ENUMERATION OF NON-ISOMORPEIC SOLUTIONS OF
BALANCED INCOMPLETE BLOCK DESICNS.

By HARI KINKAR NANDI
stical Laboratory,. Calentin,

INTROLUCTINS

Two solutions for a bataneesd incomplete block dexign with paroneters o, b, v, k, A
a re saiil to be isomorphic if they are hlentienl exeept for the ressming of blovks and v
“The problem of the enumwration of all possible non-isomnrphic kolutians has baen di n\‘cd
by Fisher (1840), Cox {(1940) and reevntly by Q. M. Husin (HN 3) who hax 1eiesl hix method
on cortain symmetriesl desigina only (ie. e =6, r =& A=2), A variant of that mel oMhod
having general application has been applicd jn Vhis paper to the sy mmelrien] ilenigns :
(Av=86,b=107r=35, Sa=2a0d(B)e=1b= I).r=u k=4,) =1
are in fact the desdgns obtained by block section from those consislercel by 1asuin,

. which

In the symmetrienl desipn, any 1wo blocks lave just | trealments in - common
which Jelps in the building up of-w design step by step,  In the unsyunnetrical cases, wo
require the frequeney-distribution of the number of thatments common 1o 1 porticulur block
{enlied the initinl blovk) and the othee (5—1) blocks, A general solution has lnvn given in
sevtion 2 of the paper from which it ix seen that the frequency distribution is onigue for de ﬁigm
with A=1, and also for those obtnined by Ulock-wection from symmetricnd designg with

The actual enumeration is given in scetion 3; and it has been fonnd that (A) has
only one solution with which the zolutions given by Fisher and Yates (Tubles, 193%), and
Boso (19:39) ure ixomorphic, while (B) has three non-isomorphic solutjons given in thix paper
83 [a,,), (1), 18] the solution given by Fidher and Yates (Tublex, 1935) is somorphie with
|aa) while that given by Buze (19:39) is bomorphic with [8s,).

Bone (19:1) has shown how from w xymmetrical dexign with v = b, r = £, \ we can
always obtain by lock-section tho dexigns with pammietens ¢ = e — b V' =b—~ 1,1 =7,
©
a kjunction of the blocks of the designs v*

F=A, A" = A 1L remming to be seen hiow fur the reverse prosess of bluckeseetion j.e.
£, EAN TS N A=1tothe
, giving the symmeteical design.  In section 4 it has been

latter dexign
ahown that mdjunction is possible in both the mxes consitlered nbove, nud n general method
ven for thix purpose.  (A) after wljunction leads to oty one solution of v = b = 11,
5, & = 2, while (B} lewdls to theee won-ixomorplic solutions thus ve
xion of Huxanin (1943) reganding the two symmetrieal rlexigns : ¢
d=h=16r=k=0,A=2.

is in general posiple

r:

nng the eemelu.

2, FREQUENCY DISTRIDUTION OF THE SUMBER OF COMMON THEATMENTY

fat us comsider 8 varinble z giving the number of treatments common to tho
initind block aml wny other bluck of the design.  Then there aro (b—1) positive integral valucs
of this variable, Let f; staml for the frequency of the valwo £ = i1=0,1, 2,..,n, ng k).
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(Paxr 3
Then we mist have
foi 4 Si v ot Ly = b .
L+ 2~ nf = k=) ‘f i
|

fo b2 f et w fo=br=1) 4 = 1yA—1)
Al jumble sulutions wati-fying (1) cun be obtained by atding to suy pastionlsr solution, the
nolution,

L= WYMo+ (-],
fim =M= bf == L, e, v
-

JoJoweos Jo bring arbitrary, The addimissible wolutions nee thow giving positive interml
valuen for . [y fu o For the pactivubar rolution we nmy try,

Lol 4 L=t ]
S+ oy = bre-ly -
L4 AL = He=1 + Ht-NiA-1) (

fo= ==Yy = s = =2 f, \

)

Now we shall consitler ccetuin specind cases which will be of wse later,
Cuse [. A=1. For the partivular xolation we have from (3), f, = (b= 1} — k{r—1),
fi=kir=1),f;=0 the values being positive integral ; and from (2) it v men that this is the
unigue xolution A otherwise f; will be negative.
Case 11. A=2nnd the chags of dewigna 10" = vk, ¥ =b=1, P=r, I'=L =X, A"=) obtainel
by block-section from v=hb, 1=k, A, For the pantiular solntion we have

Lo=0, Sy =2k = 2r'=2), Jr o= k=2 =B)2=(r =2)(r' =3)2
anit here alo the solution i« mique otherwise £, will be negative.

1t shoulil be noted that this uniyneness of solution is not & general property we is
easily reen fram the design : () v = 0 b=37r=9=32=2; und {b) v =9, b=1I8,
rux 8 k=4, =23 cach of which hax two solutions for frequency distribution namely
Wh=%h=W=%i=0ad [, =7 [i=2f,=0 fi=Land () =1, /=4
fi=12fi=tand f =0, f, = T fe=0,fi =1 The solution given in Fisher and Yates®
Table (193Y) for the latles dexign shows both the distrilations of '’

3. EXUMERATION
We shall now consider the enimerntion of the solutions of the dexign: ¢ =6,
b=,y =5 k=03, =2 Suppore any block to be filled up by the treatments 1, 2, 3.
In the other nine blocks these trentments are 10 be placed in wuch o way that each is
replicatest four times and each of the three puies oceurs once only.  From the realtx in
seetion 2 it in seent that theee of the other nine blovks have just two treatments in common
with the fuitinl block and the remuining xix have just one treatment in common,  1lence the
nine Llocks can bq uniguely filled up as xhown below @

(L2520 (3, (203 (D50 ()12 ()

Lt the xecond blork be filled up by the new treatuient 4. In onder to place 4 in the other
hlocks ruppose y Llorks be chosen fromy thee containing two treatments {calhsl two-treat.

3o



NON-ISOMORPHIC SOLUTIONX FOR INCOMPLETE BLOCKS

weat blocks) anel > from those ining one (onllet treatment blocks), thea

x+ymd, r42y = 4. which give £ = 4, y = 0, thus yiclding the partinlly flted vp design @
(L2H 020013 23 0040 (00 2.0 20 ()9

Fill up the thind block with the new treatment 5 and then ngain for 5, x+y= Lr4?

giving r =2, y = 2, Since thers nre only two onc-trentment blucks they are chow

choose the other two two-trentment blocks we will procesil i the following way which will
be nxeful in the enmneration of thy second dexign,

Tet us write all the trentments exeept the new trentment introduce:d at this stage
‘Thus put one or two dashes @ 17,2, ', 4 on them neconling as up (o thix xluge of plar
5 it occumonce or twice with the correxponding treatment.  Thixix shown sbove where it
will be found that 4 remaine umdnshied,  Henee in choosing the twe remni :
jonst choose two earh contuining 4, amd 2 or 3 (ie,

e bloeks, we
3.4) (24).  Henee placing the
remnining treatment *6° to fill up the block, the unigue kolution i ¢

(L2305 (L2005 (L3 (23.8) 5 (1,403 (L6605 (2,4.5) 1 (2,5, 5): (3,4.5); (3. 4.9),

We next consider the enumeration of 1he rolution of the dewign : ¢ = 10,5 = 13,
r=0, k=4, A =2 Fill up the inilial blorka with the treatments 1, 2, 3, 4. OF the
remaining fourteen Vlocks, eight blocks have one treatment in cotmmon with the initind block
At the other wix have two treatments in common,  So the blocks filled with these four
teeatments will bo as follows ¢
(L2390 (L2 (LA D2 A0 D523 (9 ().
Fill up the seconil black with the new treatmenta 5. 6. The number of one-teeatment blocks {r)
and two-trentment Dlocks (y) for plicing of 5 ix given by r4y=5, r+ =0
which gives x = 4, y = 1. Any one of the two-treatment  blocks (11, (14), (23}, (2.4),
3,4) can be choxen,  But choices of one of (1,3), (1,4), (2.3), (2.4) nre ixomorphic as can be
seen by interchnnging the mumes 3, 4, or 1, 2. Consequently we have two non-bomorphic
ways of choosing one two-treatment Dlick  awl the four one-treatment Ulock are then chowen
uniquely giving
l@): (LA H:IL2ZE60:1IMN:09);

M 4,55 (4,5
18): 0,2.3,4; . B L3 LD @M DAL () (8 ()3

3,5 (3.0 ).

24 (4% () 0k (2,55 (21 43,5%

At this stage the number of onv-treatment blocks (r), two-trentment blocks {y). anb three.
treatment Llocks (2) to which 6 ix 1o be alloted ix yiven by 43 + 3
The admixible solutions are (i) z =0, y = 2, r =3

b0 2y b 0=T

=4

=1, y=n,

Case [a). Hero solution (i%) ik obviously imposible nnd ax sich the anly way of chosing
according to () will be the blucks (1),(2), (3) (3.4), (4,5) giv
0,2,3,4): (L 2,56 (1,
(2,8); [ENURELR

Completing the third block by 7, we xec that it can be placed only in one way in the other

2 s the design Bkl uplo *6° as
(L2 M5 2,05 651, 6); (1) (2,5);

.81,

blocks correuporting 10 one ndimissible solution of z + y 42 =05, x 4 29 + 32

D giving us
(1,2, 3,400 0L, 2,5,0) (1,45, 15 (L4 (2,1);(2,4.7)5 (3,4,0)51,6);
(LD 26)5(2,6,7) 5 (15); (1.6,7); (4.5,0); (4,5, 7).
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The fowrth bluck ix now completed with 8 1 and ¥ ix to be placed in two three.tre imeny
blocks and three two-treutment blocks,  The possible ways of chovsing theewe are :
fen] (1, 8) (2,3 (2.5 2 o) (LAY (2,D) €3,.5) 5 s} €0, 00 (2,50 (3,5) 2 ()] (1,7)
(2.3 (238) 5 [as] (L) E2.38) (3,55 (e} {1, 7) (2.5) (3,5) 5 [a) (2.9 (2,5) (3,5)

Now [ar] can be showis to bz inpossible while |a,] v imarphic with fs.), fa,] with (2,] and
) 4 ’
[a.) with [ag] as the teansformutinn :3{: "2; shown,  Ala| ;) is bamarphic with

2445067
B T reveube, Hence: the twa nowisomarphic, wys of

|| as the lmmﬁmmlinn(l

plucing 5 give.
{m] (12,3, -l).(l.-. 5,8 (4L3,5,7)

1,4, 8.9); (2,3, 5) 5 (2
,5) (1.6, 7.8) 1 (4,

fery]

In placing 9 in [a] we hnve (o elwose two two-treatment blovcks an | three threetraatment
ent blozky, they will he fitl Lup,  Ta th? threo
three-treatment blocks ean Le chiagen in two non-isomorphic ways mnely [y, (23,8).(2,0,7),
(4.5.6) uml [w:] (2 (3.4,6)(28.7)  OF these, the plaving of 9 i [w«,;) i ixomorphic with
that of R in [a;] or [ms] . Aguin [as] admits of enly one placing of 9. Hoee from [«)
two non-isomorphic xolntions are obtained :

Dlucka, nnel ws there are enly

284 (L2,8,000 (L,35,7); (1.4.8,0)3 (2,38,R,

S0 00 (L8R T0); (17,0, 10); (2,5, 8 10); (2,
3,6,7,8); (4,5,0,9); (4,57, %),

[r) (L2,3,4);(0,2,5,6): (1,3,5,7); (), 4,8.9);
(3, 4,6, 10); (1, 6,8, 10);5 (1, 7,0, 10); (2,5, 8, 10); (3
G.8,7,%)7% (4,5,6,0): (4,5,7,10),

Jani (1

5,

Cuse [B). Here for plucitg of 6 solution (i) will give its plucing isomorphic with
that of 5 in [a] and according to |##] placing of 6 w )

(,2,3,40 (1, 2,5,0) 5 (L35 (L, 452,305 (2,40 (1, 4,5,6)5 (1,5); (1, 6);

(25 (2,68)5 (3,38); (3,8); (.5} (1L,6).

Filling up the thied block with 7 and 8 other five blocks which all contain two treatments to
necomo lat) 7 can be choxen in the following way. We have 10 chooss one two-treat-
ment Lk eontaining 1 ie. we havo to chioose either (14) or (15) or (16). 1f we chovso
(14) plazimg of 7 will be isomorphie with that of 5 in [a] while choice of {13) or (16} are
isomorphic as is (-n'nil.\' xeen by interchanging 8, 6. So thereare only three non-ixpmorphie
waya of choosing the five blocks :

1B (L,5) (2, 4) (2,5) (3, 6) (4, 6) [8:] (1,5)(2,4) (2,6) (3,.06) (4,5)
(831 (1, 5) (2,4) (2,6) {3,5) (4, 0).

fencing to the partially filled-ap desigos :

(1 4,35,0):

S



NON-ISOMURPILIC SOLUTIONS FOR INCOMPLETE BLOCKS

R U R L NiE3.4,5,0;
BT B LB T L5 T s, ).
O LA T8 (L, 4502, 3) 1 (24,7 5 (3,4, 5,0) ;
ST 68 H. 6T,

Aq regnrds placing of 8, we have to choos one three-trentment block ;5 and it may be noted

that except the ch ic3 of the bluck (2, 4, 7,) all other choices make the placing of 8 iromorphic

with that of 5 in [x].  Herice 8 i placed uniquely in the abovs three solutionn.  For

plicing uf 1t euch of the thrve admits of twa nomivsmorphic ways, but Agnin in case of A

the seconil way of placing 9 is isomorphic with that of 7 in |#]: and in the caze of 1A

the second way is isomorphie with that of 7 in {#,].  Thux we obtain four non-izomorphio

solntiona ; two from {#,] and one each from [4,) aml {75]

1Aal 0,23, 9)50.2,5, 6 5L, 3,7, 8) 5 (L, 4, 01005 (2,3,9,10) 1 (2,4, 7,8) ;
3,456 (L3, 7.9:(1,6,8,10) 1 12,5, 7,10) 1 (2, 6, 8,9) ;(3,5,8,10) ;
(3,6.7.0;{4,538,9;(4.6,7,10) ;

3,430 5,6)5(0,3,7.8):(1,4,9,10) ;
3,4, 560 3(0,57,9;5(1,6,810) ;2,5 7, 10)
£3.8,7,10);(4. 5,8 10); (4,6, 7,9).

[An) (L2340 (02,5,6)3(1,3,7,8)5{1,4,9,10);(2,3,9,10) ;(2,4,7,4) ;
3,4,5.6):(1,5,7,9) :(1,0,8,10) ;(2,5,8,10);(2,6,7,9) ; (3,5,8,9);
13.6,7,10) ; (4,5, 7, 10) ; (4, 6, 8, ).

Ayl (L2381, 2,56 50,3,7,8):(,4,9,10);2,3.9,101;(2,4,7,8) ;
3,450 :(L57.0:(1.68,10); 8,10);(2,6,7,9 ;(3,57,10);
13,6,8,9):(5.5,8,0 :(4,0,7, 10),

L9100 52,4, 7, 8) ¢
L6 8,0 13,5, 8.0) ;

[Ael

Now it rennins to be seen whether choice of any other block of the above xolutiona
aa the initisl maken them icomorphic with the [z] set,  Taking the It block of each
solution as the initial block, it in revealed that [, is isomorphic with [2,) while [4,,], [8,
are bomorphic with [x,). The following tranxformntions establish this iomorphism,

1Bl 1 2345 78910
" (nu).szulnn74)
B ) 234350378910
SO T S )
A 1 23450678910
(I.).‘.D:xu‘.’l7l$d)

Hence, we get three wolutions in all, for the design ; e=10, =15, r=6, k=4, A=2 given

in the paper as (2], (@) (An]

4. PROTESN OF BLUTCK ADJLNCTION

Huzain (1945) has shown that ths aymmetrical design, 1v=4=11, r=b=5,
s only one solution while v=b=18, r=k=0, A=2 haa three not-isomorphic  solutions,
This, along with the conclusiona arrived at above regarding the designa obtainet by Llock.
wection, mises the problem whether it ia always possible to pass from the unsymmetrical to
the corresponding aymmetrical design by suituble adjunetion of blocks ; and if posible how
do the non-isomorphic solutions of the two staml in relation to one another,
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It ix obvious that the dewigng whose blocks need to be adjoinad ix the deign oh.
tained from the aymmetrical design by blovk-intersection,  So the neceary conditions for
the revemwe process of block-xection nre ; (1} the design of block-intenweetion must exint, and
{2) the dixtribution of x, th> monber of treatments vommon 1o the initisl block and any other

block in the two dexigna o be adjoined must e | ry in the zenxe that if in the for.
mer fy=1, then in the Inter £,y must also be equal 1o L If adjunction is poxaible, there may
‘arise two situtions ; (i) more than une non-ixomorphie wayx of sdjnuction mny be p(wﬂplc.;.
(i) after auljunction two non-ixomorphiv kolutions may become isomorphie, xo that the numbee
of xolutionx in the nnxymmetrical ense may be lew than, equal 1o or greater than the number
of solutions in the symmetrical case,

It s easy to see that the necessary cotditions enumernted above are satisticd in
the ense of the designs (A) nid (B) conxidered in this paper.  The formee requires for .
junction te1 blocks of all powxible puiry of five new treatments md one block containing thre
five treatments to get the desdgn; v=0=11, .

2, while the later, all poxsible
puirs of six new treatments to obtain ; E

For actunl adjunction
the following method mny be attempted \mh alight variation in complex cnses and if it
puieceeds, sdjunction is possible 1 otherwixe not,
(A) The solution i« (2] :
(L, 2,3) (7, 8l (23,6 {10, 11) (2, 4,5) (8, ] (3.4,0) |8, 9]
{1, 2, 4 [%. 10} (1,4,6 (1, 1| (2,5,0) [7, 9| 17, 8,9, 10,11)
(1,33 9 1] (1, 5,6) {8. 10) (3, 4, 5) 17, 10]
To the fird block we wdjuin the treatment pair (7, ). The seconed having two treatments in
common with the firt, two other new varietics (9, 10) are adjoined 1o it,  The third block
Jias two tréstments in common with the firt but only one with the kevond.  Henee the trent.
ment pair to be adjoined to the third will contain the new treatment 11 and ono of 9, 10,
1n 1his way trentment-pairs nre allotted to the remaining blocks keeping in minel that any two
new blocks have just two treatments in common,  In the nbove, the adjoined pairs are xhown
in [ ) amd it will be found that the conditions of balunced incomplete block desiyzax are
atinfiedd.
(B) The olutions are [2,,], [3,], {fy).  1lere, in the first plnce, a new treatment pair is ml-
joined to the firet block.  Then ot of the six other blocks which have two treatments in com-
mon with the fimt, two blocks are chosen which have also 1wo ireatments in common with
each other, to which new treatment. puirs are axaigned . In all the three caxcs this is possible ;
and then followimg the above methed as in the caxe of (A) we have only one way of mljoining
to cuch of the three
=] [l i#al
HULI2 (23, L2 (L2038, 41,12
6)[13,15 (1,35 613,15 (1’5, 6 (13, 14]
7 (14, 16) {1,3,5, 7)(14.18) {1,3,7, 8)[13,13]
D) (13, 14] (1,48 (3,0 (1,4,9,10) (14, 15]
0) (15, 16)  (2,3,0,10 {§3, 16] (2,3, 9, 10) 13, 16]
(2, 4.7,10) [13, 18] 2,4,7, 8) (15,16) (2, 4,7, 8) [13, 16}
(3,4, 6,10) {14, 15] (3,4, 6,10) [14,15) @, 4,5, 6 [15,16)
(1,6,8,10) [11,16])  (1,6,8,10) [11,16) (1,57, 0 (1), 0]
W, 7,000 (12,13) (1L, 7,9,10) (12,13 (1, 6,8 10) [12, 16)
{2,5,8,10) [12,14) (1, 5, 8,10) [12, 14) (2, 5,8, 10) (14, 13]
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NON-ISOVORPHIC SOLUTIONS FOR INCOMPLETE BLOCKS

1zl (x4l A )
2,67, ML) a7 1
(3.6, 0, |u)|ll |1| 3, 5,
(3,6,7, wp[i2, 03 A
(4,56, 9y [12,18) L6, ) |12 18] k
WA s (AL IL3 e, u.|| 13]
(0, 52,08, 1,13 18) [0, 12,03, 06015, 16) |11 12,03, 14, 15, 14]

Lat us naw consider the following teanspositions in the xix cases :—
[ Interchanze {11, 5) and (12, 8) an‘l make the subditution
7, K 0,00, 11, 12,13, )4, 15, 16Y
(IJ, 1415, 18, &,

, W, L
[25) Interchanze {11, 6), (§2, 5) and (2, 3) they n ke the nubtitution

7. 8, 910, 10, 12,13, 14, 15, Ili)
10, 14, 15, 16, 8,13, 1), ¢ 7

1Anl ¢ Intervhange (1), 5) anid (12, 6) aned then xubmtitute
( 7,008 0,10, 00, 52, 1 14,15, 1
12,13, 14, 15, 9,10, 7, & 11, 10
After these trandformations, it will be found that the nymmetrical deigns (2], [2%), [4%]
are isomorphic reapestively with the “solitions (1), (103, (1) given by Huesin (1945),

A TEST O HOMIATHINA

It will be xeen that when consitlering the placings snd adjunctions, we reject the
i-omorphic ones, but that ries not dispose of all the isomnrphic solutions. Ko when the final
solutions have bzen obtained we have to test their iomorphisms,

In the firat place, tea the isomorphisma of the broyl types. Here we have two
broad type [2] aned fff].  We take the blocks of each solution of (), one by one and crren-
ponel it to the initial block of type {x} and ace whether (4) in iomorphic with [2].  This
method has reveaksl, as shown above, that out of the four solutions from (2), three are bomor.
Phiic with [2].  Szeonlly, to point eut the bomorphism of the two solutions from the ramo
et we can adupt the following method.

Lot the fieat solution remain a1 it i, and identify the bhscks of the second, one by one,
with the initial blac’t of the fient solution.  Then consider the placings of other treatoienta in
the second solutinn with referencs to the trextm nt vin the initinl hlocks. 1f this set of placings
can be muds o correspon | to the setof placinz« in the fimst solution, the two are isomorphic ;
otheewine not,

As an illustration, consiler the isomorphism of [8,,) and [B,,).  The two initin}
Vlocks of the two xolutions are made to correspond.  Then the other xix trextmenta occupy

the following positions with refc to the four ¢ ity in the initial Block,

Trestm:nts Blocks of |7,,] Bloske of [4,,]
] (2, (30, (1), (2). 3), (4. (12), @30, (1, (20 (), (4
4 (12), {33), () (20 (3 () (02), (34). (1),
7 (130, (20), (1), (2), (3 (40, (13, (")- th
13 I (2 ) (4, (13
(14}, (1 (21 (9, (L ) (230, (1),
n (), e Ny (2 (D {300 {4, (*J). N (:l)_ (4).
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The 1wo blucka, eavh containing 1 or 2 or 3 or 4 are distinguished ax o’ or " in the onder of
their positions,  Let ux concentrate on the patterna of the one-trentment blacks,

Treatment (Al [Aal
A non oo ou noann
[] b bbb b bbb
7 a o b b ab ad
3 b b aa b a hoa
# a b ad ab b a
10 b abd a h oaabd

If we interchange 1, 4, the zeta of two treatmenta blocks corresgond but the pattern in [£,]
beeomes

7 b b aa
3 aa b b
5 a 5 aa
[ b b6 b b
0 a b oatb
10 b ab a

Inteschange (s, b) in the thint and fourth positions, and we xce that the transformed pattern
ia indentical with [#,,] and we get the following substitution :
1 436738
(l 178865

10 e4tablixh the isomorphism of [Ay,] with [8,,].  The ixomorphim of the xymmetrical dvsigns
are texted by considering the ixomorphism of all possible block.cuts.
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