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W introduce o Kuplan Meiee Dostalistic of depree lwo o randemiy convored
dats and prove a slrang Jaw for it We use the fechnigue of Stue und Wang™
by identitying appruprinte reverse-tinme supormatfingale processes. This approach
wvoidy Lhe siringent assumptions of Giihels and Veraverbeke! who consider
zirtthir Juncréonsfy,
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1. INTRODUCTION

Let {X,,nz=l) be a woquence of nonnegative iid random variables,
subject 1o “right censoring” by another sequence (Y, s =1} of non-
negavive iid random variables. the lwo sequences being independenl of
cach other. Thus we ohwrve Z, =X, » ¥, =min{X,, ¥} and &, =
AX,£ Y, only Lel £ ) and Gf-) be the commen distribution funetions
(dfsy of {X,. m=t) and (¥, nz1; reapeciively, The Kaplan -Meier
(K — M} product-limit catimatar F(.) of F[-), based an {Z,, 4, | <i=#n),
is given by
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182 B and Sen

where 2, 8,0 sre respectively, the fth smallest 7, 1< <, and the
concomitant 4, corresponding 1o £, Here ties within X-values or within
Y-values may be ordered arbitrarily, but a tie between an X-value and a
Yovalue is treated as if the former precedes the latter,

Slute and Wang™ have obtamed a SLLN for
S\d) =1 dix) £y

ws u reneralizalion of the classicul SLLN for vneensorod dila, The main
ingredient of their prool s the significant discovery that {S¢L az 1}, for
i -1 nonoegative is a reverse-time supecmartingale,

Wo extend the Stute -Wang SLLN to Kaplan Meier U-statistics of
degres two which we define later. Note that 8 (¢ can be written as

Sn['ﬁ] = E 'i”:'zf:_u.-} Hfr':n
P

where

#

Fa

i

iy

.H?E:“ £ (S[i'.n} J‘]_—ll [ H _.Il: JJ'[_I':H'I1 1

#—iln—j-1

{An empiy product egquals 11, Here B, L are the jumpg of £ and equal
lim for uncensored dala. Let ¢ RE— T be symmetric and ot
Ee|t{X,, X)) <o, T one is interested in cstimating E,.d(X,, X,), its
natural gslimalor is given by

LIIZH{'?H= EZ I:;"Eﬂ.zi':rr-v 7"_?':u:| i"V!::M H{r:ﬁ l'l EZ H”::“ H':lj:ll

leaa far vl i
= 85a(8)/52,4 1]
where
SalB) =1 dle p) Fuldsl Bd) |

<> |

; (1.2)

- -

Suill=|  Bufede) Fldy)

We call T {40 the K — W Llstavistics of degree 2, Our notmalizing Guelor
Sa,(17 13 explained by the fact that for uncensared data,

- |'I : ) |'.z”\"|_1 . P s
Wew w_r:u i EE Hom .H:I:":R:| 3 Flai<jan
et

'
v lenwesn



The Sirong Law of Farge Mumbers (or Kaplan-¥eior £-Statistics 183

We adopt the notation of Stue and Wang ™ Let H( ) denote the
common 4.t of Z,. By independence of X and ¥, 1 — H=({1 —F}¥ 1 -
Denote also, for any d.f F, Fand &,

Te—infix: | — Plxy—0}
Pixp=Pa)—Plx—)
Ap={xeR|Plx] =0}
DIFGi=Flrg— }+I{:,feA},}F{fHJI'
Saldh)=Ep gl X, Xa) X, £ V) I X, € ¥5)

X (1 — X))~ (1 — X)) 7] {1.3]
=[ e, FY Ry +lizae A e ) Flead - (14)
Pxp= Ty
where
Pl 8= [ Plop b Mlde) + Hrge Agt iz, gt Flogl (1.5}

R ETEE )

Note that 5,0 1)1=[ D(F, ¢1]%

Theorems 1. For @0 -, ) symmetiic with Egz |@] < oo,

, . _S'z{".ﬂ
Jm Uadd) =2

almost surely

The proof of Theorem | is presented in Section 2.

Remark 1. This result should hold [or higher degroe kemels but Lhe
nolational comexily in the proof will be formidable.

Remark 2, Nolo thul Sp(00/801) =L 080X, Xo) | X S 10 o1yl
Let us compare this with the target value, Le.,

PR

Eple) = Ju -|u g xy . x2) Medxy) Fldxg)

Suppase, Tor the sake ol simiplicity, thal £{-] is continuous. 17 éix,, o)
= Bl for all xy € 1y, x5 5 1y, then from {1.4],

SAf)SH ) =1 " Lr Hx . 0} Fldey) Fldca) AF(rgh)* = Eptd) - {10

aT
]
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We show that {1.0) continues to hold for nonncgulive, co-orinalcwise
nondecreaging ¢ -, -1, under absclute continuity of A3 Lot £ be Lhe
density of F1-). Since 1z 15 unknown, wo shaw that

HI IL iy, a) Sl e iy dieg

Pl = T em, 2] Ty ) 1 22,

I,-" ar ~.l|z
£ | Jlajds | ¥t z0 {1.71
wen F

Wote that F,(¢] = Primax( ¥, Fal= ¢} where {F,, ¥2) has joint density
ol X2l =1y, x2) fla) Sl WERH) X 20, x,=0

Now Fuiz) and F70¢) have densities

Fao=211 dinx) 0 fix) de | E i)
'-.__v{:. A
Flei=2ft) Firi

Let S=§r=0: iy, 2 flx)de = Ep(¢). FlO3 \F S=d, then Fuir) < fin
Yrz 0, whenace f = fac. (Lebesgue measure). 'Thus equality holdsin (1.7). 17
&g and 1y S5 then ¢ite, 7yl = EL(@), since otherwise by monotonicity
Ul‘ '?!”" o ]s

g, ¥) Sl f) S EL() Vs xSy

i i i3 1 z v
= | g, x] fixhdx < Eq()) Fitgh a comiradiction
4

We show thal tp 4+ 4 =5 %0 =0 Using moootoniily ol o,

=

| N it By x) AU di— By Bty +4)
il

i alg+ I
=], 80, 1) Sy de+ J: (e, + I %) — d{ey. %)) FLe)

LI R ali]
- | by, X1 Fx)de— Ep(d) Firg | k)

"f{.

oy +5
= Epld) Fite) -Epid) Fltg+ 0+ [ {1y, x) f1x) dx

) +4a

=| [l )= Eplhd] fix]adx iz

e
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Further inf§>0, since il S=0=f,r)= (1) ¥120=[(11=fr} ac
i Lebesgue measure) = cyuaiily holds in {(L7) Thus t*=inf >0 and
S finvese
> fir) vt
whenee Fo(t) = PO Yz 0, proving {1.7). Unlike our U-statistic, the

one-dimensional Kaplan Meier integral of Stute and Wang™' 8 {§) is not
narmalized, Delme s normalized version us

_SA9)_FI H(Z) W
ST =i Wi,

L'Irn'l [.'qﬁjl

Then the following hold;

lim S,($) = 5(4) =1 }¢{XII Pldeh+ 1 g ¥ia) Flzal as

= “{_r-: T
lim U {ah)=50¢1/501 =S¥ I F, {1 a8
= e

In this cuse, iU s casy to show thal S} < S{@VS = Eqlad) Tor 120
and nondecreasing, Thus normalization leads to a smaller asymptotic
“hins,”

Wext, we present a few examples, in which continvity of F[.} is
assumed for the sake of clarity,

Example L. Let ¢(x)=gix}— f{ix =) for some ¢4, in the one-
dimensional caze. By Remark 2.

lim S, (a3 = (Firg)— M) Hegtg
A=

i Fiey o
lm U (9,3% (1= 2H0

Jim =T I
e
(Fltn) Fieniftsoy) = (| —.,[ ) )I[IE-ZTH:I{: | — Fle)
\ Fizyl

bxumple 2. Consider the variance estimator, §tx,, v =4(x, — ;)%
This « 15 not nondecreasing, 30 our Remark 2 docs nod apply.
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However for Floi=s"KO0sx<1i+Kx>1), k2| we have
Bl X, o=k k+ 17 k+2]. For 1< 1,

i Uy (S Eplgl X, b | X S, Yoy

o= g

B mfifiigr{{ﬁ{X|1 Xih

‘Fhus (1.6} heolds.
But for Fix)=11 —e&™*) Hx =), we have Kp(fl X, X5)) =1, whereas
Eplfi Xy, Xo) [ Xy S1gp, XsZg)
o e e L I I o L e
=1+ gty sy
Since g(01="0, #{ 1 1s decreusing for 1% 3 and g{- 120 for large 17, both

ovar and under-catimalion are possible, depending on <.
Gijbels and Veraverbeke!'! consider estimation of functionals

nl N
J Wy o o) TTFldx): for u fixed U= Tty
Ju]

=1

"
BLF) = |
0
the cstimator being #{F, ), They restrict attention to “truncated” functionals
due to their use of an almost-sure linear representation of F,,[~]|, which
holds only for [0, T] (uniformly) for all =z, They rightly remark
i 14583, “From the practical poimt of view the truncation is not so
desirabile,™ As far as the SLLN is concerned, our work improve upon their
reslts,

1. PROOT @I THEORIM 1

We show thal S,0¢) converpes shnost surely o L72, where L s the
limit i ( [.43, ITence 8,,{1) converges a.5. to &,011/2. These two lacts estab-
lish Theorem 1, Qur strategy s Lo show, [dllowing Stule and Wang," thal
{88 022}, for 20, s a reverse-time supermartingale {Lemuma 2.1}
with rospect Lo the Altration

Fom | Ly By | SEER 7y dy k2 + 1 (2.1

Preposition 3-3-11 of Nevew'® implies that {8,00), n22} s as con-
virgent. This limit is 4. constant, being mensurable with respect to the
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teivial er-fleld . =7 | #,. The remaining lemmas identify the limit o be
(.30 The result holds for a general ¢ because S, 6@ =8y i 11— 8, [d 0

To carry out this program, we first consider the case when Ifi.) is
continuous and show that the limit in this case is

[ | dixr.xa) Hldx,) A ] (22)

LTS PO PR
We then indicate how formula (1.3) and (1.4} arise in the general case.
Lemma 1. TF 8{. ) is continuous, then for ¢ 20 [ 55080 5, 0 22} is
& reverse-time supermmartingale

Proof.  As in the proaf of Lemma 2.2 of Stute und Wang,""

S'Zu{'!r.’:l T Z E ‘l"bl: Zr:m z_f:u.:l l.V!:.u I.V_flll

lea o fenr

B EE [.':II:'Z“M_'_J,ZJ:”_'_]:I 'F:‘r!{zf:.u—l} P.w{ /‘_F:.'|+l}I

teaa ferre |

Mext we show that, lor fixed V=i fsn+ 1.

[
[FF]
—

'LI"-{ llll':I.ll{'zi:.l|+ l} lIII:\".u{ Z_,l':.l|+ ]_If | 'ﬁn+ l} T Hff:n+ 1 Hfj:n+1 QJ_'.‘ |:
where

'Qy=£_}h il j=or

emmr{Z 20 )
| m%n  i+32) F” EH—TL l";?}]"‘w"”}

The prool is then completed by showing that 0 < &, = Lifd .,y =L,
| =i n, since $(.. ) is nonnegative. W dp., =0 then W, =10, which
15 & triviel wase
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To show {230, congider

E{Fn{_zi:rr+1} Pﬂ{z.l':n+1} |"(§|'il+1::I
vl ‘\I ] .
=-£:'I|II Z 'F.ll:{zr':n-i-l} l‘:'.Ir!{,z-_r:ﬂ---l} !{ZJI+|=2HH+1} |"(Sx‘_|n+l) ':-2'5.]
S

Now on {7, 1 =%,..01) wo have for 1ign+ 1

(W,_1.., i 1=¢

Fﬂ{zl':ar+1}=Jl[} it ft=v¢
L., i f=r
Alsoan [Z,, =2, for 1afgn
(T ; r__‘:f{lj[.f:r.l+]] ill‘ |'rf:f'
b Wi aen 411 it fzr

Using 4, :—1{Z,, | =Z..,.,}, the conditional expection in {2.5] 15

wil

E Fr.l{z.r:.lr+!_} lIII:\"rl{z_,l':.lr+]} !"fu.-
roed
L i=1 T+ 1
= E I'Vu'—lm H’}_l”..IAN-I- Z Hf&:n H':' I:R"raf,_\"_ E Hf::rl H):f:r.lfdm
r=| r=i+1 P

=4 - Ty-- Ty, Bl
Here, an ey swn s 1o b Llaken as voro, Now,

vy r—1 =k dpg.) F—2 H—k Bliia]
o Ji—1L:n]
jrl_zi‘:—r'+2 n][u J’c-l-l] n[n—k+l]

re=l k— =

iy =T o=k (fua iz2 A=k 7%um
X_Lg.ld; T — L 7y
n_,ﬂl+‘#_-‘_n |'rf'|'] ;P?.o—_&+'|_ ]

ktar

- Slrnery ST o H—k Tfmes! 20 p— ko )T
_E’[n—lj—.ﬁ—] H_n—k+l [ n—k+1

=1 b | -

y (.5[1"1_'_'-] "l 11 w & [ Preen J"I—lz n—Ff [fronen ‘s
o —i+r1 M asx—1 L e, .

) =1 ne—pr+2 B 1]
:H?-.I'.'.n:l'I"’f._f:H -1 E Hll'r\‘n_r.'_lJ I"

r=1

ra



The Sereng, Law of Large Nombers Tor Kaplan-Nleier £-Seatiseios 1R
wilh &, us defined in (241, By similar adjustments,

(r—i+2) 2!

T.=W._ ¥ "
2 L ,Hr+]‘r[”_j+]]r

",

=it 1

;;—r+2:|5|_r:a.rll
L IA
n—r41 =

br—i+2¥(m—j1 2] ”\i] ;
A

o= W Wi oo, ,  ——
! e Al T S T '.n';"'ll‘.lr—?ll &

MNow substituting these expressions for 29, T, and 775 in (28] and
noting that the ¢vent A, 1% independent of AT rensrp LEign+
by the continuity of & {cll Stule and Wang,l‘“ Lemma 20, we hawe

BEAZnid PlZaih | Fi)
'—E{:.II]+T;|_+T'_J.|"' u-l::l

1 P

l ; Fn—r+ 20
o Hfl"n (238 I 4 ]'Tz —_ |
AN _-’.i-iln_l_l r;| rl\” P - l,"
i1 P G
: DT A S TR e A |
+ Z T'-rrﬂ.-: F \
L T T e 1
H—i4+ 24 n—Jj4+2°
-9, : f J_ \'Im FI1-1) (27
=il A=+
whete Lhe last Lyrm inside | -+ [ in {271 s seraif f— a4 1. Using the relution,

i—1 Ia(n—r+2\lg:| a+ll

|
= Tha—rt 1y

r=1

+ram T4-2)
—(+ 1) ml—=d ) Hi=n+ L], lsignt|

given after Eq.{2.2) in Stute and Wang,"" the last two terms ioside the
bracket in (271 simplify as

TR g | (”_J--l-z"'-llélr:ﬂll]
r

e ) I S ey nn= )]

F=il
R—il-2 izt ¢ o)

sl S e T
i1 — |!.+ ] ! " ,§| ’ } ,g. rl- '

I N I AL TEELY .
—m, (m) +JT;-IIJ‘]'—V;+2:I
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_”_"’;._2 Jr 4 2] |'l(?°‘E P4 2% s
Ta—i-1 i !_m_J oA m—i4 1y 3
=l {i[,,”,_|]:|f{j=?‘i |']}J {281

(Heve m_; =00 Potling {2.8) In [2.7), we get (2.3), [t remains to show thut

;=1 whenever dr,._,, =1 We use induction ou 7 Note firsl that, for
lgige- |,

Q.I'+|. _Qf

T iia—i)im—i42)) M
ArEl L o dn—f+17% !

£

| I (3t — 7 VT a0
- .:'*.ljnl{n -1 1w r+l},5 fue

(n—i)? )
_lrn—i | 2"-2"‘t-==-':_,n_ b :"[n- iMm -1+ 2]1'5"“'-:_
\A—f— 1 s B Lo r—i+ 1]
i1

i {i[fTRI'I]:'aI:_:—.I:n-\--I]:{-] ot
lp—i+1pm? .
=¢ (r—iP (w117 i Gpineri=0 Srrpriasn =1
n—i--2n] s .
=i+ L+ 1) i Opmi =1 Oprgrimg 13 =0

(2.9

For f=1 and A, = 1, noting that 7, = 1.

_ m=1ia+1) =1
a,— =

=1
"1 -
F2 B

Nﬁx‘t, 1“01’ |!-=2 ':Ltld f‘f|2_:ﬂ..| 1] et 1:'

.= !.-,il 'H.Qz_f_jﬂ'

|rr‘12 —1

)
| »*

if a[l:rr+'lj=1
H e
e ey Oneen =Y

by (2.9) Henge h< 1 if Gy =1
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Mow assume 3, = | whenever dy, = 1Pl Sigi Letdy =1

Then, in view of (29), & = 01 pe_1y, Whete
A =inlkz 180, _kn. =0
Henee asseme A% <= 1, otherwise we are done by the induction hypothesis.
Dyor =Gt e Diipreny = Gin 1) (G — 3 (210
whart

J* = “:lI!.I-.I!‘{'I!‘-\"-:b"-2 .Rj[l'-i-] La L1 l}
|:_".1 i {EIE_F]...,I:H_[]:DI?IJ.E:!%?I

since Gy ooy = =0, by {29) Now if &, 1,y =071 LS4,

Qs+1 = E: +[@;+1 - Qr]
H—i+1] -
fn—i¥in+1]

Ilence assume dp 1 .. =1 for some 2=/=</ Then by the induction
hypothesis, £, a2 1, wnd since A e yqpp0 =1, we have

[Q.-'+]—.“‘+I 'Qr‘+]—."‘b+{gf+l _Q:]

Bioi—e H—i=14* 1 27w (n i+1]
i+l m—i—Ll4+i*+ 1w+l =47

| 2 (W—i— 1452 md L+ 2P
_”+] . L I [n—f—l+!r*+|:|4

xm f"—l+|’*-|-l}_ LSH-iH1)
(i =140 - )R

" M—:‘—]+£‘*+!}_EEM—F+J}}
I N e T E Yo R I

= { {n—i-Fi*) (m—7i+1}
in

P —F n—iF J{”
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using the facts

(n—0tn  {1-2)] %m0

- | gisn—I
-1+ 10 A

and  my g pe_ =W, S8 Fprapiea )= o O =0 Honee
fnally, &, =1 by (2,107 This commpletes the proof of Lemma 1. I

As discussed earlicr, we have for $310,

lim §,=5= lim E S, | #, )= lim ESyial)  as

7=l = -

Yo now show that lm, |, . &5 0d)0 = L2 where 148 [22) when B s
continuans and the lmit in (1.3} {or (14} for gencral 5 ) Deline

m=HA, | =0

[T | Il.rl —H'f{.”\'.

Calll— I HZ, . <rs )

=g'l R %

G BT il e L PR SR e
Uﬂ[!,.i'}=|||[——"“'"1| Illl_ ()]
BT n—k-2 )} ghioe il

AdE )= FI 8

A 46 ¥ = KO8 5 €40 12015
where 2, = — 0, X, i1..=

Lemma 2. For H{-] continuous,

-1 ,
E{Sutdit = 5= FL2.012Z,. Zaimi 2 miZiH A 70, 72)
+¢1n—2':zl-.x2}]r 2y =%5]] {212}

Progaf, To ste lids, lollowing Stute and Wang, '
EiSﬂ.u{'[D]] i fl'l J \.('_. }_I. ['I‘I{ Z.-':rs" z_f:r.'ljI HI((E:u lli":'_f:u Ii"
B =N 7

o

Inll l b 3 . B ag A
= | 7! ”_-_rE{f.'f'l:Zn Za il YLy B2 B,riézj}
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where

1 _m[z“\l IE 4]

R- ka /'I

B,s)= IE[ (1 +

=1
R, =runk of Z, among {Z, .., 7}
I'(| q- I _m{zljjﬁz'f—zﬂ {1 i |- HI{ZZ]')”ZT"?:H'
L "— Ry, \ N

’* —miZ, l‘~"‘:"**ﬁl}+ﬂ-’e~4::-

x[]fl+ —-Rk,,,»'

BAZy) B4 =

L —m(Z 3

J

n— Ry,

=.ﬂr-£|: ":Zl_;l |\1 -+

| — 2z, 2T =2 =)

n II( 3
® I+ ; :
.‘.’1:[.1 III‘ - R.ku J:l

S ] —m(.'?.k}‘m,lﬂzl‘fz* = Fy

><||(l+

o~ +HZ 22 )
k=3 ™ TR

Henee o continuous &{-,

E{j;ﬂ{'/‘l:l H.lrl:ZZ.] |zl e Z:g -_-'i-}

W — il ErY
=fr<s) K 45 ]'.L f.f R 7:.!1
{ : [l,-‘:rl l'x =i /II f ki d = z’llj

wlZ, . 2:|".|2"‘r':zk:n..g'=:f!l
* H |: b H—k _,.l'l

k=l

AR Rl z“ﬁJ

* ” (I+T;’|

RS

4 HimsbE] )+ Hr=s} ] (2.13)

(here, £, 2= — % &, |.n. 1= o) because, denoting by R, the rank
of #,, 3=k = a, among themselves, we have

J.Rk:.rr—'z 011 {Zj: "":.Z|{ZEJI'

Ryn=
* ’:.Rk:u—2+1 an {Z1{Zk{:}{1}

Snwee # . Z, are Lid., by symmetry the co-efficient of J{t =) in (2.13) iy
the same as thut of A =v) with ¢ oo 5 inrerchoneed Thus while taking
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expectation in {2.13), the RHS can be replaced by 24(e <5104, 05, 574
d,_ 5, 511, as the term Jir =] -+ ¢ has yero expectation, by continuily of
A0 The Lemma now (ollows, O

The following two lemmas are snalogues of Lemmus 2.5 and 2.4 of
Slulc and Wang™!'

Lemma 3. For fixed 0 < r< s and continuous (-3, |08, =
T s Foins Lo oo+ L w2 1} is 2 reverse-time supermartingale.

FProgfl Comsider

llll‘gl Dil{f I“-I'I n+'|}

m{zk o 2

'_HJ']IU Rook+2 JI

Sl
>(|"' Lk l —th.-'c:n] TR E, ] | ,f“ - Ir
. i—hk+1 }
11 o a -
s E E*::_HZR_'_1=Z|.:"+-|} I] f"':l fé‘.l.'+'| :?
fe L . | i
J. a1 !:II(' m7r WARE, =
e [ (B Ty
e e —&+2
& = i 17 LR |
)(ll ]+]- Hi{zk.nl I.-l":I
L n—&4+L
nﬁ] P AN L g
>< —'
s-,—.'+|'- n—k+3
fo0 1l milZ B e A
1 10
\ i—r 42 ,"I

W now use indoction on # For =1, we hayve
B}y, s} | %)

1 —m'[.E'z_zl"“.lzmif‘1 £

5 (14 (1 = Zy o )y P2 s

177
=5 [1-

ks

S =2 L . O
+| 1 T]” A AT D R R
3 ; ]
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whercus
. II,; l _m{Zl:zj\.llﬂr.Z;.l-::] l _ml:zl:l}\llm-r.z = ED
Dy s)= 1 4 ———= | ol
A1, 5] | =+ 3 ) ( 5 J.'
S "‘.,M.Z: =] :
xﬁ . il 1.2)J T (L1 — {2y )R = Za e
L 2
2 X X 2
=‘ 14 x5+ (Tz+x2 |{2H]+ ; ?1+|?‘+T') 1J
where

1‘_'”[21.-1]=-'-":r- "r[za':Z{'r}:;h I[I{ZI:I{S]:SJ' 'l::lsz

Further
1 e N I.-“_x':‘ 5
E{Dll:r, ..'l":| | '.{%_] —"E|:] T Sgda — Lf'l'.-‘(:z) f2+ 1 +.'-'|;J.'|'1 +||Ik"4—l+xI)lll| fl
and clearly, ELS,(6 ) | %)= 1508 50 noling. among other things, Lhat
L VoAl g _
E'kj-ix'jlﬁ(_{ﬁ—ki'xlj fur =x =1
Assume Lhal the gseertion holds for a0 This is equivalent 1o

{&) he inequality E{D (n 5019 0 = D108 5} holds with 2,
replaced by arbittary po= 0 1 £k < w4 L, in the corresponding lTormula,

Mow with
.-1[-!:[2 | =l . 1}‘.':'11"2:-.":2-'::) "I(i +M‘1”Hz&auﬂﬂ

wo k+4 ) L w—k+3
A elea] [ B

1 r .-:1-"2 f—1 A+ & '~|
el X [Ty I ek
nt+l T2 fem i kei+l a
r IS E =)
;_LJA+f1+LJﬂEﬂiﬁ) '
n+2 L n+2

I'rl l ”ll:2|:”_'_:,_::I\'.I['r‘-'zlﬂ-u"":-‘.:'
2 S S BULF Y
I'x a1 4
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pal Il i_I”{.Z#_.In+2:|"\l2-l"[Z}::l.-1-2]

xz ]__[Ll—

i— 1L k=t H IE-+2 )'I
AR R [ b Lo T S
xl 1+ { k—Ll:a+2- |
'\ n—k+1
= Fﬁl (1 = ! _m{-zﬁ-+L:n.|.2r"|2ﬁ:2'm":}
s, n—k+3 )
= Illr.i + ] _}nl:zk+'| H1 +2--] I"lllnr.: il ]
\ e ) r
A +n -17 1 —m[Zl__”_'_z}‘.,ll’i?-m. |
R w42 E
I' | 1 _m[.'zl:n I_:]xlllul'i::-r.zl."_a;.-'ﬂa"l
b Mt /
i, |"r1 J. =r ml:ZI,-( +1:ﬂ+2’}\,|1nzi: B Tl
g ;;1__[1 I'x_ | o ok—=3

foo f’?ll:zk+-| i +J‘.]'\'|'r{'h:'?-"L Foikn 2w
|
M-k +2 /

wil4

{2.14)

whore the last inequality follows using observation { L Conlinuing, we
have

EED_.-H.lUs S} | @:1+2}

A n+l I'I( L —FH{ZLM_'_z’]"\IH[zm ]

T4 a2l a+2 )
/ | —pil F-. '\Ii"[r-LZZ'l_“;:.x_j-
5! -l_l_ { 1.n+2]| | 4
\ atl 4

substituting & for (&4 1} under the prodoct st in Lthe second ferm in
i2.14],

1 it ] If" 1 —J?Tl:ZLn-.-z‘J'T"{*'ﬂ-nn_-crb}

SR 2N Rt+2 ;
] 'I.zl l — IIWl::zl.:u . 1::"‘\ ﬂr{zl'-’l+3"“-’l:'

A A
-\+ H2 )
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The tesult now toliows from Lhis last expression because for 0w = |,

i +n+l<]_|_ x )1{(14_ x e
12 n+2 ni2) o n+3)

A

The proof of the Lemma is now complete, [=

Now refer to the quantitics defined in (2.11). Further, let

1—mix}

Jipf }
Dis.s)=exp ﬁJ T—Hx
"

Hide) = | 5 H{{*"";Hw.}-]}

Lemma 4. For continoous H{-) and <5 such Lhat MH{sp=1, we
have

fa) lim, . 206 s)=""exp{2 [ (1 —m(x))/) - H{x)) Hidx) A
fetl—mipndl  HU) Hidyl) = Dies)

(bt lim,_ ., C1=0as; also, b C s Vazl, 2

Proof. (a) lollows cxaclly as in Lemma 2.6 of Stute and Wang '
Deetailz are omitted. Te prove [b], note that 0= O (= Let
Hix)=1inY¥)_ | HZ,<x) be the smpirical df of Z,,.., £

'

.n.lll,rl
cio=3 (5 T’}j’“{?‘“' = Z =]

f=1

i i :
—“—m{?':' { +1§:| JL ;'+I_n—:'+2}ﬂz””{”]

IS
n+1 ju 4-11 — HAix)+{l/m

— (1 —mit) [

l
T -H(x) +{z.,.-'”;,} H.u(dx}]

By arguments similar 0 lhose given at the end of the proof of Lemma 2.6
in Slute and Wang'* this converges to 0 us, proving Lemma 4.

Now we are ready to idenlily lim,, _, . EiS.,(#)) By Proposition 5-3-11
of Neveu'™ and Lemma 3, 2,44 5}, 7= 1, is uniformly inteprable for fixed
(Y= ¢ =4 Further, by the former and Lemma 4, for fixed Q=4 <,

AL sy=FED S, 51— B[R 0] VE_ 1T DIr, 5} a5 N {215
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By Lemmud, {06 D08 ») = D as as r— w0, Tlence

AL sy=FEC, 0 Dt s 0w on- )
Al s ED AL 51 DL 5 s f

-

(2.16)

Lnder the conditions of Lemma 4, we get as in Stute and Wang,"™"
D=0 —Gun—t il —Gisn !
Thus for continueus HT -,
E[2 7, Z 0 mlF ) miZ) DN Z, Ay N7, < 253 ]
=Edi A )AX S N <oy XS Yo, X1y INX L XL
= | | @i, o) Flele,) Fldx, ) < o 2,170
[, Ty, 2y

Mow recall from (2,12) that

1 8,0 1))
=412 — ol 11} E[ 22y, Zay w2 ) miZ,)(4, £y, £5)
A, AL LN HZ = Z,)
=12+ 11} E[2l Xy X} HX, = Vo X <o)
AR, LY, Ap=rglid, o[X). &)

+4, X, a0 AX < X)]

By (215} {2.17), the sequence of random variables under thiz expeclation
is uniformly inlegrable and converges almost surcly 1o

KL X RX, S Y, X <td KX, S Yo, X\ <14 PIX ), Xs) [1X, < Xy)

Therefore £iS5,{¢11 — Sithe lmit in (2 17)) and £{5,01)3 = FAc 2 and
hence for continuous H{ ) and g, -} =0,

L} = Sad )82, 1]

= [ FlT)} e J" J‘ By, xa) Flebe) Fldu,}  wa,

{r oy K}
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The argument to extend Lo & gencral Hi-] 15 exactly as in Siute and
Wang,*" Lemma 2.8 onwards, eombined with State™ {pp. 437438}, Sup-
pase Mo s nol necessarily continuous, First assume. 45 in Stute and
Wang™ that Apev A= Define

r_ ‘:foZ‘.I, ir Zd¢dy
U H{a— )+ | Hilg) Hiago-)] V. if Z—a acdg,

where Ve Uniform| 0, 1] iondependently of 70 Then L~ Uniform| 0, 17,
Z=H '[U) as, dluy=Ed U=ul=mIHu)) for Dcu=1 Also,
1Z,1sisnl =1H [V, si<e}t as Thus by no commen jump
agswmaLion,

Swdtl— 22 #H NULLH UL WL W,

| Srez fem
Sinee U7, iz 1, have g continyous dF, we gel Teom (207) that

it =
linn &0 =lg | 11 gl 1 ey, B M eBlx) ARl S0, 50 et ol e
= EL (]

i
where

i, sy=exp %er

1”‘ | — i) dy}

L T T

a4

By arguinents similar w those following By (2.6 in Stite and Wang, 4
DNESY=TE=GH Nl "Bl G Yt D el
whence

lim i) = $EI¢X X HX, s VIRl — X0~ 1 —Grxnt

[ )

st {the limit in (1.3}

Finally, if there are common jumps, say { v}, of £and &, replace each
¥, by [x, x4 ] where ¥ 5= o0 and move the & mass at »; o0 x, + &,
Cxtend the time scals for Fand @, by putting for ecxample Ax)= Hx,) if
X, 5 x < ¥, + 2, Since tied uncensored observations precede censored ties by
convention, S;{¢) — 55 remains unchanged, Now ApoA,=4 The
integrability condition remaing vubid. This eompletes the proaf, a
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