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IsTRODUCTION

The problem of dixcrimination in Stutixtics i not new. Tt has repeatediy been strensed
by Mahalunobis (1030) that mcre “tests of wignificance™ enn not always nnswer
all our questions and for this reason he § Juced the ien of divergence of two populati
Hia “gencralised distunce” measnres the divengenee of two normal correlnted multivarinto
populations with the same wets of variancen anl covariunces,  Bose and Roy (1M18) found
the distribution of DY, *'Malalanobis's g lies] dlistunce” in its studentived formt.

2. DEFINIFION OF DIVERUENCE

Let two multinominl populations be characterised by the two sets of probabilities
(M oo m) and (2, o). Then, as Xn=1and X'l (v, ... ) and (77, ... V'
may be consitlered to be the direction vosines of two st, lines through the origin in & kdimen.
wional wpace.  The aquare of the angle between these two linen may be considered to bo an
appropriate measure of divergence between the two multinamial populations.  Thus, if the
mearure of divergenes be denoted by A? then
cos A=\ VT R o R AT Lo
This van bo written as

Bt Fa (=TT EA L HNRSEE L 2
From (his Intter expression it is evident that when m=m( 2, ... k) A vanixhes,  Also
when A vanixhes, we have convenwly m=n'; (i=1, 2, ... k) that ix, the two popuintions are
iddentical.
3. DIVERUENCE BETWEEN A SAMPLE ANXD TilE POPULATION, ITY RELATION
T PEARSGNIAS X! FOR LARGE #

Lat 1 be the vize of & sample and {p,) be the obaerved proportiona taken from a populs.
tion with proportions (m). Then, from the definition of divergence, the divergence g1 of the
«wamplo from the populntion ix given hy
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whiere X3=X{ap,—nm P un, the Pearsoninn X® and ¢ is O ()/e4), Thus
. (33)

when a5 very large. Now we know that, for lune vilues oft,
land devintion, 8o, Xtis of the onler

approxima
(vaxi—y
of & and x%u is very small,
So, finally we ot

) in dintril H 1y with unit

d X
p=i e =iy, .

4. AxVMPTOTIC FUKM OF THE MULTINOMIAL PROBABILITY WIHEN B IN LARUE

We know that the multinomial probability

n, npy ™
g™ ML
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{by Taylor's theorem) and a :i\"m::lp,/\'_n approximately, for w o and (p—n)
in O (/1)
—2uf:
= Const. ¢ dx {0
where dx is an elementary volume given by dv/p, dy/py ... d\/p, rubject to Ep=1.

The aliove could be seen 1o be true alsa from the following considerations.  We know
that the maltinominl distribntion may be considered to be composed of & mimber of Poixeon
distributions,

Thus
L Hin
™, El

(p) Tiep) 1oty [l
—uwy,  mp, —n®s ap,  —Aw, wp
_nl e (um) e (nm,)
e nt” (up) (DN
We also know (Bartlet ; 1936) that in Polwon’s distribution if z is the obzerved and
a the expected value, then /% is distributed about y/a normally with standard devistion

1/2. The ahove expression becomes
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~ Comst, ¢ 28 Huint £ ds
~24 ;
~  Comnt. e da - 3

he sante a4 {4.1), on tho supposition that £ is very small.
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5. GEOMETRICAL INTEHPRETATION 0F THE V LUNE ELEMENT

A the joint (/] A/ liew on the unit hypemphere in the klinunsional spacs,
dy/py e dy/py B8 un clementary surfsce volume of & sphere round the smple point, sy 8.
With this geometrical representation, the probubility of a ramplo In completely reprosentobile
on the unit hypersphere.  Awming the lnw to holl for wll valien of 8, we may fiud the dix.
tribution of 8. For keeping f lixesd If we integrate out over the availalie apace on the sphere,
we get something like a zone of unnulsr wpace.  The volume of this space in proportional te
£-4dB ({for the volume of the zone bs proportional to sin'-24 aml w0 approximately taP-%i,
Ko, the distribution of #in

Comnt. e ﬁ- ] =YY
which is also abvious from the relation between £ il X2,

6. DEHINITION OF DIVERGENCE HRTWEES TWO  AMPLYS

Correxponiling 0 A% in the popnluth we live the mtatiatic defined by

w1 =g+
where u, x” are tho sizes and (p)) amd (')} are
elimate of A,

L PR S N
sample proportion.  This is not an unbinssed

7. RELATION OF 12 WITH PEARSONIAN X* WHES Md=n ANIF 0 AND A
ARE LARGE XD EQUAL TO ONE ANOTHER

When the sample sizes are the sanie, namely n, we cin express D% in terma of Pesi-
yorian X8 For «

[ p— | —
o P =3 N = 1SN T =P R
o d

=:|_§::(Fl+l'|'){| "'_L

(n+p'y
o (p=m
=1 e
by the binomial theorem, becanne :::::::.: <\,

_ Sip— n'y? 71
=1 Em o

Now, Al Leing zcro, (p,—p',) i of the onder of 1/y/a and x0 ¢ is of the order of 1/at.
Ko, when » s very large,

: \'- m=—p"
‘mipt
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Tho sample valies are np; sl np’y (im1,2, .. L) . So from the wiual method of
calenluting xt we get

N (=t y w( ,,,l._np-_f_:ﬂ')'
x'=2.1 N7 _il'?ﬁl'l :_H v ¥

A (npy—np)?

S

Smoretap” - 1
This x*, wo know, is of the onler of 2k . So, x¥/n in small and as from (7.2) 24in? D’[2=2)3/4n
we get D?=x%21. From this relation it is evident that on the null hypothesis, the distri-
bution of D'8 follows the distribution of X2 for very Inrge snmples.

8. DistrisvTioxN or D7 wHeN A9

Let thero bo two samples with sizes n and »’ and proportions () and (p') taken
reapectively from the two populations characterised by () and (#)), Let 52 and 4% ha the
divergences (i.c. square of the angular distances) of the two samples from their respective
populations. Then the joint distribution of the twa samples is

T R

Conat, ¢ de e 2 [EAY)
where ds and de’ are ry surface vol , on the unit hypersphere, about the samplo
points.  Let Pand P’ be the population pointa {i,e, where the population lines meet the unit
uphere), S and 8’ the samyle points (with the vame convention as the population points),
Then A is represcnted by P 1¥, 17 by 8%°, and gand by ST and 8’1", From the distribu.
tions of #and g we know, when » and n’ wre very large, that these tend 1o breonie very small,
That i, the probability of 8 lurge £ in 30 small that, for all practical purposcs, # may be regar-
Jdul to lic within & narrow zone about the arc PP’ Similar I+ the case for #'.  Outsile this
zone the probability of getting samylea in negligible.  This narrow zonc may be conceived to
be a portion of & eylinder (that i, the projection of this zone an the enveloping cylinder orcula.
ting th . unit splere along the curve PP may be reganded to be coincident with the zone itsclf),
We may develope ont this cylindrical zono into & fint of (t—1) dimensions where thegeudesics
A, £ 3 and D ull become right lines anct d anid da’ hecome elementary arena {i,e. volumes)
in this Oat of (k= 1) dimenninns,

With the help of the above geometrical device we may proceed to i the distribu-
tion of 1* which now represents a rectilinear longth.  In the (k—1) flnt apace fet the coondic
nates of the points P, P, 8 and 8 be (1), (#9), (,) aud (), rexpectively (i=1,2, ... k—1).
The joint prolubility of the two xamples fa

?
—2af'—2a'g’
const, ¢ dadx*
X ot
=X (ry—a) =2’ S0 —aP |, i
- connt. e vl " i de Ndr’
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DIVERGENCE BETWEEN TWO MULTINOMIAL IOPULATIONS
From thiu it iv eany to dieduce the distributlon of (£,— £/, —a,4a") in the form

M [a —
At {:. "l"l""'l“l')'}

Consl, e ﬁll (n—x
-

Or, which ia the samo as

Sun? [ - |_. [ . () i
Cont. l—-+.: { El(ll ) -._2' 0 —5) (ny~a)’) + }"(”._"‘I’.]El'(ﬂ—l.')

From thia by adopting tho methal employed by Mr, R. C. Bome fioe getting the
dintribution of the classical D2 (Bowe 1936) we get from the above

Aun’ 2
-3 {"' ~2D'3 con g +;-}

Cont.e "X (1 sin 0" riryde

Whers D =¥ (i, 31 i) and 163 e 0 = 1) (0,019
.. b

Integrating over 8 from 0 to 2 we get the distribution of D a2

2u8' 1,7
==, (0 4a) nnt
Connt, l)"‘ e Nk La (i+i.~ s )
v

where 1 ia & Beseel function of purcly imayinary angum.nt,

0. APPROXIMATION OF A AND §)° WHEN ) 13 VEXY aMaLlL

We know
— o o=, 3"}
ron A=Ey/mn’ =} L(u,+n’,)[ I—('f T'!,) ]
Replaing cond by 1 —AY2 to & fimt approximation we have A'=X(w—m '} (x4
Smilardy D2=Z(p,— p'\V/(p+P%). There wers miggented by Prof. Mahalanobis as a measure
of divergence brtween two multinomial populntions anl samples therefrom.

10, SFECIAL €ASE OF BINOMIAL FOFULATILNS

Lt there be two binomial pojulationa  efineed Ly (#,, w,) amd (#,’, ;) from which
two namplus of sizes & and a’ with yro :ortions {p;. py) amd (p'y, p's) sro taken Tospectively,
Then we know that #{p, —#,)v/ra{T—n,) is dbtributed normally ahout zero with unit stendard
deviation subject to tho comlition that a is sufficiently largo and both », amdl &, not far
differs .t from 1/2. Now, un.cr ¢ o mame swumptions, wo have (sn-!y/p~sin-!\/¥,)
=(p~m)2y/m( —m) app 1y (by pandi in Taylor's wrir). Thercforo
2y/& (in-1y/p,—sin-14/m;) s distributest normally about xero with unit stamdand deviation.
Sinilarly, under tho eamo wet of comlitions, 2/W(ain=dy/p—sin-1ya7) is distri-
Tutod Wy with unit laed devisti Ko, from theae two it caxily fullows that

2 ‘/ 'Z__ { (nin" ¥ F—sin- ’.’) _( sint iy ) }
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is ditributed with unit 1

1 devistion. lere the population divergenco is clearly

Clearly this ian
3

winrty/m—sin-ty/my and the nample cntimate is sinly/p,—en-1y/p.
particular case of he general problem which degencrates into it when &
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