bde b(ctd)e bde
Now
c+d - 1 N 1 - 1
ac® 4+ bd® ~ bdo—1! ace—t  pdo—1’
and
L < ctd 1 < 1
ac®=1 > qc® + bde ac®—1 > pdo-1
implies
1 c+d 1 1

a1 " a1 bde " blet d)e Tt bde 1
Hence we get
f(A) H0<B< o
sup f(e.y) = { f(B) i o= <0< g7 (26.20)
f(C) i B = g

b(c+ d)* > ac* + bd* & b(c + d)* ! < ac*?! I

Let us assume b(c +d)* > ac® 4+ bd* & b(c+ d)*~! < ac*~!. Then it is easy to see
that

f(D) > f(C),
b(C + d)a > ac” + bd” = b(c+cll)a—1 < ac‘figda’
d < 1
b(ct+d)*—ac™ bde—1"
Moreover,
1 1 d
b d a—1 < a—1 = < < .
(c+d)*" <ac ac®=! T ble+ d)*t T b(c+ d)* — ac®
Thus

1 < 1 < d - 1
ac*=1 T b(c+d)*t T ble+d)* —ac* " bde
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Hence we get

f(A) 1f()<ﬁ<aca1
Sql/lpf(r,y)z f(B) if = < B < jai—as (2.6.30)
F(D) i B> prgeae

b(c+ d)* > ac* + bd* & b(c + d)*™! > ac*™! I

Let us assume b(c+ d)* > ac® 4+ bd* & b(c +d)*' > ac®™!. Then it is easy to see

that
>
b(c+d)“>aca+bda:>{f( ) > )C+d
b(chd)O‘ T < ac®+bde
Moreover,
1 1 d
b(c+d ol :
(c+d) a aca 1~ b(c+ d)*t ” b(c+ d)* — ac®
Thus
d 1 c+d

b(c+ d)* — ac® = b(c+ d)~—1 = e + bde’

Hence we get

)4 if0<ﬁ<m
S\IIJIP flz,y) = {f(D) i 5 > c+d) (2.6.31)

We can conclude the above three cases in the following:

Theorem 2.6.6. For two level GREM with driving distribution having density ¢n -
as defined in (Z61) with 0 < v < 1, we have, almost surely,

1. if ag < aq(py log 2)% + as(ps log 2)%, then the limiting free energy is

(

10g2 fOTOSBSﬁ,
a1y (p1log2) 7
1
p2log 2 + Bay(yp1log2)7 for ———— << ﬁ,
a1y (p1log2) 7 ¥7 (p2log2) 7
1 1
B(ai(yprlog2)7 + asx(ypalog2)~)  for B> — = -
\ a2y7 (p2log2) 7

2. if as > ai(py log 2)7 + as(p2 log 2)7 and as < ay(py log 2) , then the limiting

free energy is
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p

10g2 fOTOSﬁSﬁ,
a1v7 (p1log2) 7
p2log2 + Bay (yp log 2)% Jor ﬁ <pB< IflogQ T,
a1y (p1log2) 7 az(vlog2)™ —a1(yp1log2)”
Bas(ylog 2)%) for 3> ’flogQ -.
\ az(vlog2)7 —a1(yp1log2) Y

1

3. if ay > ai(p1log2)> + as(py log 2)% and as > ai(p; log 2)1%, then the limiting

free energy is

log 2 foro<p< — 1

1 1I—>
azy7 (log2) 7

ﬁag(vlogQ)%) for 3> ——1——.

a2y (log 2) =N
Remark 2.6.7. Note that in a 2 level double exponential GREM (in the earlier subsec-
tion) with weights a; and as, we had at most two cases, namely, i < é and i > é

Where as for v < 1, we have three cases.

Though there are three cases, we can think of them as two cases like the double

exponential GREM, namely, L < L — and L — > L
a1(p1log2) 7 az(log2) 7 a1(p1log2) 7 az(log2) 7
where the first case has two more subcases, namely, L < p2log2 T
az(p2log2) 7 az(log2) ¥ —a1(p1log2)”
log 2
and L > P2 08

1= I I
az(pzlog2) 7 az(log2)7 —a1(p1 log2) 7

2.7 Level-dependant Distributions

We already mentioned that the LDP holds good even when the driving distributions
at various levels are different. To be precise, fix numbers ~y,--- ,7,; each greater
than 0. Consider an n level GREM with the driving distribution at the i-th level
being ¢y -, given by ZGI). That is, at the first level for each edge oy the associated
random variable (o) has density ¢y .,. In general, for any edge oy - - - 0; at the i-th
level, the associated random variables (o - - - 0;) has density ¢n.,. Then the map

ZN — R" by
o — (§<0'17W) §<0-10-27w) §<0-1"'0-n7w))
N ) N ) ) N

induce random probability px(w) on R™ by transporting the uniform probability on
Y n. Theorem EZZ0 suggest that in this case the free energy of the system will be

)

1=

1 . ~ (]’
hj{fn N log Zn(B) = log2 — iIEI}IIer {Zl ( . — ﬁaixi) } , (2.7.1)
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where U is the intersection of

||
Vi

k
<> pilog2, 1<k <n},
i=1

k
V={TeR":)
=1

k(i,N)
Sl

o
In its generality, it is very difficult to have a closed form expression for the above
infimum. May be there is no general closed form expression, for the infimum and
hence for the free energy of the system. To make a beginning and to see what one can

expect, we now specialize to the case n = 2. The limiting frequencies li]{[n w are

with the positive orthant of R” and p; = Nlim

p; for i = 1,2. The weights for the two level are a; and as respectively. We assume
P1, P2, a1, Gz are strictly positive.

2.7.1 Exponential - Gaussian GREM

In this case we consider the distributions at the first level to be ¢ 1 and at the second
level to be ¢yo — that is, exponential and Gaussian respectively. So from (ZZZT]),
the expression for the free energy for this case will read as follows:

£(8) = lim % log Zn(63)

1
=log2 —inf{f(z,y):x,y > 0; z < p;log2; x + §y2 < log 2} (2.7.2)
where

Fla,y) = (1 — Bar) + 507 — fasy (273)

To calculate £(3) explicitly we proceed as follows. First we discuss the case 8 < i
Then we discuss (3 > i This later case leads to three subcases. In each subcase com-

bining the conclusion along with the case § < i, we give a full picture of £() for all
values of 3.

L B< &

On the interval [0, 00), the function %yQ — Pasy decreases up to fas and then in-
creases. S0 when 3 < é, that is when 1 — Ba; > 0, the above function attains its

minimum at the point, (0, Sas A v/21og2).
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. g> L

If g > i, here is how to calculate the infimum. The function g(y) = inf f(z,y) is
given by

(y) = p1(1 — Bay)log2 + %yQ — Pasy  for 0 <y < +/2pslog?2
(1= Bar)log2 + 3Ba1y? — Bagy  for /2palog2 < y < /2log?2.

This is because, when 0 < y < /2pylog2, inf f(z,y) is attained at x = p; log?2,

whereas in the other case the infimum is attained at x = log2 — %yz.
Since the required infimum of f is just the infimum of ¢g(y), one has to calculate

inf  ¢g(y) by analyzing ¢ in the two intervals separately. This is what we do
0<y<y/2log2
below. First note that the function g is continuous. Now we have the following three

scenarios.

Al: Z—f < V2p- 10g2I

Let us assume Z—i < v/2pylog 2. First let us consider 3 such that i <p< 7Vzpj2log2.
In particular, Ba; < v/2pylog2 where as 2 < /2pylog2. So the function sy? — Pasy
is decreasing up to Basy in [0, v/2p2log 2] and then increasing. Thus in [0, v/2ps log 2],
g attains its minimum at Bas. On [v/2pslog 2, v/21og 2] the function 1Ba1y* — Basy =
ﬁal(%gﬂ — 24) is increasing. Hence, g being continuous, for the values of § under

al
consideration, the infimum will occur at y = Bas,.

Now /3 be such that g > 7v2p221°g2 so that Bas > /2pylog2. Since =< V2ps log 2
the function 1Bai1y* — Basy is increasing on [v/2pslog2,y/2log2]. The function
sy? — Bagy is decreasing on [0, /2p, log 2] attaining infimum at y = v/2p,log2. As a
consequence, for 3 > 7Vzpj2log2, the infimum of g(y) is occurs at v/2py log 2.

Thus combining I. and above para we conclude that if 22 < \/2p,log?2 then phase

transitions take place at 3 = - and 3 = 7v2p221°g2. So, substituting this corresponding

ar
arguments where minimum is attained in ([273)), we have the following

Theorem 2.7.1. In the Ezponential-Gaussian GREM, if 33 < /2pylog2 then almost

surely,

p

log 2+ 553 e
) 1
lim —log Zn(B) = | pslog2 + $5%a3 + Bprar log 2 if - <p< 7\/21);217%2

N—oo N
\ﬁ<a2 2pylog2 +aip1log2)  if B> \/QPaQQTgQ'
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We can picture the value of £(3) against 3 as given below. The values of § are
given under the line and values of £(3) are given above the line. The phase transitions
occur at the dark lines.

Subcase Al
8(16)2 7 1922
I s07a; + 10g2| 30%a3 + (Bprar + p2)log2)  B(ayy/2palog2 + aip; log2)
[ I —
0 i V/2p> log2 V2log?2
B — ay a2 a2

This case seems rather peculiar. This is indeed a sum of two REMs, as fol-
lows. Imagine placing exponential random variables &,, at the first level and one
i.i.d bunch {&,,,,} is placed below each first level node. In other words, consider
{Ngy = 09 € 2PENYiid N(0,N) and set &5, = 7, for all oy,09. Consider the
corresponding Hamiltonian Hy (o) = a1&,, + @200 = @&y, + a2y,. Let us set
Z} = 3" ePutar the partition function for the k(1, N)-particles system consisting of

o1
exponential Hamiltonian with weight a;. Let Z% = _ %" the partition function
02

for k(2, N) particle system consisting of Gaussian, N (0, N) Hamiltonian with weight
ay. Clearly, Zy = Z& - Z%. If fori = 1,2; & = h]{[n% log Z%; then the exponential

REM formula [28,29] yields, a.s.,

£.(8) = {pllogz if g <

2.74
Opra;log2 if B> ( )

gl-2 |-

The Gaussian REM formula (keeping in mind that for N fixed, the k(2, N) particle
system has AV (0, N) Hamiltonians as opposed to NV (0, k(2, N)) yields, a.s,

£,(3) = {P2loB2 4 3@BB° if B < YELHEE (2.7.5)
S Basr/2ps log 2 if g > V2p2log2 .

a2
One can now verify that, a.s.

£(8) = &(B) + &(B).

In other words the GREM behaves like sum of two independent REMs, one exponen-
tial and other Gaussian. The word independent is used here in the sense that there
is no interaction between these two REMs — that is, there is no interaction between
the k(1, N) particles and the k(2, N) particles, as if there is a barrier between these
two sets of particles. Of course, this is so as long as 22 < v/2pylog 2.
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A2: /2pylog2 < Z—f < +2log?2

Let us assume +/2p;log2 < = < v21log2. Then 8 > i means fay > 2 >
V2p;log?2 where as $2 < /2log2. So the function 2y* — Bagy is decreasing on
[0, v/2p21og 2] and the other function %ﬁalyz — Bagyy = ﬁal(%yz — Z—fy) is decreasing
up to £ in [v2pslog 2, < +/2log2| and then increasing. Hence, as g is continuous,

the infimum will occur at y = o Thus, the phase transition takes place at 6= i
So we have the following

Theorem 2.7.2. In the Exponential-Gaussian GREM, if \/2p;log2 < 2 < /2log?2

then almost surely,

log 2 + 33%a3 if B<

3 (%§+allog2) if 8>

2

) 1
lim N log Zn(B) =

N—oo

e

As earlier, we can picture the value of £(/3) against 3 as given below. The values
of 3 are given under the line and values of £(3) are given above the line. The phase
transitions occur at the dark lines.

Subcase A2
£(B) —
50%a3 +log 2 B33 +ailog2)
| | I | =
0 V/2p2log2 1 V2log?2
ﬁ — as a1 as

In this case, we observe that the free energy for inverse temperature up to % is
given by log2 + % (%a2. This can be thought of as the Gaussian REM energy but not
going all the way up to f < @ but cut short at i This can also be thought
of as the sum of the two energies & and & as in (Z14) and (ZZH), but then the
Gaussian effect is prolonged up to g < é instead of stopping at 7v2p§21°g2. We do
not know which is the correct interpretation. For § > é, the system exhibits a new
phenomenon which we are unable to explain. The term [a; log 2 is reminiscent of the

exponential REM energy. The other term %ﬁ% appears to be new.

A3: /2log2 < Z—j

Let us assume /2log2 < Z—f Then § > i means [Sas > Z—f < V2log2. So
both the functions %yz — fPasgy and %ﬁalyz — Bagy = ﬁal(%yQ — 224/} are decreasing on

ai
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[0, v/2p2log 2] and [v/2pslog 2, < v/21og 2| respectively. Hence the infimum will occur
at y = v/2log2. Being [fas > \/2log 2, the phase transition takes place at § = —Vzi;)gz.
Hence we have the following

Theorem 2.7.3. In the Ezponential-Gaussian GREM, if 2> > /2log2 then almost
surely,
1 log2 + 30%a3 i § < ¥22E2
Aim - log Zx(f) = ’
Baxy/2log2  if B > V282

As earlier, we can picture the value of £(f3) against § as given below. The values
of 3 are given under the line and values of £(3) are given above the line. The phase
transitions occur at the dark lines.

Subcase A3

£(B) — | g2,2
307a3 +log 2 Bag/21og2
| ! =
0 V2log?2 1
8 — as a1
Thus in subcase A3, the system behaves like a REM with Gaussian distribu-
tions [16] having weight ay, that is, as if Hy(o) are ii.d centered Gaussian with
variance a3N. For example, when a; = ay then this is just the standard Gaussian
REM. It does not depend on the quantities p; and ps. Even when p, = 0.0001 (very
small) the first level exponentials do not show up in the limit. Further the GREM
reduces to a REM. Of course, this is so as long as v/2log2 < ¢2. This should be con-
trasted with subcase A1 where the entire system behaves like sum of two independent
REM, one Gaussian and other exponential.

2.7.2 Gaussian - Exponential GREM

Let us consider the situation where the driving distributions at the first level are
Gaussian, ¢y and at the second level they are exponential, ¢ ;. Moreover, as
earlier a; and ay are the weights at the first and second level respectively. We will use
the same notation for k(1, N), k(2, N) and for p;, ps. In this case the general formula
of Theorem reduces to the following:

1 ~ 1
li]{fnﬁlogZN(ﬁ) =log2 —inf{f(x,y) : x,y > 0; = < +/2p; log 2; 53:2 +y <log2}
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almost surely, where

flz,y) = %372 — Bayz + y(1 — Bay).

In this case to calculate the infimum we proceed as follows. Put g(x) = inf f(z,y).
Y

Since (18ay) > 0 for f < é, we have

1 1
g(x) = §$2 — Parx if < =
1 2 1 2 .
= —z° — fBayz + (1 — Pas)(log2 — —x*) it 8> —
2 2 s
that is
1 1
g(x) = §$2 — Parx if < o
1 2 aq . 1
= fas | =z — —x | + (1 — Pay)log?2 if 6> —.
2 a9 as
Since infimum of f(x,y) is same as that of infimum of g over z, one has to calculate
inf g(x). Here, we will have the following two scenarios.
0<z<+/2p1 log 2

B1: Z—; < V2p, 10g2I

Let us assume Z—; < V2pilog2. If g < é, then fa; < +/2p;log2. The function

%:pz — [Baix decreases up to fa; an then increases. Hence when 3 < é the infimum

occurs at x = fay. For 0 > é as Z—; < /2pq log 2, the infimum will occur at x = Z—;
So we have the following

Theorem 2.7.4. In the Gaussian-FExponential GREM, sz—; < V/2py log?2 then almost
surely,

T log 2+ 343 if B<
Jim - log Zy () =

ﬁ(%%jLaglogQ) if B>

to|’_‘

As earlier, we can picture the value of £(/3) against 3 as given below. The values
of 3 are given under the line and values of £(3) are given above the line. The phase
transitions occur at the dark lines.
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Subcase B1
8(ﬁ) _)1 1a?
55%a} + log 2 B35k + azlog?2)
| I | =
O 1 v/2p1 log 2
B — a2 al

B2: /2p;log2 < Z—;I

Let us assume Z—; > /2p1log2. If B < é we have (a; < Z—; So the quantity fBa,
will be in [0, /2p; log 2] as long as 3 < 7%11%2. As the function %xQ — PBayx decreases

v/2p1 log 2
ai

up to fBa; an then increases, for § < the infimum occurs at * = (Bay. But for

and for 7\/2]);11(%2 < B < é, the infimum occurs at x = /2p; log 2. For 3 > é consider
the function %1’2—2—;1’ which decreases up to ¢+ and then increases. As o > V2pilog2,
the infimum will occur at = v/2p; log 2. Thus we have the following

Theorem 2.7.5. In the Gaussian-Ezponential GREM, if ¢+ > /2p1 log 2 then almost

surely,
(
log2 + 3%a7 if < Y2mloa2
Nhgéo%logzzv@: plog2 + faryZpiTog2  if YRR L g< 1
\5(a1\/m+a2p210g2) if B> é

As earlier, we can picture the value of £(3) against § as given below. The values
of 3 are given under the line and values of £(3) are given above the line. The phase
transitions occur at the dark lines.

Subcase B2
'y
I 3B%ai +1og2  Bai;\/2p;log2 + pslog 2 I B(a1+/2p1 log 2 + asps log 2)
[ I g
0 V2p1log2 IL V2log2
ﬁ — al a2 al

Remarks similar to Exponential-Gaussian GREM apply here as well. Subcase B1
is similar to subcase A2. Here also the term %ﬁ% is not reminiscent of anything we
know.

Subcase B2 is similar to that of subcase Al. That is in subcase B2, the limiting
free energy is sum of two REM free energies — one is of Gaussian REM and other is
of exponential REM. To be precise, the Gaussian REM limiting free energy (keeping
in mind that for N fixed, the k(1, N) particle system has A/(0,a*>N) Hamiltonian as



Chapter 2: The Generalized Random Energy Model 78

opposed to N(0,a*k(1, N)) yields, a.s,

1fﬁ < v/2p1 log 2
> a1

~ p1log?2 + La?s?
g — 2 2.7.6
1(8) { Bary2pilog2  if § > Y2ileZ (2.7.6)

On the other hand, for fixed N, if we have configurations 2*(*¥) then the exponential
REM limiting free energy, with Hamiltonian as ay times double exponential random
variable yields, a.s.,

~ log 2 if <L
E(p) = {P2loer  MOsg (2.1.7)
Bpaazlog2 it > .

Now it is easy verify that, in subcase B2, a.s.

E(B) = E1(B) + E(B).

The reader should note that to compare subcase B2 with subcase Al, we interchange
as with a; and ps with p; (to maintain the same weights and proportions for the
exponential and Gaussian levels).

The last interesting note is that in Gaussian-Exponential GREM, the system never
reduces completely to a Gaussian REM as happened in subcase A3.

Thus the large deviation technique allows the use of different distributions at differ-
ent levels leading to some interesting phenomenons. The conclusions of Exponential-
Gaussian GREM differ from those of Exponential-Gaussian. The system may reduce
to a Gaussian REM even with a very small weight is associated to that level. Even
the system may appear as a system of two independent REMs separated by a big wall
preventing them to interact between each other. Moreover, there are situations where
we could not explain the terms present in the expression for energy.



Chapter 3

More Tree Structures including

Randomness

In this chapter, we will consider several models similar to that of Generalized Random
Energy Model. In the previous chapter, we formulated GREM in general tree set up
with out giving any examples of general tree structures. The set up also allows us
to randomize the tree structure. First we consider regular trees but the trees are
random, driven by Poisson random variables. Then we consider non-regular random
trees again driven by Poisson random variables. We prove that in both the cases
the free energy exists for almost every tree sequences and they are same as that of
usual deterministic tree GREMs for almost every sample point. Also we consider
Multinomial trees. These will be explained later.

The usual GREM has hierarchical structure, and it is so in all the above mentioned
models. In 2006, Bolthausen and Kistler [3] defined a model which is a generalization
of the GREM where the model is no longer hierarchical. They called the model as
non-hierarchical version of GREM and prove the existence of the free energy by using
second moment method. Surprisingly, the energy expression is again the same as
that of the usual GREM. So the non-hierarchy does not play a role in the limiting
free energy. We produce an alternative proof of their result through large deviation
techniques and show that the free energy of this model is minimum of certain hidden
GREMs. Then we introduce another model, block tree GREM where the energy
is maximum over certain GREM energies. We present further generalization in a
model, in the next chapter, through which we can get all the models REM, GREM,
Bolthausen-Kistler model and their versions with the external field.

79
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3.1 Regular Poisson GREM

In generalized random energy model, we have randomness coming from the driving
distributions. The reformulation of GREM in general tree structure allows us to
introduce another randomness at the tree level which is independent of the randomness
of the Hamiltonians. As usual for N particles system, let {k(i, N),1 < i < n}
be a partition of N into n (the level of the tree) positive integers. Consider, for
each N, independent random variables Ly, -, L,y where Ly ~ P(2FGN)) ie. a
Poisson random variable with parameter 2k(LN) for 1 < 4 < n. Let us construct
a random tree with (1 + L;y) nodes at the i-th level below each node of the (i-
1)-th level. That is, at the first level there will be 1 + L;y many edges and at
the second level there will be total (1 + Liy)(1 + Loy) many edges. Here we are
considering 1 + L;y instead of L;y itself, to take care of the situation L;y = 0 so
that each branch in the tree is of length n. Once again we denote the edges at the
first level by o; and the second level edges below oy as 0109 and so on. The weight
of the i-th level is a; > 0. Similarly we will associate independent random variable
&(oq -+ 0;) with the edge o7 ---0;. In this case for N particle system, instead of 2N
configurations we will have (14 Liy)(1+ Lay) - - - (1 + L, n) many configurations. Of
course this is also a regular tree, but random, and could be called regular Poisson
tree. The corresponding GREM model, where the Hamiltonian for the configuration

o= (01, -+ ,0,) is defined as > a;{(oy - --0;), can be called a regular Poisson tree
i=1

GREM with parameter k = (k(1,N),---,k(n,N)). The next result says that if the
same conditions as in Corollary hold then even with randomization of tree, the
conclusion holds for almost every tree sequence.

Proposition 3.1.1. Consider a reqular Poisson tree GREM with parameter k. The
following s true:

a) If 32 2kQNI++kGN) g o giy < 00, for some i,1 < i < n then for a.e. tree
N>1

sequence, a.s. eventually, pun(A) = 0.
b) If S 27N+ +R@N) gL g ] < 00, for each i = 1,--- ,n, then for a.c.

N>1
tree sequence the following is true: for any e > 0, a.s. eventually,

(I—e)qan-gan < pun(D) < (1 +€)qin - - Gun-

Proof. a) It suffices to verify the hypothesis of Theorem 23 (a) holds for almost

every tree sequence, that is, > Binqiny - qin < 0o for some i. Recall that B;y is
N>n
the number of branches at the i-th level.
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But we could prove a stronger statement, namely, if for some ¢ with 1 < i <

n, >, QRN +-AR(N) gy v+ iy < 00, then Er > Binain - qin < oo for that i
N>n N>n

where Er is the tree expectation. Since the tree randomness is independent of the

Hamiltonian randomness, in view of the hypothesis, it suffices to show
ETBiN S 2k‘(1,N)+"'+k‘(i,N)+i' (311)

Using independence of the random variables (L;y, 1 < j < 1), we get

ErBy =E[[(1+ Lin) = [[EQ+ Liy) = [J(1 +2°0M) <2 ] 20, (3.1.2)

Jj=1 J=1 Jj=1 Jj=1

b) It is enough to show that for fixed € > 0, almost every tree sequence satisfies

the stated conclusion. This is achieved by verifying that the hypothesis of Theorem

Z3TI(b) holds for almost every tree sequence, that is, SN < 5. Recall

B2 s
N>n NAIN QN

that, sty = Y. €?(oq,- -+ ,0;) where e(005 - - 0;) denotes the number of nodes at
01,504

the n-th level below the node oy09---0; and By is the number of leaves or the the
total number of branches in the tree.
2
Here also we prove a stronger statement, namely, E; > 8287N < oo for each
N>n N4INqiN

1 where Er is the tree expectation. Again, since the tree randomness is independent

of the Hamiltonian randomness, in view of the hypothesis, it suffices to show

2
E; <BN> < 27 (AR, (3.13)
N
But due to regularity of the tree s?y = [[(1+ L;n) [] (1 4+ L;jy)?* and B% =
j=1 j=itl

(14 L;n)?. Hence
j=1

Sy _ﬁ 1
B lip

j=1
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Thus using the independence of the random variables (L;n, 1 < j < n), we get

52 : 1
E NY—TIE[— ). 3.1.4
(5) 112 ( %) 310

1

Since for a Poisson random variables X with parameter A, EHLX = % (1 — e_)‘)

and since L;y ~ P(2¥M) we have,

E ( 1 ) _ kG (1 B B,Qko,m) < 9K(G:N). (3.1.5)
1+ Ln

Substituting (BLH) in BI4) we get BI13). O

Now further if we assume that w — p; (> 0) for 1 < i < n and the random

variables £(oy - - - 0;) are distributed like ¢y, as defined in (ZZT), the rest of the
proof for existence of the free energy is the same as that of Theorem 240 Thus if

&(o1--0%)
N

the sequence { } satisfies LDP with good rate function Z; for each ¢ with scale

parameter N, then we have the following.

Theorem 3.1.2. Assume the setup as in the above paragraph. For regular Poisson

tree GREM, for almost every tree sequences, almost surely,

l%n%log Zn(B) =log2 — %2\% {Z (Zi(x;) — ﬁaixi)} :

i=1

where

k k
U = {EEE]R" > Ti(w) < pilog2, 1< kgn}.
=1

i=1

Thus, though we have another randomness in the setup of the model, the limiting
free energy remains the same. That is why, in the original setup of GREM by Derrida,
though (oY) may not be an integer, with out any loss of generality one can consider
the number of branches at the i-th level to be [a)]. We make this more precise in
Remark B3T1

We also note that, in this model the number of configurations in the configuration
space may not be of the form o, where a ia a natural number. Instead, it is of the
form lily---1,.

In the above model, there are n random variables controlling the number of nodes
at the n level of the GREM. Since n is fixed and N — oo, one may get the impression
that this extra randomness is not showing up in the final conclusion, namely, in the
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expression for the free energy. The next model shows that such an impression is not
correct.

3.2 Poisson GREM

In the above model we randomized the tree sequences so that the underlying trees
once again remain regular. But the general formulation allow us to consider a non-
regular tree sequence. In the previous model, for each N, we randomized the tree
using n many Poisson random variables corresponding to the levels of the tree. But it
is conceivable to use independent Poisson variables at each of the nodes to construct
the tree as well as the configuration space. This is what we do now. As in the previous
model, let {k(1,N),--- ,k(n, N)} be a partition of N. Unlike in that model, now let
us consider an n-level tree with P(2#N)) 4+ 1, many nodes below each of the nodes at
the (i — 1)-th level for 1 < i < n. Here P(2*®")) denotes a Poisson random variable
with parameter 2:N) In other words, instead of fixing one random variable and
taking so many nodes below each of the (i — 1)-th level nodes, we now fix one random
variable for each node of the (i — 1)-th level and take so many nodes below that. Let
us assume all these Poisson random variables are independent. As in the previous
model, we denote a typical edge at the i-th level by o - - - 0; below the edge oy - - - 0;_1
and we associate independent random variables (o - - - 0;) to it. We assume that this
family {£(oq---0;)} is independent of the above Poisson family. For 1 < i < n, we
have a positive number a; denoting the weights for the ¢-th level of the tree. Now we
define the Hamiltonian for the configuration o = (oq,- - ,0,) as

HN(O') = Z aif(al N O'Z)
i=1
This model can be called a true Poisson tree GREM with parameter k =
(k(1,N),--- ,k(n,N)). Here we randomize, rather Poissonize, the tree in its full
form. Even in this case also the model behaves the same way and we get the same
conclusions as that of the above model, that is, (a) and (b) of Proposition BT Il remain
true. This is the content of the next proposition.

Proposition 3.2.1. Consider a Poisson tree GREM with parameter k. The following
18 true:

a) If S 2FONI++kG@N) g oo giy < 00, for some i,1 < i < n then for a.e. tree
N>1

sequence, a.s. eventually, pun(A) = 0.

b) If Y 27 RON)F4k@N) gl g < oo, for each i = 1,--- ,n, then for a.e.
N1
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tree sequence the following is true: for any e > 0, a.s. eventually,

(I—e)an - ganv < pun(D) < (1 +€)qin - - Gun-

We need the following two inequalities to prove the proposition.
Let a > 1, b > 1 and A > 0. Suppose that X ~ P(a\) and Y ~ P(b\) are

independent random variables. Then

X+a 2 a \?
E <2 3.2.1
(X+Y+a+b) - (a—l—b) ’ ( )

and

X+a < a 1
(X+Y+a+b)? 7 (a+b)? N

(3.2.2)

Both these rely on conditioning. Since X and Y are independent Poisson random
variables, given X + Y = [, the conditional distribution of X is binomial (l L) So

7 a+b
e X +a 2
X+Y+a+bd

1 2
:E{<X+Y+a+b>2E[(X+a) |X+Y]}

- 1 (X 4+Y+a+b)?+ (X +Y)ab
(X+Y +a+0b)? (a+0)?

a2

(a+0)?

IN

since a > 1,

and

5 (v )
:E{( ! E[(X+a)|X+Y]}

B 1 a(X+Y +a+0b)
_E{(X+Y+a+b)2 (a+ ) }

R )
(@t+b) (X1Y +tath)
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a 1
E i 1
<(a+b) X1V T since a + b >
a
“Matb)?

Proof of Proposition [£Z1. The proof is routine but involves rather cumbersome no-
tation. To describe the random tree for the N-particle system, let Ly ~ P(2F1LM),
the number of edges at the first level. For 1 < oy < Ly + 1, let L,, ~ P(2F@N),
the number of edges at the second level below the first level edge ;. In general, for
o109---04, with 1 <oy < Ly+1,1 <09y < Ly, +1,--- 1 <0; < Lyg,, +1,
let Ly,..q; ~ P(2F0FLN))  the number of edges at the (i + 1)-th level below the edge
o1 -+ 0;_1 at the i-th level.

To prove part (a), it suffices to show, as in Proposition BTl that

ETBiN S 2k‘(1,N)+~~~+k‘(i,N)+i'

Since, in this model

BiN = Z e Z(LO'I"'O'i—l + 1)7
o1

oi—1
the proof is immediate.

To prove (b), as in Proposition B-IT], it suffices to show that for each 1,

2
E; (Z}Q\r) < 219~ (K(LN)++k(iN))
N

But in this model,

2
B 55 (Smar ol DY
B]2V o1 o; ZUI e Ean_l (LU1---Un_1 + 1)
To calculate the expectation we proceed as follows. Let F, be the o-field generated

by Lo, Fi be the o-field generated by {Lg, Ly, : 1 < 01 < Lo+ 1} and in general
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Fi be the o-field generated by {Lo, Loy, s Loyo; + 1 < 01 < Log+ 1,1 < 09 <
Loy +1,---,1<0; < Lgy.o,f fori=0,---,n—2 Let E; be the conditional

expectation given F;. Then (BZT]) suggests that,

2
ZUHl T ZO’n*l LUI"'Unfl + ZJHI o ZJ”*I !
Do 2o Lovony T2 D ]

2
20i+1 T Zo’n_g (La'l"'a'n—Q + 1)
Zo’l T Eo’n_g <L0'1"'0'n—2 _'_ 1)

52
En72 <é]2\[> :En72zz
N

o1 o;

ng...z<

Similarly,

2
2 NEEED DS Loy.iy 5+ 1
E, sE, <8”2V> <22 Z - Z EUHI 2 n—3< 3 ) ’
B o o Zal S 3(L01---0n73 +1)

On—

and thus

52 4 1 2
E, ---E,_ iV <2n*2*1§ E .
’ <B]2V) N o1 o <Zo’1 ”'Zai(LJI'“Ji + ]‘))

Now we can use ([B:Z2) to calculate further conditional expectations so that

Z (Zol e Zm(le...gi1 + 1))2’

Oi—1

52 ~ 1
E, .E,---E,_ iN ) < ogn—i=l -
1 2 <B]2V) = 9k(i,N) le

and so on to get

2
SiN n—i—1 1
EE; - -E, > (—BJQ\[) <2 SN T RN

2
BN

Since E1 (S?N) =EE;---E,_» (;?—QV), the proof is complete. O
N

Once again to verify the existence of limiting free energy, one has to verify all the
steps involved in section 24l To be precise, if we assume that REN) pi (> 0) for

N
1 <17 < n, the sequence {Lﬂ} satisfies LDP with good rate function Z; for each

1, then we get
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Theorem 3.2.2. For almost every tree sequences, almost surely,

lig[n%log Zn(B) =log2 — %2\% {Z (Zi(x;) — ﬁaixi)} :

i=1

where
k k
U= {EE ER": ) Ti(w;) <) pilog2, 1<k< n} .
i=1 i=1
Remark 3.2.1. Recall that a tree is regular if for any ¢, the number of nodes below a
(¢ — 1)-th level node depends only on i and not on the specific nodes. We say that a

tree sequence is regular if after some stage each tree in the sequence is regular. Under

suitable conditions —— for instance, when Y e (™) < oo for some i —— it is possible
N

to show that almost every tree sequence ceases to be regular. Though in this case the
probability that the tree sequence will consist of regular trees is very small, we did
not get any further new result except that, now the limiting free energy is constant

for almost every tree sequences as well as almost every sample points.

3.3 Multinomial tree GREM

In the above two models, we randomized the number of nodes at each level keeping
the average fixed. It is also possible to randomize the vector k suitably. To do that,

we fix p; > 0 for 1 <1i <n with > p; = 1. Now consider an n-faced die with p; being
1

the chance of face 7 appearing in a throw. Now we can consider two experiments with
this die. Firstly, we can consider an indefinite throws of the die and for N particle
system let K (i, N) be the number of times face ¢ appears in first N throws. In the
second, experiment for N particle system we will throw the die independently N times
and observe the outcomes. With the same notation, let K (i, N) be the number of

times face ¢ appears. Clearly, in both the cases K(i, N) > 0 and Y K (i, N) = N. We
i=1

can consider GREM with parameter K, that is where the under lying tree has 25 -)

many edges below each of the (i — 1) level node. These can be called multinomial
tree GREM of first kind and multinomial tree GREM of second kind with parameter
p = (p1,- -+ ,pn) respectively. With the same notation as in section [Z3, in this case
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we have
: N ; k ; N—k ; N
wneonp e () () )
j=1 k=0 1 1 1

But for any z, as (1 + 2)" < eMN* we have

;i

BBy <e X7 — omizoitin) (3.3.1)

On the other hand, in this case, s2, = 2KLN)F-+KEN) 2K+, N)+-+K([nN) and

230 K(j,N) 3

2 b 52 _ZK(ij) . .
By, = 2= so that (é%) =2 1 . Once again using the fact that

; K(j, N) is binomial with parameters N and ; p;, we see that

i i N
E2 1 = (]_ — 5 El p]> .

Hence by same inequality as earlier, we have

i
N N
*7;7’1 Flog2 2 PJ

K i\N
RO ol (3.3.2)

E2 <e

Combining the above observations (B3l) and ([332), we have the following

Corollary 3.3.1. Consider a multinomial tree GREM either of first kind or of second
kind with parameter p. Let A\ = /\; X -+ x /\,, be a box in R™ and ¢;ny = P(g(‘“TU) €
N;.

a) If > 2$(p1+---+pi)Q1N"‘QiN < 00, for some i,1 < i < n then for a.e. tree
sequence,N;;. eventually, py(A) = 0.

b) If > Q_TNg?(p”L“'eri)ql’]\l, iy < 00, for each i =1,--- ,n, then for a.e. tree

N>1
sequence the following is true: for any € > 0, a.s. eventually,

(I—e)qan - ganv < pun(D) < (1 +€)qin - - Gun-

Notice the difference in the hypothesis of (a) and (b) in the above corollary. More
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specifically, there is a factor % extra in the exponent of 2 in part (b). This difference

will not help us to obtain the exact support of the empirical measure py. For the
variational problem this support is very essential. But, of course, we have strong law
of large number in our hand. By SLLN, almost surely, (K (1,N),--,K(n,N)) —
(p1,- -+ ,pn) in both the models, first or second kind. In the first case, we use SLLN
for a sequence of i. i. d. random variables and in the second case we use SLLN for
array of rowwise independent random variables [27]. According to Hu et al in [27]: If
{ Xk} be an array of rowwise independent random variables such that EX, = 0 and
there exists a random variable X with EX? < oo so that for all n and k and for all

t >0, P(|Xu| > t) < P(IX] > t), then 2 3 X — 0 almost surely. Since we can
k=1

N :

write K (i, N) as > X](\Z,L where X](\Z,L are Bernoulli with success probability p;, the
k=1

above result is applicable for the second kind model. Thus, in either of the cases, for

every € > 0 almost every tree sequences after some stage
Npi+-+pi—€ <KQAN)+---+K(@,N) <N(p1 +---+p; +¢

for i =1,--- ,n. That is for almost every tree sequences and for any arbitrary € > 0,
2
By < 2N@ittpite) and ‘;;—12\’ < 2~ Nit-+pi=¢) for § = 1,...  n. As a consequence, we

N
can restate Theorem P-3.1] as follows

Corollary 3.3.2. Consider a multinomial tree GREM with parameter p. Let A\ =

Ay X - x Dy be a box in R and gy = P(825%) € A, Let € > 0.

a) If 3 2NQNWiH+4pi)g .. gy < 00, for some i,1 < i < n then for a.e. tree
sequence,N;;. eventually, puy(A) = 0.

b) If Y 2Neg=Nt-Fpi)g L. . g1 < oo, for each i =1,--- ,n, then for a.e. tree
sequence]\;ﬁié following is true: a.s. eventually,

(I—e)qan - gy < un(D) < (14+€)qin - gan-

Now the proof of existence of the asymptotic free energy for this model is routine
and for almost every tree sequence the expression for free energy will be same as that

of the deterministic tree model where w — p; for 1 < i < n. To state precisely,

let us we assume that the sequence {LW} satisfies LDP with good rate function
7, for each i, then we have the following.

Theorem 3.3.3. With the setup as in the above paragraph, for almost every tree
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sequence, almost surely,

lig[n%log Zn(B) =log2 — %2\% {Z (Zi(x;) — ﬁaixi)} :

i=1

where

k k
U = {EEE]R" > Ti(w) < pilog2, 1< kgn}.
=1

i=1
Remark 3.3.1. Going back to Theorem B33, let (Ty) and (Ty) be two sequences of

trees. Suppose there are numbers C' > ¢ > 0 such that for each i, ¢ < il—x < C and

¢ < Bix < O, Then it is easy to see that, hypothesis of Theorem EZ3(b) holds for
N

k3

(T ) iff it holds for (Ty). Accordingly, the conclusion of Theorem EZ3(b) holds for

(Ty) iff it holds for (T). Same remark applies for Theorem Z3Tl(a).

3.4 Bolthausen - Kistler GREM

In 2006, Bolthausen and Kistler proposed a model where they tried to go beyond the
natural ultrametricity of the GREM model. To recall, a metric d is ultrametric if in the
metric property one replaces the triangle inequality by d(z, z) < max(d(z,y),d(y, 2)).
In all of the above GREM model one can define a metric on the configuration space
Yy of the N particle system through the covariance structure of the Hamiltonian. To
be precise for two configurations ¢ and 7 in Xy,

d(o,7) =\/E(Hx(0) — Hx(7))2. (3.4.1)

n

Here as usual, Hy(0) = > a;&(0y -+ - 0;) with the usual GREM notation. Let o =
i=1
(o1,-+,0p) and 7 = (11, , 7). f 0 =7 then d(o,7) =0. If 0; =7, for 1 <i <
k <nbut ogy1y # ey then d(o,7) = [2 > a?EE&(0y - - - 0;)?, assuming that the
i=k+1

&’s are symmetric with finite variance. The distance between any two configuration
will be maximum, when they differ at the first level of the tree. The longer the initial
segment of o and 7 coincide, the closer they are. Also it is quite easy to verify that
this metric indeed is an ultrametric. To see this, it is enough to see the level of
difference among the configurations. Suppose, we have any three configurations o, 7
and 7 in Y. Let k;, ks and k3 be the maximum non-negative integers so that o; = 7;
for 1 <1 < ky; 0 =mforl <@ < kyand 7; = n; for 1 < @ < k3 respectively.
To show d(o,7) < max(d(o,n),d(n, 7)), we only need to show that k; > min(ks, k3).
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Without loss of generality if we assume ks < k3 then 0 = ny -+ - Mgy Okyq1 - - - 0, and
T =M1 MhyThst1 - Tn- U k1 < ko, then oy, 41 = Mg, +1 = Tk, 41 Will contradict the
maximality of k.

We will denote the model of Bolthausen and Kistler as BK-GREM. The set up
in the BK-GREM is the following: For a fixed number n € N, they consider the
set 1 = {1,2,---,n} and a collection of non-negative real numbers {a;};-; such

that >  a; = 1 with ag = 0. There may be subsets J of I for which a; = 0,
JcI
so they consider P; as that collection of subsets J of [ for which a; > 0 that is,

Pr ={J : ay > 0}. Like in the usual GREM, they fix n positive real numbers ~;

for i € I so that >_~; = 1 and split the configurations space Xy = {—1,1}" in to
i=1

products X, x X B,y X - X B, v with X, v = {—1,1}"" for each i. Since ;N

may not be an integer one needs to use [;N] instead of N, and [[;_, ¥},,n as

the configuration space etc. Since we shall soon reformulate this model we do not

elaborate on these points. So a configuration o can be written as (oy,---,0,). For

k
J=A{j1, -, jr} CI, denote X,y for [] 2, N and o for the projected configuration
=1

(0;)jes € ¥yn. In this setup, the random Hamiltonian is defined as

Hy(o) =Y &i(0y),

JEP;

where for J € P; and 0 € ¥y the random variables (o) are independent centered
Gaussian random variables with variance a;N. It is quite easy to verify that, in this
model if we define the metric on the configurations space by the same formula as
in (BZT) then the metric will not be always an ultrametric. But yet they have
shown that the limiting free energy is again a GREM free energy. To be precise,

define a chain (Ao, Ay, -+, Ax) to be an increasing sequence of subsets of I with
g =Ay C Ay C --- C Ap = I. What they have shown is that for any BK-GREM
there exists a chain (Ag, Ay, -+, Ax) and positive constants a; for 1 < i < k with

k

> a; = 1 such that the following holds: the free energy of this BK-GREM is same as
i=1
that of a Gaussian k level GREM energy where random variables at the i-th level have
variance a; N. This means, once again the limiting free energy does not go beyond the
GREM one. We will present here an alternative and elegant proof of this thanks to

large deviation results. To do that we will reformulate the model in the next section.

3.4.1 Reformulation

We formulate BK-GREM as follows. Fix a set [ = {1,2,--- ,n} with n > 1. Let
N > n be the number of particles, each of which can have two states/spins +1, —1;

so that the configuration space is ¥ = 2. Consider a partition of N into integers
k(i,N),1 < i <n with each k(i, N) > 1 and »_ k(i, N) = N. We will as usual think
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of 2V as Hiel 2kN) and o € 2V is oy - - - 0,, where o; € 286GN) | Let S be the collection

of non-empty subset of I. For each element s in S we denote 25V = H 2kN) With
i€s
this notation 2V = 2Kv The map o € 2517 — o(s) € 2KV is the projection map
via 5. For s = {iy, i, -+ ,ix} € S where iy < iy < -+- < iy and o = 0y - - -0, € 2KV,
we denote o(s) = 0,04, - - 0;, € 25N the projection of o via s. Now for fixed N, we
have a bunch of independent random variables £(s, o (s)) as s varies over S and o(s)
varies over 25~
For each o € 2V one can think of a lattice isomorphic to the lattice of power set of I
where o(s) corresponds to the edge of the lattice joining the nodes s = {iy, s, - ,ix}
and {i,14, -+ ,ix_1}. Now for each o associate random variables £(s, o(s)) to each of
the lattice edge o(s). We associate weights as > 0 to each edges o(s). These are not
random. In a configuration o = oy - - - 0,, the Hamiltonian is defined as

Hy(0) = NS a,é(s,a(s)).

ses

For 8 > 0 the partition function is
Zn(B) = 2VE e PN,

Here E, stands for expectation with respect to o when 2V has uniform distribution.
In other words, E, is simply the usual average over o.

Since ¢’s are random variables both Hy and Zy are random variables. We suppress
the parameter w that comes with the random variables £. As usual % log Zn(0) is
the free energy of the N-particle system. As N changes, the distribution of the &’s
would in general depends on N. So strictly speaking we should be using superscript
N for the random variables. But for ease in reading we suppress the superscript. This
should be borne in mind. We assume that all our random variables are defined on
one probability space.

3.4.2 LDP Approach

In this subsection, we outline how large deviation principle can be used. Since we
will prove a more general result in the next chapter (see section E3)), we refrain from
giving complete details. Let us consider the map ¥ — R¥ (recall S is the collection
of non-empty subsets of 1) defined by

o & = (g(sv U(S)))SES'

Let py be the induced probability on R® when ¥y has uniform distribution, that
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is, each o0 € Xy has probability QLN In other words, for any Borel set A C R,

pn(4) = so#{o € € A}

In particular, if A is a box, say A = [[,.q As, with each Ay C R, then

SES

i 8) = =2 3 T 18,605 ().

o seS

Here now is the basic observation similar to that of Theorem 2311

Theorem 3.4.1. Let A = [[,.q s C RS, Denote qgsn = P(E(s,0(8)) € A,) for

s € S. Fort e S we denote Hsg qsv by Quv and [], ., k(i, N) by Kiy.

SES

a) If > 2KNQ,n < oo, for some t € S then a.s. eventually, puy(A) = 0.
N>1

b) If for allt € S, Y. 27KwQ, 1 < oo, then for any € > 0 a.s. eventually,
N>1

(1—e)Eun(A) <un(d) <1+ e)Eun(D).

There is no new idea, we need to verify that arguments of the previous chapter go
through.

Proof. a) Let t be such that >~ 25:vQ,x < oo. Then

N>1

pn(D) = EHlA(( a(s)))

o seS
< : QN“V 5 T 1o (s o(5)
= g 5 T €5, 0(5) = G ().

Let Ay = {Gy = 0}. Observe that

ZH1A ) >1

U(t SCt
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Now by Chebyshev’s inequality,

P(A) <E Z H 1a,(€ s))) = 28N Quy

o'(t SCt

Thus by assumption and Borel-Cantelli, Ay will occur a.s. eventually. i.e. Gy =0
and hence py(A) = 0.
b)

Var(ju ()

:E(MN(A))Q - (EMN(A))Q

QQNZ E ] 1460, 0(5))1a, (5, 7()) — Qy

SES
x> S BT a0 () [T 1o (Els, o)) (65 7)) — @iy
tesS o(t)=7(t) sCt st
0 F£Ti, VIELE
1
SQQ—NZH%NHQ?N Z 1
tes sCt st a(t)=T(t)

0 F£Ti, ViEL®

QIN K, 2(N-K
‘3 th!( tN)
- ZNZ()

tesS tN

_ Q7
B Z QKWIgtN'

tes

Hence for any € > 0, by Chebyshev’s inequality

P(lun(D) — Euy(A)] > eEuy (D)) < i 5D m

tesS

But, in view of the assumption, the sum over N of the right side is finite. So by

Borel-Cantelli lemma, a.s. eventually,

(1 - OBun(A) < un(D) < (1+ €)Eun (D).
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O

Suppose that for each element s € S, we have a sequence of probabilities {\% :
N > n} obeying LDP with a good convex rate function Zs(z). We now consider
reformulated BK-model where each £(s, o(s)) has distribution A%,. Thus for fixed N,
we have a bunch of independent random variables £(s,o(s)) as s and o(s) vary. For
example, for the N particle system, one can consider for each s € S; (s, 0(s)) to be
i.i.d. having density

1 L=t

T) = = e s — T ) A,
20(L) \N > >
Let us denote
U={TeR": ) I(x,) <) pilog2, Vte S} (3.4.3)
sCt i€t

and the map J : R® — R, defined by,

J(@) = Y. TIi(zs) fzev
sES
= otherwise.

Then with the help of Theorem BZT], one can mimic the steps in Theorem P25
to get

Theorem 3.4.2. In the reformulated BK-GREM, let w —p;>0as N — oo for
1 < i < n. Then almost surely, the sequence {un, N > 1} satisfies LDP with rate
function J defined above.

In this way, once again Varadhan’s lemma will ensure the existence of the limit-
ing free energy in this case also. Thus though we don’t have ultrametricity on the
configuration space, the simple LDP technique works.

Theorem 3.4.3. In reformulated BK-GREM, almost surely

.1 .
lim —log Zy (/) = log2 — inf > (B, + I(xy)) .-

N—oo
ses

Remark 3.4.1. One may feel that the reformulation of BK-GREM is not exactly similar

to the original version of Bolthausen and Kistler. They consider only those subsets s
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of I for which as # 0 whereas in the above reformulation all the non-empty subsets
are considered. But from the above theorem it is easy to check that in calculating
infimum, Z; being non-negative and Z;(0) = 0, the terms corresponding to those s € S

for which a, = 0 will not contribute.

In [3], Bolthausen and Kistler identified the free energy of this model as minimum
of several GREMs associated with, what they call, chains. We shall show that there
are n! many n level usual GREMs hidden in the above model. The method used above
also identifies the free energy of the BK-GREM as the minimum of the free energies
of these n! GREMs. This is what we do in the next section.

3.5 Hidden Tree GREMs

In this section, we consider the BK-GREM, that is, we take S to be the set of all
increasing sequences of elements of I with the Gaussian driving distributions. As
mentioned earlier, this is nothing but the Bolthausen-Kistler’'s model since such se-
quences correspond to non-empty subsets of /. Suppose now for s € S the associated
weight is as. Here we evaluate the explicit expression for the limiting free energy of
BK-GREM. Though it is possible to consider different driving distributions for each
s € S, a general closed form expression appears to be difficult. Of course, we could
also start with some more general driving distributions than Gaussian, like distribu-
tion having density ¢ as in ([BZ42) with v > 1 at all the levels. Since in that case,
there is no new idea needed, we restrict ourselves to Gaussian case for notational
simplicity. It is worth mentioning here that, in [3], Bolthausen and Kistler evaluate
the expression of the limiting free energy in two steps. In the first step, they define
a chain as a sequence of strictly increasing sequences of subsets (Ag, Ay, -+, Ag) of
I so that @ = Ay C A; C --- C Ax = I. For such a chain they associated a K level
GREM with appropriate weights calculated from the weights of the original model.
Then by second moment estimates, they have shown that the limiting free energy of
each such GREM associated to a chain is an almost sure upper bound for the limiting
free energy of their model. In the second step, they constructed a chain in which the
free energy of the BK-GREM is attained.
Here we get the expression for the limiting free energy by calculating

1
inf (ﬁasxs + §x§) : (3.5.1)

where

U= {7 cRY: Z:p? SZZpilogQ, Vs e S}.

tCs 1€8

Note that ¥ is same as that of BZ3) with Z,(z,) = 222. As earlier, the above

s
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infimum is same as

1
inf (—xi - ﬁasxs) ) (3.5.2)
TEw+ 2
s€S
where
Ut ={7cRY: E 7t < E 2p;log2 & x4 >0, Vs € S}. (3.5.3)
tCs 1€S

To evaluate (B52), we start with some notations. Here the ideas are very much similar
to that of Bolthausen and Kistler. A new idea is the introduction of permutations of
{1,2,---,n} justifying the title of this section. For A C I, let us define

pPa = sz‘

and

2 2
wA_§ Qg

sCA
seS

with w% = 0. Let Py = P; denote the set of permutations of I. With this notation,
for m € Prand 0 <17 < j <n, denote

2 (i 4+ Das log 2
Bj; = \/ (2p — > w)loe? (3.5.4)
Wer(), - m()} — Wir(),— m(i)}

where, for i = 0 the set {m(1),---,7(¢)} that appears in the denominator is treated
as the empty set.

Note that earlier to evaluate the explicit energy expression for v-GREM with
~v > 1, in subsection Z6.1] we consider only one triangular array of numbers defined
as B(j, k) in Z64) for 1 < 5 < k < n. Now here we are considering n! many
triangular arrays corresponding to each permutation .

Now let,

(1 = min min B
we€Pr 0<j<n

T : ™
0 = 1(211]1)1 Bg;. (3.5.5)

Also note that, in subsection 6], we define 4 in (Z63) as the minimum over
all the entries in the first row of the triangular array B(j, k) in (264). Here we are
defining (3 as the minimum over all the entries in the first rows of all the n! triangular
arrays.

It may be further noted that in subsection 261 to define 3; if the minimum
occurred at two places, we had taken the maximum index (see (226.4)) for the definition
of r;). We now implement the same plan in the present setting also. Since the
minimum may be attained in the first lines of two different triangular arrays, one
needs to know what is meant by maximum index. This will be done now.

Suppose the minimum occurs at two places, say at (6, k) and (p,1), that is, /) =
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B, = Bf. Let G ={0(1),---,0(k)}; H=1{0(1),---,0(])}. Let |GUH| =m and let
P, denote the class of all permutations of I for which {m(1),--- ,7(m)} = GUH. So
P C Pr.

2 log 2
Claim: B[, = pGUQﬂ = (34, for every m € P;.

Waun
To justify the claim, first of all note that

2 2 2 2
Weug 2 We + Wy — Wenp,

whereas,
PcuH = PG + PH — PGnH-

Then for = € Py,

2pcun log 2 — Biwe,y
< 2(pG + pr — panm) log 2 — B7 (W + wi; — winy)
= (QpG log 2 — ﬁfwé) + (2pH log 2 — fw%,) + ( fwémH — meH)

as ) = By, = Bg,, first two terms are zero,

2 2
= BiWeny — PanH
< 0.

The last inequality follows from the fact that (3, is obtained by taking the minimum

over all possible choice of (m, j). This shows §? > 22cyule2

WGuH
Once again (; being the minimum over all possible choice of (7, j), we conclude

that 37 actually equals %Cﬁﬂ proving the claim.
GUH

If the minimum in (B2.H) occurs at more than two places, we can use induction to
conclude that there exists a unique maximal set, say, G; C [ such that the following
holds. Let |G1| = l; and P; = all permutations that map {1,2,---1;} on to G;.
Then for any © € Py, By, = (1.

It may happen that Gy = I, then we will stop. Otherwise, let us define

f2 = min min B, = min B} ;.

meP1 1<j<n (m,9)

Of course, the last minimum is only over © € P;.

Once again going back to subsection X611 to define 35 in (Z6.0), we look only the
entries from the r; + 1-th row of the triangular array B(j, k) in (ZG&4l). Here, we are
looking the entries of [; + 1-th rows (as 0 corresponds the first row) of the triangular
arrays corresponding to each m € P;.
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If possible, suppose the minimum occurs at two places, say, at (0, k) and at (p,1).
So 0,0 € Pi; I <kl <nandf, =B}, =B}, Lt G = {0(1),--,0(k)};
H = {o(1),---,0(l)} and Gy = GU H. Let |Go| = ls and denote by P,, the class
of all permutations of P, for which {m(1),---,7(l2)} = G5. Since 7 in P; already

maps {1,2,---,{1} onto Gy, this extra condition only means that m moreover maps
{li+1,--,ls} onto Gy — G;. Clearly, P, C P;.
2pG,—a, log 2
Claim: BJ, = M = (s, for every m € Ps.
U}G2 - wGl

The justification of this claim is similar to that of the earlier one. Once again note
that,
wé2 Z U}é + w?{ - wéﬂH?

but
PGa—G1 = PG-Gy T PH-Gy — PGNH—-G, -

So for m € P,, we have

20—y log2 — 33 (wi, — wg,)
< 2(pa—cy + PH-c1 — Pent—-c,)log2 — 33 (wé +w? — wiay — wél)
=2(pg-c, + PH-Gy — PanH-G,)10g 2—

B3 (wE — wi, + wi — wi, — wiqy + wE,)
— (2pc-cn log2 — B2 (w2 —w,)) + (2pn-cn log2 — B2 (w — wd,)) +

(ﬁ22 (wémH - wél) — 2pana-c, log 2)

522 (wéﬂH - wél) - 2pGﬂH*G1 10g2
0.

IA I

2pG2—G1 10g 2
W, — wg,
choice of m € P, and [, < j < n, the only possibility left is the equality. That is

2pG2*G1 lOg 2

B3 = —————— and hence the claim is proved.

wé, — w

If theGIQHinimGlim occurs at more than two places, we can use induction to conclude
that there exists a unique maximal set, say, G, such that G; C Gy C [ and the
following holds. Let |G3] = Iy and P, be all permutations of P; that map {l; +
L,---,lp} onto Gy — G1. Then Bf, (G1) = B for all 1 € P,. Of course, all the
quantity lo, B2 depend on Gj.

Proceeding by induction can summarize:

There is a (unique) integer K with 1 < K < n and for every ¢ with 1 < < K
there are 0;, [;, G; and P; satisfying the following:

Hence (35 > and once again (3 being the minimum over all possible

1. @ZGQCGlcCGK:IWIth|GZ|:lZSOthat1§l1<l2<<lK:’I’L



Chapter 3: More Tree Structures including Randomness 100

2. P; is the set of permutations 7 of I that maps {1,2,---,l;} onto G; for each
jSiSOthatP13P23"'DPK.

3. Bi = B, for every m € P; and this common value is also same as
min min B ..
w€P;_1 li_1<j<n Y

So note that for any m € Pk, we can trace out the ; for 1 <1 < K, as

2(p7T li—l 1 + T +p7‘( li )1Og2
ﬁz:\/g( L) (3.5.6)
Wr(), )}~ Vm(1), i)}
Moreover, the infimum in (B52) reduces to the following:
. 1,
inf —xs — fasxs |, (3.5.7)
TEV 2
seS
and
U ={Z: X2 <2pclog?2, V(& #)C C I} (3.5.8)

where we used the notation

X2 = Z 2 and pC:Zpl-.

sCC,seS eC

Now we prove that, if 3, < 8 < (B;41, the above infimum is attained at z* =
(z%;s € S) € RY given by

’ﬁlas if s g Gl
ﬁQCLS if s Q GQ, S SZ G1

ﬁjas if s - Gj, S g ijl
| Bas it s LG,

First of all note that z* € W. For, C' C I implies

* 2
XC

. *2
- > =

sCC,seS
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(J+DAK

*2
> =

=l sCGy,5ZGia

sCC,seS
J
_ 2 2 2 2
=) > Fal + lgn<xy Y, Ba
=1 ngi,s;(_Gi,l S;(_Gj
sCC,seS sCC,seS
J
2 2 2 2
<> > Gal + lgnexy Y, Oind
=1 ngi,sg_Gi,1 S;(_Gj
sCC,seS sCC,seS

j
2pG,—c;_, log 2 2pG,,, -G, log2
:Z Z 2 S—ar + Lz Z —

- We — Wey, Wer. . — Wer,
i=1 sCGis¢Giy - C1 G s¢G; G TG
sCC,seS sCC,seS
J
2p(CUGi—1)_Gi—1 10g2 2 2p(CUGj)—Gj 10g2 2
< § : § : 2 2 a; +  lgri<ky E : 2 7 s
- Weouag,_, — Wg, B Weoug,; — Wg,
=1 sCG,sZGi 1 CUG— i-1 s¢G; i J
sCC,ses sCC,seS

j
<D Weuei)-6i 1082+ Lnicr)2p(cu) -6, 10g 2
=1

= 2pc log 2.

Secondly, note that for any z € ¥, we have

Do > falr-w) =y D0 el -w).

=1 ngi,ngi_l = ivngi—l

For, by Holder’s inequality we have

YO s XY Y Y sy Y

=1 5CG4,5ZGi1 =1 5CG4,5ZGi1 =1 sCG;,sZGia =1 sCG;,sLGia

where the last inequality follows from the fact that = € . Hence

Z Z izt —xs) > 0.

=1 5CG4,5ZGia
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Since 3 > f3;, we have (ﬁﬁ — 1) > 0 for 1 <1 < j. Moreover (3; being increasing in 1,

these numbers <é — 1) are decreasing and hence we get,
(8
> <E - 1) S e -2 >0
¢ ngi,S;(_Gl;l

In other words using the definition of 2% we get the observation

> 2 ﬁas@—%ZZ > aia - w).

i=1 sCG;,5¢Gi—1 sCGi,8ZGi_1
Now by using the above inequality, we have

> (393 = Basws) — 3 (57 = fagrs)

sCGj sCGy
= Y (%xi — Bag(zs — 1%) — %xz)
& 1,2 1,2
>3 (a2 - e — ) — o)
SCGJ' 9
= % Z ("Es - "EZ) >0
sCGj

Moreover, using the definition of 2% for s ¢ G;, we have

> (323 = Bagrs) = X (3277 — Paary)
sZG; sZG;
= 2 (322 - Bagzs + 35°a)

sZG;

= % Z ("Es - ﬁxS)Q
sLG;
Thus combining the above two inequality,

lx? — Basxy | — le — Paszr ) >0
Z 2 2

seS seS

and hence the infimum occurs at z*.
Denote Gy = 0 and fx4+1 = oco. Suppose 1 < j < K and § € [}, 5;+1) then the
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infimum in (B57) becomes

S Y (e phad) + Y (b5 5a2)

=1 S_Gi78gGi_1 S’¢_Gj
J J
=238 X a-8y s X a3 Y ad
=1 SCGi78gGi_1 =1 ngi,ng’i_l Sng
J
=pg,log2 =630 Y al—3p* Y d
i=1 ngi,ngi,1 S;(_Gj

We can summarize the above discussion in the following

Theorem 3.5.1. In the Gaussian BK-GREM, almost surely,

lin < log Z () szlog2+ﬁ2@ > Y a

ZﬁéG - SCGZ',S;(_GZ',1 S;(_Gj

if B € (B, Bjt1) for 0 <j < K.

We shall now describe for each 7 € Py an n level GREM. In what follows 7 € Py is
fixed. For the N particle system there are 2¢70:-N) furcations at the ith level, below
each node of the (i —1)th level. The weights at the i-th level in this GREM are w(, 1)
which are defined by w(7, 1) = ar(1), and in general, for 1 <i <n

w(m, i) = > a. (3.5.9)
sC{m (1), ,m(i)}
s@{m(1), ,m(i-1)}

Let £(m, 3) be the almost sure limiting free energy of this GREM. This exists by
Theorem 2.8l As done in subsection EL6.], we set r§ = 0 and let

pf = min Bl

k:>7"Z 1 '_1

with 7 = max{l > r;_; : B(r7_,l) = 5;} for 1 <i < K™ with rx= = n. Also denote
B = 0 and Bf~,; = oco. Then by Theorem LGl we have for 3 € [ T ]H) with
0<j< KT,

™

> priiylog2 + %BQ > wi(ri)+ 3 z; Brw?(m, ). (3.5.10)

S — T S — T
=T +1 =T +1

Now let us consider m € Px. Then note that [; = r] for all 1 <7 < K and by
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n
definition (7 is same as ; . Hence ) p¢) = > pi > a? = w?(m,i) and
i=r7+1 (i sCGi,s¢Gi—1
n

ST at= > w*(m, i), so that £(B) = E(m, B).
7G5 i=r7 41
Thus for every m € Pk, the GREM associated in the above paragraph has the
same energy, namely, £(/), the energy of the BK-GREM.
We now go on to show that if 7 is any permutation then the energy of the GREM
associated with 7, namely &(m, 3), is larger than £(3). So fix a permutation 7.
Denote HT = {s: s C {n(1), -+ ,7(i)}&s € {w(1),---,mw(i — 1)}}, that is, HT
consists of all subsets of {m(1),---,7(i)} that include (7). Then

Z (%xi - ﬁasxs>

SES

n 1
-3 (3% 0
i=1 s€85,sC{n (1), ,7 (i)}
s@{m(1), - m(i-1)}

[SIES
[SIES

- 1
>) Y. s >, a >,
i=1 | sC{n(1),,m(i)} sC{m (1), ,m(0)} sC{m (1), ,m(0)}
s¢{m (1), ,m(i—1)} s@{m (1), m(i-1)} s@{m(1), - ,m(i-1)}

s€S,sCC s€S,sCC

since for C C I, asa:3§< 3 a?) ( 3 x?) =wcXe,

-y (%XEU — Bul(r, i)XHZr) .

i=1

Moreover, for m € Py, let us denote

v, = {X{Qﬂ(l),...,ﬂ(i)} < 2p(r(1), - m(y log2, 1 <4< n}

k k
= {ZXQF < ZQPW(@') log2, V1<k< n} C RS.
i=1 ¢ i=1

Then ¥ C U, for every w € P;. Hence for every m € Py, we have

. L, A |
lgfz <§x8 o ﬁasxs) > 1\%}5; (5)(H17r - BUJ(’YT, Z)XHZF)

seS
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and hence

E(B) =log2— inf > (322 — Bagws)

seSs
n

T i=1 ' '

Thus we have proved the following.

Theorem 3.5.2. Almost surely,

EB) = igrlfg(ﬁ,ﬂ').

That is, the free energy of the Gaussian BK-GREM represents the free energy of
an n level tree GREM. In fact, it represents the minimum out of all possible n! many
n-level Gaussian tree GREM energies with appropriately defined weights.

Remark 3.5.1. A closer look of the definition of B reveals that if as = 0 for

some s € S then such an s plays no role in the definition of 3;s. Moreover, since

Y ses (%x? — ﬁasxs) = 28657%#0 (%x? — ﬁasxs) + Zses,as:o %xz, in calculating infi-

mum of ) (%xi — ﬁasxs) on ¢ we will be quite justified to put =, = 0 for all

seS
those s € S for which a;, = 0. This will lead to the calculation of infimum of
Zse&as#o (%xz — ﬁasxs) on V. In other words, we could consider S to be the col-
lection of all those increasing sequences s for which a, # 0, instead of all sequences.
This is the setup of the original Bolthausen-Kistler model.

Bolthausen and Kistler have shown that the free energy is the minimum among
the free energies of the tree GREMs associated with the all possible increasing chains
of subsets of I. What the above argument shows is that one need not consider all
chains. It is enough to consider n! many n level GREMs. Can we reduce n!? Perhaps
not in general. Incidentally, the argument also identifies all these n level GREMs

which attains the minimum. In fact, the number of such n level GREM is precisely

|Pk|, cardinality of Pg.

Remark 3.5.2. Though the BK-model is not a hierarchial model, yet when the driving

distribution is Gaussian we are not able to get out of the tree GREM. That is, the
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tree GREM is in some way hidden in this model.
Now one can raise the question whether going out of Gaussian driving distributions
leads to a BK-GREM that is not usual tree GREM (in the sense of energy). In this

regard, it is worth mentioning, that if we consider that the driving distributions {u% } n

satisfying LDP with rate function Z(x) = %xz for some v > 1 and every s € S then

Theorem B.52 remains true. To see this we follow the same line of proof as above

with the appropriate changes as done in section 2.6.

Remark 3.5.3. Large deviation approach allows us to consider different driving distri-
butions for different s € S. This can be done with BK-GREM also and one can prove

the existence of free energy. But it is not easy to obtain explicit formula.

3.6 Block Tree GREM

In the previous section we have shown that in the Gaussian BK-Model the limiting free
energy is the minimum over all possible n! many n-level tree GREMs with appropriate
weights. Now we will conclude this chapter by exhibiting one model which includes
again n! many n-level GREMs and where the free energy is maximum over all those
GREMs. To define the model we will use the notation n, N,o = oy -- -0, with the
same interpretation as that of the earlier section. Let aq,--- , a, be given non-negative
weights. For any sequence s = (jy,- -, j;) of distinct elements from [ = {1,2,--- ,n}
and for any o(s) = (0, ,0;,) € 280N x ... x 2kGN) - We have random variables
fj(s) and these are independent A(0, N). Now depending on 7, a permutation of [
and o € 2V, we define the Hamiltonian as

Or(1)0n(2)" " Or(i)"

Hy(o,m) =Y an(p&Hm2ml) (3.6.1)
=1

Note that here the configuration space has n! x 2 many points instead of usual
2N many. We call this model as Block tree GREM. We define the partition function
corresponding to inverse temperature 5 > 0 as

Zn(3) = Z Z e*BHN(UJ")’

TEP; 0€EXN

and the definition of free energy is + log Zy(3).
So for n = 3 the model will look like as in Figure Bl
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Figure 3.1: Block Tree GREM

Now for each m € Py, let us denote

Z(B) = D e,

oEXN
Note that for each 7, Z}, denote the partition function for the n-level tree GREM

with 28(@):N) furcations below each of node at the (i — 1)-th level of the tree and with
the associated weight in the i-th level being ar(;). So we can write

Zn(B) = Zy(0).

TEPT

s s Zy IG
Hence § log Zn(3) = 7 log 2nery 2N (0) = ~ log max Z5(B)+  log P “‘,‘E‘#(Kr)(m
Since limiting free energy exists almost surely corresponding to every m, let us
denote £7(8) = limy - log Z%(6). Hence

.1 .1 i
hgfnﬁ log Zn(B) = h]{;nﬁ log max Z5(B).

Now log being increasing function we can bring the max out side log and the range
of 7 being finite we can push the limit after max so that

1 1 Ty ﬂ
hjgnﬁlogZN(ﬁ) = mgxhj{fnﬁlogZN(ﬁ) = mfuxé' ().

Thus we have the following
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Theorem 3.6.1. In the block tree GREM, the limiting free energy () exists almost

surely and

£(5) = max €™ (5).

Remark 3.6.1. In the definition of weights, we fixed numbers aq, - - - , a,, and weighted

()7 (2)---m (2
S

2 0n With az(). Instead one could fix for each s, a sequence of distinct

(1) (2)--7(d) . .
elements of /, a number a; and then §_ | 5, ) oy, could be weighted with a(x(1).... z(:)}-
Different driving distributions for different s can also be considered. Then also the

above theorem remains true.

Remark 3.6.2. We now consider the weights (as, s C I) as mentioned in the above re-
mark. Using the notation of previous section, consider BK-GREM with these weights.
Consider the GREM associated with m € P; in the BK-GREM and denotes its energy
by E(m, 3).

On the other hand, consider block tree GREM as mentioned in the above theorem

with weights @grq).... =(:)}, Where

~2 o 2
Ur (1), m(i)y = Z ag.

Sg{ﬂ(l)v"' 77r(i)}
S,¢_{7r(1)7"' 77T(i_1)}

By (B2d), we observe that for each m € Py, Ggz),.. x()y = w(m, i) for 1 <i < n.
Moreover, for a fixed 7 € Py, in both the associated GREM model have 2¢():-N) many
edges at the i-th level below each node of the (i — 1)-th level. Hence £7(8) = £(m, )
for each m € P;. Thus the limiting free energy of this block tree GREM is larger than
that of the BK-GREM.



Chapter 4

Word GREM with External Field

In this concluding chapter we discuss a more general version of random energy models,
called Word GREM. This model includes Derrida’s REM and GREM, also the model
of Bolthausen and Kistler. Moreover the model is considered with external field. We
apply this analysis to analyze the free energy of REM with external field.

4.1 Word GREM

In the previous chapters we have shown that the almost sure existence of the limiting
free energy is assured through the simple LDP of certain empirical measures. This
techniques is quite simple and neat. In this section, we present a general setup which
includes all the models mentioned above. However, it is not just the generalization
that should be noted. More importantly, we use the same large deviation technique
which allows us to introduce external field in the model. To our knowledge these
models are so far not discussed with external field except the REM by Derrida in
[T6]. Not only that, as already mentioned in the previous chapter this method allows
consideration of different driving distributions. This in turn leads to diverse covariance
structures for the Hamiltonian.

4.2 The Model

Let I = {s1,%, - ,<,} be a set of n symbols where n > 1 is a positive integer. Let
S(I) be the set of all words formed by these n symbols. Let S be a finite subset of
S(I). So a typical word s € S of length [ will look like s = ¢, ¢, - - -¢;, where each
G, € 1. Occasionally we will use the symbol s € S as a word as well as a subset of
I consisting of all the symbols in s. Since symbols may be repeated in a word, it is
possible that two different words may correspond to the same subset of I. Moreover,

109
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without loss of generality we assume that each symbol appears in at least one word
of §, thatis |J s = 1.

ses
For N > n, the N particle system has configuration space, as usual, Xy =

{+1, —1}* consisting of sequence of length N with entries +1 and —1. For 1 < i < n,
let k(i, N) > 1 be integers with ;k:(i,]\f) = N and w —p; > 0as N — oo.
Clearly, > 7'p; = 1.

For ¢ = (oy,--,0y) € Xy, we denote o' = (0;:1<k(1,N)), o* =
(0; :k(IL,N)+1<i<k(l,N)+k(2,N)), etc. Thus o can also be written as 0 =
(o',---,0"). For each s = ¢,q, ', € S and ¢ = (o',---,0"), we put,

U(S) - <O-i1a0-i27 T 70-1'[)’ k’(S, N) - Z k(laN)l{CZES}
=1

For each s € S and 0 € ¥y we have a random variables £(s,0(s)). These are
assumed to be independent random variables(distributions in general depend on N.)
To make it more precise, denote Y;y = {+1,—1}*@N) for 1 < i < n. For each
S =6y, -G, € Sand o(s) = (c™,--+ ") € 8§y X+ X X N, we have one random

variable £(s,0(s)). All these > 2™ random variables are independent. Let us
ses
assume, for s € S, all the (s, o(s)) have distribution A}, on R, that is, the distribution

of £(s,0(s)) depends on s but not on o(s). Let f : R® — R be a continuous function.

For the configuration o = (01,09, -+ ,0y), the Hamiltonian of the system is defined
as
N
Hy(o,h) = Nf(&(o)) +h Y _ oy, (4.2.1)
i=1

where £(0) = (£(s,0(5)))ses and b > 0 is a number representing the intensity of the
external field. The partition function of the system is

ZN — Z e_ﬁHN(O'vh)’

g

with 8 > 0 being the inverse temperature. Once again the limiting free energy is
lim & o Zx(5).

Remark 4.2.1. Observe that if S = S consists of only one word ¢ ---¢,, and

if f(z) = « then this is just the REM. If S = S, consists of the n words
{1,662, ;6162 - -~ sn}, and if f((z5)s) = D asxs then this is just GREM. On

sesS
the other hand, if S = S consists of all the words ¢ ¢, ---¢;, with out repeti-

tion of symbols then S can clearly be identified as the collection of non-empty sub-

sets of S. If moreover, f((xs)s) = >_ asxs then this will lead to the BK-GREM.
seS
Of course, one could also take S = S, consisting of all the n!.n many words
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{r@)Sr@) Sy : 1 < 1 < n&m a permutation of {1,2,--- ,n}}.

Let o denote the sum of the k(i, N) many +1 and —1 appearing in ¢’. In other
words, if o = (01,09, -+ ,on) then 7" is the sum of all o; where j satisfies k(1, N) +
oo+ k(i—1,N)+1<j<E(1,N)+---k(i,N). Then, note from (EZT) that

H h h e
% = f(€0) + ;a (4.2.2)
and .
Zn(B,h) =2V E,e NN (4.2.3)

where FE, is the expectation with respect to the uniform probability on the configu-
ration space.
Under certain assumptions we shall show that the limit lijgnﬁlog Zn(0) exists

almost surely and is a non-random quantity. The essential assumptions are the fol-
lowing: Firstly the distributions of ¢ should have exponential decay and secondly

k(i,N)
=3 converges.

Notations

We start with some notations which we will use in the rest of the chapter. A typical
points in R® x R™ will be denoted by ((zs, s € S), (yi,i < n)) or simply as (zg,y,). In
what follows, O = [, ¢ As x ]I, Vi is a box in RY x R™ where A, for each s € S
and V; for ¢ < n are open subintervals of R.

For AC I let S4 = {s € S:s C A}. So note that S; = S. We will denote
Qan = [l es, @sv Where gon = Ay (A;). If Sa is empty for some A, we put Qay = 1.
Also we will denote @),y with the same understanding as above considering s as a
subset of I. Strictly speaking we should denote Q 4n and gsy as Qan(0) and gsy(As)

respectively, but for ease of writing we are not doing so. If A = {¢,, %, " S}

then sometimes we need only the indices {i1,%2,- - , %, } and we will denote them by

[A]. For A C I, we denote k(A,N) = > k(i,N)ligeay = > k(i,N) and aan =
i=1 i€[A]

2,6(},” > 11 lvi(%i). We want to point out once again that time to time we will

(ot i€[A]) i€[A]
consider s € S as a subset of I. For example, if s = ¢;, ¢, -+, € 5, we will use the

i.
. . 1 1 =7
notation QAgN = k(s N) E o(s) Hj:l 1vz’j (JW) .

4.3 A large deviation principle

For each s € S, let us consider a probability A* on R. If X is distributed like \*, let
us denote Ay(p) = log EerX and Dy, = {p: As(p) < oo}. Note that 0 € Dy, but
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we want that 0 € DY . So from now on we will focus our attention on those A* for
which 0 is an interior point in Dy,. As 0 € DY., the mean T, = [ zd\*(dzx) exists
and is finite quantity for each s € S. Now if X7 XJ, --- are i.i.d. random variables
having distribution A*, we will consider A3 to be the law of (X5 + X5 + -+ 4+ X3).
Now by Cramer’s theorem (Theorem [I3H) the sequence {3} satisfies large deviation

principle with a good, convex rate function Z, given by Z(x) = sup{pxr—As(p)}. Note
pER
that this is a convex, good, non-negative lower semicontinuous function. Moreover, by

property of good rate function, Zs(7s) = 0 for every s € S so that the set Zy(z) < «
is non-empty for every a > 0. We also want to point out that the functions Z; are
increasing on [T, 00) and decreasing on (—o0, Ts.

Once again by Cramer’s theorem, the arithmetic averages of i.i.d. mean zero,
+1 valued random variables satisfy LDP with rate function Zy where Zy(y) = oo for
lyl > 1; Zy(£1) = log2 and for —1 <y < 1,

Zo(y) = ytanh™'y — logcosh(tanh™' y)

i (4.3.1)
= % log(1+y) + % log(1 — y).

Let us define the map from Xy — R x R" as follows:

o= (o) e (e s e ) (Foasi<n)),

where & is the sum of the entries of o'

Thus for each w (sample point of the random variables &, which is suppressed so
far), this map transports the uniform probability on ¥y to R® x R"™. Denote this
induced random probability by uy. Hence from [Z3), we have,

1 1
—logZN(ﬁ,h):logQ—Nlog/ e

N RS xR"

“NB( f@s)th S v
(f( s izly)d,u]v(ﬂfg,y[). (432)

Proposition 4.3.1. If for some A C I, 37\, HAN O syaan < oo then almost

surely eventually py(0) = 0.
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Proof. Let A be such that ZNZ” Qk(A’N)QANozAN < 0. Then

in(0) = QiNZHus o T ()

o seS i<n
<o 1] ton oot T 1 (—)
o s€Sy 1€[A]
1
— o 3 T 1 (el T 1 (—)
oti€[A] s€ESa i€[A]

As a consequence,

Pun@) >0)=P | > [ ta. €(s,0(9)) I 1o, (—) >

oi:i€[A] €S A i€[A]

<o 3 L1 (—)

otie[A] i€[A]

k(A,N)
= 24N vaan.

The hypothesis and Borel-Cantelli lemma completes the proof. O

Let us note that, Fuy(0) = Qivagn.

Proposition 4.3.2. If for all non-empty A C I, ZNZ” 2 RANIQ L ay < oo then

for all € > o, almost surely eventually,

(1-€e)Qnvary < pn(d) < (1+€)Qrvagn.

That s

(1—¢)Eun(d) <un(@d) < (14¢€)Euy(0).
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Proof. Note that

Var(pn (D))

22NZZE<H1AS (5,0())) 1a, (€ )gm( )h(%)

seS

2 2
— Qiyary

a2y Y (ngs >1A5<5<s,7<s>>>)x

ACI o 1;=0;,Yi€[A] ses
Fi
I (%)= (5)
i<n

A7é¢ Ti;déO'i,Vie[AC]
(since Q?ya?y cancels the terms corresponding to o; # 74, Vi € [I])

e X () I (%) (7)

ACI o T1=0;,Vi€[A] i€[A] 1€[A°]
A#¢ Ti#0;,ViE[AC]

(by definition of Qan, A C 1)

Z QIN 1 %N
Qan 2kA

[0}
ACT AN
AZ

Now by Chebyshev’s inequality for any € > 0

1

2HANQanaan

P(lpn(0) — Epn(O)] > eEpy (D)) < 612 >

ACI

Once again Borel-Cantelli lemma and the hypothesis yield that a.s. eventually,
(1—¢)Eun(0) <un(@d) < (1+4¢€)Euy(0).

Hence the proof. 0
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Theorem 4.3.3. For a.e. w, the sequence {uy(w), N > n} satisfies LDP with rate

function J given as follows:

DJ = {<x57y1> t VA C [7 Z It<xt)+ Z piIO (Zf) < Z pklogQ}
teSa i€[A] ke[A]

and
Ilaey) = L L)+ Y plo (%) i (wey) €Dy
s€S ie[1]
= 00 otherwise

Proof. In what follows, A denotes a non empty subset of I.

First of all note that, as Zy and Z, for s € S are convex, good rate functions, D
is a convex compact set.

Now let O = J],.¢ Ay x [}, Vi be an open box in RS x R” where A, for each
s € S and V; for i < n are subintervals of R with rational end points.
Step 1 Suppose that closure of U is disjoint with Dy, that is Dz NO = ¢. In other
words, for every (rg,y;) € O, there exists an A C I(depending on (zs,y;)) so that
> Ti(x) + > pido <Iy72> > > prlog2. We shall show, almost surely eventually
teSa i€[A] ke[A]
un () =0.

Note that as Zy and Z, are lower semicontinuous functions for every s € S and V;
and A, are compact sets, we can get (22,4%) € O so that Z(y?) = Zy(V;) for 1 <i < n
and Z(2°) = Z,(A,) for every s € S.

For this point (2%,4%) € O there exists an A C [ so that > Z;(2?) +
teSa

> piZo (Z—O> > > pilog2. We will prove that for this A the hypothesis of Proposi-
i€[A] ' ke[A]

tion EE31 s satisfied and hence for this [J almost surely eventually puy(0) = 0 leading
to ]\}1320 + log py (0) = —o0.

Since {A\% } v satisfies LDP with rate function Z, we have

1 _
lim sup N log \y (As) < =Zs(A,).
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Let € > 0, to be chosen later. For all large IV,

1

I log AN () < —IS(ZS) +e= —IS(:L‘S) + ¢,

that is gov = A3 (As) < e NV@-9 eventually. And this is true for every s € S4. So
eventually

=N 3 (Ts(xl)—e)
QAN <e s€S 4 .

Similarly, the law of ”ﬁ satisfies LDP with rate pifo(f)—z) and hence we will have
eventually
0
-N 3 (Pilo(ij,—ii)—ﬁ)
QAN <e i€[A]
Thus
0
-N Ts(29)—e To(L)—e—EGN) 1o 9
PN, oy < EEE 2 (e 0 s )}

Now as k(é;[N) — p; and we have strict inequality in > Zy(2?) + > piZo (%) >
teSy iclA] ‘

> pilog2, we can choose an € so that
1€[A]

Z HANQ ynaan < 0.

N>n

Hence by Proposition B3] we have, almost surely uy(0) = 0. It is not difficult to
see now that almost surely py is eventually supported on a compact set.
Step 2 Let us now consider a [J which has non-empty intersection with D;. We

show that for this [J, almost surely,
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|
S T(A)+ ) pzZO Vi ] < lljvniloIngIOgﬂN(D)
seS 1<i<n
1
< lim sup — log uy (O) (4.3.3)
N—oo N
1
> L)+ 3 ikl
seS 1<i<n Di

Using LDP, we have
S > _ .
thmf N log Ay (As) > —Z,(Ay)
Hence for € > 0 eventually,

1
Slog Xy (L) > ~T (L) e (4.3.4)

for every s € S. Moreover, eventually,

Fi v,

for every ¢ < n. Hence for every A C I,

N< > AN jogat 3 Llog A (As )+ Z + 1ogP(0 €v; ))
27K(AN QANaAN —e i€[A] SESy ]
N[ > MG og2- & Te(bo) o~ ¥ (pido(5E)+e)
<e ic[A] s€Sy i€[A]

9

by (E3) and (EZ).

As D is a convex set and [J is an non-empty open set, there exists at least one
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(2%, y7) in D7 N0, where

Dy = (wey,): VACLY Ti(x) + Y pZo <%) > prlog?

teSy i€[A] ke[A]

Being a point in D, for every A C I, we have

ZIS +Zplz-0 (yz) Zp110g2

s€eSy i<n €A

That is

S 1A, +Zplfo< ) S pilog2.

s€eSy i<n €A
The above being a strict inequality, we can choose € depending on [J so that for every

A C I the quantity

2~ RANQL v aay

is summable over N. Now Proposition yields (EZ33). This completes step 2.
Towards step 3, let A be the collection of all open boxes [J with rational corner
points satisfying either DN Dy = @ or 0N D, # (. This collection is so rich that
they form a base for the topology of R® x R!. Note that A being a countable family,
out side a grand null set, for every [ in A conclusions of Step 1 and Step 2 hold. In

the next two steps, we show

1
J(xs,yr) = sup {—liminf —logpuy(0)} (4.3.6)
Ci(es,yr)eD NN
1
= sup {—limsup—logpun(O)}. (4.3.7)
O (zg,yr)e0] N N

Step 3 Let (vg,yr) ¢ Dy. Then Dy being a closed set we can find a 0 € A
containing (zg,y;) so that O does not intersect with Ds. By Step 1, ux(0) = 0
eventually so that hm ~ log pn(0) = oo. Also by definition of J, we have J (zs,y;r) =

oo. Hence the above equalities hold when (zg,y;) ¢ D.
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Step 4 Now let (23,4?) € Dy and Ay o) = {0 € A (23,47) € O}, Then, as

observed in Step 2, for every U € .A(x y we have eventually

ZIS( Z pZIO Vi ] < hmmfﬁlog,uN(D)

N—oo
ses 1<i<n
1
< lim sup — log pn(O) (4.3.8)
N—oo N
1
2 LB)+ 3 pik(
sesS 1<i<n p

From the first part of the above inequality we have,

|
thmf N log uny(0) > —=J(0O).

And hence
sup {— hm mf —logun(@} < sup  J(O) < J(a,y)). (4.3.9)
OeA 9,0 N DA 9,9,

On the other hand, for every [J € A,q ,0) using the right side inequality of ([L33),

we have
1 _
lim sup — log uy (O0) < —J(0J).
N N
Let A’(mo o) = {0, € A:k > 1} be a subclass of A so that 0, C O, for every
ST
k and Ny = {(2%,4%)}. Then
sup  {—lim sup — log pn(@} > sup  J(0O)
DE.A(ZO v0) N DE'A(z%,y?)

> sup J(0O)
OcA o
(zs yr )
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The last equality follows as J is a good lower semicontinuous function (see Proposition
32).

Thus Step 3 and Step 4 complete the proof of ({30) and (E31).

Now proof of Theorem is completed by appealing to Proposition and

observing that {uy} is eventually supported on a compact set. O

Remark 4.3.1. A closer look at the above proof shows that the convexity of the rate
functions I, is not an essential condition. Good rate functions on real line whose
graph look like ‘U‘ will suffice. That is we could take those non-negative functions
7 for which we will get at most two points z < T so that Z is zero on [z, T]; strictly
decreasing on (—oo, z]N{Z € (0, 00)} and strictly increasing on [Z, co)N{Z € (0,00)}.
With these conditions we can find (22, y?) as stated in Step 1 and Step 2 for the proof
to go through keeping all other Steps as it is.

For each s, we started with a distribution A\* and appealed to Cramer’s theorem
(see the first paragraph of this section). Instead, we could start with (A%, N > n) and
assume that {3} satisfies LDP with rate function Z, having the properties mentioned

in the above paragraph.

Since almost every sequence of probabilities py is eventually supported on a com-
pact set, we could use Varadhan’s lemma with any continuous function. This will lead
to the following (see equation (E32)):

Theorem 4.3.4. In the word GREM, almost surely
li il Zn(B,h) =log?2 — inf { Bf( )+ﬁhzn: + T ( )
lj{In N 0g 4N I, = log anj Ts = Yi Ts,Yr .

Though we have taken any real valued continuous function f on R, it is cus-

tomary to consider f(xg) = > aszg so that the Hamiltonian becomes Hy (o) =
seS
N > as&(s,0(s)) + hg where ag, s € S are non-negative weights and h > 0 is the
seS

strength of the external field. It is also customary to consider Gaussian driving dis-
tribution. In this setup if A* is standard normal, the above theorem will be applicable
and will reduce to the following
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Corollary 4.3.5. In the Gaussian word GREM with external field, almost surely, the

limiting free enerqgy is

log 2 — inf { > (%l‘g + ﬁasl‘s) + Z (pi;ryi log pi;zyi + pi;yi log pi;iyi + ﬁhw)} ’

J seS =1

where Dy is the set consisting of (x4,y,) € R x R™ such that VA C I,

Z %SL’? + E (m;yi log pi;yi 4 pigyi log pip—iyi> < Z i log 2.
SES A 1€[A] kel4]

Hence the use of large deviation techniques not only ensures the almost sure exis-
tence of the limiting free energy, the calculation of free energy of the system is then
reduced to that of an optimization problem. Of course, it is not always possible to
solve this optimization problem to arrive at a closed form expression when the exter-
nal field is present or different driving distributions are considered for different s € S.
Even for n = 2 with Gaussian driving distribution it is difficult to obtain a closed
form expression. The only case where we will get some ’closed’ form expression is the
case for n = 1 - that is the case of REM with external fields. This we will consider
in the next section. But with no external field the situation is not that worse. In
some of the cases, the method of calculation of the infimum will just reduce to what
we did in section In that case, though the model, to start with, was not an n
level tree GREM, it reduced (as far as the free energy is concerned) to an n level tree
GREM with appropriate weights [see §8.H]. Tt is quite conceivable that the present
complicated model may always be equivalent to a tree GREM. We do not think so.

4.4 REM with external field

As mentioned in the last section, there is no general technique of obtaining a formula
for the word GREM as well as tree GREM energy with external field. We will discuss
here the simple REM with external field. Let us consider the word GREM where
S consists of only one word, that is, S consists of the word ¢+, where I =
{S1,%, -+ , <} (see beginning of the previous section). In such a case the word GREM
reduces exactly to the usual REM with external field. Thus the Hamiltonian is

N
Hy(0) = aN& + hzai
i=1

where &, are i.i.d. random variables (for each fixed V) and h, a are positive constants.
Moreover for the Gaussian REM, &, are NV (0, %) Then by Corollary EE3.0, the limiting
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free energy for the REM with external field exists almost surely and is given by

E(B,h) =log2 —gljf{% + Ll log(1 4+ y) + 52 1og(l — y) +ﬁ(ax+hy)}

=log2 — %ﬁ {% + Zo(y) + Blax + hy)} :
J
where Z is given by [3]) and

(.y) 5 + L log(1+y) + 52 1og(l — y) < log2}
5+ Zo(y) < log 2}

In other words,

E(B,h) = log2 — inf f(x,y).
o}

where f(x,y) = {362—2 + Zo(y) — Blax + hy)} and D7, equals all points of D7 with both
coordinates non-negative.

To calculate the above infimum, first fix 3,h and y with 0 < y < 1. Then the
range of x is 0 < z < /2[log2 — Zy(y)]. It is easy to see that if Zy(y) < log 2 — 13%a?
then the irxlff(az,y) is attained for = fa and if Zo(y) > log2 — £3%a* then the

infimum is attained for x = \/2[log2 — Zy(y)]. Since Zy is a non-negative function,
the set {Zo(y) < log2 — 36%?} will be non-empty only when 3 < £,/2Tog2. For
B> 4/2Tog2, we always have Zo(y) > log2 — 34%a® so that the infimum is attained
for x = \/2[log2 — Zy(y)]. Substituting these values of z in f(z,y) we obtain the
following expression for the infimum of f(z,y) over z. First we need a notation. For

8 < 5\/21053; 2, let cg be the solution of

1
Zo(cp) =log2 — 562(12. (4.4.1)
Then
gi(y) ifpg< %leogQ and y < cg,
p(y) = inf flz,y) =1 g(y) ifB<1/2Tog2 andy >cs (4.4.2)
ressyslons R @(y) if 8> 1yZTog2,
where .
q(y) = —552612 + Zo(y) — Bhy

and

92(y) = log 2 — Bay/2[log 2 — Iy (y)] — Bhy.
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Since

g1(y) = tanh ™ (y) — Bh,

we have ¢}(0) = —fh and
gi(y) = 0 y = tanh(Bh).
On the other hand, as

gy(y) = —Datanh (y)

— — Bh,
V2[log 2 — Iy (y)] ’

we have g5(0) = —3h and by @ZT)), g4(cs) = —Bh + tanh™*(cs). Thus g(cg) < 0 iff
cs < tanh(Bh). Moreover,

atanh™! Y <
) 20 W<,
V2082 = Io(y)]
Let yo be the non-negative solution of
tanh ™'
atanh (y) (4.4.3)

V2[log 2 — Iy (y)]

Such a solution always exists since log2 — Zy(y) — 0 as y — 1.
Since Zy is a strictly increasing function of [0, 1], from equations ([ATl) and ([EZ3)),
we note that
tanh((h) é Yo < Yo é s

Now if 8 < 1,/2Tog2 and yo < cg then tanh(Bh) < yo < c¢g and the function ¢
in (LZ2) is decreasing up to y = tanh(Sh) and then increasing. In such case, the
inf ¢(y) will occur at y = tanh(Bh) so that

0<y<1

1
inf ¢(y) = —552(12 — log cosh(Bh).

0<y<1

On the other hand, if § < %\/2 log 2 and yo > ¢g then ¢z < yy < tanh(Bh) and the
function ¢ is decreasing up to y = yp and then increasing. In such case, the . ing ) o(y)
SYS

will occur at y = yp so that

inf (y) = log2 — Baxe — Bhyo,

0<y<1
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where 7o = /2] log2 To(y)] = %
Finally, if 5 > \/ 2log 2 then the function ¢ is decreasing up to y = yo and then
increasing. Hence in this case, the . ing , o(y) will occur at y = yo so that
SYS

inf o(y) =log2 — Baxy — Shyo,

0<y<1

atanh™!
where 7o = 1/2[log2 — Zy(y)] = w
We can summarize the above discussion in the following:

Theorem 4.4.1. In the Gaussian REM with external field, the limiting free energy

exists almost surely and given by

log 2 + ﬁ22a2 + logcosh(Bh) if B < %\/21og2 and yo < cg

E(B,h) =
B (axo + hyo) otherwise,
h be the non-negative solution of —22 W _ — p T (y) = ytanh 'y —
where yo be the non-negative solution of s T , To(y) = ytanh ™'y
-1
log cosh(tanh ™" y), cg is the solution of Zo(cg) = log2 — 23%a? and xy = .atanfli Yo

Note that the case ‘otherwise’ in the theorem above consists of 5 < é\/2 log 2 and
Yo > cg or if g > %\/QlogZ.

Theorem ELAT] provides yet another justification for the phase diagram (FIG. 3)
n [T6] of Derrida.
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