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Abstract

We discuss disentanplement of pure bipartite quantum states within the frame-
work of the schemes developed for entanplement splitting and broadeasting of
entanglement.
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1. Introduction

A composite quantum system consisting of two subsystems is said to be entan-
gled or inseparable if in general the density matrix cannot be written as

1 ]
p=Y wip" @ (1)

where the positive weights w; satisfy S wy = 1 and plt = Tr (p) and p™® =
T'r,(p) are the reduced density matrices of the subsystems. Therefore the den-
sity matrix of a separable or disentangled system can always be written in the
form (1). So the question is whether there exisits any universal transformation
acting on any given arbitrary entangled state p transforms it into a state that
can be written in the form (1). If really such transformation exists then we have
an ideal disentanplement machine (DA). Thos dsentanglement is the process
which transforms an inseparable or entangled state (consisting of two qubits)
into a separable one such that the reduced density operators of the individual
subsystems remain unchanged.

First we give two definitions of disentanglement [1, 2:

Defmition 1 - Disentanglement is the process that transforms a state of two (or
more) subsystems into an unentangled state (in general, a mivture of product
states) such that the reduced density matrices of each of the subsystems are
unaffaected.

Defmition 2 - Disentanglement into a tensor product state is the process that
transforms a state of two (or more) subsystems into a tensor product of the two
reduced density matrices.

Note that the second definition is a special case of the first one.

Recently Terno (2] showed that universal disentanglement into product states is
impossible. Tal Mor [1] investigated the possibility of universal disentanglement
into separable states where he showed that a universal disentangling machine
cannot exist. We now briefly describe what the above stated two results actually
INear.

The first result (Terno[2]) tells us that
pt Bl gt g gl2) (2)
iz not allowed.
The second result (T. Mor [1]) negates the possibilty of
gt B pisens 3)
such that P =Tl gt = M (pltsenty: g gy =12

So the question is then how well we can disentangle a pure bipartite quantum
state T The answer lies in the possibilty of constructing an VDM such that the
reduced density operators of g% are close to the reduced density operators



corresponding to p®'. What is partcularly meant by closeness will be clear
from the following discussion. We require that the reduced state operators of

the subsystems after disentanglement should remain in a sealed form (Botropy
requirement) i.e. pi:} = 'Ijﬂi:} -+ {1;"]1' ﬂ, then i being the scaling parameter
{can take values between 0 and 1 in principle) stands as 3 measure of closeness.
For example 5 = 1 tells us that the reduced state operator after disentanglement
hasn't chanped whereas 5 = ) gives the information that the subsystems have

become totally random after disentanglement ete.

Keeping in mind the above constraints we discuss how the schemes developed
for entanglement splitting [J] and broadcasting of entanglement [4, 5] can be
used for disentanpling a pure entangled state.

2. Disentanglement of a two qubit pure entangled state

In what follows we discuss how disentanglement of a pure two qubit entangled
state can be achieved by local cloning of the qubits within the exdsting schemes
of entanglement splitting and broadeasting of entanglement. Before that we
recall what precisely we want to achieve. Qur aim is to have

Fm:: Dt s Flimgr {:iu:l
such that FE_]:! = Try(p™) s c;fr.r.sf'fapii} = Tri{pt]: §£5 4.9 =12
In particular we want

Pod = 1010 + ((F4) (3b)
such that ¢ takes the maximum possible value.
2. 1. Disentanglement by loeal cloning of one qubit

First we consider how we can disentangle a two qubit pure entanpled state by
local cloning of any one qubit. The local cloning of a single qubit of a two
particle entangled state forms the basis of entanglement splitting [3] that can
be defined as the process by which any one of a two party entangled system
transfers a part of his entanglement to a third party. Suppose we have two
parties r and y sharing an entangled state of two qubits given by

l¥) = a|0D),, + B[11),,

The first qubit belongs to r and the second belonps to ¢ as usual. Now the
qubit belonging to any one (say z) of the two & cloned and let the two copies
be 1 and xs. This gives rise to a composite system py,,., consisting of three
qubits. Tracing out one of the copies zy(i = 1, 2) produces a two qubit composite
gystem which is nseparable under certain conditions. This is the basic concept
of entanplement splitting. Note that in this process nothing is done to the qubit

? ad and bd stands for after disentanglement and before disentanglement respectively



that belongs to . Thus the reduced density matrix corresponding to y remains
unchanged.

Consider the following universal cloning transformation for local copying of the
subgystem r, defined by

U j0} 1) 1Q) = a [00Y |4} + b(j01) + |10)) | B) (4)
U 1)) Q) = a |11} [A) + b(|01) + |10))|B) (5)

where |ddenotes the blank qubit supplied to the cloner, |G denotes the ini-

tial state of the quantum copier (ancilla), |A) || B, |.:I}~ Tﬁa are the normalized
ancilla output states. The coefficients o and b are in general complex. The
following conditions hold from unitarity, isotropy and symmetry requirements
for an universal quantum cloner [6]

la® +2pf =1 (6)
(Bl By ={A|B)=(A|B}=0 (7)

The fidelity of the above wniversal quantum cloner defined by the transforma-
tions (4) and (5) along with the conditions (6) and (7), is given by

F=3(1+n) (8)

where the reduction factor (also known as the Black Cow factor [7]) 5 is given
by (6

0 = laf* = Re (ab*(B| A) +a*b{4| B)) (8)

Choosing, {:1_1-“ |4y = {:iF| B) =1 one obtains the optimal quantum cloner [8.9] for
which 5 = 2/3. Thus a less optimal quantum cloner but nevertheless universal
(isotropic) can be constructed by varying the scalar product of the ancilla output
states.

We now apply this cloning transformation to copy the subsystem x to produce
the copies z; and xs. After tracing out the cloning machine part and any one
of the copies the resulting density matrix is given by

Prey = (1) (o [00) (00] + 3211} {11]) + a By (00} (11] + |11} {00])
+ (352) (o |01) {01] + 32|10} {10]) i=1,2 (9)

Applying the Peres - Horodecki theorem [10,11] to test the inseparahility of p,,,
it turns out that the state is inseparable for all values of o provided n = 1/3
(Note that upper bound of 5 is 2/3). Thus it is possible to achieve disentan-
glement of any arbitrary pure two particle entangled state provided we employ
an universal (Botropic) cloner whose fidelity F < 2/3 (recall that ¢ and F are
related by Eq. 8) to copy one of the qubits. Now that owr requirement is also
to have reduced density matrices of the disentangled state as close as possible



to those of the entangled one, we note that the reduced density matrix of the
subsgystem y is unaltered whereas that of the subsystem r is changed. It is
clear that the subsystem x is copied rather poorly since the maximum fidelity
with which it has to be copied to achieve disentanglement is 2/3. Thus after
disentanglement by this process, although one suceeds in keeping one subsystem
unchanpged but ends up with a rather poor copy of the other. Let us summarise
the results of the preceeding section.

1. It iz possible to disentangle any arbitrary bipartite entangled state by ap-
plying local cloning on one of its qubits provided the reduction factor of the
isotropic cloner is less than or equal to 1/3 (ie. fidelity F < 2/3).

2. After disentanglement the reduced density matices of the subsystems are
given by

P = piY
Ff:}] = g?_;;E?] + {I—;’f-] I where . = 1/3.

2. 2. Disentanglement by loeal cloning of both the qubits

In the previous section we showed how to disentangle pure states by applying
local cloning operation on one of the qubits. In this section we use the concept
of broadeasting quantum inseparability via local copying, first shown to be pos-
sible by Buzek et al [4]. First we briefly sketch the essentials of broadeasting
of entanglement where the entanglement originally shared by a single pair is
transferred into two less entangled pairs using only local operations. Suppose
two distant parties a; and as share an entanpled two qubit state

[¥} = a [00},,,, + 811} (10)

LrSE ] wlaa

where a2 + 32 = 1 and «, 3 are real.

The first qubit belongs to a; and the second belongs to as. Each of the two
parties now performs loeal cloning operations on their own qubit. It turns out
that for some values of o,

{2) non local output states are inseparable, and
() local output states are separable

hold simultaneously. Buzek et al. [4] used optimal quantum cloners for local
copying of the subsystems and showed that the nonlocal outputs are inseparable

if

1 _ 430 2 -1 /30
3 g g Tk o (11)

Now consider the same system defined by (10). The two subsystems a;{i =
1,2) are locally copied according to the cloning transformations (4) and (5) to
produce output two systems bi{i = 1, 2). The local output state of a copier is
given by the density operator



Al = an)00) (00| + FPa | 112) (11] + 1 — ) [+) (+[] (12)

and the nonlocal output is described by the dL"ﬂHit}' operator

ALY = oy + (252)%100) {00] + [y + (252)7] 111) (1]
+{1—-;ﬁ:|{|m} {01]+ [10} (10]) + aBn2(j00) (11| + |11} {00])
ik ij=12 (13
It follows from the Peres-Horodecki theorem [10, 11] that ﬁf:i;:] is inseparable if
-l - SR < a? < (4 - R (14)
The requirement that [% - ﬁlii;gf]m has to be positive otherwise the domain

of o would be meaningless leads to the lower hound of ¥,

nz\/} (15)

The upper bound is of course 2/3 corresponding to the optimal quantum cloner.

Apain applying the Peres-Horodecki theorem it is easy to obtain that _Ef:’f] is

separable if

1 (—n)* 1,2 2 (1= y12 -
Lo (b - U <ot < b f - Uy (16

}os ~fout] - i

As one can observe comparing (14) and (16) that _n“”u_ is separable if g’ b,

inseparable.

Here our interest lies in the possibilty of disentangling the state (10) and there-
fore we note from inequality {lﬁ:l that the ﬂmu- (13) becomes separable for all
a when 7 < 1/4/3 . But when v'_'_ Ly 5 its still possible to disentangle the
state (107 but not for all « as is clear from { 4). Besides our objective is also to
copy the subsystem in the best possible way for which one has to use optimal
quantum cloners for loeal copying. In that case if and only if o lies outside the
range piven by (11) the final state becomes disentangled with the best possible
reduced density matrices of the subsystems. Now let us summarise the main
results |

1. An arbitrary bipartite pure entangled state can be disentangled by lo-

cal cloning of the individual subsystems provided the reduction factor of the

isotropic cloners used is less than 1//3(ie. fidelity F < 2_-,;%_:'

2. After disentanglement of the original state the reduced density matrices of
the subsystems are given by

Pad =mPe’ + (521 =12

3|4 = ?}5(|ﬂ1:| + |10}

G



where 5 < 1/4/3.

[tz clear from the above dicussions that its impossible to disentangle an ar-
bitrary pure two particl entangled state by using optimal quantum cloners to
copy the subsystems locally such that qualitatively best possible reduced density
operators of the subsystems can be obtained.

Here we observe that all the above discussions particularly hold good when we
use a Botropic quantum cloner of 1 — 2 type. So we can as well look for the
possibility of disentanglement using an optimal cloner of type 1 — M for some
M(M = 2) to copy the qubits locally. Since we konow that quality of copies
decrease with increasing M| therefore we should look for the smallest value of
MM = 2) such that applying an optimal 1 — M quantum cloner to copy the
qubits locally we will be able to disentangle a pure state. It has already been
shown [5] that producing three copies of any pure entanglement by applying
1 — 3 optimal quantum cloner for local copying of the individual subsystems is
forbidden. So the two criteria are satisfied for M = 3. The important thing to
note in this case is the fidelity of an optimal 1 — 3 quantum cloner which & 7/9.

We have seen earlier that disentanglement of any pure state can be achieved if
v+
'3
Eq. (8) and the discussion after inequality (16) ) whereas the fidelity of each local
qubit in the later case being 7/9. Although disentanglement is achieved in both

the cases for any arbitrary pure entangled state the previous one is better since

%'%I— = 7/9 implying that locally individual systems are better copied.

we clone the qubits locally by an 1 — 2 isotropic cloner of fidelity F < (see

Till now we have described how one is able to disentangle a pure two qubit
entangled state working within the existing schemes of entanplement split-
ting and broadeasting of entanglement. One distinet adwantage of the first
scheme (where we have made use of the concept of entanglement splitting) is
that the state of one of the subsystems remains unchanged though the copy
of the other subsystem is rather poor [mhveshola = 1/3; Fidelitythreshota =
(1 +79) = 2/3 = 0.666] as compared to the second where both the sub-
systems undergo change in their respective states but the copies being better
(Menreshota < 1/v/3; Fidelitynresho < (1 +1) = s;%_l;i — 0.788). Nevertheless
the second scheme allows the possibilty of wing the optimal cloner provided
the parameter o of the original entangled state lies outside the range specified
by (11). So which scheme is better can probably be best justified from the
motivation of a given problem where disentanglement is required.

3. Conclusion

Since universal disentanglement into separable states is not allowed we have
explored how well one can approximate universal disentanglement of a pure



bipartite quantum state. In other words we have tried to answer possibly “how
good” an universal disentanplement machine can be since construction of a
perfect universal disentanglement machine is forbidden. We have shown that
working with less optimal but isotropic quantum cloner within the framework
of entanplement splitting and broadeasting of entanplement it is possible to
disentangle a pure bipartirte quantum state.
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