On some properties of P-matrix sets
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Absiract

A novemply set ¥ o BV s said W have the row-P-property if every row repre-
sentacive of ¥ is a Panaorix, We show that this property s equivalent L saying that [or
every nomsern v B there is an indes 7 with x4, = 0 for all A = F We relare this
cumeepl 16 the woigue solvabilily of cerluin nenbinesr complementariy proklems. We
also show thal when % s commpaet and hus the row-Peproperty, thers exists o veclor
b Ogueh that My = 0 forall M £ &,

1. Introduction

In 1962, Fedler amd PLik 1] mireduced the concepts of P and Pyp-matrices.
A matrix 4 ¢ B is a P(PyJ-matrix if every principal minor ¢f M is positive
(respectively, nonnggstive), Since then, sumerons equivalent fmmukbglions of
these concepts have heen given, and morcover, the importance of these and
relaled matrices {M-mairices, S-matrices, cle.) in oplimization, differential
equalions, sLilislics, and varows aress have been well documented in the lit-
aruture,

To motivale our resulls, we eomsider the following well-known cquivalent
comditioms for a mateix AF < B |21

(a) Af s a Pamatris,

thy For each « -4 0 B°, there i an index 7 such that x, {4z} = 1),
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ic) For everv ¢ = B*, the linear complermenianty problem LCP{M, &) has a

unigue solution.

In this paper, we aim to cxtend this equivalenoe (o a set of mairices. Con-
cerming the equivalence (4) == {h), we ask the following: Given a set % of
# ¢ w matrtees, when does the condition (k) hold unifornly for all M € € That
is, for any nonzero ¥ © B7, when is there an index  such that

Mo =0 M Y it

In a recent paper, Rohn and Rex [3] have shown that when % w an interval in
[Ty e

€=M e R Mu MM (2]

fwhere A7 and 3 are given n x # matrices and the inequality defined above is
componentwisz), for any nonzero x, the wnifonn inequality {13 holds for some
index {0 angd only i every mateix in this interval is a P-matnx. In this paper, we
introduce the concept of row-P-progerry for a set of matrices, see Section 2 for
the detinition. and show that Lhis property is equivalent to: tor any x = 0, there
oxisls un mdex § satisfying {17, In [3], Rohy and Rex also show that the merval
described In {2} consists of P-matrices if and only If certain finite set of ‘ex-
treme” matrices are P-matrices. We extend this resull by showing thal g com-
pact coovex sel ¥ in B has the row-P-property if and only if the set of
extreme points (matricesy of % has the row-P-property,

The row-P-property plays a role m the complementanly problems ws well, In
{4}, tor a finite set of matrices. this concept was called the P-property and was
shown 1o be equivalent to the wnique solvability in ventical complementarity
problems. In this paper. we extend this cqurvalence Lo cerluin complementarity
problems arising from a compact set % and a compact set of veclors.

An mporiant properly of a Pemalrix M i ihe existence of a vector = 0
such that Me = 0. (This s the so-called S-property of M, introduced, once
again, by Fiedler und Ptak.) Given o set of matrices ¢, we ask whether therg s
a vector w = U sach that M = 0 for all 37 £ ¥, It tums out, see Corollary 10 in
Secticn 4, thut (he row-P-property plays o role here also: IT% has the row-P-
property and is compact, (hen such i vectur # exists. We show in Theoretn 11
that this ‘uniform” S-property of % is cquivalent (¢ the row-P-property of %
when # iy compact and copsists of Z-matrices,

2. Preliminaries

Comgider 4 ponempi) set € of matrices in ™. A matrix 4 = B"" iscalled a
viowt represeniative of % i for every i = 1,2, ..., the fth row of 4, denoted by
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A; 1s 1he fth row of some maltrix in ¥, Lot % demote the sel of all row TLpTE-
sentatives of %, i.e.,

€:={d4 e toreachic {1.2,...n},4; = M, for some M € €).

We call % the rew-completion of %, It is clear that % Z €.

We say that % has the row-P-properry (row-Po-properry) it every malris in %
18 a P{Py)amuirix, 1o, every Tow represenliative A of % 15 2 P{Pb-malnix. We
nole Lhat if % has the row-P-property {row-Ty-property), then every M €% iz a
F{Py-matrix since o mutrix A7 C % could be g Tow represenlative of itself. So in
this cuse, we can think of & as o BiPglmatrix sii,

To see an cxample, ficst we recall that a matrix M — {m] 15 sasd 1o be {rew)
striesf diagonadl)y dominanr if foreach i — 1.2, .5,

[mee] = Z .
i

1L 15 well known Lhat if such u matrix has g positive disgonal, then (he mainx iy
a P-mnatrix, see Section 33 in [2]. Now consider any set & < BT o which
every matrix is strictly diagonally dominant and has a positive diagonal. It is
clear Lthit any row reprosentative of % 15 o Pemadrix, 1o, ¥ has the row-P-
property. The following lemma is needed later.

Lewma L. Jf % ix compact in B2, then sv is %,

Prawdf. Ler {44} be a sequence in #. Leti— 1. Forvaghk — 1.2, there oxists
an M* C % such that {4"}, — (*),. By compactness of %, we may assume that
4 subsequence {AY ) converges to g matrix MY £ €, This means (hai the
subsequence [4%} has the property that {4%); converges Lo (M1} By
renaming, we may wssume that (4Y). converges to (3"}, Now starting with
the (mew) sequence {404 we argue as above wnd produce a subsequence of
{444, still called { 4%}, such that (4%); converges w (M2, where W' € ¢, We
continue Lhis argument Tor i = 3,4, ..., ¢ and conclude that an approprialc
subscquence of {4%}, which we call {4%) Tor simplicity, converges to & matrix
4 © B with the property that for each ¢, 4; — (M) Clearly 4 £ % and we
have proved that the given sequence {4%] has @ convergent subsequence in %.
This proves the compactness of %. O

3. The rewv-P-praperty
Theoremn 2. A sor % 2 R Jay the vow-Poproperty if and only §f for anvy x £10

in W', there exists an dndex je {12, .n} snch that xAMY), = O for every
marrix M€
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Proof, Aswiume % has the row-Poproperty and suppose Lo the contrary that
there exists an x* £ 0 in 2* such that for any index /, there exists an M =
with 7 (A x71 = 0 We construel a row represeniative A with its ith row given
by A, — (50 Then clearly x7{ax'y, £ 0 for all indives i, contradicting our
assumnption that % has the row- P—pmpert}.

For the converse, take any row representative matrix 4 of ¥ and aoy non-
ZETD vur.,tm 2 B Then Mot every index f, there exists 3707 & & such 1hat
A, — (M= Sinee Lheu: exists an index ¢ with o (M), > 0 for every matrix
M =W ]:n our dssumptmn it is clear that for that index Soxilde), = g Mx) s
also positive. Henee 4 5 4 P-matrix and so % has the FrrwePe prf:ppr’[}f [

Theorem 3. Suppose thar % is compaer aned convex in B, Let & dennte the set
af aff extrerne poines of 6. Then %€ has the rowe-P-praperty {f wnd orly i & fos the
row-P-property.

Proof. We firal observe thal & Is nonemply aad every matiis in % is o hnite
convex combinalion of matrices in &, by Corollury 15.5.1 m | 7). Suppose Lhat &
haz the row-P-property. Let x £ 0 in B, By Theorem 1, there exists an index §
such that o), = 0 tor all A £ &, Now take any 4 = %. By writing 4 as a
Convex mmbmd.tmn ol a fnile number of mithbices in &, we see that x(4x), = 10,
Smuee A s arbicrary, by Theorem 2, we conclude that % has the row-P-property.
The other implicution is obvious. O

We now specialiye the sbove theoremes o an interval 4 in B deseribed by
(2} 1o is clear that % is compact and convex with the exlreme pexnl st
& MM, — M. or M} where M, denotes the (7, f)entry in M. T is obvious
that in this case, € — % und & — & henee % {#7 has the row-P-properly it and
only if each matrix i % (respectively. &) 5 a P-matriz. Theorems 2 and 3 now
give the lollowing koown results [3].

Corolbary 4. Snuppose 6 i an inreragd i RYT ay deserihad i (2),
(1Y Every pratrix in € & oo P-mateiv i and onde i for anv x &0 50 0 there
extvey v tnedex § € 41,2, n} such thay x (M), = O for alf M £ %
(i) Leerv matriv in € iy a Pomateic i ard onlv If grerv metvic in the see
IM M =M, or M) is a Panarrix,

Regarding 1he item (i) wbove, it shoold be remarked that Bohe and Rex J3],
in theu characterization, use only 27 matties whercas our exlreme paint set
hax 2 objects.

Here is an unalog of Theorem 2 for Pr-matmices,

Theorem 5. A ser 6 C B fas the rovw-Py-propeciy if and ol if for anye x £ 10
in B, fhere exists an index Jo {12, ) with 5 L0 and tiMx), 2 0 for
gnery ety M C ¥, '
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Proof. Suppose % hus the row-Pg-property. Then for every ¢ [
W+ af i— {M +uf 0 M =% has the row-P-property, Fix any x =210 and
J—{i:x £0} Then for any £ = 0, there exisls an index f < 4 such that
L 00M 1 efy], =) Tor cvery matris M +of 2% +&f By cousidering an
z{pprc:prialc sequence x . 0, we can obtain a single index j <. osuch that
oAl — e e, = Ofor every matrix M C € and Tor every £ Lelling & — o we
get A, = 0 for alb M % with x; 55 (1

The comverse Nollows by arguing exactly the same way as in the second part
of the proof of Thearem 2 with * = " in place of =7 and "noennepave’ in place
o “posilive’. 1|

4, Complementarity proldems

In this section. we deseribe the row-P-property via uniguee sclvibililty of
cerlgin complomentarily problems. We assame that the set % 15 described by

We— LM e T x s 1)

where £ denoles o nomemply index sel Corresponding w ohs deseription. we
consider a sel of veclors in B given by

=y oRkac ]
As we have done for ¥, we may also define the row-completion of q by
{:—Jps Riforeach i [1.2,.. . n}. p = (¢°). for some g% = g}

As in Lemma 1, it is easy to see that if q is compact, then so is .
Asepsring % und O are howrded, we defing the fenction /7 B - B by

Fixb=nf{d e ") (componentwise).
2

Then Lhe complementarity problem. denowsd by CPUE. Q)L is to had a vector
4 & 7 such that

o fixh =1,
where “~° denotes the componentwise mummam. Nole thyl when ihe index set
I has fimite number of elements. CIM%, Q) reduces to a vertical sincat com-
plementarity problem [4).

Lemma 6. Ceaevicder '@ gnd o hovndad, ond fet

Fix: — (M | g™
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Then for every v amd v in [F°,

i Mx — ) ) — Flv) € sup M x — vl
2 z
Moreover, s confirnons.

Proof, For any » and p in 12" and for any index i & {1, 2, a}, we have

111t{'l»f“_;s A4 g, ml“l’M’"‘ft — ¥, = mI [E4 % + g") + (M x — i)

and hence
inf(M™(x — v)], = i]}f(M'er + 4", - ir;!‘[:.’Lf‘*_v —g"). (3

By multiplving the above meguality by 1, and incrchanging x and », we
peL
inf(M™x | g°), - inFiM7v + g7), s sup (M x - ¥, (4
o W 2

Combining (3) and {4). we have the stated inequaiities, The continuity of
follows easily from these inegualities sinee sup | M| < oo, T

Theorem 7. Supnose € s compact and q is bornded. I € has the row-D-properiy,
then Fiv g Pafinction, fe, for all x & v in B there exize an ingex §osueh thi

(o — 3D — L)) = 0.

Prindf, Lot x & vin B s thal =z = x — v 7 (L Sinee % has the row-P-property.
by Thecrem 2. there exists an index j such that z, (A% ] = 0 for cvery A% £ %
If =y = x; - w; == ), then [M’z} = 1 and by compactness ol %, inl (M } 0,
From Lemma 6 we have f{x)— /{2 f,(M*], >0 L]k(..‘l.’-!\f_‘ it
=4 -k, then  sup,i M"‘“z,uJ <0 und again by Lemma 6,
Filx) = fily) = nupjiw‘m < (L Sy in either case, we have an index § such that
(x, — 1)) = fiv) = b Thus, # is a P-function. T

By slightly madifving the above prool we arrive at the following.

Cerollary B, Suppose that € mud g are bounded and % hay the row-Pp-properey,
Then [ iy o Py=flnction.

Now we are ready lor the main theorem of this section.
Theorem 9. Swuppnnse 6 iy compact in B, Then the complementarity problem

CP{E, Q) luas @ wnigque solurion for every compuct q in B i and ondy i€ has the
ron-Papraperty,
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Proof. Assumc that CPi%.q} has a unique solution for cvery compact q.
Suppose, 11 possible, thatl there exists - 25 0 dn 12" such that Tor every mdex &,
there exists MY % with z(8'7:), <0, Detining, for any vector i,
o i=max{0, v} and x = —x we observe that -7 £ 27 and 5 oA (MY
=il =z ~ (MY Wedeline ¢* by ¢* o~ (M2 — M32F - (M%) — M
Then Mot +4% - (45207 and A% — ¢ — (M*2]7; hence fiz" 1 — int,
(M2 2 Dand fiz )= mb, M2 =0 We see that for every imdex /,

s [2— ” _f'lj:'l ,' % f_.l ” I:-'H:"-'z}_ll —1]

which shows that z s & solution o CPI%, g). A similar argument shows that
£ 1% whso w soludon ol the same problem. Smee 7 # 2  we rcach 4 com-
trudiction Lo the unigueness of solution to CP(%. q). Thus % has the row-P-
property,

Mawe [or the comverse. Assume that % has the row-P-property end let g be
compact. ¥We show the existence af a solution toe CP%, gl using taopological
depree theory,

Wo first deline the funetion A0 KB = |1 — 2 by

Hivri—xatfixi— (1 —ox.

By continuity of ¢ (cf, Lemma &), it is clear that the function £fix. () is con-
Linuows. YWe claim thatl the sel

Ho— s BN H ) — 0 Tor some r e WL ]
i bounded. To see the cluim, suppose that there exist seguences {x') with

lv*.| = oc and {7,} € [0,1 such that £ ) — 0. Upon division by | 2], we
ohlam

: b (At 4+ g1 i ;
Ix‘ A la al @ i -| =1. i3]
i [l | | ]!}

Wilhaul loss of gencrality, we may assume #* /x| —d £L0and 1. — ¢ Also
note that for each &, inl (M2 + ) — A% + ¥ fur some A* = € and p# £
by compactness of 4 and . Io view of Lemma 1. we may assume that
At — Az wand ¢ s pC g, Upon letting & — oo, we get from Ty, (5).

d s |4+ (1 =" d — 1

This savs that « 15 a solution of the homogeneous lingar compiementarily
problem LCP*a (1 - )7, 00, Sines ¥ has the row-P-property. 4 is a P-
matrix, and so 8 O+ {1 — ¢/ Then by Theorem 337 in [2] wero 1 the
omly solution of the above LCF, contradicling our assumption -hat o + 0.
Hence the set @ ix hounded.
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MNow let £2 be a bounded open set in B = [}, || which contains the set 3.
Then by the homotlopy mvariance of the degree (Theorem 2.1.2 in [6]n

1= deglf 0,00 = dept Hi- 00, 60 0) = degi F, 1), 0,00.

By Theorem 2.1.1 in [0], the [unction Aix, 1} = x ~ fix] has a zero in 4, ie,
CPO% ) has 8 solution. Now Tor the unigueness. We know from Theorem 7
tlear the function [ iz a P-function. For such a function £, it is well known (and
casy Lo see) Lhat there is al most ome soro of the squation x A Fie) = 00 Thus we
have proved that CP{%. gl has a unegue solutwn. This complensy the
proocf. O

As g conseguence of Theorem ¥ given above, we have the following “uni-
form® S-property.

Corollary W), Suppose ¥ s compact 0 B with the row-P-properiy. Then there
el o vecinr woe 0 sued thar Mu = 0 for all M 2 %

Proof. In Theorem @, puL ¢ — & Tor all 2 where ¢ is the vector of ones in B,
Then the salution x to the complementarity problem will satisly 1be conditions
vz and My — e = [ for all 2. By compactness of ¥, we can perturb x to get
u =0 with M e >0 forall . —

The following example shows that the conclusion of the ahove corollary
may fail withouwr the row-Pproperty.

Example. Lot % = {4, 8} where

[1 -2 10
A= LB = .
o 1) -2 1

Mot thal bolh A and B wre Pomatrices. Suppose that there is g vector o = 0
such that dwx > Dand Br = (L Then (4u]. = Oand (Bul, > Gmean &) — 2u. =)
atidl —2u £ 1 =4k henee = 2us o de, contradicting wy > ). Hence there is
no such .

In the classicel LCP theory, the P-property is the sume us the S-property tor
Z-matrices (Theorem. 311 10m |2]). { Recull that a matrix is a Z-matrix iC gl of
its aff-diggonal entrizs are nonpositive.y This cquivalence carries over for sels
of Z-matrices in the following way,

Thearem L. Suppose € L B"™ is o compuct ser of Z-matrives, tThen the
Jotlowing are egnivelen .

{a)] % has the raw-DP-praperip.

(D) Fhere exivts o voetor o > 0 such thar Mo s 0 for all M £ ¥,
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Proof. The implication (a} = {b} i given m the previouws corollary. Assume that
(b} holds. Let 4 be any row representative of %, Cleurly A s a Z-maulrix, I
tollows from () thal dw > 0, Thus by Theorem 3.11,100m 12], A 15 4 P-mairix,
We conclude thal % has the row-P-property. D

Throwgheut this paper. we have considered the row-P-property. By con-
sidering the celumn representatives instead of row represenlatives, one can
detine the concept of coftema-P-property For aoset % in B When % s flinite,
this properly is relucd 1o the wuniquencss of soluions moecetgin thorleon Ll
complementarity prablems’, see [7]. When % is an interval, these two properties
caincide, In the generd] cise, exeepl lor obwviows analogs febtained by con-
sidering tramsposesp of results presented i Lhe paper, nothing muoen s koown.
We end this paper by noting that even when the sel ¥ consists of Z-matnices.
the row-F and the cotumn-P-propertics may be dilferent,

Example. Let * = {4, 8} where

p i -l n 4 -3
I Y O o0
It is casy to check that every row reprosentative of % is a P-muatrix as well asa
Ze-mairix so % has the row-Paproperty, yel the column representative

15 not & P-matrix. Le., % does not have the column-P-property.
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