MISCELLANEOUS NOTES

TEST OF SIGNIFICANCE FOR INTRA.CLASS CORRELATION
WHEN FAMILY SIZES ARE NOT EQUAL.

By R. P. BHARGAVA
Stntistical lLaboratory, Caleutta,

IxTRODUCTION.

The teat of aigni for the intra.cl jon whon farnily sizes are equal wan given by Finher
fn his book ‘Statistical Methods for R Workers™.

In practice, we oftan moet with cases whore fumily sizes aro unequal, Thus, if we consider a certain
charscter among brothers in & family, it often happens that the number of brothers in the different families
is not the same. In such cases, some of the problems that arise aro,

(1) test of significance, that is, whother population correlation coeffioient is equal to any assigned
valus p

{2) to And the fducial limits for p

(3) to ine the best eetimate of p i ion p.

{4) to got a suitadble estimate of population mean m,

(5) to eatimate iftra-class correlation from family meand of two unsqual family sizes, the indivi.
dunl observations of the family being not known.

2. TESTS OF KIGNIFICANCE,

Let us supposo there are n families anc let the k, individuals of the ith family give the observations

Ty Bipenk, =1, 2,0.0)

We consider x,, ,2,....7k/ tobe arandom observation from s k, variste normal population in which
each of the variates has the samo mean m, and the same standard deviation ¢, the correlation between sny
two veriates being equal to p. It may be nuted that as m, o and p are not functiona of 1, cach family has
the samo mean s, the same standard cleviation ¢ and the same correlation coeficient p.

Lot ¥, bo the sample mean of the ith family. The probability of oceurrenco of the observation in

the i-th family ie given by

Lo b4, (
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‘Thie can be written as

(z1)

Honce the joint distribution of the sots of observations of our sample can be written as
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Thon (2.2) can bo written an
1 z e D e v el -
Cont. s ZPT—=P) (Stry—x)'+Xe ey~ 2P+ ez —m)') e 24
From this it is easily scen that
(2:5)

ie distributed in the ususl F distribution with n,= n—1 and ny= (Xk,—1) degroes of frecdon,

Thia F statiatic can be used for texting whether our Tmilies {vizes being unequal) camefrom multi.
variato normal populations having population correlation p. Thua as a particulsr caxo if we dewire to
know, whother our sample of n familics with unequal sizes camo from multivariate normal populations
having p=-5, all that we have to do is, to colculato ¢ and x by putting pee-5, and then calculato the
valuo of F by using (2°3) and consult the F tables.

Thus we can with the help of the F dixtribution answer any of the (blowing questions (i) whother
population correlation is significantly different from 3 (way), (i1) whethor thepopulation correlation coeffi-
cient is significantly greater than 5 and (iii) whether Lha population correlation coeflicient in significantly
leas than -3,

Theae questions are tho samo 8a those which arise in testing tho signif of intra-cl ]
for families of equal size. But it ia useful to noto that for answering queation (i) we have o considerboth
the tail-onds of tho F distribution, whilo for question (if) wo have only to consider thetail-end on tho right
and for (iii) the tail-end on the left,

It ia of interest to noto that {i) Fisher'a Z-test for teating thesignificance of intra.class correlation
for equal family sizo and (ii) Fisher's techniquo of analysis of variance for Lesting the significance of intra.
class correlation when family wizos may not boe equal follow alko from thia teat.

(s} Thusif in {2'5), wo put kye=ky=.... =k, =k say then F becomey

1-p  Xkim—Z) _ nk—1)
l+k—1p n—1 iy —=)

n
n-1

(2.7)

whore X is the grand mean and r ie the samplo inlra-class correlution. And it is eanily scen that Fisher's
Z ie tho samo as } log.F.

{if) Again putting p=o, F is equal to

which is the same as that used for testing tho significanco of between and within vsriation in analysis of
variance,

3. FIpociAL LuTs or p

Noxt we ider the prablerm of

ining fiducial Jimits of population # for the caso of wiequal
family sizes. The usual procedurs for finding tho lowor fiducial limit is to firwt find (say) tho 5 95 point of

F corresponding to nym n— I, ny= X(k,—1). Lot us call this point.aa F, then from tho equality

wo solva for-p,  From this wo got that #>2, in 85 % cases, This provides ug with the lower limit of f.
But in our caso, Lhe solution docs not come out vory ousily, honce wo ahall follow the method of trial and

error and graduation. Let ua caleulato valuos of F of (2.5) for various valuea of p sey pam 1,.2,.3, 4, .5
40, 7, .8, .8,
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SIGNIFICANCE FOR INTRA.CLASS CORRELATION

This can be presentad in s tabular form as follows :—

P P Fy (ni,ny)

1| 1<Ee=) | > Fuinmnan L nestaml)
k 1< Fipe=-2) > Pinmn—l, n=sk - 1)

3 LS Fp=3) | < Filnymnel, ngmsk—1)
4 1= Flp=-4)
-5 1> Fp=-0) > ,! tn=xki=1, ny=n=1

1
¢ 1> Fip=-6) > Fy (m=zki= 1 m=n-1)
-7 ! 1> Flpm'?) < ’—}—) (n,=axky— 1, my=n~1)

Il
8 | 1> Flp=-8) < ; (n, =Xk, — |, ngmn—1)
" s

9 1> Fp=-) < ,:7' (n,mxk, -1, ny=n—1)

In the above table F, =(n,, n.) in calumn (3) indicate the 5 % point of F table corresponding to
n, and n, degrees of freedorn.  Column (2) gives tho value of F corresponding to particular values of p,

In the above hypothetircal tablo it js clear that the fiducisl limits of p are given by

2LPpLT
This gives a rough itlea, and some moro numerical viues of # botween .2 and .3, and .7 and .0 will (with
the help of graduation or otherwise) give closer approximation for the Rducial Junits.
4. BEST ESTIMATE OF P

Next comes the problem of cbtaining the best estimate of . The value of p in the above table

which makes F equal to unity ia the best estimate of p, in the senso of maximising tho likelibood of

z=} log.F.
Thus from the above table wo uee that p =.4 gives F = L. Thus our point estimate of p from the given

samplo comes as .4. This may bo called unbisased sample intra.class correlation r.
1t is clear from the way we havo proceeded that our method of dahermininli fiducial limits and
point estimato of ¢ ; coincide with the usual methods when femily sizes are equal.
5. ESTIMATE OF m

From (3) it is clear that the distribution of X is

Ao ko
B e I P (')
Conat . @ dx

where

Thus x is 8 sufficient atatistio o estimate m. Thus if population p is known, wo can calculate the best
estimate of m. But, a8 is usual, if p is not known, wo can estimate m, substituting for p, the sample
intra-class correlation r, and thia gives us a consistont cetimato for m. Thus

is a consistont samplo estimata of m. The uea of thia very often arises in orop murveys, budgot enquirisseto
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B, ExTIMATION OF INTHASULANS COHHELATIONS YROM TWO NETS OF YAMILIKS

Lt us suppose that thers aro n funilies of size & aml n* fa

of wizo L', (5'<k) coming reapec-
the wme mean m, the xaimo standard devinlion o
£, The individunl readings in 8 family sre not known hut the famuily moun;
{or totnla} nro known, ‘The probilenm Ia 1o gt un extimate of p,

tively from & and &’ varinte norminl populutiots by
and the sume correlutic

Let T, Le the meun of the ith fumily of size & 3 and ket 22 bo the mean of the ith family of size &
f

Then
n;-l‘;‘lln wel nr @)
also (=Dt m Sk =P, and (0= 1, =Yk =) ey
Then from (2.4), it in eanily seen that
Lrte=bp o,
T 1Rk -y [{3)

o distributed in the naun] Fdisteibution with s,=n—1 and n,=n"—1 degrees of freedon,
From this, very often wo can get an extimate of p. Tho nwmerical valuo of p, lying between

k—fl| < P < 1 which makes F of (£.3) equnal to unity, in the best eatimate of p from fumily means,

Tt in further ween that whenever, the mtio of the two mean squares a 8 >k/k’ no nuch

numvrical value of p lying ink_-ll< P < 1 oxinta which will make F of (0.3) equal to unity; but on the

othor hand, aa in usally the cuxo, if tho ratio
exista.  And in such casea (his estimato in given by

2t in <k/K' wuch & pumerical valuo of P slways

r=—1jk=1)+ k=K

SuMmMmany.

(1)) Wo havy given a test of mignificance (unknown) for testing whether onr snmplo of n families,
family size being uncqual, has comeo from multivarinte normal populations having population correlution
coeflicient erunl to 2,

(2) We have given a method of deriving the fikweinl limita of A,

{1) Wo have given a now definition for intra-clam coreclntion when family sizo ia uncqual, This
definition reduces to the weunl definition for the ocqual fumily aize and in the best estimato of p.

{4) Wo havo deriveil a consisiont estimato for the populstion mean m,

(S) We havo discussed & connectod prollem of ealimation of intra.clars correlaton froin family
meana of two uncqual family sizes when individual reasdinga of the fminily aro not known but only family
moans or lotala aro known,
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