TESTS WITH DISCRIMINANT FUNCTIONS IN
MULTIVARIATE' ANALYSIS

By C. RADHAKRISHNA RAO
Statiatical Laborutery, Calcutta.

IxTHOLCCTION

In a paper (Rao : 194t), the author has considered a general methwl of arriving nt
suitable studentisel statistics which are to be used in testa of lincar hypotheses when the
observed st of \;nrinblu, whose expectutions nre linear functions of unknown parnmeters,
are independent snd have the sane varinnce.  The principle is to take a linvar compound,
subject to some reatrictions of parametric functions and maximize the ratio of its cxtimate
to the stamlard error of this extinate.

These methods ean be extended to the ense of observations from multivariste correla.
ted populations and it ix found that tests of significance can, in many cases, be carried out-with
the use of published tables of ¢ and F alone. Tho general problem of distribution connected
with the statistics arrived at by the above principle has Leen discuxeed below and xolutiony
to s few problems which appear to be new have been given,

2. THE PROBLEM OF DISTRINUTION

In the problems considered by Fixher (1038, 140), Bartlet (1939), the tests of xigni-
ficance concerning diseriminant functions were derived by drawing an analogy with the
general regrescion problem involving  pseudovariates.  In caxes where the introduction of
preudovariates i not posible we may use a standand distribution derived below, Let
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bo # sets of observations on & variates xy, ... 2, charncterised by the probubility differential
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We inay represent the s observations on the i-th variate z,. ...... z,, Ly a point P, in an Eucli-
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dean space of & dimenxions or by the veetor OU; where O ix the origin.  The whole rample
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of obiservations (2.1) may then be represented by vectors OP,, ... OI, in this »pace. Let
-

OA represent a veetor of unit length along a lino which makes equal angles with the covrdinate
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axes. The vector OF; consints of two components one along OA and the other orthogonal
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10 OA so thet products of vectors OF, and OF; cantuin due to ponents
in thexo two dircetions which may bo represented by g, and b, respectively, In fhis cose
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The conliguration of the obscrvativns (2.1) is diagramatically reprewented below

A

QU

L} Pa

4
Py
Fig 1,

where Q, represents the foot of the perpendicular from A to the subspace constituted by the

- - A A A
vectors OF, OP,. The angles AOQ,, Q0Q, and Q,0Q, are represented by @, 8 and 3
respectively.  The magnitude of AQ, is given by

_ bl Lo N
Thataz, 7, | Apg=12..10) (24
1

AQ=

T4y,

. ' Lo [ . ém . -
where V) =22 b 677, and b are the elementa of matrix (b ) reciprocal to {h,,),
10 f '

pg=0 2
Wo aro interested in the distributions of statistics V, and (14 V1), (1+V,) given by

v o= cost & cos®) I
P e e 23
14V .o (29)
anl \ +‘.: = I+ cottguint ¢

Wo my find the dixtributions of V', and U = [{14+V,)/(1 +V,}]—1. The joint distribution

—-
of ¢, 0, 4 and 1 the length of OP) ix derivable by taking the product of the volumnes con-
tributed] by allowing infinitesimal increments to ¢, 6,y and £ as

—lr b amtenspeon g cosy

Conat, » Ty
(xin @) *='dd (cos @ sin UP—r-1 cos @ d¥Y .. (286)
(cos @ con P uin Py~ cox @ con 4 dy

Tnteymating over 1 the above reduces to

—IF aml—(r—2y2

Conut, ¢ t I,_yf2\/a mit cos ¢ cox )
S

(ki @) *=V- (cos $)11 (coa Oy (.s.in gp-ididgdu . 20
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Intergratlng over # which varies from 0 to o we get the distribution of ¢ and 8 a2
Conat, (rin @) *=2-1 {cos 3) ** (xin §)*=7=) (con §)~!
WFil af2, 12, 2amteostd contl) d dY (28
Changing over ta the varinbles V, and U we get their joint distribution as

(onst (2.9)

(2.10)

whicl shown that V, and U are independently distril J. Nince the distribwtion of V', and U

are directly derivable from tho joint distribution of means, varianees and covariances given by
—IS(T T+ by ) Ty kel

Conate ¢ Joy) Txdr wdb, <o (2

we arrive at the following lemma.
Lemma. If the varinbles 2,, ... and e (i,j=1,2,...4) sre distributed as

=¥ e+ 5 .

Const. e Legt?

—";’_mlz. nade, 212

then

[
{i) the statistic V,=ZIX o v dintributed as
v

\ v
Comst. 'L —v ) v, AT
{14V 1)
#0 that when f=1) the statistie V{g+t—r)'r can be wxd as the variance ratio with r wnd
(g+1—=7r) degrees of freedom and
(i) the statistie U={(L4+ V)0 +V,)]—1 is distributed an

((.,H)/z.r

Conmt, - v 4U
(+0) e (208)
o that Ulg+1—4)(k—r) can be used an & varianee ratio with (b—7) and (¢ +1~4) degrees
of fre:dom.

3. GENENALIATION OF STUDEST'S {

Students’ text connected with prir of observations admits generulisation in two
directions.

The first is to test whether the means of p correlatel varisles are the xume on the basis
of u xample of size n.

If ry,
we replace the obmr\nlmns by a linear componnd x,=lry+...... +1,7,, subject 10 tho
restriction I, +1p+...+1,=0. The problem, formully, reduces to testing whether the mean

x,, ore the observati ns on the varinles corresporiding to the i-th sample

value of the varinte x is zero. 'lhe nppmprmlc atistic for this ix v=y/ax/a where

- (31)

P
by = X5, =S )
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The ¢ mpounding coeflicients &y, ...... I, aro chosen 20 a3 to mnximixe this statistic
¢ the maximum va X(n— y
4 m value of nxy/(n— )5t by \“ wo

or a conxtant times this statistic,  Denot
get Vg as the root of the determinantal equation.

To finel the value of ¥, we may follow an alternative procedure which leads to the
problem of distribution as well, By arbitrary choice of constanta we can  construct (-1

ino:r combinations

FheTr .o(33)

no= gt

such that Em,,=0 for all i=1, 2, .(p=11. Choosing a linear componnd [T Y
of 2, 7y ... ¥, such that XI=0 iy rame as chooxing an arbitrary linear compound of y,, ,__; "
s defined in (3.3). If we choose the linear compound A,y +... 4., 4., where Xs are ﬁ:e‘

and construct the statistic

Xt Fpav a
J¥Eane R

v=

o " J
where ¢, =E(y,,—§,)¥),— ) we get the maximum value Vo, of v* as the root of the

cquation
| nify= Vipy ey | =0, L j. = 1,2, ... (p=1) ..
or v, =N {"-Iu (XIS g
Pz Ry . (3.0)

where ¢ aro the clements of the matrix reciprocal to (o) 1 j=1,2...{(p=1). The masi.
misedd values V,_y and V/,_, in tho two cases must necessarily be the same o that Vo=
Voo It immedintely follows that the statistic Vi, or V/,_ i invariant for any system of
parameters wiy, such that £ m,=0 chosen to construct the (p—1) varintes y Yor
il Rl

i introdueen simplicits in the evaluation of the statistic

In general we may chaose a xet whi
Voot

The distribution problem is also simplified for we need duly find the distribution of
V,.y from the joint distribution of 7= aml ¢, As the atistic is invariant under linear
transformations of the variates we can assume without loss of generality that the sarintes
are distributed independently with unit variances and that the mean values of all y's exeept
y, arezeroes .. The mean value of y, dennted by m is zero on the null hypothesis.  The actual
valne of m_in terms ‘of my, ..., the mean valies of x,, ... x, and their variances and co-

n by the root of the cquation.

wnrinnees ;) ix givel

wymy — mtay 1

=0 (3T




DISCRIMINANT FUNCTIONS IN MULTIVARIATE ANALYSIS
Since the probability density g% and ¢, is given by

) o
Const. et 2 Fe) +amy, lewl -t T

Wo get tho distribution of V,_, as (213) with r=p~1, g=n—1 aml f=1+/n m, o that to test
the null hypothesis m=0 we may use the statistic V,_\(n—p+1){p—1) 8a the variance mtio
with (p—1) nnd (s—p+1) degrees of freedom. It in also fustructive to ascertain the
values of I,,...I, of the compounding coeflicients of the original varisblesso that we have s
knowladge of a contrast leading to maximum discrepancy.  The coefficienta !, ... I, ure
obtainnble from the linesr equntions
LnF 5=V b))+ o+ (05 0=V, B br=0, i = 1,2, ...p oo
and Ltht.ooth=o
where # ia alwo a varinble to be volved for simultancously.
h
On the other hand wo can also lnt_forllho wignificnnce of { s cvifiesl contrasts
n=lin ety Sh =0, i=12..1 . (3.10)
)

We need only take a lincar compound of y's snd maxinize a certain statistic,  Jf we denote by
@ = 3 (=i =) (@3

then the appropriate statistio is
Vi =nExdifig R

where d* are the clements of the matrix recipro:al to (d, ). i, j w4 The quantitics d,;
are derivable as linesr combinations of &,,’s defined in (3.1). To test for the significance
of V', we use the statistic V,(n—1)/1 as the variance ratio with £ and (n =1} degrees of freedom,

tf the further question ix asked 8« to whether the contrasts (3.10) explain awny the
th: differences among  the p varintes we have to compnre V', ad ¥, as derived from
specified contraxts ani all the available contrusts respectively, The disidbution derive
in (2.14) gives that the statistic

e (303

can be used us a vadiance ratio with (p=£—1) and {(n—p<+1} degrees of freedom,

As an illustentive example we may consitler the folluwing problem tonnected with the
testing of bing in using sinall sample plots in crop-culting experiments,

The dexign,'due to 1, C. Malialanobis, consisted in loeating a random point in a fickl
and - constructing four co “eentric cievhen of mulii 2 R, 4 ft., 6 L, and 8 ft. respectively, The
inner cirele is harveded fiest and the yicld ix reconled. The tirst annular, the svcond and thind
annulur tings are hacvested and the yichls are separately recorded.  From these by auitable
addition we can get the yields as given by circulur sample crts of radii 2ft, 4 ft, 6 ft, s R It
at a chosen point. . The yicld rates (in some unit of weight per unit aren) as given by the four
circles aro represented by 6y, ¢y, ¢ and ¢ respeetively,  These varinbles are corndated and
are subject to different errors depending on the orrelution within a ekl Tho problem
is.to test whether the mean yicld rates as given by snmple cuts of varipus sizes are the sene,
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Two dimensionnl charts reprexenting the scatter of any pir of yickl rates wuch an <
and ¢; gave that the urrays of ¢, for given ¢, are not homoxcedastic and variance increases with
incrense in ¢ Tho data are then split into groups by the yiekl rate determined by ¢, so that
within a group the arrays ore nearly homoscedaatic and the teat for biax is carried on in each
group. Incidentally the nature of bina for different intenxitics of yield rates can be atudied,

In this care we may conxider the variables
N=C—Ch P3=03—Cq Y3=0—0

‘The mean valuea and the d,) matrix constructed from 38 observations in the range of yield
rate O to 10, aro given below

Go= ~1, §.=43, § =24
—1408
dy = 5020 —4508
— 4508 9304

23

30 that 33V,/3=2-68 can Lo considered ns & varience ratio with 3 and 35 degrees of freedom,
The result is not significant showing that in this group of yicld rates there is no evidence of biay,

The accond gencralisation of students’ ¢ is concerned with teating, on the baxis of &
xample of size n from a 2p variate population containing the variables y, , ... Y3p Whether
Ety)=Fly,.,) for i=1,2...p.

From the 2p variates we conatruct tho p variates 2=y, —y,,.(i= p) in which
tnse the test reduces to that of testing whether p correlated variables have assigned mean
values viz, zerocs in this case ; a problem which has been considered by Hotelling (1933),
We use the statixtic

n—p
P
s the varianze ratio with p nnd (n—p) degrees of freedom.

Vo= Zluxxnz (a.14)

The problem where the p variatea of tho fimt set are uncorreluted with the variates
of the second et a1d the dispersion matrices of the two acls are identical can bo anxwered
with the nse of Mahalanahis® Generalised ¢istance.

In & xpecial caxe where the eatimates of variances and covarinnces come out as cons.
tast mubtiplicrs of & stochustic variable the problem can be answered with tho use of
Mahalanobis' Generalised distance but the diztribution in this caxe is different from the ono
to be used ubove.  This, statistic has been termed by the author as the Mahalanobis® distance
of the wecond kind in (Rao 1 1044).  The class of hy potheses arixing out of these problems can
be approprintely treatud as tests in leaxt wruares fully dikeuksed by the outhor in (Rao : 1946).

4. A FRIBLEM IN YHE CLASSIFICATION OF TIIRER POPULATIONS

Animportant problem that arisea in the classification of three nultivariato j-opulntions
7, 7y and 758 to test whether the population my is nearertoone of #, und #y when it isknown

412
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that 7 nd 2, are different. IF the varintes voreesponding 10 tho thece populations ny, x,

and ny are represented by rp..ox, g Yo i und 25,002, then wo rey
by a lineug combination of thexe varintes defined by x=Xir
thus formally reduced to the case of & univarinte clansifient

ce the p varintes
=Zly, z=2k. ‘The problem is
n.

There are two contrasts arising out of the three means vatues of the variables x,y nnd z
which give the juequalitics in the mean values of the three populntions.  One such contrast
issuppliod by E(x)=F(z) which gives the differences in the mewn valies of mwml my., Another
contrast is 2E(¥) = E{x)—E{z) which determines the nearness of m, to one of n oand 7y, We
tuke this contrast and chooss the compoumling cocfficients ko ax 10 maximia the mtio of jta
extitute 1o the standard error.

16 m,, g nl g wro sansple sizes wxuiluble for the pogutations m,, m, and , then nssume
ing equality of varinnces and covarianves we enn buildl up the emimates of varinners and
covarinnces from the quantitirs

n "y "y .
oy = 5 (0,=3) 5+ I We=5d e+ -2 3 R
- = -

The ratio to be maximined ix

Vi s 4126-F-1)
ey 4.2
NEXhilie ¢

where I/n=4ny+ 1/n,+ 1. The maxinmm value of the xquare of (4.2) comes out as
V=B E N e 2 fi- -6 -5 —-Y) TR

whera ¢ are the elements of tho matrix reciprocal to (¢,),  Ninee ¢ are determined with
{147+ my—13) degre of freedom it follows thut the statistic

)

cunt b sixedd ax the varisnee mtio with p and {n 4 ng+4 my— p—2} degeees of freedowm.

When the test gives a signilicant result the nenrness to =, or =, hus to be
determined by the evaluation af Mahalinobis® generalisal distanecr bitween =y, =, and
%y 5. M the former in greatee than the latter then =, i nenrer 10 2y and  viceversa,

Thin test can be extemded to 1 nawer unother type of problem conkidered by Wald
(1444) connected with the elasification of an in
from which sumples of sizes my and ny are available. Wo needd construct the statistic (4.3)
with n,=1and test for the signitieance of V. 16 \". in signitficant then the indisidunl can be

vitlu) into one of two yroups, 7, and m,
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elussified ax Iedor ging to oy or 15, 1 not we may have to be doubtful sbout the classifivation
of tho individual, This appears (o be a symnetrical test when the individun! is known to
belong to one of the two groups.  The exact onture of thix text, however, requires further
investipation, The wame statistic (4:3) end be vsed when a yroup of a, individuste aee
to be clansified with one of two groups w, and wy from which samples of sizes n, and n,
are available,
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