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PART I ¢ FOGUNDATTON




Chapter 1

FRAMEWORK _AND__FROBLENS

We have called this thesis siﬁlply s contribution to inventory

theory. Much obviously remains to be stated. However, at this point we

can only say that the con'tiibution ig esgentially methﬁdological in na,tﬁ.r.e
(or Bo, at least, it is  intended . to be) and consists in itself simply of.
a Beries of logical constructions devoted to this end. We will be able

to be more concrete about the ria’cu:r:e of our objectives after we have stated
the'ba.okground'we_ have started from in writing the thesis. ~But even this
has fo .waiflfc:-r the moment till we are through with é. few: clariflcationg of

the gontent.
1  Te first point to be stated is that we concern aursélves exclu.siv

vely w:l.th socalled inventory problems of s Irader » .e.. a person a.n‘l:ually
- meeting the demand for a product by first buying z.t from a source or

et e P

_origin and then el]_im i1t over = these institutional speciflcatians are

just built into our framework from the very beginning.

Though 'oﬁ:'c.. choice of the trader as reference pciint necaasarily reg=—
ﬁi:icst'ﬂ the .ﬁ___cagg of the whole exarc:l.ﬁe. it is not entirely a.::‘b:l:«*imary 'bu.t |
is rooted in the very n&tm:e of inven'l:ory' problems as they arc ﬂta'!:ed in the
_--Subaect. The baﬂia problems are etated simply as ''when to replenish the
mventory a.ncl how muéh to oxdexr for repleniahment“, 1t bea.ng asserted that

'essentially W which is made in éontrolling inventory ;_ir_l any



- D o

crganigation!' is ih one way or another related fo these two questiohﬂl./
Our point now is simply that these questions arise almost definitionally
in the context of trade, di.e,, the trader's activity as just deﬂcribed?-../
Their 'application' to other contexts, e.g., manufacturing or production
in gexlei'al, appears to rest ultimately on fhinking of the context iiself
by _analogy from trade. The loglcal starting point of imventory theory as

it exists is therefore simply the tradei'.

2a Having come this far with  the . subject as it exists (also called
fhe sta.nda.rd or. comrentional thec:r:,'r), we hz-we to state that the 'questians
which we ourselvea come to set up as invento:cy prcblema far the trader will
ba aomewhat dn.i‘ferent from the two questions of Hadley. and h’ﬁ:l.ltin- This is
rooted simply in our seeing the whole activity of ‘trade' in a different
MWG;:E a.s compared to the existing tlleo:i:*y. The framework orginates in
the ''background'' referved earlier. We will ocome to this :m the due
course. For the present, we point out that our precise aggoach.ta. inven=

tory problems (in a sense' of the word presently clarii‘ied)_'_ will also be

_/ G.Hadley and T. M, Whitin, Analysis of Imren‘sag Systems, pe 1. This
will be our gtandard reference for the exiating thaary in the thesis,

2/ Howeverx the activity as just described does not imply that the 'bradar
in fact sells from a stock or inventoxry of his goods, which is simply
presumed in these questions., Honce we say 'almost definitionsl's
Obviously, the exdstence of stock or inventory is prior to all
Yinventory problems''! and so baslo to the subjecst. We will take up .

the questions in this light la't:e:c ONe
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| i
aom*awhat:p'_- different from the existing theory, having its roots again in the

¢

: framewéi"k %e;t‘erred. Lt appears begt to start here from the approach and .
E a'- '
then work out the framework and problems, taking up the ""baokground !

inter alis of this.

2e] g Let us clarify the meaning of the word I”app‘rc.:-a,ch" in the present
- context. Above, we ha;ve undexs-tood a.nl inventory problem simply as a
u.d'jecisian problem for the tmd’er ) concernad .in some way or other

with the s'bock c:«f his goodra or rather the malnta,lnance of th.lE
Etﬂcki/ Nothing is Bta.ted in this abﬂut the dec:u_smn nriterlon or obgeow
tive funetion for resolving the decision, ''Approach'' here is understood
éimply ag _qh_ﬁ._gg_ '.af the decision oriterion, In the subject as i%
exists, % the criterion .:i.s left gimply as mlnlmum coﬁt ad per a
definition of cost deemed appropriate for the purpose, We will go beyond
this and take the crltexion to be maximum rate of profit (profit per um.t
of 'bimé per unlt of capital) as per appropriate definitions of the'_.tw_ .
terms Teapltal! and 'profitt,

LY - Iet us proceed to some elemén'ta_ry olarifications “of the decision
criterion or objective function. The trader is obviously interested in
e profit earnsd from'.'hiﬂ businesse But he has to pilt in a oartainl
- dap'ital for the profit and so his decislon criterion is 1pgiaally definefi

-3/ 1If the ‘stock were not in some.sense to be maintained, the queation of
- its 'repleniahment' muld not ha.ve simply arisens |



-4 -

in texrms of the rate of profit, not just prof 11}4-/ This would not have

mattered if capital could be treated simply as given a prieri for the prob-

lems concernsd. This however is not the case with us. Capital is notb

only an '"'unknown'' in the general structure of an inventory problem, it
is in fact the fundamental decislion variable through all these problems,
and therefore also the fundamental bipding factor of all of them. As this

suggests, the lﬂﬂg cal starting point for our ramework is defined by capi~-

tal, let us however be through with the points regarding the decision cri=-

'ter'ion before cﬁuud.;‘zg to this,

Te 5% Iet ue return for a mimnte %o the m'bim of cﬁst in comfentional
inven'bo_ry"&heorﬁrai The concept ls invariably _defined to include a ‘gost’
of capita :ra:f.'lent" its earnine in alternative lines of'imeeﬂen; (0151’153-'_'
than in the 'process ! under reference ), called the interest c:ha.rg:/ cosbi{
This is only an indirect or roundabout way of reckoning a point =e= 'Ehat
capital'yields Profll see— Whlch we incorpai:ate diregtly in oux deois_ion
cmiteriuné{ As a corollaxy we Eimply éutﬂut the ground from under ihe
socalled ''interest goat" in our framework, and do not simply meet 1t any

more, except for purpose of comparison with the sia_ndard theory.,

g./ Stated somewhat informally, our point here is that an abﬁolute magni’cude
of profit means 111:1519 to g trader unless he is told what capital he has
to put in for it. This already implies the c:rltemon -::f rate of profit

for the comparison of alternative poli cies. |
See, e. g.,Hadley and Whitin, p. 134 |

5
&/ A straightforward formal way of recognising this is that since capital
“ocours in the denominator of rate of profit, a larger value aof capital

is always renalised in our decision criterion, making it guperfluous bto
include a separste interest charge for this purpose, This also does
away with an arbitrary parvameter in the general cost function, viz., the

rate of intereat, which is 2 pure analytical ga:m.
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34 A second point about the deciﬂicﬁn criterion is ag fo'lluws.' As will
be seen, inventory problems by thelr nabure focus attention upon pncer-
tainties faced by the trader in carrying out his activity, implying that
~the profit made by him is also ultimately an uncertain magnitude, I1¥ ig
therefore meaningless to talk of the maximum profit or rate of profit.

Our first step in this context will be to translate the ' tuncertainties ' |
into the language of probability theory so that we can use its "tdola"
for our purposSes ﬂi_li-ﬂ defines an impoxrtant part of the whole framework,
Granting the étep, we automatically convert profit into a random vaxriable
in the sense of probability theory so that we can speak of its 'e_xgeotatig_g_ -
~in thig sehﬂa(probabilityh theory ). With this, we simply define the decision
oriterion to be the maximum eicpeo'bed rate of profit. This is faken o be
understood as part of the appropriate defihition of the term 'profit! for

our pPUrpo8e.

4.1 Lat us now begin _dn the Iframework. let us stort back fm_m the

definition of a,_'tra.cier as & pure re=geller of goods, We da.n gay that the
‘ooundary' of this process (re~selling) is set simply by the 'huying' on

the one hand and 'selling! on the other hand of the {rader, in the Senge
that the goode simply oross this boundary from the 'outside' to 'ingide'
and vice versa through the 'buying' and 'selling' respectively. More

_simpiy, buyings are flows into and sellings _flowﬁ'out' of the prooess'.(oi-
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'inflows' and ‘outflown’ :cespsctively)z{ We. note at once that the buyings
and gellings are also simultaneously money—flows in the opposite direc-
tion of the goods=flows, so that we have both g financial or monetary plane

of the process as well as a purely physical plane underlying it. This is

important to recognise from the beginning, for such terms as 'capital’,
'cost?, 'profit?, i.e., the whole decision criterion, is defined only on the
monetaxry plane. One important point of our framework is a complete intee
gration of these two planeé of the prodess, which is completely absent in
the gonventiona; iram.ework whlch simply conceives the process on a pure
'phyaiaal plane and then merely transforms its variables .iﬁto-'mcmetary mag=-
nitudes through an exogeneous process of ces'lsiné: o valuation, 9-1':0., ——

the financigl plane as such i1s never encountered.

4.2 Now, once the 'ixiside' and 'outside' of our process aré clearly

digtinguished, one can approach the process itself from inside ox from oute
aide, le€ey pass from inside to outside or wice versa .(and thus build up
a total pieture )e We will adopt the former approach for this tekes us at

once to the heart of the process,

7/ Ve must acknowledge cur debt to N. Georgescu~Roegen for our under—:
gtanding of the methodology of the vexry concept of '‘'process'!, in
paxticular the fundamental analytical significance of the notion of

'""oundary ! for this purpose. The criterion of !'‘orossing of the
boundary'' for defining the 'flows', i.e,, inflows and outflows, are
also from him, However he himself used the texm 'flow' in a somewhat
diff'erent senge, The concepts inflow and outflow defined here corres-
pond = to his concept of ‘'input' and 'output'! defined in reference to

- productian process, See ¢t N, Georgescu-Roegen, The Entropy Iav and
the Economig processg, Dpe. 211-5 . | | | R
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This 'heart'; we can say, consists simply of a two—way cﬂmedﬁdn.
between the 'buying! and the 'selling' (ox sale and mrchase) of the
tradere The connection of 'selling' to 'buying' is purely definitiﬂna,l,_

. for it is only.thé goods bought fthat are sold over by the trader, i.e., the
cﬂnnectmn ig implicit in the very notion of :re-ﬁa,le. This is on the pny-

connection
sical plane. The reverse/odours on the financial-plane and consists simply

of the fact that 'bhe goods bought are  paid for uitlma,tely out of ‘the
' ale—gr_nceeda raal:l.sed through the process-/ This :Ls alsd the basic point

of our J.ntegraticn of the gaads and the money plane of the process.

4.3 Tet us nov see the above interconnection in time., This i=s where
the M | comesr.in?-{ for once we have the trader as gelling out of a stock,' |
his purchase is also into the stock, and the whole connection of purchase _
tﬁ sale ls via the gtock, T’hé:re -mt therefore be any .stra,ight CONNe o=
~ tion between the gquantitieg of sale and purchasé thro.ugh“ time. The same

point also holds true on the financial plane leading 1o sonme significan't..

new concepta.

8/ More generally, we can say that all expenges actually incurred by the
- trader for his ‘'‘process'y not Just the payment for the goods, are finan=~
ced ultimately out of the sale proceeds. 4s will be seen later, the
point is of some importance for the setting up of inmventory problems,
For the +time we implicitly take the expenses or actual cogt to be de-

fined by the payment for goods bought,

9/ We are still simply presuming__the_ existence of a stock of goods in the
process of trade, the logical va.lidity of which we look in'l:q latexr on,
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The bagic point is simply that the successive purchases must be
financed .out of sale proceeds aglready realised. We therefore visualise

the trader as laying aside or sebbting apart part of the sale=proceeds sag

the':,r' come in for future purchase, and call it the Elogg_ hback from sale~
proceeds (or just the ‘'ploughback' for ahort)m{ Till gpent, the plough~
back then simply accumulates into a 'fund! iﬁside the process, and the
purchage 1s actually financed from this fund which we+ call the purchase
fund qf the tradexr, Thus just as 'bhe gsaleg are connected to purchase only
via the stock of goods == which we may in parallal call the sales stocloY
- 80 algo the purchases get connected to sales via a atﬁck of maney, viz.

the purchase fund,

4e4 We can now take up the notion of gapital. Intuitively, capital
is the sum of money getting up the process. We can view this "aetting
up'? at its simplest as simply & purchase whlch itgelf converts the
__c_apital from its original | 'money form' to a ‘'goods form', viz.,, the stock

of goods created by the purchase, However, as just noted, the matter does

10/ This can however remain ag a purely notional division of sale=
proceeds till eltherthe purchase is actually made oxr the profit is
aoctually taken out of the process, The significance- of this point
will become clear later. | | a

11/ Te term is appropriate for the stock is held precisely for the
purpose of sale, and the sale is in fact from the stoock. Hxactly
parallel points also apply to the term, purchase-fund. |
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not end there. 4s the goods are sold from the stock, a purcnase-~fund 1s

similtaneously created inside the process by the ploughback from sale~

proceeds, and so capital gimply continves +to exist in both a money form

(purchase fund) and a goods or physical form (thé sales sttﬁck). ‘Viewed

purely from inside, the process itself then appears purely as a process

of'mutual transformation of these two forms of c:a.pita.’l, effected xespec—

tively by the buying and sellings.

4.-5 We will continue with this 'inside view' of the process in the
body of the thesis, At this point we just mentlon that oux fundamental
assumgﬁian C-I'..t-. the process i‘tself will be that 'cap'ital ig maintained
M through the process s8¢0 that we can speak of' it aé La. de'&eminate
magnitude (ox constant) of the process. It is precisely beocause of this
that we can meaningfully speak of it as a declsion wvariable,

5l We are now in a position to state the background of ocur work, The
genesis of the 'inside view'! of the process of trade set out above, and
so also the notion of capital in its two forms,goes back all the way to

Adam Smiln, the relevant passage being as follows i

."'ﬂhe goods of the mexchant :;rield him no revemue or profit t111
he sells them for money, and the money yields him ag little till
1t is again eiclia.ngéd foxr goodge . '?liis capital ig contimually
going from him in one shape, and returning to him in another, and
it is only by m'eanﬂ'"af such di:oulatican, .b:r: succeséi_ve -exchangés,
that L4 can yield hin ey profitt Y -

12/ Man Swith, The Wealth of Nations, pp.262-3, (Modern Library Bdition),



-0 =~

However, we have ourselves come to know of 'thlB only in the secon& hand,
OQur direc'b gource is.ga . detalled analytical ''reconstruction't! of 'this
pagsage ‘ﬂy one of our colleagues in the Institute,' P. Gajapathi, in the
course of his raséamoh for the Ph.D. degree which vegrettably is not yet
I‘inishedlz{ The whole conceptual framework set out r:a?t:n'.?n‘a.‘f"élll including the
notions of 'sales stock', 'purchage fund! and 'ploughback!, is sltra,ight
from this work. 4 more detailed statement of this framework is glven in
Chapter 3 below (Sections 1 and 2) from 1n-.Jrh:i.cﬂ:?. we ourselves take off in
our own &irect_io.n of i-nterés't(irwenﬁary Jcheo:_r._jy) which in turn requires
aomé specific extensions of the fi'alnewﬁrk itgelf. "iheae smé taken up in
Se‘ctianﬁfs of the chapter veferved. This sets aﬁt thé- fundaméntal
background .tﬁ; | oux wor.k..
1Y The work of another colleague of ours in the Instituﬁe,_V. Narasimhan,
also comes into the baclcgroundy‘./ She too took c:rf:E‘ from the work of P-

Gajepathi and then developed the matter as *'tool!'! for her subject of

price formation (of foodgrains, in which traders were a priori deemed to

play a ''central r-::le"){ This fooussed atbention o the outside of the

13/ P. Gajapathi, Wage, Capitel, Value and Rate of Profit & Reconstruction
of the Glaasxcﬁ‘famewmpub ishe maxm Statistical

Ingtitute, 19865, Chapter 3 (''Merchant's Capital and the Proceas of
Trade =~ Smith's Basic Frocess~View -of Ca,p:l.”sal") - |

14/ V... Nerssimhan, An on_the Fbrmation.and raami. os af the Marketed
Surplus and Price of Foodegrains (unpublished Ph,D, thesis, Indian
St&tiﬂtlcal Institute, 1986 ;. Ghapter 5 ("A 3igreﬂalon. into the,Pro»
oess of ﬂrade") | 8 .
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process (e.g., demand and supply, competition, structure of the market,

etc. ) which is of mb#ious interest for our purpose, and her formulations

in this regard.again provide us with 'starting points' in the thesis.

nig setd out the full background we have stamted from in wrlting

6.1 '
the thesia., O bas:l.o objective has been Elmply' to c&rg on with the
bagic line of reasoning or mode of argument met in th:l.s ba,olcggaund—i/ into

the a.réa of inventory theory, devaloping aloggslde th-e toola and
concepts needed for this py_'_ YPO8E, 'By the very nature of this effort, we

have a fresh look at gocalled inventory problems of the trader. These are

eventually formulated as a fresh sequence of invento;g' models which we.-

contribute to the literature, It us ;iua'l; mention that the tools and o
| | the

cepts just referred can, we belleve, aewg/purpﬂse of inventoxry theoxry

in general without being necessarily tied down to these Timodels !, "]he.v

belong gimply to the approach and framework taken,

6.2 - Thusg the thesis as a whole breaks up into ‘two brpad paxrts which
we call eimply the - "fcrundation“ and the ''models!'', The former mnsistﬁ

of e apy roach a.nd f.‘ramewﬂrk (this chapter) as well as the de-ba:t.led cons—

truction of the basic ‘tools and concepts already suggested by the framewark

.(Ghapters 2,5,4) and Ithe latter of the mequence of imentory models.,

18/ It is difficult to write about this a priori.. et us Jjust say that
i1t consiste of seeing things clearly in time and therefore necesgarily
- beginning from some explicit stationarity postulate. Iet us add that
for our purpose it has not heen necessaxy to step out of the statio-
parity postulates introduced (e.g., that the trader maintairs intact
_h.is capital through his buy:.nga and selllngs). -
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6.3 This clarifies the basic intents and contents of the thesis. I.et |
us-just add one moxe clarification though this may be redundant. We grant
completely the ‘'practical nature’ of our subject. However, this dpes nﬁt
free one of the necessily of examining the logical fﬂundation_s_‘; of the
gubject. Our whole exercise fakes place at this plane. 'H'lere_ would

be a long way to go 'from this plane to the plane of practical interest.

i

nis is explicitly admitted beforehand.

701 Let us mw'resmne our :.development of the framework, The first _
question 'thatl cComes up befcﬁre we .caﬁ move into oux subjec.'b is simpiy the
existence of stock (see footnote 2 abave). Wé will however treat the ques~-
tion and the nature of invénﬁory problems as an essentially single ''metho~
dological unit'?! of the subject. ']his is simply becauge any logical baaié

| _ already o
of the eximience of stock . /- makes room for certain inventory nroblema

]

(quite possibly precluding others ), and o the two necegsarily go together,

Te2 We have to begin from the outslide of the process, _i.'e.., the 'oiit-

side' faced by the trader in his buying and sélling; let us begin with the

'selling' where this has a clearcut significame. This is because any

sale by the trader is but g "meem% of some demand come from outs:l.de.

let us v:u.suallse thig ”cumz.ng“ o:E' dema.nd as Eimply 'cuatc}mera conung to

our trader and presenting the:t.r 'riemanda bafc:rre h:un to meet, We no”_ce in
;the pa_ssing that these part:l.cular demands are in the:l.x' very nature random

events in a pure a priori sens® ~— nothing, even in theory, can be
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hypothesised gbout 'when' precisely a particular customer would come and
what precisely (what quantity) ke would demand. So any meaningful hypathé;
sig about demand has to be about some notion of demand. in the Total .m:'
as a mass summing over the 'particular' demands. This is a.ri.importan‘b
point of our total conceptual framework and we simply took the first

opportunity of mentioning it. The point itself 1s to be developed later

Olly

Te3 1et us now look into the relation between sale and deman_d. We

assume slmply that the trader can Ee;l only_ a4 a.nd when Earticular demands

are_placed before him, and in these guantl'bles—@/ Sta‘hed differently, he
cannot posipone the meeting of a 'demand' to any point be ohooses. If he

cannot meet a demand right then and thers, then the demand is simply lost to
him ——- it goes to some other tradex 1o be satisfied, Thiﬁ'is the view_ of
the market from which the demand comes, We grant thé,t there can be cases
where postponement of meeting a demand is possible. However, Iéuch cases we
think are oﬁly exceptions to the 'genéral rule ﬂtﬁted above, exceptions iﬁ
a sense only proving the ruie. .So, we keep it out of our framework, This

is justi_'fied as loglcal gtarting point for the very notion of imventory

problems,

16/ We can call this somewhat loomly the "'gales rule'' of the process
" e lposely because nothing is stated in it about the actual sales.

Wo—wlll fix the | lermr in a more precise sense in the
- body of the thesis. o | | - |
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Te4 This again is a point of departure from the existing struciure of

inventory theory where both capes are simply allowed on par, called res-

pectively the ''lost sales case''! and the '"'backcrders case'!, Thisg
dons, the analysis itself proceeds in the main through the second ¢ase
on the ground that ''it is much easier 4o treat the backorders case than

the logt saleg case!’ |ﬂ{ No comment is necesgary.

Tab Iet us now turn to the purchage gide of the trader. Suppose we
leave the outside as completely '.’passive ‘1 or ''meutral'' here, in the

. sense that fhe fraeder is left free tob_lﬂ a0y g' uantity at any point of

time he chooges =-— the 'outside' (or ''market’!) simply supplies these

quantities, and the matter ends there, Sﬁppase also that there is no '13;9;'
between the varchase or purchase-decision (the socalled ''crder'') and the
actual flow of the goods into th‘e process (i.e., the ''delivery'! or .
arrival ofthe goods)lg{ Under these clrcumstances, the trader __%ca_:g_‘ bu:.f
exactly as a.rid when the 'demands’' occur, and precisely in those quantities,
and thus ''meet!! “the .wha'l-e demarid "throug‘h_ time without any cm .im of

.'Btﬂck"f

17/ See: Hadley and Whiting p.9.

18/ 'This particular supposition (no delivery lag) is maintained all through
the thesiss It constitutes an important difference between the struc-
ture of our inventoxry problems and those of the existing theory where
the delivery leg is simply an axiom all through. Reaasons for our
apbstraction from the delivery lag are given later. |
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Te b This brings us to the logical problem'fof existence of gtock., The

problem consists eimply of precluding or ruling out the aboveﬂcaﬁe on
some logical ground, If we keep to all the suppositions made above, the
‘ground ' must lie inside the process in the sengse of the trader himself
choogsing +to operate on the basis of stock even though he can do without.
Alternatively the 'ground' may be placed ountside the process by dropping
the assumption of a '"‘pussive'' outeide in. the sense understood above (1i.e.5
on the purchase side of the trader). We shall now proceed along the latter
route picking up the former at a later point, This is simply to define a

loglical, or methodalogical, ordering of issues from our point of wview,

| ~ basis
B Our outside/of the existence of stock consists simply of this. We

visualise our trader as buying his goods in a pepiodioc mariet whlch by

difinition meets at a fixed, regular interval through time, say every

Monday and thevefore at a ”weekly” intexrval. Clearly,then, his whole
E;a,le through any such “week“ mist be made out of a. gtock at the be_g'i—

nning, more px'eciﬁely the stock immediately after his purchase at the
'"heginning!' of the week (i.e., Monday) when the market meetg, To oom=

plete the picture, we mey simply suppose that the trader remains "_clo_ﬁecl‘;'.
to sale at the time of purchase (say Monday mornings) so that there is a
complete disjunotion betﬁeen his sale and pu:n:'c:hase points in time. Any .
gale then lmlst be made ou'b of a Etock created by past purchases, Elcis*hence
of stack ils here aimply symnynwua w:.th the mnﬂmcuity of the process,

1.9.. the facﬂ; of a.ny sale at all.
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Taving gpelt out the case, let us be clear that we mean it as no

more than something purely provigional in our framework, iemovable (ince,
substituble by other assumpitions) after it hag served its purpose., The

'mirpose ' consists simply of defining a meaningful inventory problem fox

the trader in the simpleat possible way. ILet us now come ‘to this.

9. To clarify the conceptual roots of the problem we have in mind,

we 8tart back from the me:e fact of sellim mﬂ: of a stock, It is granted
that the Eﬁoc_k: is alsﬁ_ ' "bought into'', i.e., replenished, But the fun-
.démenﬁa.l do-mepml minﬁ about Btpcl; 1s éimplj that 1t 1s cérried over
from the past and there.fora appears as & glven at any given momeat.

By this very f&.é&t we riow have an J.nside condition wupon 'sale', viz.g
| be | |
gufficient to meet the demand that

thé gtock af iv n mament has ¢

may be placed &t that |
nomen. STheTwige the pale is simply lost or foregone. Foregoing 'sale'

rl \'

is fo:!'r:egoing the profit that would have been made vpon the sale, which

is ceritainly a ''loss'' to the trader, the vexy prospect of which he

would like to avoid as far as possibleﬂ{

19/ The point however needs be looked into at greater depth. CGranting
that profit is made only upon sale, it remains the point that the
profit that ls made upon the sale of any given time depends upon the
selling price then obdalning, Should the trader expect a. xrige in

the price in the future, the same profit motive may induce him not to
gsell now in oxder to be able to gell in the future at a hlgher pri.ce

and consequently greater profit. ''Not to sell'' here means simply

foregoing some sale that would have been made, i.e.p turning down the

'demands ' concerned, given a stock to sell from which is row 'saved'

for sales in the 'i‘uture' This is e speculation, ﬂpeoulatmn ‘oy
- mea.nﬂ of withdrawal of E'I:DOk from current gale. - | |

 Contdess..
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In this, we already have the genesis of an inventory problem for
the trader. To actually make out the problem however we must gtep out of the
momentary-  view of stock, sale and demand just taken. We must view them

over Uime wretaining intact in some meaningful way the very notion of

'sales foregone'. This is precisely our whole motivation for the assump-

tion of a perilodic market for the trader to buy from.

G2 Let us see how the objective is accomplished. Iet us fogus our

attention upon a, pa.r'b:l.cular "week' ', l.e., the period from one particular

"meetlng" of the market +o the next, The tradex beginﬂ the perio& with

a cexrtain pgohasg Iwhiah (the amount bought) just gets added to the gtock

brought over from the previous plod  giving him a  1toiagl gtock for the

perio&, which we may also call sgimply the ''stock begun witht', ('Ihis
expression is thus understood synonymously as the ''stock immediately
after the purchase''.) He then simply waits for the oustomers to _arrive'

with their demands in ordexr to make his sales through the period or week.

Contd. Foothote 19

Having come this far, we now simply state that we do not simply |
bring in speculation: in amny form into our Iframework of itrade process here.
oo the whole speculative motive of stock holding is also left out. Going
down one step further, we simply assume given and unchanging prices: in our
framework all through, so that there is no basis for speculation, This is
what justifies our considering 'sales foregone! to be necessarily a ''loss'!

- to the tra,der., |

The points made in this footnote a:r:e adl taken from the thesis of
-V, Naraalnﬂ'la.n referred ea.rller.
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SUppose now, he knew beforehand what exactly the 1otal demand
over the period would be. He could haye then simply bought at the begl-
nning the premis_e amount required to meet this whole demand (which is
I_ncrthing but the total demand itselli‘ mire  the stock carried over from
the previﬁus period) and thus avoid the whole prospect of 'sales foregone'.
Howevery such knowledge ig not very meaningfully defined in the face of
the uncer'bainy_' of demand aJ::r:eady guggested by the randomness of 'parti~
cular demands’', Pending a more :t:igoroﬁs formulation of the concept, we

give' a moYe OT logs intuitive sta.ternant. of the problem defined through it.

9.3 Let us start from pgapital ard grant that the larger thé c#pi-_tal,

- the 'grea:ber is the gtock begun with in any pa:p*ticular "tweek't, Obvic;usljr,
td that extent, th'e: progpect of sales 'foi'sgone is also avoided. Going to
the extreme, let us supose that the prospsot im completely avoided by putt-
ing in a large enough amount of capital, ' What weturn this fetches in terms
of the expected profit for the ''week!! is however lef+t completeiy in the
open. There is 'therefore'a.genuin'e problem of the opiimum capital as per
our ori teriﬂn-of maximam rate of pmfit, | "

E[hié roughlc,r outlines the first subsbantive problem ﬁhd oorréapon-
ding ''‘model''! that we set uiﬁ in the fheais. For the time, we xrefer to
the model simply ag Model I, To be in the clear, ‘we point out that thé |
whole modei ig defined in téms of only twg ba,_sic;: subs tantive referrants

vize, (2) the periodic market; and (b) the unoertainty of demand.
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10,1 let us now return to our framework and take some further steps
in its development, all of which come into a rigorous formulation of the
above problem. However, our direct reference now on will be the framework

itself and not the model which in turn comes in mainly as ''illustration'!

of some general point.

'Mathadologicé,lly the “_t_:_aaio Etep 1s “bh'ié.*l Aﬁ'ﬁvegr we have argued
in terms _of.a.- particular 'week' culled out of the guccesgion of weeks and
given a status in itsslf. This is not our method in the thesis. We con-
gider any pa:rticulém week o be eézseritial;l_g the same as am gther for the
trader and argue in terms of the general conditions of the prooess., We
cah call this the fi,lndamental gtationarity pgsfum underlying our wﬁole

irainemrk and 'methodology.

10.2 On the ''inside'', the postulate is alreadjr reflected in our condi-
tion that capital is mainta.ined intact throug*h the process. | Havingﬁ said
'b'hial, let us just point out that we do _J:_l_q_t_ agsume this condition g priori
'in the sense af.'imposing it upon 'l:he 'pi*ocess' from outside., We derive_.it
from more basic postulates on the inside working of the process. This can

however be clarified only through a fuller discussion of the conocept of

capital, which we give in Chapte:r:? 3 of the thesis.

Now, the condition that capital is ma,ihtained intact through the

Prﬁceéﬁ Eetﬂ_bnly a ifréﬁiemrk for_pﬁssible timepé,ths of the s,alas stook

within ca.pital; The' ‘itimepath itself héﬁf'br:r' be thought Gi‘j'c}n i"lzsﬁ'c:?wn |
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within the framework., This takes ug further inside the complete framework
of capltal to be developed in the chapter just referred. For our purpose

here we sSinply state an end-proposition of thig development, viz. in our

nave
framework, we/a one~to-one correspondence between (a) the capital pub

into and maintained through the process and (b) the saleg stock immediately
after purchase.

1043 Iet us now point c;uf the implicati_ons ;:)f this proposition. Ilrst,

since ca.pital'in‘our framéwo:ek is 'ct:nsta,nt '_‘bhrcrugh time (_this ig the same
as the condition of main’ﬁainihg .ca,pita,l intact), so is the étoc:lc immedia-
tely after .purchase. Stated in more operational terms, this m’ea,m _thaf .

every purchase simply restores the stock back to a predefined level

| (dafinad in reference to capital)s This gives us & precise notion of

maintenance of a'lsoek where we can say that the tlevel ! a2t which the slock

is maintained is simply the level of stock immediately after a- purchase.

More mimply, we can also oal.l it the "staok _maintained' (or stock maintained
through the successive purchaées). Thug all the notions, ''stock mainta.inéd"_,
”st_ock' immedigtely after a purchase!'! and ''stock begun with'' é#e simpiy
equivalent in this framework, and we can pass from one to _.{he other depen?-'

ding upon the context,

10.4 Secbnd, we have already stated that we have capital as the funda-

“mental decision variable of the trader in our framework., Given the-o;a'e-— -
to~ope relation between capital and stock maintained, we can obviously

equivalently treat the _lat'bér_ as the decigion va.ria,ble'..
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Let us take off a mimite here to clarify the ;ogloal structure

that goes . with treating the ''stock maintained''! as decision varla.ble
in terms of our Modal Le §y._@pase one did cull out a par{;icu]_ar NMye ek '

frowm | |
/  the succession of ''weeks'® and pose the problem in respect of it.

| L]

By the very procedure, one is leff én the one hand with the stodk carried
over if‘oﬂ‘;he previous week as a pure datum and on the other with the
amount bought in the week as the only meaningful decision fariablef
However, we hﬁve already glven up this framework. In ocur framework, we
can directly think of the stock begun m&ith, i.e., the stock maintained
through purdhaaéﬁ‘as 'décisionfvariable_, leaving in the open +he precise
s tatus of ifs tﬁol éampﬁnenfa (amount bought: and amount -'aax-n-:'ied.over from
the past). Ve can now close this point b;_y' saying that in the problem
comider'ed, bofh the ""Eompcnents appear a8 endogenous variables, in fact

as random fa&iables reflecting ultimately the randomness or uncertainty

of the enviromment. No meaning can therefore be given to the amount._

bought ag a decision variable.

Let us return for a mimte to +the framework of inventory theory
Cas it ejcists; In it, the ''amount bought!' ig simply postulated a priori
t0 be a decislon variable of the trader all thréugh, leesy In all inventory

problems. This clearly sets apart the two frameworks afresh.

11.1 Our next step in the framework concerns the: 'treatment of demand,
the relevant magni tude of demand is already

| o N‘?te Jﬁhat il'l the I-'ﬂ'-‘oblem,/ ) 'total', vize  the demand over a ”week” We

- have already said that any meaningful hypothesls about ’demand’ (ieea, the
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demand faced by a trader) has to be about the 'total demand' summed over
particular demands, and not the particular demands themselves, ILet us
now specify two bagic l};ghlpothesea on the 'total demand' as part of * our

framework,

112 First, we have any particular week to be ! 'essentially the aame"
ags any other for our trader. 90, the demend faced over any pa.rticular

week is also essentially the same as that over any othex and we ca.n call

F

this simply a !'week's dema.nd". (The precise Elgnificance c}i‘ the quallm
ficatidn "ess'entialiy” in this conbext will be presently ola.rified.)
Note that the expression ''week's demand ‘! really means hexe the demand.
ovexr & - week:'s le th of time, for which particula:r "we.ek” it is, ;l..e.,l-' |
its location in the real time axls, does not matter. Next, we note tha.t .
the term ”week” comes inhere purely exogeneously, not from within the
demand ccnditignﬂ undexrlylng the demand actually faced by the trader. For
logical clarity -*hheréfare 1t 18 best to give up the reference to 'week'
and think of the 'total demand' defined in reference J;;cm any period of
time in general, Whatever the period chosen, it would s+ill remadin the
B poin.ti that the demand depends only upon the length of the pe ri;:d, leeasy
the '"time'' elapsing _between the beginning and the end of the period, and
not upon ites location in"bime (represented by the 'b_eginning or erﬂ)u. This

is the first hypothesis. It cons titutes 8 general gtationaxity pogtulate

on the demand, more precitely the demand conditions, faced by the trader.

~ The difference between the two ('dema.nd' and 'demand conditions.'.) ig simply
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that even when the demand conditions remain stationary or unchanged over

time, the demand as a megnitude is not necessarily the same period aftér

period. That is why we sald above that the demand faced by the traﬂe::', over

a week is eggentially the same as that over any other, ILet us now come
to the clarification of this, which also brings us to our second hypothesis

concerning demand.

113 We simply assume that the demand econditions are such

that-the demand over -any given length of time

is a random variablé in the sense of pr:;:ba,bility theory, i.e., having

a weli defined probability dia’sributionliz (We call this the prnbability
distribution oi‘. demand over time .under stationary demand conditions. )

SG,_ clearly, the actual demand is nr.::t necessarily the same 'period after
periodf, But the whole conception 18 based on the assumption of unchanged
demand conditions ‘bhrr:}ugh time, which is already evident from the fact
that 'demand' as a magnitude is conceived in lreference to_ a pure length of

time independently of historical tim&’g%

L]

_2/ The concept of uncertainty of demand is meant by us in this thesis
a8 simply synonymous with this aﬂsumpflon. -

20/ ‘Jhe whole treatment of '"'time'' set aut._above represents our second
point of acknowledgement to N, Georgescu=—Roegen. We rafer in parti-
cular to the distinction between what he wmte ags ''"Time, T'' and
”t:l.me, tH'.  To quote

&’ntdﬂ- .-l L
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Our assumption that demand over any length of time is a random vari-

able has its basig in the fact that 'particular demands' which it is cons~-

tituted of are pure random events in themselves. However, between the
two, l.e., the particular demands and the total demand, there lies the
gignificant difference that we apply the tools of probability theory only
to the latiter, not the former., Since any such application constitutes the
making of a 'hypothesis', this only takes us back to our initial proposi-
tion that any meaningful hypothesis on the ‘démand' faced by a trader has

:td be on the 'total demand' and not the tpaxrticular demands ',

Contd, footnote 20

- "] represents Time, conceived as the stream of consciousness
or, if you wish, as a contlnugus succession of ''moments'!,
but t represents the measgure of an interval (T', T'') by a

“mechanical clock''s (op. cit., Ps71%5) |

In thig language, the 'demand' we talk of is time-dependent but not Time-

dependent,’ The distinetion being made olear, we will also find it conve-

nient at points to write in his manher (Time and time), but this becomes

wnnecessary when we write explicitly of +time points and time lengths,

 where the small case ''t'' beginning is simply retained <for both words,
1e€ey we do not write them as Time point and time length.

| We also refer in this context to Hoegen's insistence on beginning
with the notion of !'!‘stationaxry state'!'! for any rigorous programme of -
gtudy of "groywth 'y which actually constitutes a = : farvr~reaching defence
of the same methodology across a wide range of phenomenal domains, (ope
clte, PP.228~30), Our whole exercime in thig thesis is ultimately an exer-
cise in the methodology suggested by him and owes greatly to his writings.
This includes in particular our attempt at setting out the probabilistic
conception of demsnd on the hasis of unchanged demand conditionsa |
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11.4 This again constitutes an important point of difference from the
whole approach  of inventory theory as it exists.

Iet us Just quote from our standard reference, . The point that the demand
over A pexriod is but the sum of the particular demands occuring in the

veriod is stated by them(Haﬂley and Whi'tin) in the following words 3

'1Tet us begin by noting that the number of units demanded in
ahy time period will depend on the time between demands and on
21/ |

the number of units demanded when a demand occurs''

b o -

Note that a Llogical statussalrcady given in this to the ''time'' elapsing
batween sﬁbne‘és‘iﬁé pai*ticulé& deﬁaﬁdﬁ a.nd 'bhe:t.r“qua.ntlties“ F‘.ﬁani this
Hadley and whitin go on to write

'1In the resl world, both the time elapsed between demards and

. the qQuantity demanded can he random variables! .@{

We on the other hand do not simply grant any logid3l status to
these ''variables'' and thewefore the queation-..of their being ra.rﬂﬁm vari-
ables in the gense of probability theory does not simply arise. 'They .
remain simply ag raw data for_ the '“bheory'; not as its lpgical. staxting
point which we locate only in the 'total’', Both 'stationarity' and .
'randomness ' (in the sense of probability theory) are therefore oaﬁceived

by us directly ir terms of ‘total demand' as outlined above., The sequence
of particular demands jﬁst dropg out of the scene at this level,
ﬁ/ See :Hadley'and Mliiixi s P107,
22/ Hadley ard Waltin » pe 107,
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11.5  Before leaving off the subject (demand), let us just explain what
it means to !''abstract'' from the uncertainty or randomness of demand in
our framework. The baglc point is that this does not in any way dispute
the faet, that the under Lying 'péﬁticular demands' are pure random events
in the a priori serse. All that the ”s,bstra,ction” means is that the
randonﬁleas ln some senge cancels m{gl_l”t. over time, leaving one wlth a,
d_etexminate maghi tude :f.‘c:-:& the demand over a period. ILike all abatra.c-w

tions, it is the 'purpose’ which justifies or rejects it.

Lot us make.one mcjré poi_n'b in this context. The idea of cancello~
tion of randomness (or inﬂetaminanieﬁ) of par’cilmlar evenfs over tlme juse?
ref'ei'red is admilttedly a vexry general one. When used to justify the
abé'tracticn from uncertainty (in our sense of the term), it is used in a
""strong " seng,e__ It can also be used in s "wéa-k '_' sense as follows As -
of any given ''time'' entering it, one still has demand as a random vari-

able, but the ''randomness'' of it (some measure of uncerta,inty) decreases |

with time, 80 that one is left with a more and more determinate %n__i'

of "demand" the l{}EEI‘ the ''time!''! in reference to-which it is deflned
in the first placej/ Thig can be treated as an intrinsioc properw of

what we called the '! probablllty distribution of demand over time''. In

the body of the thesisy we will attempt a rigorous formulation of the

23/ We should perhaps stress again that all this is based upon the assump-
tion of unchanged demand conditions so that no meaningful notion of
the socalled *‘uncertainty of the futurs'® s:.mply entera the concep-
tion. | | T | |
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property, which we will call by the name of the BSecond law of the proba~
bility digtribution of demand over time (Sec.4, Ch.2). Needless to =ay,

this has to wait till the prior formulations are over.

1241 We have one more element of our general framework to introduce.

So far, we have implicitly taken the demand faced by a trader ag given

C— coming from ou‘tsidé and therefore given, However, no demand is
really 'given' for a trader in any é,béolute sense. It comes to him from
the market as a whole only via the gompetition from other traderal. The
elementary meanihg of this _c_om_ﬂjig_rl is. that if a demand {ocustomer)
cannot be satisfied f:y s trader, it simply goes elsewhere, ‘Ihia iﬁ alreaﬂy
taken account of in ‘the notion of gales fcregone; However, the matter

. does ndt end héi-e. Should a_ trader persigtently fail to satisfy the

demand. that comes to him when others do nc:t, the demand eventuall;g ceases

to come to him at all. Henc:e, over Time demand is not really a given

for a tra.der even under stationaxy demand cand:l.tiem in the marke t, but

- depexds upon rhat proportion of it ig Ea'b:t.a:[‘::.ed by him at preaent, wh:.ch

depeﬁds upon the sgtock malntainewi{

We cannot take account of this '‘'dynamics of demand " oag we nay

call it, in the objective relations of our framework. But we can impli-

oitly include it at the gubjective level of the trader's daecision making

__41/ This pa:eagra,ph ig based on ldE.&E taken from the then.a of V. Nara.sn.mhan
referred aarller. | | | o
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in the following way. First, we retain the assumption of given demand
and then make the whole ''dynamics'' epoken of an implicit element of

this given demand in the sense of the trader's recognising it as basic to

the continuation of this given demand iato the future, To reflect this
in his decisgion making we have to go beyond Jjust the profits made or rea=-
liged (ag of a.ny given capital) as his ''goal!! ox "objective” for no
special significance is then attached t.ﬁ the loss of customers or demand
on account of demend not met, So, the demand not met or sales foregone,
‘ag we call it, _exifers as an gdditional argument .in the objective function
over and above what 1t alréaﬂgr implies in texms of profit made. Hc:weferg
we do not go beyond the term 'profit! for this extension, for the whole
argument remains within the genei'al conﬁeption of the socalled profit
motive., This leads then to a re ation of the. Ilc:t.{c}n.of 'profit!
in our decision criterion of maximum rate of prafit'. Te precise :r:eformu--
lation will-be given in chapter 4 of the thesis, It is sdimply part of
the "apprapriate delfinit.ion” of the term that we spoke of at the begi=-

nning.

12,2 Viewed at the purely formal level, our reformulation of the profit
concept ig equivalent to taking account of the socalled ''stockout cost’’
or more precisely the ''cost or penalty for lost sales'' of the comven—~.

tional framework., Howsver the 'concegﬁial basis of the two are different. -

In the conventional framework, the decision criterion is simply minimum -

cost and this by definition requires a cost o;fpena;l-ty to be attached o
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""lost sales'' for otherwise the trader may simply lose all sales and
end up with the absolute minimun of zero cost § No such essentially tau-

tologoug argument is involved in our notion,

1307] We have now completed the statement of cur framework oxr rather

the gﬁnﬁg@_, of our framework (for'nc:._m at’cempt is made here to define a
generé,l inventory problem for the trader which a complete statement of the

- framework amounts 10 ). This prepares us to resume the statement of speci-
fic '.'Eroblems: .within the framework that we take up in the thesis. However,

instead of proceeding dirég_jsl;;r to this i»re will now have a digression and

-
present a brief review of the. basic framework ofthe existing theoxry as
| - is | | )
we understand this, Thig/simply to define the background to our further

problems in _.the thesis,

1342 The starting point of existing inventory theory is that the trader
is free to choose the Time ofhis purchase. ITet us follow up the logical

consequences of this,

The fin_:*ét consequence 1is Siﬁlply tha._'gs/hw%czle question of axiste.ng::e-
or holding of stock is now upehed up. The basic answer to this question
in the existing framework of imventory theory is found in the line of
- reasoning leading to the socalled "lcjfsize' formula'' or ''/$quare .rm”b
formula'! which repregented fh_é very beginning of ixventory theory in the

~ sense of formal (mathemé}tical).aam.ly.é.is of invéntﬂry problams. Iet us
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25/

follow Arrow's wvaluable historical review of the subject on this==, (i ting

early references, he wrote

' ee they assumed that in addition to the price paid for the

goods ordered, there 1s a procurement cost to each order which

is independent of the magnitude of the @_yﬁng“rﬂg--é{

there 18 an incentive not t© order contirmously but to order &

In that Cas ey

Larger amount lesg often. ©HSuch a policy, however, implies the
holding of inventory in the intervals between the orderings!'!

(EP_-I _EQ-_EI' 9 13-55 underlining E!.dded.)-

One word before we proceed on with this., We mentic:ned earlier
that a delivery lag is en‘séred aimply as an a priori aﬁtiom in the exiSfing |
framewerk of irmventory theory. The logical Signifioande of the axiom is
not explained thereby., To get to it, we shall _initially.ajbstrac:t-'fmni it,
and so identify the notions of 'ordering' étnd ’Euying' Y, After we have
gotten off 'bhe.' ground this way, we_will.‘rje-in 8, pbs_itimn to sée _what'pre-_
cise logical significance the intmdubtion of delivery 133_.1:}1:111‘35 wvith it,

Le.t us now return to the passage from Arrow, He 'didno_ﬁ\ fé:xplicitly

refer to demand in thiﬁpa_saage and the subsequent ana,'lysi’s. But we can

read the policy of _"ordering continuously'' simply as ovdering (i.e4,

25/ See K.J, Arrow, S. Karlin and H. Scarf, Siud.ss in the Mathematical
- Theory of Inventory and Production, Chaplter 1 Z " Historiecal Background'?)
by K.J, Arvow. o -

26/ Ve shall call this cost (in a somewhat generalised sense) the transac-
‘tion cost of the trader. The term will be explained later,
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buying, as Just explained) as and when the demand OCCUrsSs; Lagay demand
itself ig implicitly taken to occur continuously in _timegl{ As we have
already seen, no stock is then ever held in the process; besides, demand

18 met a,ll through_. ( We call this the condition of ''full demand satisg-

faotion'f.)

1343 As against this, we noy have the policy of buying ''larger amount,
less often'', necessarily implying ''the holding of stock ! between par-
chages, This establishes the existence of s’cockgﬂ/, Iet 1s now note

that the condition of full demand satisfaction is maintained intact through

any ''policy'' of the type mentioned provided only that a fresh purchase

is_made before the stock is sold out, i.e., fallen to zero, Going %o the
ex‘hrema', we-now defibe a policy .of buying on;;z _ aa_&nd when the stock has
fallen to zero, z:zhigh chviously a.nfmers the quea_'bian’w}.’len to buy, and in
this sense defines a well~defined ''purchase rule'' for the trader as we

may call it in parallel to the term ’''sales rule'' introduced earliex,

27/ This is a convenient point to state one implicit assumption in our own
treatment of demand, not mentioned earlier. Mathematically, the pagsa-
ge  from 'discrete’ to feontimwus?! demand is accomplished via the
pogtulate of a ''dense''! collection of discrete demands over any
stretch of time. Conceptually, the postulate ig implicit in ocvxr very
starting point in the notlon of demand ag a mass as distinet from the
'particular ~demands's Our whole treatment of the concept of 'demand'
is therefore to be undexrstood as of a dense sequence of particular
demands as the underlying ''raw data'' of the concept. |

27/ It is obvious that the basis of existence of stock is in this case
located inside +the process, We will later include this within . the
inventory problems studied in the thesis, | |
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Returning to Arrow, we find him building up his arguments 1o the

square root formula precisely on the bagis of +his "'rule'', In his words:

'"Once an amount X ig ordered, the.inventory is allowed %o run

down to zmero before another order is delivered'' (op. cit., Pe 6_)¢

Equating ‘order' to 'delivery'; l.e., ignoxring the delivery lag, this boils
down to the purchase rule stated above. Though not stated explioitly by
Arrow, there is 2 simple ratlonale behind this rule which we bring out in

a few words,

13,4  Iet us consider an arbitrary sequence of purchase where the amount,
but not the Time, of eaoh_purchase ig given & priori, It is then olear that
the timé between any two auccéssive- P cha&ea is at a maximum subject
the cmndifion of full demaﬁd satisfé,ﬁl‘bic;n undexr the s'tat_ed rls. S0, the

transaction cost per unit of +time covered by the whc}le sequence .‘LS at s

minimum under this xule under the stated conditlon. his is the :rationale. :

Since nothing is stated here about the amounts bought, the ''rule'! becomes
an integral part of the optimum policy of the trader regardless of the
- precise optimality criterion, _;e.nd hence can be assumed & Eg loxl in the .

formal gtructure of relations of the 'model'y, as in Arrow.

13.5 We are now only che step away from the basic framework of the exis-

-ting theory. It ls clear that go'ing: by the eleinerit of transaction CGE‘E

H-'

alone, wa are 1ed to a polmy of an arbi :..'t'a:c _l_x large amoun‘t of p1_1'=r'chase
in any‘ si.ngle a,ct cf purohase impl,vlng an indeflni'l:e pcstponeman't of the
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next purchase. This tendency 18 now couhter balanced by the interest

charge up;i.;:un the ''capital'' locked wp in the holding of gtock, The

' tamownt bought.” is then determined by balancing the two opposite forces.
The square root formula itself is obtained by cost minimization subject to
the two further conditlons (a) that the same amc:uﬁt iz bought in all
succeésive purchagses, and (b) that demand cocurs at a given rate through

timeg-s—{ implying that there is no uncertainty of demand.

13,6 Tnig completes the statement of the basic framework of the existing

theory in a strict sense, Pending clarification of this remark, we now
point out a simple bridge r.::i:r.f passage between our framework and the above
framework defined by the ''puwchase rule'' above,

is | | | |
This  sinply that under this rule, the stock immediately after a

pﬁrchase is the Samg a8 the amount bought and so if one is a constant
through time, =0 is the other, With this, we .ca.n simply extend .‘l:he Etriﬁg
.of our basic equivalences a.éa regards the ahoic;e of the. decision variable
from 'capital' originally pogstulated to the 'amount bought' which is the

decision varigble in the conventional framework,.

137 Let us now proceed on with our review of the coméntional frame~
work. First the delivery lag. Avrow himself wrote in continuation of-

the arguments presented above that

28/ We will later give ) rz.gorous oanceptual underpinning to the term
(Gection 1, 'E;hapter 2) which stands in clear contrast to ite inéh.s-
c:rlmnate use in the general subject of economics, L
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'11ggs in delivery were irrelevant in the last section (i.e.,

argunents discussed above), where gertainty is assumed; the
time of ordering is simply made early enuugh to ensure dell=-

at the meeded Mmoment
vergrk(op. cltey Pefy fO0OT notes underlining a,dcled-),

Cleaxrly, ' 1needed moment'' here meant simply the moment when the stook

has fallen to zerogz{ Thus the delivery lag is of no_ gonseguence = &

pure ornament ox enclunbra.;lce, as one likes = g0 long as the uncertainty
of .dema.nd ig abstracted from. let ﬁfa now look into the implications of the
uncerfainfy;' . . ' . .
The elementary J.mpl:t.catmn is that there is now no way of

”orde:rmg“ that the twader can devlﬂe such that the stock will have
fallen exactly to zero at the time of delivery. If it has not yet fallen
to zero, then it is s:.mply ca:r:ried over to the next ”cycla" c:f opera~
1‘101192"/ Tis is of no conaequence in :Ltsel.f. Bu-t if the. stook ‘has

already fallen to zero before the del:.very, then some. amount of sale mas &

- have neceaaa:cll.v been fmegone (ox ba,ckﬁrdered) withill ﬁhﬁ. oy ﬁl@“ cQn=

cernecl. This is the significance of the delivery lag in the conventional

22/ This is assuming the prior holding of stocke Without this, the
'"necded moment?' is simply the moment when a demand ocgcurs, taking one
back precisely to the case of zero stock all through, Thus the deli~
very lag by i1tself (without uncertalnty) does not ensure the. e:d.stence
‘of stocks .an,in the po:l.nt is noted by Arrow- | - |

30/ A cycle of o eratmnﬂ 1g deflned to be the aet of" Gpera'tluns (bwings
and sellings) from one purchase to the nex't, .mcludlng the former and
excluding the 1attar..' | | | |
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framework, and it also brings us to complete the statement of the frame~

work itself. There are qulte a number of points to meke in this context,

and so let us proceed in ordex.

13.8 Tet us start back from the question, when to order. We note first

of é,ll that what is meant by this question in the conventional framework

is at what 1éve1 of the stock to place an order, i.e., the questlon is

implicitly framed in texms of the ﬂg_ckﬂ{ As  just seen, (a) if there

~ is no delivery lag, then the order is placed when the stock has fallen to

) zem o th.'is- ig independent of whethexr there ls uncertainty of demand

or notj and (b) if the:f:e is ”no uncertainty of demand, then fhe order_'i_ﬁ ao.
placed that the stock falls _to'zam when the delivery ls made we= this is
independent of whether there is any delivery lag or not., Thws, the whole -
queation of when to order comes of its own oXr beccmes a genuiné inventc-ry

problem only on the joint basis of delilvery lag and uncertainty of demand,

~ and the Subsgtance of the fproblem 18 thenlg/ defined .
/ simply by the prospect of sales foregone . As such, this whole framework

~ becomes an alternative to oux own framework of a 'periodic" marketts

11/ All the external factors axe then automatically ruled out of the
framework of the question. The limitation of this in the a priori
sense 1s clear from the fact that no room is then left for such a

thing as gpeculative purchage.

32/ We do not refer any more to the other alternative, viz., '*backorders'’,
almply becusse this takes us too far away from our own subject matter
in the thesis. Our substantive view on the question ha8 already been

given (see pp. 1%~4 above). o | | |
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Iet us now simply count the subgtantive factors or elements of
the framework of the existing theory as met so far. We have : (a) the
transaction costs (b) the interest cost; (c) the del.ivery lag, (&) the
ﬁncertainty of demand and (e) the prospect of sales foregone (and -thel~
‘cogt! asgigned to it, viz., the socalled stockout coét).. Out of these,
o basic framework is already set up by (a) and (b) which answers the ques-
tion of how much to order oxr buy at a bime by the socalled ‘''square root
formula'®', the question of when tc:_ order 4::»:r:‘fl/wr being a prionri answered b?f
. ‘the 'purchase rule' defined in reference to (a), Factors (¢) = (e) are
B then sug;}mEOEeﬁ upon ”t;h:_i._a_ baslc structure to define meaningful prableﬁl
around the question of when (at what stock) to place the or.de'r;- This _.
explains our earller statement that the ba,sic. framework in a g_tg_;_gju_ sense

is defined simply by (a) and (b),

completes | .
14,71 This _/ - our review of the basic framework .of the exisgting

theoxrys In the process, we have alac set out the esmsential logical struo=—
ture of this framcwork, as we See its On returning to our own framework,
let us first explain our reasony for ignoring the delivery lag in this

thesiB;

Stated in a word, the reaéan ié that we already make room for ﬂ‘l__e

| esaen'bial problem that comes wi th 'bhe‘deliw'rery lag in the exisgting irémeé
wﬂ;r'k' by the cmcept of & "p_eriodic market_'_. Needless tp SEN 'bhis is a
purely'methadolo_gical and not 'empiricai defense, .No-i;hing in fact ié axgued
in emrirical te:mis;._ ' H::w._re*u'e_:t:';l 'b_he me'tho_dnlogi.cal case i_n favour: p’i‘ our con=

cept is. a str_ong'one; To convince one of ’bhiﬂ, | wia__'need*-an_ly point out
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that our Model I is a primitive imventory model, not an extension of or

superimposition upon some 'tearlier'' model. ALl the extraneous elements
coming through the '1oarlier't model are therefore simply left outy Jeading

to a cleaxr focus on the essential problem avoilding all unnecessary compli-
catlons

Before leaving this off, let us just mention that there is nothing

 in our framework as such which bars the entry of the ''delivexy lag''.

This is a question of 'purpose' Just gone over.

14.2 Iet us now resume the statement of our inventory probllams. The
first problem to be stated starting from the above background is simply a

;reexamiriat on of the basic model of existi iventory theory, viz., the

‘model l-ea,ding,'ba' the square root formulaﬂ{ from the stand point of our
degision oriterion. To do this, we have to firet recast the model in oux
~own framework of ' capital and profit!', as we may p:ut..it_, from out of its

original :E‘raming in texrme of ''cost'' alone, i.e., we take it out of the

latter framework and put it in the former, This defines Model III of the

- thesisﬁ—:{-

_ﬂ/ - We algo call this for shoxt the ''standard model'', It is to be found in
| all text books or trestises on imventory theory, e.ge, in Arrow, et.
als DP. 5=63in-Hadleyv and Whitin, pp,28-34 (where it is called the |
I 18implest Lot Size ﬁodel”) as well as in certain text books on eco-
nomic theory, e.ge W.J., Baumol, Fconomic Theory and Operations . .
Analysig, pp.5~10 (discussed under the heading, ''A Simple Inventory
Problem'!), R o | |

- 13_'/ We will cqme e Model L1 1a3t_ o_i‘_ a_ll in the pres'én'h- gequence.



To avold possible confusion, we mention here some apparent diffe-

rences in the scope and structure of the two models a;cisiﬁg out of this

”rc—:-cast-ing’ ', This is apart from the difference in the decision criterion
vhich of course is a fundamental substantive and not "'spparent!'! diffe-
rence, First, as already explained, our decision criterion leaves no
logical _.;-g:bound Ifc:r the socalled interest cost of the gtandard model,

Hence it is simply absent from our Iﬁodel. Secorndy the standard model for-
mally includes a delivery lag although, as Just seen, this is of no analy-

tioal signifmance in itself in the model, We W:Lll slmply ignore it. 'Ihwd,'

the standard model sbstracts cinmple‘bely from the uncertalnty of demand. We

shall also hegin with this case for its simplicity as well ag comparabil-its’

with the-gtandard model. But after this, we g0 on fa take account of the

unaeﬁta.inty of demand within the mcope of the same model, This we can do
because the uncertainty of demand does nc:t-l;*ing in any new substantive
issue in our model, thanks to our assumption of no delivexry-lag, It bi‘
course changes the formal Etr_ﬁctu_x“e of the model. .Finally, our gtarting
from a rigorous framework of capital gives us .-.:1, different 'formula' for

capital as compared with the 'formula' used in the conventional framework.

nis does not however stand in the_ way of a meaningful ,cc:m_pamison of the

mﬂ mOd.E 131

14.3 let us take up cla’rifieation of the term transaction cost in this
| context, now that it is part of ourx Model III I*hat we'mean'by the . term

is 511111'-‘-13?' a, cost asaoclated with repea'ted transactlons (purchaseﬁ> pext Se
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independently of the amount bought, This does not necessarily mean an

sctual cost in the senge of spending. It may represent simply the tradex’s
of ' |
own evaluation / the ''inconvenience'® felt in making the transactions,

expressed in money. In the literature it is typically left simply as a
component of the general term, "'"procuranent 'cost'' (or purchase cost),

This does not Serve the purpose of fixity of refe:nehce._ Terms like

''fixed charge'!' or '!'fixed cost'' which are sometimes used appear too
narrow in their commotation. Hence we have used the term, transaciion

oas{:, which, we think clearly points to the. qualitative basis nf the cost.
This also leaves us free to use the term purchaée cost oz cogt of purchase )
unamhligucuﬂly_}.omean éimply_ the Qi;ast' of the goods bought, i.é.'. the amount

paid.

15, The starting point of our next Ei'oblem in the thesiﬁ. is as follows.
To say that the trader is left free. to choﬁse the Time of his purchase '
(which is really a property of the ma.z:ka’s_ be buys from)_is rot neceéﬂarily_
to give the 'ohﬂide' itself any basic status in the &ctu&l‘ -c_arrying 61;‘E -
.or organisation of the prmcess. Analy.tically, the__.'chaice' simply means
that the Time of the successive purchases iFj. left to cix*cuﬁstances as pex
some definite "‘rule' . dleviéed for the purpmé ('_e.g. the ''purchase rule'!’
as stated). In place of this, the trader may .himself glose the question
by '&egidigﬁ a_priori to éarrybut r:ﬁ:_::*..ci:r__'_g‘ani.ae _his'wh'ole-, _prtace_ss on the

| ba.Sis'of some fixed, or-re.'ﬂlar, or conﬁfanf inferva.l of purchage thrﬂp_gh
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Iimeﬁ‘./ The Time of any particuler purchase is thén gimply the Time of
the last purchage advanced by this intexval, and drops out of the scene

of decision meking. But the purchase interval itself (or more correctly,
the length of this intervalﬁ/ becomes an object of choice in this set~

uwp. This is the set up for our next problem formulated as Model IV of the

thesis, called the Compogite Model,

16, let us make & short digression at this point. Once we have the
purchase interval as trader-decision, we can also treat it as E':I;Q"r""aeci._

sion for some other deoision. So, we can now see our first problem,

equivalently the first model, as defined on this basis. This gets us rid

of the agsumption of a periodic market in the layout of the model, which
in turn"cia,rifieﬁ OIJI' earlier statement that the 'aﬂaumPtion_ has a purely
provisional status in our scheme. The pﬁroha.se interval itself is then
left simply as a parameter in the model, opening up the road straight to
the examination of the effects ﬁf variations in this parameter on relevent

variables., This constitutes ‘an important part of our analysis of the model,

34/ ALl the terms, fixed, regular and constant, are used here synonymously.,
The rule itself is understood simply as an a priori organisational |
principle followed by the trader,

3%/ This is one term which we have to wuse freely in the thesis, meaning
some times an 'interval' (or period) in the proper senge, some times
only the length of the interval; some times a 'congtant', some times
a 'variable' through Time; some times .a given datum, some times an

object of choice and so on, depending upon the context.
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17 Iet us return to the composite model. The agssumption of a fixed
purchase iptérval serves two important methodological purposes in the
nodels MMrst, it secures the existence of stockw and secondly, it

brings back the problem of gales foregone ruled out by construciion in

Model 11X, This es‘bablislhes its connection with Model I, Next, the 'dhoice
of the purchase i,ntervai ig made meandingful by inclusion of the transaction
gﬂ. Thie establishes its connection with Model IILI, This explains the
term,  -'composite modelt, The model can also be lookéd upon as & fundamental
coﬁcaptual-:mamfométion' of the 'model' implicit in the basic framework -.
of existing '_i.Jt'rﬂ.i'enrl:=::.~r'_l,r theoxry as alreé,dy outlined, This is evident from the
fact that the basgle forces comidered are the Ea.mé uncertainty' oi‘. Elema.nd-

and the various ‘costs', but they appear under different subs bantive ques -
tions, viz. at ﬁhﬂt interval to purchase and what stock to maintain |

through the successive purchases, not when tc buy and yhat amount.,

36/ Needless to say, this is also an intexrnal basis of the existence of
stock, 1.8., it lies inside the process of irade.
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18,1 It remains to come to Model II of the thesis, Our bbject here
has been simply fo bulld an element of uncexrtainty of supply into the
structure of an inventory problem, which appears to go largely by default

in the literature, 'The reason for this is not far to seek, ard that also

sets the background to the way we introduce the element in our model. Bo,

let us start from this.

- Let us remember that the formal structure of 'ari'inventciry problem
in the subject as it exists is set by the two questiﬂns,__ when_td buy (or
order) and how much., lflhe impliclt aﬁsﬁmption behind this iIs simply that
the goods are alwgzﬁ avallable ir-l.sufficient quantities in the 'ma,rk.et'
or' ‘source' for the trader to buy what he wants. This simpljr rules out of
hand any notion of uncertainty of supply in an operationally mEa,ningfui

sense, for whatever uncertainty there may be in an a priori sense certainly

does not touch the trader if he can buy what he wants (what quantity) when

he wants. It follows that to be 'operational!, the notion of uncertainty

of supply mist mean an -éxagenoua restriction on the trad'er‘é purchase as
well, . |

let us now be absolutely clear that we take but a small step |

from this background in setting up our model. Proceeding in line with

the backgro_und:, we grant that on the wheole the trader ig able to 'bﬁy N
wh'3.t he mts, but mt alwg_v_s 4--- thei‘e' ave times when he has to go

almply wid thout _@._g[ pg:rchase at all. The idea. is that thare is some
| sudden d:.sruptmn c}f the whole supply, or . supply sys-bem, leav:.ng the
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'source tl:-ge ’s:réﬁer buys from wilthout any supplya Even if there is a
1imited supply, we may assume reaiistically that it ig cormered by bhig
traders whc:- fall c:-u'beide the scope of our analysis, thus taking us back
to the point of ''zero purchase'' for 011:5 trader. We ocall this the

gvailability problem and bulld our model around it.

18,2 Iet us imedi&itély point out a basic limitation of the model in
handling the problem. Let us start from the twader going o the market
_a.nd .fl‘inding himself mble to make his purchase because the 'supply' there
has suddenly disappeared. It would be logical to think that he (the trader)
then simply stays on in the _ma:t:'ke’s t111l the goods become again available,
implying in turn that the maxket meéta continuously in Time, Ilnﬁtares.tingly-,.
- this takes one back to the existing framework of inventory theory in the
gense thé,t it can be in'be:&jre'ted ag the case of a variable and uncertain

' t4elivery lag!', with, implioltly, a high probebility of gero lag, for
''on the whole'' the trader is still seen fo buy wha,t he wants when he
wants. 0tated sllghtly dlfferently, the whole 'event' whlch bmngs about
'the "Mag!! is by nature an accident, ar.td hence has only a Ema,ll probabi-—
1i'ty of ocourrence, Jt is however rather late in the day for us to go

into all thls("delwexy lag“) We simply g0 back to our orig:i.nal star-
ting point of & periodic marked a.nd cast the whole prcblem in this rigid
.framework. The rlgldl'ty i simply ’sha.t the trader ha.vim; failed to make |
2 pm‘chaae is left with no option c:ther than waltlng tn.ll the nex‘t meeting
pf the market :far his purchase. This :Ls the basic llnuta.tlon- of our for-

| nn_:_t.la.tidn_, of the availé;bili.ty_problem' in Mc-del. IIl Further de'l:ail.s_.c:.f' the

‘model ajfe'. left to the chapter concerned,
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1941 Iet us now say a few woxds in clarification of the titles given
to the various models., We have titled Model I and Model IT comple.'te-ly‘"" :
symmetrically asg ''Optimum stock undex u._nce:r:tain demand and a given pul-

chase interval’!' and ' 'Optimum stock under umertain supply and a gilven

purchas.e interval'!, The first point to be clarified is that the terms

'Muncertain demand!'! and !'uncertain supply'' in the two titles are not
to be taken to connote their matual exclusiveness in the two models. We

do congider uncertainty of demand in Model II though we begin here with

 the case of ceritain demand.

Next, it is to be cl&rii’iéd that the expi'eﬁsion '1a, given pllrcha,se
interval''! has rather different suhs’sa,n.tive connotations in the two models,
'Firsfly,' in Model I the expi"esaion connotes elther that the trader buys
from a..pej:-ic:dic market gr that he himself decides to buy at a_fixed interval
through Time which (the interval) is taken as given in the sense of a pﬁr:iar .
decision in the model, In Model II, only the former interpretation is
really admisgsible, foﬁ: there 1ls nothing to 'expl-ain why the trader sticks

to his self-imposed rule of the second inter;preta'biori even in the case of

failure to make g purchase. Secc}nﬁly, we can speak c:rf a "given purchase
1nterval” in Model II only' in a notional sense, for J.t is only the in-

terval between the trader's successive intended purchases, and not the

actual purohasesg that can be given & priori 'when the availahility. problem
is there. So, ‘this senge. c:-f the term must be 'l:aken as impllcn.tly unde:c-.
stood in the context af Model II Nq such restmctmn on the ter_m is

mbvmusly placed in Model I
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Finally, it is to be mentioned that the term "'stock!' in the
titles of the two models is to be taken for !'‘stock maintained'' in thé
senge of this term already explained., Even here there arise special

problems of interpretation in the context of Model II. But we leave the

matter to the chapter concerned.

| 19,2 Iet us now come to the title given to Model III ”'I':clansaction
copt and the optimum purchase and purchaﬂe-inteﬁal;';' The point to be
clarified is simply that ! 'purchase interval'' here does not represent a
decision variablé (or.ﬁ.ptimising vaxiable ) Begafﬁate-h ~ from ''purchase!'’,
i,e., the amount bought in a purchase, We have nevertheless put it in the
ti'ble gimply to make clear, and stress, the line {:ﬁat separates Model I

and Model IT on the one hand, and Model ILI on thé__ather. Model 1V is

1

his is already explained., Ilet

titled simply ''The composite model'®,
us just be clear that this is a ''composite'!'! of Model I and Model III e |

Model Il does not come into it.

20. It is now time to bring this long introductdry chapter %o an end.,
Let us just say that the whole thesis remains 'ultim&’s_el;y' as a conceptual
effort trying to integrate inventory theory within the mainstream of eco=

nomic theory. This is already evident from the statement of the'!'back-

cogwound 't we start fﬁ:ﬂm before coming to inventory problems and from the

way we set up the pi*oblems. In a nutshell, the_pmblams _ta.keh together
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axe defined through the four concepts of capltal, pﬁofit, demand and
supply ﬂ{ Thase aré all fundamenteal concepts of economic theory., This

is where é,ll the ideags of the thesis come from, and ultimately go back to.
Te thesis is thus a contribution to inventvory theory sesn through economic

thEQIY-

5]/ Our baﬂlo points regarding the first three of these concepts were
already set out as part of development of the !'!framework'' and points
regarding the fourth are now set out ‘chmugh the statement of the
"availability prablem”




Chapter 2

TOOLS AND CONCEPTS, I : DEMAND

Section 1 t+ The Concept of Rate of Demand

T 'In'Ghapter 1 we summed up our stationarity postulate on demand

conditions with the s‘tatem_ent that demand in our senge == demand in the

total or as & mogs aggregated over particular demands ——- is -_ﬁime-d.egen—

dent, 1ot Time- dependents. Our object now is to comstruct certain funda~

‘mental ’c,aols. of analysis out of a mathematical formulation of this postus
lates In this section, we abstract from the uncertainty of demand, which
~we come. to .deé.'l with from the next section onwards. A= already explained,
from the ’.mc:-'ll pﬂiﬁt of viaﬁ, this is a paﬁsé,ga frt.ﬁm a deterministic to
probabilistioc t:cea*thaérnt of Jemand. Let us also 'i:spea,t that both the
notions, stati_onarity and uncertainty (or randomness), | are understood hy
us in reference to total demand, not the se'qué'nce- of particular demands

a8 suche Time already enters this -coﬁcépt, ‘and that is the starting

point of our fﬁrmnlation-

24..1. Mé.'blhelmatieally, demand in oui'-sensa is the to.ta,l- of particular
_d.'emandla occuri.ng within some interval of time, sg,;r (t, 1 ), where t and
¢ (>t) are two axbitrary time pointas  Let D (’s £ ) be this total

- demands Let us now go over to an al*barn&tive reEresentatmn of the J.n-
:'_terval (b, t )1_ What we do is simply separate out the time and Time in

_ the interval (%, '), the fﬁmer baibg' defi.ned' by the L@E’:ﬁ.}i c:af ’ché in— B
’Gerva.l, which we will denote by %, a.nd the la:bter being defined by the
M of this length on the real tima axis which can be represented
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either by the " beginning oxr by the " end" of the interval, i-e., by
t or ¥ « Choosing the " beginning' for this purpose, we have the ilnter-
yal represented by the pair (w, t)s Stated in words, (1, %) is 'bhé
time~interval of length © Dbegimming at 'time—point- te So, the demand

»

D(t, ¥ ) is now re-written D(t, t).

2.2 ~  Now,  as a pure thcug;ht experiment, we can obviously vary v and %
independently of one another in D(7T, %) and thus comsider D(T, ©) as a
functioﬁ of fw:‘:: variables . Fellawing‘ thi:-‘s we can say that the dapen-
dance of D(=, 'l;) on T and t gives us respeﬂ'hively the ‘l:ima-dependence "
and " Time—dependeme" of demands. With this, we oan i-eprasent the
.poatulata of statiana.ry demand by the aondi“cian that D(4, 4} 1s indegen—
dent t or in other words, it is a funotion of on one variehle, T.
For simpliclty of notation, we use the same letter, D,’-'bo denﬁ:te the

_func‘Eion- Ourx donditioﬁ is m&'thema'bioally gtated as

(1) Dty ) = D(?r:), 211+

'2.3 We now point out an extremely aignificant implicatian of the
formulation of the notion of stationarity. On the face of it, it could

appear that the mathematical form of D{v) is left free in (1). This

Y EBquations are numbered consecutively in each chapter and then referred
by that number within the same chapter and by 2 pair of numbers in
other chapters, the first numbex :referring 10 the chapter and the
second number refarmng +to the equation. - Thus, e.gs, the notation (2)
refers to the equation number 2 of the same cha.pter and (3-2) to egua-
tion nmumber 2 of chapter 3. - When an equation is repeated within the
same chapier, the original equation number is also repeated, bub when
it is repeated in a different chaptexr a fresh number is given to ite
These conventions apply to the text excluding the aEEendioes- In
each appendlx equationﬂ whether new or repea.ted are m:mbered. afreah.
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however is not so, D(%) must in fact be proportional to ¥, in other words,

there must exist a positive constan®, d, such that

(2) D(t)= d.v,

Proof of this claim i8 given in the appendix ot the end of this chapter.

o The constent & in (2) defines the concept, rate of demand. As

.

such, this ferm is undérstood by uvs only in refewence to stationary demand
co_ndition_a, as something implicit in this very notion. This is very
distincf from using the term fo mean just a dimensional tranafci.rma’cion of
the quantity, total demand J.n @ certain interval of time, without any -
further backing, which appears to be its conventional usageg[ This

. ,o_ia.rifiea' our 'diatinétiv'e use of the term and the .conwptual underpinning

we give to 1t, already hinted p:r;sviously (see 11_'_"53,:E_n.26)._

562 Lest therec be any ambiguity. about our pdsition,, let us ql_arify-the
erssem::i_al point we 'are-tx;ying to mekes Let us switch over from the |
a,ba’s_ra.ct_notidn: of a rate of demand to ﬁuoh-seemingly poncrete expressions
ag, cegs, a day's demand or daily demands We oan giearly’sa;r that
ataﬁionarity of demand conditions is already imp'l:i..cit iﬁ thesé terms, for
- one does not mean by these tarms the demand on a partiaﬁiar daﬁ- One
-' - means simply the demand over E}, ddy‘s leng’th of time_ é.s per: ger'b&in cdndi—

tions of demand implicitly taken as givens But this itself is a valid

2/ A simple example serves to bring out the arbitrainess of such a defini-
tions Consider a onoe=and-for—-all occurance of a demand, gsoy at time
point 'l;o." ‘We can define any number of interwvals conboining tp and give |
e *:ralue to the " rate of demand" ag per this definition that we may
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entity only if these conditions are in fact atatlionary, for an abstraction
ig already made from Time in the expressions Oux concept of rate of
demand simply gives a rigorous mathematical axpression to these intuitive

notionss However, we grant that in fthe expression, a day'!s demand or

daily dexﬁand, the " day" moy come in a8 o natural unilt of meagurement of
time for fhe vary measurement of demands Ag pler. _th.ié- gcale of measure=—
Inent, one can talk of 0 many doys! demand, but not of s0 many hours?
demand in *Ehe gense of s;}me'bhing directly measured. = In our fﬂmula'tion
on the .othe:r:- 'hﬁﬁd_.'a direct measurability of demand in terms of -aﬁy"leng'bh
of time is Eimply presu'med.. Thj.s is o diffarenoe in the precise quenti-
tative framing of the notion of stationerity. It does not free the
notion of rate df dama,r.ld.' of the need of any such framing. This is our

POin'b .

cection 2 3 The.Probabili’G_x Distribution of Demand over Timey |

1 . Let us start off directly with D(7T ), the demand over a dertain

" time“ T as a random varlable. - Qbviously, the mhablllty d:l.s‘mi-

 J

bution of this random variable iz defined parametrically wrt 't-&/- ~ Let

-z/ This title is an abbreviation of the fuller expression, " probability
distribution of demand over Time under stationery demand oonditions" «
This is simply taken as understood in 2ll similar uses of the term, e.g.
in the titles of the following sections of this chapters Depending |

- upon the context, we will shorten the expression atill furthe:r to Just
the ! prﬁbabiln.'by distribution ef demand“

-4/ Throughmzt the 'bhesm we use the Term, pmbr_..bllliry distr:l.butmn of a

random variable synonymously with 'I;he Ermbabillﬂ density funct:l.on

(pdf) of this random vaarlahle- |



us denote this distribution by the function f(u, ¥ )»  Loosely specking,
f(u, T ) is the probability that a certain quantity, v, will be demanded

over a certain length of time, T .

2o Tiet us remember that the whole aonéépt ig defined on the' gasumption
of stationary or unchanged demond oconditions through Timees But given this
assumption, the notions of " demand over a ocertain time" and " time faken
for a certain demand to ocoux' are _ﬁothing but two sides of ‘h'hIé sts.me_a coine

Hence if one is & random variable g0 is the other, and their Ercﬁbabilifgg

distribution are one and the sames So, Lf we now denote the time token
for u demand to ocour by T(u),' then we have f(u; ¥ ) as the probability

distribution of T(u) ag8 wella

In Eum, £{u, T ) represents the probability distribution of both
D(*) and.T(u)- In the firet coge, we read u ag veriable and T -as poxe~
metér and in the second case we read u a8 pa.rametér and U as variable'in ”
f(u, T )s« The appropriate interpreta'biori depends upon the context and has
to be 80 undarﬂt_ood; '('Th:.i.s cannot be always éxpliaitly speoif‘ied.in

Se For our own pu:r-p-_ose in the thesis, thle main interest ié focussed
upoh D(T ) as the random variable. - In 'the rest of thé chapter we. pz&e‘pm:'e
the grounds for this by disousa:.ng the vari&’ﬁional Eropertm of 'I:.ha pmba:-.
bll:.ty d:.s'l:ribu'bion of this ra.ndc}m va:rrmble :L-a. of the properties of
£, T ) definad. 'bhrﬂugh shif‘ts in the pm:‘umeter g’ . No'bhlng 18
discussed he:r:e a.bcm'l: the precuiae ﬁha.pe of f(u, T ) for o gwan T » whiﬁh’u

we s:.mply leave An the ﬂpen to the stage of our- aotual use of the tml._ |
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Though, as just stated, our own interest in the thesis focuses
neinly on D{ T ), we also on oocasion meke explicit use of the variable
(1 )e  The relevant variational properties of the probability distribue

tion of P(u) are mentioned below alongside our main line of analysis in

the rest of the chapier.

- Section 3 ¢ First Law of the Probability Digtribution of . L

Demand over Time

141 Conceptually it is obvious that a change in the vazlue-cjf parameter,

- distribum~

T, effects a xi htward or lef"bﬁa.rd' sahif“ls- of

tion of D( T ) depending on whether the changs means a rige ox fall in the

whole probabili

value of T+ Within this, our First Law of the Probability Distribtution

of Dema,nd s’sipulates simply that the e@ected value or mean of the pdf of
D{ T [ shifts Erogortionate]_.z witht « This is understoc:d simply 88 &

concaph.lal extension of the form of IJ(T ) es’babliahed in (2) for the case
of de'bermimstio demand to the case of proba.bil:.stio demand.. Following
‘shis we also iden’c:.fy the fao'bor of proportmmlity in this law with -that
in (2) i-e- the rate of demand., This effectively :r:edef:_nes the_oonmpt
of rate of demand gs simply ‘she expeo’oed demand per unit Gf time s T4
needs hardly be Etreqaed a,ga,in that the whole conception is. based upnn -}

- prior postulate of stationarity of- demand oond_j.tn,onﬁ__for- otherwise the

entity D(% ) is not defiried. ot alle

162 I'Is remalins to ﬁpell out the aonception whic-h is rea.lly to estab-
1:Lsh a comeptua.l aonnectwnfbetween the twa cases ﬂof proba,bilistia _anrl. o .

| determiniﬂtm demand. -F:Lrs-l;,._ we_glve_ a ma_'bhema’ciqa.l ata.tement Gf our
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Pirat Law of the Pmbé:i.bili'by Digtribution of Demand. The statement is

simply that there exists a positive constant, o, such that

(3) E(D(T)) = T

where 'B! denotes the expechation operators/- - This is the first stepe

The second step consists of the equation
(4) e =4

1:_-3 Let us now E.:lr.-m:ify the whole conception set oute The easence of
this conSists ﬁimply-af_ thinking of the aaée of d’e*bexministio_ demand as

the degenera,te" cage oOf prababilistic_: demand where the. 1" yhole® probabi~
Llity of demand gets ccmeﬁ‘cr&ted at a E_iyla Eﬁin't., ie, ma,thema,tica,lly; -
the domain of f(u., Tj'shrinl_cs toc a single poin't;. | This point is then l
simply idenfified as the mean démand, B(D( T )), ieece, the shrinking of the

whole pdf of D( T ) is taken to be defined sbout its means This is taken

to be soniethine: purely defini‘l:ian&l or logical in the éen-se that a shrink-
ing of the pdf of.' 2. random variable is meaningfuliy concelvable oniy' about
its 'mea.ﬁ- Going Ibmk to afep 1 of the a.:rgume-nf, We nras'*t.mw etj,u;aﬁ:e"
B(D(t )) with D( T ) itself understood a8 & seé.iar or determinate magm-
tudes But we have already seen in section 1- that in this caﬂse D( 17) 1.8
in fact proportional to 1 where the. factor of pmpor'b:i.bnali'by was denoted
de  So, we must now have Egng T)) as _a_lﬁ'n Erognrtiﬁna.ll to ¥ ﬁi’oh the éame.
factor of Eragortinnalitp: 'T‘n'.is sirﬁulteneoiisljr esgtablishes .”che. two

prcposi'bionﬂ_ sBitated in (3) and (4) aboves Ba'th ‘the '-prt_;'apt}siticmﬂ are in

2/ We will also use the _alt’erﬁat’ive notation T:.'( T-') for B(D( T )) in line
with the fact that u ‘denotes realization of the rendom variable B(‘fc').
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this sense purely logical oxr definitional, and do not constitute any

N additional! agsumption on the probability distribution of demand.

24 Before ending, we point out two things. Tirst, equations (3)
and (4) have their antomatic counterparts in the probability distribution
of the " time taken for certoin demand to occur', ie.ce, the variable Blw).

Stated jai_ntly,' the counterpart is simply ¢

(5)  B(D(w)) = = -

Thug we have the interpretation of d as the reciproqal of the mean time

taken for one unit of demand to ooours

2.2 | Our seoond o;nservatim. is in a .:aens_a purely terminological. Firet,
we point out 'tshat. it _ﬁoﬁld be.inoorreat laziguage in our set up to talk of
an expected rate of demsmd'; The rate of demend itSelf is understmd as
the expected value of the random variable D(T )/ T . . It is 'me&hingless to
talk of expeotation of an e:checfed vali.le. Naxt. we point .01'1:1:' the' connec-
tion between our language and the 1n‘bu:.’ca.ve oon’uent of the term, rate Gf
demand\, a8 demtlng an Ewergﬂe. | The ! average" iﬁl now rigorously under-

gtood in a doii"ble senge ¢ (a) in the sense of o time average os conndted

by the expression D(T )/ T and (b) in the sense of statistical EVerage
or mean which ig simply the mean of the above " averoge™ taken as a

random variable.

Section 4 '+ Second Law of Prﬂbabilitg Dia'lsributiﬁn of Demand ove:r:' .T':Lme
Te The Seoond Law o:E Prcbabllit‘,r I)J.strlbu-bian of Dema:md wer T:l.me Was

| def:l.ne& in Gha.pter 1 to mean therl: the uncert&mw ox randﬂmneas of demand
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decreagses with * time!fs Stated more expliai'tlf,r,'. the demand cver a longer
period has a small uncertainty &saooiﬁted with it, 'gifen no change in the
underlying oconditions of demconds  No precise defiﬁitiﬂn of the uncertainty .
of demand being greater or smaller was howeve'r given in Chapter 1+ Our
first object now is to give a suitable definition of this. We will fij:ét
give a definition of rise or fall in uncertainty of demand for a give’n'

value of the parameter, T, in D(7T ), and then go from this to changes in

uncertainty defined through the variation of § , which is ultimately what

is relevant for our purposes

2.1 Let 1;1-3 begine in the previous gection, we oonqeived ﬂet_erministic_.
deménd. a8 the degenerate case of 'probabilistio demand where the whole 'prﬁba.-
bility of demand is concentrated at a single point (the mean demond ). .
Oi.ea.riy we oan think of this " cﬁnaen'bration" a8 the lijﬁi_‘u or oulminaﬁon
of & process of increasing concentration of probability around ‘the mean.
Such a process means by definition a process mf-decrea.sing uncertaintys
Since ¢ is fixed here, the decrease ocours out of éxog@neoua shifts in
the prcﬁability distribution of D( T'). | Ne}ﬁt, we .cam understand an ine
crease or deci-ease in the concantratiqn of proba,bility a,muncl'*bhe mean
simply as an increase or decrease in the pmba’biliﬁy under sa.me given
neighbw;:hood c:ri‘. the mean, speaii‘ied. in advance. We can then say that
there is an increase or. d&oréasa of unaér‘*b'ainty'_ on account of the shif¥ :Ln
| -P.I‘Ghﬁbili’cy dis.tribution acaordihg é}-.a the._probabilitj under this neighbou:b?
hood has deareaﬁ_ed -or__-irihreas.ed; Asae, the two are inversely related. '
Cholce of the neig_hbau:rhaod- itself is based on a, prior' .cdnsidera:bicm

which we must leave in the open. From a purely analytical point of view,
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this introduces an element of arbitrariness in the procedure, which is
admitteds However, it will be seen later that this does not create any

fundamental problem for our specific purpose.

- Let us now proceed to step 2 of the analysis. The basic pdint |
to recognise here is that o change in the value of T == ghortening or
lengthening the period ~—- mneans by definition a change in the whole

scale of demand. This is already reflected in the fact that the mean

demand variés proportionately with T (the First Law of Probability Diste
ribution .jc:f Demand over Time ). _chwer, this is not the end of the
matta:cf A larger mean will typically have a larger variability of Demand
assooiated with it in absolute units. So, if we keep to a fixed ne;i.gh-'
bourhood of the mean in the definition of change :I-.I'l uncertalnty, then we
autama_,tically have the uncertainty as an increasging :f‘untls'bian of T. This

is purely tautological and comnnotes nothing of the substance of the

matter.

2e2  Let us now go to a more meaningful d.efini’bimn.af'ohamge in
uncertainty (rise or fall) brought abqﬁt by the variation of T. The

concept of a M f£ixed" neighbouxrhood of the mean in the statement above

is implici'.’cly understood as a neighbﬁurhwd d‘efineld-by a fixed absolu'te
deviation of the mean allowed in '_tlhe neighbﬂurhma- We now simply
repla.qe this fixed ab_soluté .dev;i.ation frgm _the 'meém b;f,r. a fijced_ _rela:bivé
dév.ia:bioh ’sc:-'. .define .'bhe neighboﬁrhood,_. .Tt} be in the ulear : what 'ﬁe' |

augge—st is that if 8 was 'bhe flxed abaolu'te denatmn :E‘rmm mean defa.mng |

then we firs*b express 3

the ne.lghbourhﬂﬂd for & ﬁ’iven value of 1 = O ,
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ae a relative deviation from the mean, i.es, os 50 /T 'L'G) = Ej, say,
where u ( T G) ig the mean of the pdf| f(u,’ T a),' .a:ﬂd then define a neigh=
bourhood of u (1:0) by this fixed relative deviation, -€, for all values
of T « Thie done, we say that there ig an imreasing -::-..r decreasing

uncertainty of demond with T o8 the probability under this neighbourhood

decreases oY increases with T.

Ze Before giving a more formal statement of the defini’l:ion,' we stop

for a few general obsewations on it. Flret, one may call the change in

uncertain'by defined here the change in the rela'bive uncertaintx ag c:ompa-
red to the change in the absolute unger’oaintz origimlly dafined. - We
will however tajlc of the change in uncertaldty defined here simply as .
change in uncerﬁaiﬁty through the variation ﬂ_f'T » Next, we point out
that since u ( < ) is proportional to T (Plrat Law of the Probability
Distribution of Demand),’ the apsolute deviation allowed from the mean in |
our neighbourhood' Now also incréases pruportiona.itély with T . . Thus
whether we say that we allow a fixed relmive deviation from 'th_é méan or
o ira:riable absalute'dévia-bioﬁ voarying prwportiomtely with T in oux .
neighbourhood for defining .chaﬂng__e in unae'rtaintj- over time comos to ‘the
gsame thing. PFinally, we mentlon that the neighbourhood must in any _eas’e_
be strictly contained withi:j thé doma.in of the proba.ﬁility distribution
of I T ) for a,li valueé of T 'I-'hiEl. is" simply taken as undarﬁtood”all |
throﬁghq 'I'hua ‘Ehe pa:ramuter €. 18 not left aompletely arbitraz'y in the
analytical sense but mus’o sa:bn.sfy the above . restrn.otion- | We will fc:llow_

up this point a 11131319 fur'l:her at the end of this seotions

-i-/ The symbol et is to be rea.d as 'ep,p:.lon' or 'balong:t.ng tot! - depénding
u.pon the pxealse context- ) | . |
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iy Let us now give a formal statement of our definition of the rise
or fall in uncertainty of demand through the variation of T . First we

define a neighbourhood of u (T ) as per the parameter, €, which we denote

bylﬁa(ﬁ(.‘r))z

M (T(TN= {u: (12)F (T )cuc(re)T ()}

'Next, ‘we define the probability integral, I, (T ):

(5)  Tg(T)= £ (g T)aw
Fe(R( )

We then say that ’ﬁhére_ ig a rise or fall in the uncertainty of demand

with T as :

& () 5 .-
G < 2
5e Given this definition, our Second Law of the Probability

Distribution of Demand over Time ialdei‘ined simj_::l:,r by the condition s

_"(6) a1, (T)

This is for a fixed € entering as parometer in the whole aoﬁaept-
However the rieflmtmn can be lmmedla'bely generalised b:y' al'lc:ww:.ng > 'tt::a
vary over o " meaningful rang:e“ and yet :r:equlr:u.ng (6) 'bo be satn.sfled.
Thm xrange is already cn.rcumscra.bed by the conditmn thot l\T LT ) must be
strm'bly canta.ineﬁ mthin the domam of the paf of I}(T ). Th:.s apart,

there also x-ema:r.n the a p:r:mri conslderatian en-bemng the ch-::u.ce of’ -bhe

ne:l.g*lbourhead menta.oned at 't;he beginnlng- It is -hcnwever clear ‘that once
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E is allowed to vary over its meaningful range we get rid of any

arbitrariness in the statement of the - Law! concerned.

section 5 3 The Case of an Unchagga,d Strmcture c:af ’f.he P:t*obabll:.'hx
' Distribution of Demand ove:r: Time

w

1y What we c¢all the case of an " unchanged structure! of the
probability distribution of demand over time is on the one hand a
straight formal generalization from our PFirst Law of the Probabllity
Distribution of Demend and on the other a stroight substontive de nal of -
our Second Law. That iﬁ,' starting from the First Law,” we have (a) +his
case and (b) the case defined by the Second Law, as ﬁmtualg exclusive '

alterna‘biveﬂé/- Let us now simply follow out this preview of the matter.

2471 According to our First Law of the Probability Distribution of

Demand, the mean value, u (T ), of the random xf&ria.‘bl.a,' D(t ), varies

-pmyortimnatelx with T+ Underlying this is the broader relation 'bha.f
the whole pdf of D(7V ) undergoes a rightward or leftward shift with a

rise or fall in the value of T . - Our 'géneraliaation from the First Law

é/ It i9 to be remembered in this context that while the First Law is
purely " logical' in nature, the Second Law is based on a priori |
intuitive considerations :r:alatlng to " demand®™ in its specific sense
in the thesis, ises, the demond faced by the trader through Time

- under Etaticnm conditmns which are also somewhat * provisional®
in natures There is thus a, difference in the' level  of conception™
of the two Lawss The concept of an " unchanged structure™ of the

probability distribution of demand defined here belongs to the same
general level as the First Lows This i what motivates our formmla~
tion of the concept in the first places In the actual problems dealt

with in the thesis, we make use’ of both ons8es under approprmte notim~
&tlﬂl’li -
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is simply that this shift as a whole is a proportional shifte This is

what defines the case of an unchanged structure of the probablility distri~

bution of demand over time in our gense of the terms

242 Let us formalise. The easgential tosk is to define formally what
we mean by a ! proportional shift" of the whole pdf of D('c ) with % ..
What we mean is thise Let us consider an orbitrary interval, (o b),‘
contained within the domoin of the pdf, f(_u,' T ), for & giveﬁ value of T »

By' a proportional shift in the whole pdf of D(T ) with T , we then meon

that f(u,1: ) satisfies the following condition

b Ab
(7) [ (v, T)_du=?\£ f(u, AT) du, for all A > O.

o
TIn other wﬁrds, what we mea..n' isg %hat '2) .pmportiunate biow up or contrac—
tion of the interval (a,' b) in pxioportidn with the variu,’cian of T (rapxé—- |
sented here by the parameterx, ?\) iécwes 'Ehe_ probability under the interval

invarianty This is true for gll intervals oontained within the Qomain of

the pdf. Hence in partioular the condition implies that the domain it

self is proportionately blown up on contracted with Tz(-

243 Let us now make E_omé formal deductions from (7)e Firet, we effect
‘o transformation of variables in the RHS of (7) by defining the variable,

v, By

v WA

YV Obviously, this ‘oondition becomes’ vacudus if the damai-n is (0,00 ).
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P,

09

=3

{{

=

o

i1

Ab

=2
=
I

and

du = Adv,
With this substitution, we can now write (7) as ¢

fb.f.(v,l-fr) du = fbf(?w, N T) My,
! a S
But v is a pure dumn:ly_ variable iﬁ the RHS integralﬁ - Henoe we can write :
it back as u» This gives us the equation ¢ '
b b |
[ fyr)au= [ A(My, AT) du
a a a
or,
b o o
(8) £ L2y, 1) = AL (A NT) [/ du= Qs
This is true for all int'ervé.ls, (a, b.), contained within the
domain of f{u v ) (7 givenj. Granting that £(u, T) is -:%, continuous
function of u bve.-r its wholse domain for any given T, ‘this means thé:t the
function inte'gcfafed in (8) mus*b-identiqallg vaﬁish over fha_ whole_ domadin,
i-e.' | ' - S | - | -
£(d ) = Af (g AT) = 0 forall A >0
or, | . o |

(9) f(?\u, M:) =-1x f(u,‘r ), for alll'?.x > O :
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244  This ecomplets our formal deductions from (7). Conversely, it also
can be shown that (7) follows from (9)s Hence (7) and (9) are equivalent.
A parallel equivalence ocan also be stated between (9) and the analogue of

(7) in terms of 1 as the variable of integrations VWith these, we now

formally define the case of an unchanged structure of the probability

distribution of demand over Time by (9).

3.-1 - That the case of an unchanged s"crﬁcture of the 'pmbabili'b}r
.distribution of demend constitutes a denial of our Sécond Law of this
dis'bributién becomes obvious on taking the i-n'telz"tra.l (a,’ b) ‘ho._ be & neigh-
bourhood of the mean demand, u (T), esgs, N (U(T)) of the previous
sectione According to the Second Law, the pmb‘ab:l__lity under this.n-eigh-
bourhood should inorease with v, but according to (7), the probebility is
left imarian'b@é This can be g¥ated oompactly in terms of the funotien,

I. (7), defined in (5" as 3

a1, (%) » 0, under the condition of the Seoond Lew
(10) & . of Probability Distribution of Demanc'i
i d - over Time.
= 0, under the ocondition of unchnged |

~gtructure of the probability distri—
bution of demand over Times

3:2  Let us clarify this a little furthor. First, we point out that
our whole concept of an unchanged structure of the probability distribu-

tion of demend is in éssenc_e a formalisation of what can he onlled the

- —/ This inveriance follows from the fact that by our First Law, the mean
demand, T ( 1;) shifts pmpox"biamtely with 7 and hence so does 'bhe
| neighbnurhood around it deflned by (1 r€)u(r) |
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pure scale effect of variation of T on this distribution. (9)__.;i,{aaglif |
definés,' we may sey, a pure " scaling " of the function, f{u'tT )s The
notion of Y seale effect" of variation of 1 was already met in our
discussgion c:f" the Second Law where it was geen to wodify our impllcit |
preliminary statement of the Liaw in terms of absolute uncertainty and
require us to state it in terms of relative uncertaintys The Law itself,

- Wwe can now say, defines in turn e modification of the pure scale effects
Hence 1lts denial of the concept of unaha.nged struoture of probabllity

dia*bributmn of demand.e

4o - Let us' end the disoussion by pointing out thet the condition of
unchanged structure of the probability distribution of demond over time
makes this ﬁhOIG'prOb&bili'ty‘ distribution # scale free! in the sensec
that the probability of -ti cer'ba.in' demand occu:aing over a ocertain time
(equivalen'bly,' ’che probability of a ee:rtairi time being taken for 8 ﬁe:r:ta.in
demand to ocour) depends only upon the ratio of “the ’Gwc:- &mcl not uwpon thelir
abaalute magnltudes. S_:;, Il.f we trana_fﬂ:um our random varicble J.nm--a. ratio
form, D(T YT and P(u)/y, we have 'tﬁeii prabability_ distributions as in-
dependent of 7 and u respeotivelys  In effect, j-.fe' géf rid of .paramg'bara .
in defining our frﬁﬁability' &istribution- - .

To pm?re These 'aaaertiﬂné we make use of the genera,l 'l:heorem that
- 1f X is a random varieble with paf f(x) and ¢ is a positive constant then_'
c}( :Ls a random v&::'iahle with pdf l £ ( .1 ), }-.rhere'y denotes’ a realisation

of GX--. So sinne D( T) is a random var:.a.ble with pd_f f(u, 1:) for given T

]3(1: )/t is a ra.ndam var:l.able with pdf T £ ("‘B’x, 1: ) where x denotes a
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realisation of D( 1« Y v« But by (9)
T(Tx, T)= £ {x 1).-

This proves that the pdf of D(x )/ T is independent of T . By sinilar
reasoning it can be proved that the pdf of T{u)/u is given by £(1, ¥v),
where y denotes a realisation of T(u)/u, which is independent of wue This

proves our assertionse
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Appendix to Chapter 2

Procf of the (lad

Let us begin by recapitulating the definition of D(T )s» D(T )
denotes the demand over a period of length, T this being & well=defined
notion by our étationarity postulote that the demond over a poeriod depends
onily upon the length of the period and not upon ity locotion in the real

tifle aXis. 5o, formally, D( 1) is defined by ¢
(1) D7T)= D(T, ), allt

where (T y t) is the demand over the periocd of length T beginning at time

pOiIl’t Te

Let us also remember in this context the following polnt mﬂde_ :Ln.' |
Chapter 1. D(g, t) is by definition the total demand nggregnted over |
the particﬁlar demands occuring within the time intexval (4, © +1T )
1s also ggsumed that over any such ..in'be'mral there is in fact a ¥ tiense"'

collection (ox aequenaé) of particular demands. As already explained in

Chapter 1, the assumption is implicit in the breatment of denand 28 &
M continuous function of timé_"_(see pe 31 _ fn. 27)s We now teke the

gtep of explicitly postulating this condition for our own fumtion. D(T )

That is, we assume all karaugh thot D( 7T ! ig & contlmous funotion of T,

where T & (0 QO)

Le’c u& now come to the olaim to be rroveds To prwe i’c- it is

obviously suff:l.eu.en'b tc: show that for an;y two time-lengthd, T and "r :

wy X3 ’
) Ba k),
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Let us firet consider the ocase where one of the time-lengths, say
y

7, is a mﬁl'biple of the other, l.e¢, ¢ § 1l.es, there exists a positive

integer N such that
(1ii) <" = Nt .

‘Let us now consider the expression D(’L” e This is the total
demand occuring over any period of leng'bﬁ v . Let us fix the period as
(v, to) where t, is an arbitrarily fixed time points Let us now divide
the periad into N Eubperiods,' each of length ’1:’: /M= , begimning respéc— |

'blVEIy at time POlﬂtE 'bo, 'b_], teesesa, tN-'I _Where b}r definition

'tk=- 'to+kT ,' ]:C= O, 1' -i-iﬁ'ln" N"‘l‘

By definition

D(T,'t)+:n(1: 't)+....+ID tN_1

V)= NV, t,) A

D(T )+ D(T )+ eesese +D(T), by (1)
— M@WS*—"“—W _

i

Np( T)

il

20, we have the result :
() o7
T T T
This proves. (11) for the caﬁe 1:, = NT .«
'It' is more or less obvious that-we can use the -m type of proof

:f‘or 'I:he caﬂe where T smd 1: are bcrhh mul'tiglea of gome cﬂmmc}n tme—-le%tg,

Sa.:sr ’cn 3 i-e. there exist posi-bive mtegers N and N such tha.t



T = .th;

(iv) A
T?""‘"—' NTD'

The proof is as.followss. By steps similar -Ea the above, we have

D(‘L‘.) = N D(.TO) ?

(7)) = ¥D(1,),-

, by (iv) -

(v) . o _Il%t__l = l%-l ,” where (iv) holds.

For ali practical putposes, this may be taken to prove our claim,
for_.by chming.. -:d sﬁmli enoggh,"- we canlalwayﬁ a,EEm}cim&te T and f;’hy
rela’c:ﬁ.onﬁ .a',s in (iv), Tet us ﬁnwever é,‘ive a rigoi-ﬂus praof of the claim
for the genernal cases What :r:ema.lns to be proved is ﬁimply that (ii)
continues 4o hold when at leas't one of 7and g7 is an irrational r::umber-/ i

for in case they are both rational, then (iv) iwm auﬁc:matioally sa.'biafied—é

1/ This is unders‘bmd s of given unit of measuvement of " timet.

—/ Suppose T and 'u - are ‘both rata.ona,l numherﬂ. This means that there
exis‘i: ?Eitwa integers 8, b, 4 and ¥ such that T= /b and

® o /‘6 . It is now easlly :r:J.fiec'l that (iv) is satisfied, by

Pu'btlng"to = ‘1/(bb ) N; = a. be Note th&t by definitmn,

TO > O and N and N are positive in’cegera.
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The method we adopt for proving this is simply to prove the eguivalent

proposition that for amy 5‘5"0‘,-
/
l DT ) D(T ) ’ e
T <
The proof is as follows.

Take any € » O »
Now, toke o mumber &, > O such that T + €, 18 & rational rumber

and

_”(vi) . 13.(.’5_1 - D(T~+E1) < B /2

>
T T+1

(Such an 81 exists simply becanse D(T) is sontinecus in T € (D,CIO) ) )

| | Similarly, take o mumber &, > 0 such that "+ 82_ is & rastional number

~and |
/ :D('t" + €, )
DLT | 2
" - B V
vit) | EETNL IR

Now, since both 1 + % and 7+ €, are rational numbers, so,” by

~ the last footnote, (iv) holds for t + €, and T+ g, and hence by (v) we

LLLLL

have 3
D+ &) DT +¢,)
(riii) ——pg— =
T ¥ 1 + 82




r
P p(t) _ D(T+81) . {1 + 82) T
T T + 31 | T+ 32
Dt ) D(T+ &) | <) - b7+ &)
N T T Tt e+ 31 * B 62 |

i
m

;.
e 'ﬂ-cj_)._g‘;__l' ¢ €,

Thig completes the proof of vur claims




Chapter 3

TOOLS AND _CONCEPTS, IT s CAPTTAL

Section 1 ¢ 'The Condition of Mainteining Capital Intact ~== the
"Plc:-gg_lgbé,ck Rule”g of the Procesgs J—/

Our object here is to spell out the conditions of '‘maintaining

capital intact'! which we maintain all through as paxrt of our basic frame-

work of the process of trade. For this purpose, we gimply go back fto the
internal transformation going on inside the trader's capital described by
Adam Smith in the passage quoted in Chapter 1 and spell it out using terms

- established there.

Te Any .purchage by the t:r:aderfis by definition a drawal froﬁl his
purchase fund and an addition to his sales stock by the amount drawn
from the purchase fund divided by the price paid., Iet us now define his
capital as a magnitude to be the _5__11_@_ of the money in the purchase fund
and goods in the sales stock wvalued at cast,’i i.2.4 2% the price paid per

unit of the goods br.:iug:'h’u% I't ig then .clear that there is no change .Ln

the capital as such through any. purchase.
\

1/ This section and the next ave based entirely on the wc:rk of P. Gajapathl_
referred in Ghapter 1.

It is agsumed all through tha.t this is a cons tant price in Time.,
There is then no ambiguity about the valuation of _stock.:
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2e Tet ugs now turn to the sales, We have to begin with a prior
assumption. We assume that there is a weil defined 'cost' behind any sale,
vhich we further eqﬁa,te to ‘the cogt of purchase of the amount scld.l., 1.8,
the amount sold times the buylng price of the trader, In other words,

we assume that the whole Egendi@_ in theprocess is given simply by the

t'cost of purchase'! in the sense just definedif

Starting from any sale, we now require the trader to lay aside
from his sale proceeds preclgely the cosgt of ahiase of the amount sold
and put this into 'thé E’u;'chase fund. We c_:all this the . ''ploughback rule'’
of the Pprocess., It is cléa;r: that under this rule, there is-again no change
in the trader's capital as such through gale = the amount sold is

simply withdrawn from the sales stock and the cost~value of this amount is

put back into the purchase fund.

2l It follows from the definition of capital and the ploughback rmle

set out above that the:::"er is no change in the trader's capital through the
whole sequence of sales and Eurohases;i'.e., through the process ag a whole,

Tis comes o the same as saying that gapitel is maintained intact through
the process., Granted the definition of capital, we thus rigorously

''deduce "' this condition from a substantive ''rule'! on the process. A
moment's reflection shows that the condition and the rule are in fact

equivalent,

3/ This rules out the socalled transaction cost (except in the sense of
& pure psychic c:o's'b) which in turn comes to define a clear point of
extension of the !''framework'' now being developed, The matter is
taken up in Seotion 3 below. Till then we continmue with the assumption
just introduced. - | | S
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2e2 We can now give a compact mathematical representation of the defiw-

nition of capital together with the condition of maintenance of capital

just stated by the following formula 3

11510 here stands for any arbitrary point of time and SJG and Ft for
| the fund

the respective amounts in the sales stock and/purchasg/at time point, t.

q is the price paid by the trader per unit of goods bought. Since this
is by aasump.fion a constant through Time, there is no ''time subscript'?
to it, K stands for capital as pexr the definition g::.ven. The condition
~ of ''Ymaintenance: of capital "'l ig indi_cateci by the absence of any time -

subsoript to '_K, implying that this too is a cons tant thx?nugh Time,

343 One point of some subtlety about the formula may be noted. The
time point of any sale or purchase is by definition a point of disconti-

ity of S8, and F, considered as ''functions'' of +, This does not

t b
however affect our formula. For any point of discantir}uity of O " and Ft’

we may take them to be defined in either the ''left hand limit'!' sgense
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(1),and (1) _still holds, This is taken as understood throughout the

disoussion. In economic terms, the left hand limit gives us the values
of St and FJG immediately Dbefore a sale or purchase and similarly
the right hand limit gives us the values immediately after the event
concerned., According to our substantive statements, the sum, ¢S g Foos

ig left intact in each case l.e., the right hand and the left hand timit

of K are the same at all purchase points and sale points.

4. Before erding, let us take up a, few conceptual points. It waes

mentioned at the beginning that the ploughback msy represent a pu.rely

notional diviaion of sale proceeds inside the Process until a fresh puz - |
chase is made or the profit is taken out. It follows from this that the .
pﬁrdlaée fund and hence capifal itgelf may also remain as purely notional
entities inside the process without an actual existence. This must be

granted for what lg observable from outside i.s only .the pm:'ohase and from
the fact of a purdhaﬁe we may infer only that a sufficient fund must ha‘ﬁe
existed ins_i&e_ 'bhe_pracess to finance it at ﬁhe Tj.me"ooﬁce:r:ned-,_ no more.

None of this however detracts from the gignificance of ocur formulations,

Section 2 3 The ''Spending Bule'!! and the foncept of Stock Maintained

1a "Ca,pi'ta,l and ''stock'' each has its own special conceptual prob-
- lems, DMaintenance of capital can be umlerstood in a point~to=point or

. continuous sense, as in our formula, The concept of maintenance  of
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stock cannot be so werstood because of the simple fact that the stock
goes up and down with every buying and selling and there is no perfect syn~
chronigation of the sales and purchases over Time (if there were, the
atock would not have#aimply exigted & ). The concept of maintenance

of stock is therefore necessarily to be understood in a freer serse,

On the other side, capital, as Jjust Seeny, can remain ultimately as a

notional entity inside the process. But the stock is necessarily a

phiysical entity having an actual .exiétence, though, needless %o men—

tion, it also exists inside the process and is therefore not obsexrvable

from outside.

241 So much for the a priori conceptlial clarifications of our sub~
ject. ILet us now begin with the ''spending rule'', In the background,

we poslit a well-defined purchase fund existing inside the process at any

moment for the trader to spemd from to buy his goods., The Myule'! is

gimply that in any purchase, the trader spends his whole preexisting
purchase fund, .

242 Let us now follow through the consequences of the rule., The

immediate consequence is that the purchagse fund immedigtely after a
purchase is zero. We can put this in symbols as !

(2)  Fy =0, t g Ty,
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wnere TP denotes the set of successive purchase points. Substituting

the value in (1) we then have
(3) K=aS » t e Tp .

S+ here (t & TP) i-s nothing but the stock immediately after a purchase.

t
We can now comnect up with our sitatement of the framework of trade pro-

cegs given in Chapter 1. (%) establishes at once (a) the one=to=one

correspondence between capital and the stock immediately after purchase
and {b) hence the !''constancy'' or !‘sameness'! of the latter magni tude

through the successive purchases, l.e., for all *+ e ‘I‘P , which in turn

gives (c) a precilse and rigorous definition of the notion of maintenance
of stock and {d) thence identifies the !''level'! at which the stock is
maintained simply as the stock immediately after purchase or the stock

"'rogtored!' by the purchase, as we may also put it .(hence the fuller

expression 3 stock maintained through successive purohase&).

In view of the above, we can noy simplify the notation in (3)

and write it as ¢
4) | | K= g8

where S denotes the stook .iminedia.tely after a purchﬁﬁe, equivalen‘bly.
the ''level''! at which the stock is mainﬁﬁined through the éuc_cessive

. Purchaseé. The absence of a.n:f "tim_e-sﬁbscrip’ﬁ'-' 'I:ca S -alreaﬂy denotes
its _' 'cc}nstailcy'.'_ through Time which in turn is implicit in the very

notion of ''maintenance’! of stooks’
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2¢3% A clear idea of mechanism behind (a) to (e¢) is implicit in our
two rules, il.e., the ploughback rule and the spending rule., Iet us now

spell this out.

According to the spending rule, the purchase fund just before a
purchase, i.€s, F; for any t ¢ ‘J.’P s 18 simply the total ploughback
nade over the Time from the last purchase to the purchase under refe-
rence; Adcording to the !'‘'ploughback rule!', this total plmughbaal{ is
nothing but the cost of purchase of the amount sold over the Time refe-
~ rred and so, by the _' 'spending rule'! again, the amount bought in the
parchase under reference is simply the amount sold between lagt purchase
and this purchase, It :E'ollcrwﬁ from tﬁis that the puxrchase its{elf i'estﬂi'es
th_e stock back to its value immediately after the last purchase. BSince
thia is true for any ax-bi*bra.ry purcha,ée, the stock immediately after pur~

chagse is at the pame level after sach successive purchase,

Section 3 ¢ Transaction Cost and Capital

he concept of transaction cost was explained in Chapter 1 where

Te -

it was pointed out that thig could be either an actual cost in the sense

of money spent or a purely notional cost. In the latter case, our frame-

work of capltal i5 left intact, for there is then no question of finan

cing the cost, which is the link between 'oapital'! and 'cost',
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2 Iet us now suppose that the transaction cost represents an actual

sperding, (This. is talken as urderstood all through the remaining discu-

ssion here. ) The fundamental problem with this from our point of view

ig that the cost is incurred per ‘act' of purchase, not per unit of the

goods bought., So, given any sale, we do not know a priori what 'transac-

“tion' cost' is incurred for it,; and cannot define a ''ploughback'' from

the sale-proceeds covering the 'ffull cost!'', This was already hinted

at the begirning of this chapter.

242 There may be pure ''accounting'' Eoluticms_tm_ this problempf
costing., bBut we opt for a moxe olgeratianal' a.pgrﬁach to our géneral.
preblem, This consists in essence of giving up the attempt to define 2
ploughback 1n reference to gach particular sale and substituting this
by a ploughback defined in refe.rence to the total sale between two
successive purchases, equivalently in mweference to the.ccﬁrrespundihg
purchase interval as a whole. lote "Ehat _this at once makes thé purchase
fund undefined at any point between fw& successive purch'ages. Hence
capi.ta‘l as a whole also becomes mnﬂefixﬁed at these po‘ints'. This does
not however create any problem in the opéﬁ?ational sense, f_ur _thé P
chase fund itself becomes operationally releﬁant ﬁnlz at the time _c:-:E'
Buccessive. plgchaséa. 90 ¢ :E‘rom. a strictly oper&tiﬁml'standpoin"b, we

- can make do with a notion of capital which éxists in its physical form
(sales stock) all through_but in its finé.ncial form (-pui*olms? i‘uni) only
‘at the time of .succe'ss'ixre "pu:r-_oh:iaes. This is the _aﬁproach. Obviously,

thig amﬁ_'llﬂtﬂ. to .EL_ re—mm‘ gf._.-the whole notion of ca.pital.-
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3.1 Let us now return to tte ploughback rule, Obviously, we musi
retain the esmence of our earlier ploughback rule in this new framework.
This essence was simply that the ploughback enabled the trader to finance
precisely the replenishment of the stock sold from out of the sale-
nroceeds. Iet us now see what this financing boils down to when there

is a transaction cost to be financed and the ploughback is defined for

a purchase interval as a whole. In a word, the transaction cost itself
has to be first ploughed back; after this, the actuﬁi cost_of the gpodﬂ"
gold over thelinterval ( = amount sold x bu;;rihg prioe) hag algo 1o be
E?-O%h?‘i back, The ploughback for the interval as a wh&ie is si;iﬁgly the
sum of these two costs which we can call the tyhole oogt'! of the sale
over the interval, This defines the new ploughback:rule which is obviously

well defined.

%ol Does this solve our problem ? We ﬁdw'have a well defined pur-
chase fund at each.purchase point (just before the purdhasé)g the-saleﬁ'
gtock is also well defined at these painwé. But what gbout the zgégg
:of fhis stoék ? Without any well définﬁﬁ value per-unit;of the goods
(value in the sense of cosfﬂvalue),-wéloanno% simply value the Etogkﬁin -

the sense intended.

-

Agalin, there may be pure accounting solutions +to ﬁhe'prnblem,

but we continue with a more operational approach. However, .this time,

the approach is defined through 2 subs tantive agsgsumption on the mrocess |
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and thus restricts the scope of the analysis, The assumption igs nothing

vut the !‘purchase rule!! as stated in Chapter 1 in the context of the

question ‘when to buy', viz. a_fresh purchase is made only when the
stock is sold out. (See p.31 ).

The immedigte implication of the assumption for our purpose is

that ca,pitai just befoxre a purchase consgists cml;g of the purchase fund,
which, we just saw, iz well defined at this point. What is the magnitude

of this fund ? We now have the whole stock immediately after a purchase
as sold over_ the ensuing pﬁrchase interval (purchase rule) and the whole
cost 6.{' this gale as ploughed back into the purcha,se fund (ploughback

rule ), These two propositions serve 1o give us a 1“;911 défined magniltude'

of capital, in the process of deriving which we also prove afresh the

constancy of capital through Time. Iet us argue this out,

441 Let ue remenber that capital is now defined only at the successive
purchase points, more precisely, just before cach successive purchagse,
lence to prove the constancy of capital through Time, it suffices to prove

that capital just before any two successlve purchages has fche same valuea

Iet now tanmd %' (> t) represent any two successive purchase
points., Since a purchase is' made only whenm +the stock has fallen to

ZEX0 (purohase J:'ule), we have §

and.

oy
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Now, F_ 1ig given by the ''vhole cost'! of the sale between + and +!

! -
(ploughback rule) and the gale in turn is given by the stock immediately

after the last purchase, i,e., St:; (purchaae rule). It then follows

from the definition of !''whole cost!’® that

- +
(77 F = A + g
!

where A denote the transaction cost per aci of purchase, By the spen-

ding rule of the process, St ig simply what is bought by spending the

full amount, F;.'. So,

S Y 74
I Ft -

-
Il

P s DYy (6)
t‘l .bl |

A+asy , by (7)

i

Il
&

% ,_:by (B) N

|

K%_ y by (5) .

ﬂg_/ Note -that this equation implicitly restricts F. to take 'vélues_ |
larger than 4, This does not however creste aﬁy problem for our
P'U.I'POB&.. __ - B o | . | -
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(9) ) K'. - ¥

vt £ t
Thig proves the constancy of capital through Time. So we can now write

K, sioply as K. From (9), (6) and (7) it then follows that 3

.
K = 4+ qSt.

It follows that the stock immediately after a purchase is also a
constant through Tine, and. 80 we can write Lty de€uy 5: , simply as §.

The magnitude of capital is then given by the equation @

(10) . - K = A + ¢S .

This is our new ox ‘wevised' formula fox capital in the rresence of

tramgaction cost.

4,2  Before ending, we note that (10) implicitly defines a rule of
valuation of the stock immediately aftex purchase, Do, even though we -
scrupulously avoided the problem of stock valuation in our apﬁruach, .

- the arguments neve:f:fheless give us prec:isely a rule for 'bhlE in the end,
i't is however to be clearly pointed out that (a) the rule is defiried only
in respect -of the stock immediately a;t"texf purﬁ:hase, ot the Stack_és:b an;y. |
pointy, and (b) even this is defined only on the basis-of Ithe aésumptiah .
that the stock immediately after purchase is the same as the amount
hought, "o, whafbi.s really  valued. is.simply the amcmht b011gﬁt. The .
problem ozf.'._stc'ac.lc valuation is eff&c‘biv_ely_ evaded"MS to the absence

of any stock carried over from one purchase iz_ztémal to the next,



- 80 =

5al Before ending this section, we have to point out that our whole

analysis here is bagsed on a tacit assumption that the whole transaction

cogt per act of purchase, A, 1o acwially spent precisely at the succe-
sgive purchage points, Whether or not this is so however depends upon

the precise nature of the organisational set up for purchase within the
process, We will nowb complicate our scheme by trying to gccomodate vari-
ations on this roint., However, the problem motivates us to take a fresh

look at the conceptual bhasis of our whole framework,

5.2 . Let us start from the point that all apendings in a goling process
of trade must be financed ultimately out of its sale~pfp'ﬂceeds. Given the
basic nature of the process, we are ‘then led to conceive the payment for

the successive purchases as coming out of the sale-proceeds via a pur-

chaﬂe fund created by ploughbacks from sale-proceeds. When the tran-
saction cost is also incurred precisely at these paihté, we have a clear
basis for extending the scheme o Gt:lﬁ?'er 1te VWhat if the hypothesis he.fe
ie not true ? Suppose the actual spending on account of the Transaction
cost 1s spread out in Time in séme_ géneral fashion, it appears quite
Permissible to suppoge that the spenﬂing' ig in this case financed

. through
directly out of sale-proceeds, without being :r:outeﬂ_/ the purchase fund.
The transaction cost does not then enter-imlze capital at all, taking us -

back to the earlier . formulas for capital exactly in the case of a notio~

nal transaction cost,.
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Re3 We are thus led to a general division of the trade process with

a_ftransaction cost into two cases, one where the transaction cost enters
capital and one where it does not, For the former, the formula for capi-

tal 1s taken to be given by (10) while for the latter, 1t is given by
definition by (4). This is the ultimate upshot of the element of tran-
saction cost in a trade-pi-ocess for our purpose here. Iet us just end by -
pointing out that the division just suggested may also be defended in
texrms olf a purely accounting distinction in the sense of there being two

- distihct rules of accounting foxr the two cgtegories of cost,



Chapter 4

TOOLS ) CONCEPS, TII ¢ PROFIT

141 This Ghapter has the entirely limited objective of f{ixing an
tgppropriate definition' of profit in the decision criterion of a trader
for his inventory problems in view of the substa.ntive considerations in
this regard stated at 1ength in Chapter 1 (sece pp 27-9): Our task there-
fore boils down essentielly to a formalisation of these ideas. Before
- beginning, we just mention that the form of the decision criterion is
impliocitly 'Ita.ken-to be maximum rate‘ of profit, our concern here heing
golely with the term 'profit' in this contexte The criterion as such

does not explicitly enter our discussion of this Chapter ( seé however

footnote 1 below)s

o

1.2 Iet us now recapitulate the background. We are conocerned with a
trader operating under given conditions of the market which gives him a

certain rate of demande This sets the Limit to his gales, subject to

which he carries out his profit meking. However, this is only of the

present (or the shcj:r’tmn)- Whether or not demand ocontinues to come to

him at the same rate in the fume_depends upon what proportion of it_ia
in fact met ly the treder at present, given no change in the overall
condition of the market. Though iri itself this igs an objective rel‘atiﬂn,-
we can enter it in our framework only at the sﬁbjectivé 1ével_ of the .
trader's déc_iaiﬂn crite#ion. | .'Thiﬂ is': whatb brings_u's' 130_ fhe d@n-cept_'ﬁf
profit-. 'I'he impﬂr'lsahf point is 'l:_hg_::t we _h;m to go be_j.rc_mti --juﬂ't_. the
-p.rofit a_.atugllyfmé.de f_a_r an 'a.'dequt::l.’cé-i mtianof prof:l.“b in thls q_onte:{t’c, |

for the profit 'ma;ie is'_'only:f of the present __:ér the shortrun and fails to
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bring out anything of the“trader'a concern for his own fubure (or.the

1oggrun) which is the substantive point ralsed.

2 Let us now avgue from this pointe The future ar:th@ Longrun
here is already present in the proportion of demand actually'met_in,ﬁhe
present or the shortruns The higher the proportion, the befter the

- future proppectas We ocan also put this equivalently by saying that the
smaller the demand that is not met at present, the better the future
?_prospécts. This translates ba&k the argument intq absolute magniﬁudgs,
which.ié analytically convenient fdr-our'purpcse-l:LetQuE,alﬂb.iniﬁﬁépcé
the expression " gales foregona" for " demand not met'. ‘We thus hﬁve |
| the.proposition that the smaller the sales foregone, the better ﬁhé

~ future prospects. - . “

Starting hack from.prafit.mﬁﬂe, we can now fix our appropriate

definition of profit by assigning a nega.’cive veight to sales foregone and
adding this to profit mode .Prcfif is then expressed aﬁ?ﬁ weighted sum
~of the two, with a welght, 1, ‘to profit madé, representing the present,
ga that the.waxght assigned to sales foregone, repxeaenting the future,
is implicitly a feidtiﬁe weight reflecfing fhe tradéi's.awn.canﬂern.fﬁr
his future viseaévis thé Eresen . The gfeater.fhe value of thiS'weight
_1n absolute terms (nﬂglecting the 'signﬁ) the greater is the extent of .

thla goncern Ehawn.

:2-2  Let us now'take a purely formal ﬁtep fgr this d&flﬂltiﬁﬁm ‘This

.f;oonsists E:mely of going from the L sa,les fﬂregone“ talked of to the

Erofit.faregcne ugon.the E&leﬂ faregnne (or Just "prafit fﬂregnne" for
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short)s Since profit foregone and profit made are measured in the same

unit, the weight upon the former becomes a. pure -dimensionless numbex
. yhich is analytically very neat. There is also the conceptual gain of
remaining entirely within the term profit, with the impliodlt corresporr

dence between profit made and present profit on the one hand and profit

foregone and future Emfit onn the othexr taken a8 understoods We. can
call this a reformulation of the very concept of profit.

2.3 Let us now put the matter in symbols, Tet P and P, stend
- respectively for profit made and profit forég;cmvlf/- Thug profit ag pex

our reforxmulation ié defined by :

(1)1 P = Em-"?@f, A >0

where A ig the weight expreésing the trader's own concern for the future
vie~a~vis the presents I+ remains by definition as a a’ubjéqtive para=
metexr in the definitlion of profit jﬁst giﬁren with the interpreta’sim.'bha't.

a higher value of A me&nﬂ 8 greater concern for the future vis—e~vis the

present.

31 Can we go an:,r further than this, in the sense of carrying the
interpretation to numeri'cal values of AT Going purely by the form of (1 ),' -
it may appeaxr that the value A = 1 «== gqual weight to Pm .amd Pf_--- can’

e given the interpretation of a cut_ off poih'l: betwe_en'farsi'ghteaness a.nd

1-/P and P are talcen to be mea.aured in reference to some unspecified :m— |

terva.l of.‘ tine as of the given state and can be expressed either in
absolute monetary unit or in the unit of money per unit of times This
does not matter for the discussion here, but for future relference we
mention that when we come to the rate Df profit, we must understand
‘profit! in its numera,tor in the 1¢ % ter form, ine. as pro.ﬁ‘:rb per unit
of time. | |



87

myopia or the relative overvaluation and undexvaluation of the fﬁ-l:ure .
However, we have far too many implicit steps in our argument to permit
 such interpretation, ot least in any straight sense. The upshot is
that we are left without any o priori benehmark of reference for judge-
“ments on the order of magnitude of Ae This is a matter left enbirely
to inferencegs from the operational consequences of different values of A

in the context of the substantive problem of reference. This limitation

- of the formulation is simply admitted.

Be2 Let us add oms final cbservation in this respecte There ig a
tauvtological relation between Pxﬁ and P P in any given si'b'ua."Eioxa,’ for the
making of a profit is Ithe same o8 not foregoing that profit. The motive
fﬁ:-:r: avoiding P, from this standpoint is already included in the argument,

'Pm,' in {1)s The welght,” A, on Po in P in (1) comes in as something over

and above this definitional implication of vaxriation of Pf fc:rr_Pm- It is.

'_in this sense an " addltional weight" wupon P ¢ for its connotations
regarding the futures This is a point to be borne in mind in interpret-

ing specific volues of Ae
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Chapter 5

=l

MODEL I 3 OPTIMUM STOCK UNDER UNCERTAIN DEMAND
AND A GIVEN PURCHASE INTRHVAL

==

Section 1 3 Structure of the Model

' 1o We now begin on the sequence of our inventory models in the tliesié,
already outlined in Chapler 1. As sté,ted there, the firet model or Model
I, which is enalysed through this ah&ﬁer and the next, is based on the

- assunption that the tradér.mﬂlces his suoccessive purchases ab o fixed ine

texval through Time, the interval bei@_ given from Qu'taide the model, IHbr

convenience of expression, we will refex to this interval as a " week'.

1.2 As é,.:cesul*b of this assumption, we have the trader's total sale in.
- any week limita_d by the stdck at the beginning of the week, unders‘wod.a% -
; the 8tock 1meiiatelz a;ftaﬁ the 'Eurnhase mede ot this peink, lee., the
stock carried over from the previous week ﬁ.ll_g_ the ammn”ﬁ Suﬁ‘b boughte

The sale referred is also limited by the total demand occcurming in the

weeke The sale is thus gubjeot %o a ¥ dual ocongtraint!, and het\meu the

twa we have the whola problem of sa,lea fore@n whioh lies a.'b the heart of

*bhe 1nven'|:o:n;5r problem of this model.

143 'Hwewer, before proo'eeding to this, we have %o state that in our

'._mudel the stock at the beginning of each wée_k (in"‘che sense of the term

Juﬂ’ﬁ defined) is the same (i-e- ‘of the same magnimde)* It is aalled
Hlﬂlply the " stook" and denoted by S. | Fc:r any given value of S thera "

ZLS a cerl:ain capital put in and main'bained 'l:hruugh the process, denoted Ke
S and X are related by the formula, 2 |
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(1) K = ¢S

where q denotes the trader's bflzlxilg price per unit of his goods, assumed
constant through Time. All this comes out from our basic framework of
capital == equivalently, the " plougnback rule' ond the " spending rule!
of the trade prﬁoess —~-= get out in Ghaﬁter 5, Sections 1 and 2. Fox
o:ﬁmpleteneas, we mention that it is asgumed in the background that the
eﬁl;,r cost incurred in this process is the cogt of purchase of the goods

bought and sold by the tradex.,

1.4  Let us now return to the idea of. " dual o'ﬂnstr'din’c" upon the
traderts sale in a week. ILet us fix our attention upon a Eafrﬁicular
week and detriote the total demand mcurri.ng:in the week by D The dual
constraint is then given by the fdliowing jtwo inequalities :
(a) X s8
() XsD
where X denotes the trad'ei-"s sale ih.the week undex :reférenoe: | o
We will assume thot in 2y particular' week, a't"léast one of ; ‘3’*2'
and (b) is a binding constraint, and so we can write them compactly as ¢
(2) X=min{8,1)}-.
This fixes the total sale in any week.
Let us now note the simple point that D comes from outside the -
trade process while § is ultimately chosen by the traders Hemce the

'substant_i#e asﬂ_umptibri underlying {2} i.s_ that the tra.de':r.- -goés o mee'bigg -
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all the ‘demands' that come so long as he has a stock to do this. This

fixes the compleie MW gales rule' of the process kept in the open earlier

(ps 13.1{“) ¢

15 Tt remains to state our assumptions regarding demands We agsume

that demand is a random vardable in the sense explained et length in

‘Chapters 1 and 2 (see pp.23-7, pp.50-1). To rocopitulate, this means

thot the total demond over any @iven interval of time is a random variable.
depending only upon the length of the interval and not upon its location

in the time axis« This rendom variable i& then denoted as D(7T ) where T

atands for length of the interval under reference.

As o result of this assumption, we oan go from (2) o o stabtement
of the total sale of any wesk, which is given by

X = min {5,' 1)(1:')}
for © = & week's length of time ox the given purchose interval in the
pure " time length' sense of the ﬁamM Since hﬁwever T i gimply a
given datbum ';m our model, we can Sirplify the nﬂta;tio_n'_by writing baock D "
for D( T)s This takes us back to (2) a8 the equation for the sale in any

week Iin general and not o given wveek.

21 = Statement of the model is now cample*ted by sa.ying simply that
either S or K w= i’o does not matter whmh-/—-—- :L-S g0 chosen that eercrbed

rat_e of E:rofit ig at its maximum where ™ proil_t" is understood as per our

-/See footnote :‘) 5 Pe 40 .

-/In the formal structure of the mociel, 'bhe decision variable is Epeclf:i.ed
as SI . |
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own reformulation of the concept set out in Chapter 4. We can also put
this point in more behaviourial terms by saying that once the implications
of alternative choices (or decisions) of S are set out before the tradex,
he would in. faet-choose- the one. yieldiﬁgthiﬁl the highest expected rate of
profite The value of § so chosen defiries the " optimum stock" in the

mode L

242 Let us now proceed to define the terms that come in through the
decision criterion just stated. IFirst, the profit made in o week, deno-

ted Pm’ is glven by ¢

(3) py= "X

where N denotes.the profit margin per unit of sale, isd.,
TL' =] p -"q_

and p is the trader's selling price per unit of his goods, assumed to be a
- constent through Time. Next, the sale foregone ahcl'grﬂfit foregone in a

week, denoted respectively X, and P, are defiﬂ‘ed'by |

L2285 £ £
Xp = D =X
Pp = 7 A

(4) = 7 (D~ X)

Profit in a weé_k_;.,' denoted .PI, ig. then defiﬁed.hy
R "l 7

e A= AR(D-X), by (3) ana (4)
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(5) = {1+ A) n}f-— ATTD)

wvhere N denotes the subjective purameter in profit es explained in

Chapter 4.

2+3  Let us teke off a minute here to link up with a previous
ohsexrvatione Let us £ix ﬁu:r attention on the first $erm in the RHS of
(5)» A clearly enters here as something added to unity which is the
original weight upon Pm =T X in .J:'-’gI this " additional weight! being

simply a transfer from P, to :'Pm. This bears out the prévious observo-

T
tion that A is reé,lly an " additional weight' upon Pf for its connoto~
tione regarding the future quite apart from whai Pf already implieg obout

P, Which is purely of the present (see pe 87 Do

[N

profit, r , and expected rate of profit, £ , are defined by

(6) = =2%-é/

24 To return to the definition of fterms in our model, the rate of

and
(1) ° = 5(x)

where E(.+) denctes the cxpectation opemator.

3« Clearly, after substituti_sns gxom (6), (5), (2) and (1) in (7),

we can express 0  as :

}/ Note that division of P by 7 converts the mumexator of the expression
- to profit per unit of time which i# the appropriate dimensionality of
profit in the expression, rate of profit (see footnote 1, D+ 86 e
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T4+ A) T min ¢85, D -~ ATTD
(8) o | T 45

The whole structure of the model ig gurmmed wup in this equation.
Tn porticular, it is seen thot since N\, i, 1 oand D arve all given from

outside the model, P is obiained as o function of §° say 0 (8). So, we

can talk of P (8) being maximized, i-e-,' maximized wrt S. This shows

. that the inventory pi'oblem in the model is indeed wall defined in the a
prioxi senses Whether or not it is also well defined in tﬁe a4 posterioni
sense, lees,’ a solution to this prﬁblem oxigts or not, is nf SOUTEE lef-'l;
oﬁen- This brings us to the domain of ané,lzsis of the model which wé
begin'iﬁ the nex% section and continue through to the next chapters Just
. to draw the line,' we mention that the Eu’bj:’acl't; reserved for the next
chapter is the effect of variation of the purchose interval, " , on the
optimum stocke The effect of variation of all other ".givens I -Qr |

" data™ .of' the model are covered within the course of this chap'ber.
Thege givens, i-e.,”givens-a,pax:t i‘mﬁ the Eumha.se inﬁewa}, T, consist
of (:L) Jt:-he +tWo Erices, p and q whiah.we_.may.alsa refer to. as the whole
cost=price data in the model; (ii) the sﬂbjeﬂtive Eaa‘:'ameter. in profit,’ A;
and (iii) the demand conditions as mpresented by the pdf of D to be -

denoted by f(u)&/ Thig giveg another summing up of the structure of the -

modela

Y Note thad: T by deflm.‘cion entera f(n) as p;..mame’cer- In la.na m‘sh the
_nﬂtat:.onal . 8cheme :1.ntroduced earlle:r- thig is not explicrtly shc:wn

- here.
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Section 2 ¢ The Optimum Stock

1.1 - Before we take up our problem of optimum stock under the
conditions of uncertain demand and a given purchase interval, which are

the defining characteristics of the present model, let us Just see 1t in

abstraction from the whols uncertainty of demand. This, we may 88y,

defines the " asimplest invenfory model!' in our whole analytical scheme.
As such, it is also the logical starting point of all the subsequent
modelse Our object here is simply to do the preliminary groundwork of

working out the model and thus set the stage for the west.

T2 Formally, the simplest model is obtained from Model I by simply

- treating fthe demand_in,a,"weekﬂL D, as a determinate megnitude or
scalar, not a random variables It is aoctually a demand repeating itself

m“'

over week after week or the demanduggg weeks The Ealé Eer_week in this

sense, X, is set by the minimum of D and the " stock", §, which is also

actually the stock at the beglnning of eﬁeg['week in guccession.

Obviously, X = 5 for S $Dand X =D for § >D. Let us now
start from the critical value of S dividing the two regions, i.e., the =
'valqe.8'= D, and see what moving into either region 'impliés in terms of

the rate of profit, which is obviously a scalar nows

1.3 Now, capital remains proportional to § all through, and o it
increases or;deoreaaes proporﬁianately'with S as S is inﬂreased above or
-decreaged below D. | Let 18 now tuxn - +o profit. If S is increased

‘above D, then X just stays constant and hence so does profit (= profit

- made, f0r ﬁheie is no aale“fﬁfegﬂne in this region)p. The rate of profit
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must therefore fall. If on the other lao;nd, > 1s reduced below D, then,
firstly, X falls by the same amount and hence profit made falls propor—
tionately with S, but profit as per our definition falls still further,
for there now emerges a ‘'sale foregone'y D~S. It follows that the rate

of profit must again falls In other words, the rate of profit falls in

any case, whether we move into the region, S5 > D, or into the region,

5 <D+ Hence it is at a maximum when 8 = D, and only then. The optimum

. % ¥
stock, which we may still denote by 8, is therefore given by S Do

The point to note is oimplyfthe oritical significance of assigning
a negative weight to 'profit foregone! in the dofini'fion of profi’o, in the
above derivation of optimum polioy- If this weight were not there, ise.,
A= 0, then profit would have simply coincided with profit made and the
two would have fallen p.roportionotoly with 8 as S. were ::l.:'odooe'd oolow D,
Since capital toc falls proportionately, the rate of profit wo'_uld have
been left invarisnt. There would then bo nothing to dioor':i.minoto_.botweozi
vo.luoo. of S Ovor the whole :r.'ango, 0 <: o & D, and the Gi)fimnn polioy. wouid |
have been left indeterminoto, Stoﬁting bacl: from this point; we Oaln Now
see that it is A > 0 which alone givoo' us a dotei*m.ino'to or well defined
policy in the simplest models To r‘i‘?Peot,. if A= 0, then S* is 1oft-iﬁ .
determinate over the whole rong_of 0<B58&D and A>O0 oonve:r:"bs. this_ in-

determinate S8 4o the determinnte volu_o S = D

Ted For completeness, we just set down the algebraic steps correspon~
ding_to'the 'dedootioﬁs_.juot ma,d_e . F.or.' ’shio, 'w.o ox;o:e_oo the ro.to of

Prﬁ_fi_‘b._ !?-_S o. fijiic‘c'ion of 8 .Wi.'bh' A oxplioitly as a parafnoter, . donofod :r:'};(S)-- |
We can now argue atmggm from the definition of r,(S) as follows.

~



m— -—‘B;— » 1 » ..
rK(S) o : , by def:.m‘hic}-n
1
= :ETE- . “[('] + ?\.) G =~ AD _7’ 5 = :D,r
B, D - _-
q * 3 . S 0> De

*.
Let us simplify the notations by writing r for ® /7Tg and x for

D/S 0 thet :r;}\(S) is algo implicitly converted into a function of x. We

then have 3

" |
(9)  m(8) = {r/[1=-N(x~1)_/y x21,
: ' * .
% y X<
| .

It is clear from (9) that (a) x is the maximum value of I?*?\(S)
over all 8§ > 0 for all A2 03 and (b) this maximum is n_bté,ined at the
unique value, x =1 (L.e., 8§ =D) iff A > O, ::é(S) being simply the cons-
tant, :r;, for all x, 1 S x <R (184, O <H s D). . |
2e We are now through with the simplest models Returning to Model I,

the Optimum stock in it i8s obtained by maximizing the function p (8) defi-

ned in’ the last section. Let us take up this maximisations

We note, to begin with, that we can write P (S) as :

P(s) = < RG),
where

1 - ] 6 101+ A) min{S, D.} i & .
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Two things follow from thiss. PFirst, the constant factorised out
of ;ﬁ(S)jin defininij(S) does not play any role in the maximization of 0 s
This means in particular that the whole métimiza@idn in our model is inde=
pendent of the whole cost~price @atal (P, 4)+ The optimization is.in
this sgenge defined in purely M ﬁﬁysioal terma%s  Note that we cannot make
the same independence gasertim wrt g which is aleso an element of the
constant factorised outs This is because T implicitly enters R(S) throuch

the pdf of D, £{u).

becondly, we note that the 'cdn&tantf under-:eference is nothing
but the maximum rate of profit of the aimplest model, which we denoted by
r#. We also note that the random variable whose expectation ia taken in
(1O)Hha$ by definition value less than or equal to S» Hence R(S) S 1,

50 that
(11) Q(S) sz, ' o | X
Thue the expected rate of profit in our nodel is bﬁunded aba#e.by_the__.

maximum rate of profit of the simplest'mﬂdel.

3 Returning to our problem, the first step we have to take 1s to
find out the expected value of min.{ S, D } , lees, the expected sale in

" a week or B(X)s The expectation is taken over the randﬂmnvariable; D,

the pdf of which is already'dﬂnbte¢ as f(u)e ~ Hence by definition

; _E_(}{)..-:.-E (min{S, D} ) _

o | 8 oy o
(12) = [ out(u)du "*'SJj fujau ,
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where (8, b) denﬁtea the domain of the pdf, :E‘(u)—S/- The expression for
(X)) just obtained simply expresses the fact that in our model the demand
An a wWeek, W, is fully satisfied upto §, 1le.ce., the gtock at the beginning
of the week, end hence sale coincides with demand in this range, beyond

which it Just stays fixed ot the level, S.

" Let us now simplify the notatlon by writing r(12) ag

S

(13)  E(X) = [ uf(u)dw + S JS" £(u)du

ises, we simply omit the limits, a and b, in the RHS :.ntagrals in
- west of the thesis
(12)s This is a genera.l corrven'bwn followed tnrr:»ughout the ok Stated

explicitly, the convention ie that the omitted limits of ‘an integ:ca,l
gtand for the limits or infimum and supremum of the pdf entering the

integral concerned.

et ue now find out the effect of a marsinal. ahané*ea in the value
[E;; b _7, when b 2 QO or @¥er

of S upon B(X)e Firstly we assume that £(u) is. continuous over@, b) when
b =oo= Then we have o

%ﬁl = 8f(8) - SfI(S).-i- _Ef;“r(u)du, by '(13)

(14) - = ‘éf(u)du

4+1  We can now toke up the moximization of P (8)s Maximization of

| £ (8) is obviously equivalent to maximization of R(S), iecs, the maximiﬁing

-5/ Note agé.in that o end b are functions of ¢ which ig not explicitly shown
heres . Also for the record, we noté in this oontext that the dnma.in
(a,, b) c::f f(u) aatisfy hy defimtwn the condition & -

| 08Sac<hb Swl o
—/ The eantlmn,ty of f(u) 15 ta.ken as granted thraugh our whole analysm.



99.

value of the variable, S, is the same in both casede 5o, we deal with
the simpler expression, R(S)e Differentiating the function and substi-

tuting from (1,4) and (13) we thain 5
1 ¢ ' S '
H (8) = — {(1 +A) /8 [ f(u)de = [ uf(w)du - S ff(u)du]-%-?xu“} |
S S S

= -;%- -{ AT = (1 + A) fsuf(u)du}

% 0

a6

' (1 + A) fsu.f(u)du ‘SS AT .

| ¥
Clearly, the optimum value of 8, to be denoted © , is obtained by

solving the equation 3
| G
(15) (1 +AY [ uf(u)du= AT .

(15) ie the fundemental loptimality sondition of the models We can also

write it as 3
*

. | .
(16) [ uf(u)du =au |,

where
@ = A1+ A)
and go
0< & <1e
4.2 Nﬁw, since  f£(u) is crjn’cimous over its doma,iri , the THS

of (16) is obtained as a monotonically increasing and contimious function
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|

* . * | -
of § going from O to W as S is varied over the domain of f(u). It

follows that for any ¢ , 0 < & < 1, \*I’éhe:ce.-.a:a:is*bs o unique solution of
*
{16) belonging to the domain of f(u)« So, the optimum stock, S, is

indeed meaningfully determined by the optimality condition (16).-

| *
43 Furthexr, it is also clear that S itself goes from a to b as ¢ is
varied over (f::-Il 1) == which is to say that A is varied over (o,m) e
monotonically increasingly with © over this whole range of ¢ , lecs,

#* |
0 <a< 1, Therg is in fact a clear functional form relating 8 %0 a

We shall note this a little later.

el Now, we ha.ve already pointed out the lack of any clear a priori

benchmark for Judglng I high" and M Loy valuea of A (see ps 87 )»

Hence, from a practical 8-tandpoint, little is said about the actual opti-
mum policy-. Aoceptlng the criticism, let us now Jus'l; reverse the queg~
tion and see if we can talk memingfully of an a pri.o:ci bemhﬂiark for 8
iteelf. . . |

This ié_where the " gtage -setﬁingi‘. by the simplést model becomes
relevant. S* -in ‘this model is simply equal to D which is the demand E.'he:-r:...

week abstracted from all unoer'bain'by- Reintmdu'cing the uncertainty, we

dees, sl This

simply :.dent:t.fy this D with the mean demand of a wee

‘establishes W as a clea,r a prmri benchm&;rlc of refereme for S in general.

But, g:l.ven the prohabn.llty dlatrlbutmn of demand, f(u), 8 =T in our

mod.el anly for a c:t::l.tical value of A. Given the comple-be ﬂpenneaﬂ of the

Z/See in this cémeotian the discussion 'in'Secfion 3 of Chapter 2.
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order of magnitude of 7\, it is of interest to see what oxrder of magnitude
the eritieal value of A takes for the given f(u)e This is a matter of
expliocit numerical calculation of the optimel policy in our model. We
toke this up in an appendix at the end of +the chapter (Appendix..ﬂ),‘ which
also includes the sensitivity ana.lysiﬁ of the optimal policy wfr:t "N\ over

a sulitable range defined there.

52 Pending the nmumerical uaioula,ticms let us see whot, if aw-bhing,'
can be concluded regarding -l:he :cela.tion between S% and B by pure. analy=-
tical means. For this, it is cc:tnvﬁni;en'b to ’c:ﬁansfom slightly the state-
ment of the optimality conditions Let us juét write U in ("15) e:ﬁplioitly

in texme of f£{u)s This gives us 3

* PP
S |

I(‘l + A) [ uf(u)du = J\J’ﬂf(u)éu

= ?\jsui'(u)du + A uf(u)du

. Sﬁ-’_- o S
(17) [ uf(u)du = A f* wf(u)du,

3

‘Let us put A =1 in (17)s 8 must then be greater than the media