NOTES ON TESTING OF COMPOSITE HYPOTHESES—I1

By 8. N. ROY
Calcutta University, Calcutla

This paper ia a continuation of an carlicr paper by tho nuthor (1948) on the ramo
subject snd under the same title) and sets forth developments along certain lines of invex-
tigation indicated therein, Tho present paper consists of four aections of which
section 1 gives a resumo (which is supposed to offcr o convenient #tarting point)
of what woa stated in tha earlier paper about a sufficient sct of conditions for the availability
of valid critical regions {or what Neyman calls similar regions); section 2 is coneerned wita
the dincovery of a sufficient sct of conditions for the avnilability, as amongst these valid
tests, of 8 most powerful test of any specifio composite hypothesis with respeet to 8 apecific
composito alternative, while section 3 attempts to get o suflicient set of conditions under
which the most powerful test would happen to be uniformly most powerful, if rot in the ori.
ginal sense of covering oll alternatives, at any rato in the ecnso of covering a continuous class
of alternatives, and lastly section 4 discusscs, by way of illustration, certain simplo well
known concrote cases. Not merely tho problems posed but also tho solutions discussed in
section 4 aro very well known. "Hero tho wholo matter is put in the modified setting intro-
duced in scctions 1-3, thus rerving, as just obscrved, tho purposo of illustration of tho
principles in scctions 2-3.

1. AVAULABILITY Q¥ VALID CRITICAL REGIONS AND MECHANISM OF
THEIR GENERATION

With n stochastic variables (), 7y, ..., Z,), 8 Jaw of probability density of the form
21, o1 Zat Opy o0 003 Oyas ooey O14,) a0 & composite hypothesia 1(0,,, = 6,.,%, Oy e = 0,.,°,
ey Oy4a = 0,4,°) the problom, as is well known, is to find a critical region 1(0,,,% ..., 0,4,°)
—whose location in  thy sample apace might depend upon the non-freo paranieters
(131 +os Oy0a®) under hypothesis but must be independent of the free parameters (4, ..., 6,)
is accordingly put in the form {0,4,° ..., 64,,°} to bring into promiﬁcnm this
il i h that

25304 0es 00 00)% s O MV = )]

for al) vnluea of (0, ..., 0,) snd of (0,1, .-+, 0y 4a°). Hereais supposed ‘to bo o preassigned
level of significanco. It was observel in the earlier paper that e sufficient set of conditions
for this being available would Le given by

S = SUFL s Fri 04, 0s s 043 Draty w0 010d) B5(Zay oot Zai Brag womy Bi) (L)

whero Fy @ Pz oo Zai Qoo voes Oua) (i=12%0m . (L2

It may Lo noted that wo should try to express (1.1) in terrms of as few functions
F, as possiblo, consintontly of conrso with tho condition(1.2). What might happenif wo
diil not, would be discuased in 1o next paper. This requi ntof ap irreducible ming
will bo understood 1o Lo alwaya thero throughout the present paper.
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Hero m may bo >, or =, or <k but muxt bo < 5 and usunlly << n. Under the hypotheain
10 Lo tested G,,,'s in (1.1) and (1.2) woull, of course, bo replaced by 0,,,%8(j=1,2,...,4),
Under the conditiona {1.}} aml {1.2) the mechanism for tho generation of valld tests, sa
explained in the earlier paper, would be as follows,

Consider tho m-fuld family of subsurfaces S(m, ..., g} genirated by tho inter.
soction of the surface

Fy° s g, e 203 0000 na O4°) = 414 (=12..,m ..(l3)
This fumily S(}, ..., #), 88 not-d earlior, posscsses two important propoertieni— (a) The loca-
tion (in the sample space) of any member of the family might depend upon (0,,,%, ..., 4,,,%)
but is independent of the free parameters (0,, ..., 0,). This, of course, would bo evident from
(1.3). (b} If from any shell bounded by S(py, ..., pp) and S(uytdp,, oo, potdpg) we
cut off a portion whoso masa (for any sct of values of 8y,...,0,: 0,,,°, ...
tho mass of the total shell then thin means a constraint ¢

0,.,°) B a times

[ Stzn o zai s Oy = @[ @y e 2 Oy o Oy (1)
Portion of the shell Total shell

This constraint being in every way independent of the free parametem {0y, ..., 0,), we can,
if wo like, cut off from the sholl n portion which satisfics {).4) and whose relative lueation
within the shell is independent of the free parsmeters (4, ..., ,) but might depend upon the
non-free paramcters (0y,1% ..., 0,,,°).  Thin construint, sa is evident, would not in any way
define the portion vis-a-vis the shell but would merely impose & restriction on its relative
location and size, leaving otherwine & good deal of latilude. If now, while keeping {0,,,°,
wees Oy40°) fized, we vary the free paramelers (0, ., 0,) the mass of the portion would continue
to be equal fo z limes the mass of the tolal shell (Loth masses varying in an absolule srnse,
bul maintaining the same ratio), the relative location of the portion iwithin the shell remain.
ing, of course, by definition, unchanged. If, howerer, we change (0,,,°, .... 0,,.°) as well, the
proportionulily of mass would persist (if w were chosen in the proper manner) but the rela-
tive locations would change.

Theso principles wo would call, for brevity, (i) the principle of invariance of loca-
tions, and (li) the principle of invariance of mass proportionalily of a portion of any skell,
under change of the free paramelers {0y, ..., 0,}. In any shell such portions are avuilable in
an infinite number of ways, Take any such portion from one ghell, ancther from another
shell and 8o on,  Piceing together such portiona from all possible shells wo have 8 critical
region whoe location in thesample space, whilo independent of the free puraiceters (8, ..., 8,),
might depond upon the non-freo parametors {,,,° oo, 644,%), but whose mass is a for all
values of the parameters, free oc non-free. In other wonds, th'xwould be o valid eritical re-
gion of size a and it is evident that under thia mechnnism such regions could be generated
in an infinite nuraber of ways, that is, there s aninfinity of alt~rnative valid eritical regions
of size a. It can bo shown that if (1.1)-{1.2) hold, then the mechanism of generation of valid
t2sts indieat>d in and after (1.3) would, undor certrin mikl additianal rustrictions, exhaust
all ponsibilities in respect of valid tests, that is, there could be no valid tert which could not
be generated by the mechanism indicatd. * How this ean be whown aml what thoso mild
additionsl restrictbns might be, need not, howover, Lo diseussed here. This property
might be called (iii) the principle of exhaustiveness with regard to valid tests.
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Going back te condition (1.4) we note that whilo under thir we ean, it wo like, cup
off o portion whose relative locatin within the whell in independent of the free parametors
{0y, +=s By} it §n nUL Wik that wa could not select a portian whose relntive loention de pended
vpon (O, ..., 1) Wo could, il we liked ; but this would defeat onr purpose in the senmo thag
it would not provide us with a”mechnnism for generation of valid eritical regions,

There is onother point to bo noted.  Comsitlering (1.1)-(1.2), we could have denoted
@y by Fun aml added to (1.3) a further surfucy

Fau'® 2 Fanlfion Zai Giaa®s o 0% = g0y ..(15)

such that the intemeection of {1.3) together with (1.5) would define (m+1)-fold family of wub-
Birlfaces S{ty, vees fims ftmey) Providing vw with & mechunixm for generntion of valid tents,
similar to what wo have just considered. It ¢no be whown, and will actually be demonstra.
tod in a latee paper, that the power of such valid texts with reapeet to alternative hypothesiy
would bo less than that of the valid tests earlier convidered,

2. AVAILABILITY A3 AMONGST THE VALID TESTS, OF 4 MOST TFOWERFUL
CRITICAL BEQION WITH HEGARD TO A SPECIFIO ALTERNATIVE

As in tho enrlicr paper, sttach to the hypothesis (8, ,,°, 0, ,,°} a pscudo-liypothenjn
(0,2, ..., 0,%) nnd to the altzrnative {0, 4., 83.0) 8 prcudo-alternativo (A, ..., 4,). The problem
now is to cliooso from amongst the valid regions w)'8 (§ = 1,2, ,..) of size & a reggion 1 whoke
location in the asmple wpace might depend upon the non-free parameters (,,,° <., 6,,,%) And
alwo perhaps on {0, ,y..o+, Oy 44) Lt must ba independent of the free parameters (0,°,..., 0,°), and
also of (0, . and which would satisfy the additionnl condition of Leing most powerful,
Denoto $lp wes T 0% ry 0% Oy 1% cor %) by §° 8nd B, 0
by ¢. In aymbols tho problem ik to choose from amongst w)'s .} depending upon
(D1 v Brae®) and £h08 being denotesd by w0, (%, <ov, 0,4} 8 10 which might depend vpon
both (B e1% <o Ouae®) nud (O, 1000 G40} but must be independent of (0, ..., 0,°} and
(A, +-+, 0,) and might henco bo denoted by 1(8,,,°, ..., <1 0i) Buch that the
following conditions aro to bo satisfied

@ody =a --(2)
W{0har% veor Byuss Brae oo ues)
[ o > a0 2
and {041 voes Ouen”s Baoys oo0r Bana) 1001 vory Oras”)

for all 1e)"s eatislying .

Thin is to hold no matter what the promlo-hy puth~win (0, ..., 8,°) end the preutdo-altornative
{0y, v 0,) might be, Suppose, starting from the fumily of mubsnrfuces py, ..., pa} of (1.3),
wo proceed to construct such o region hy corsitlering the interection of

» £ Pz, ... O0d®) S mHdpy G=02.,m .21

EATAN

with SuF v P 01y B4 Ouy s o Oy ) S48 wons 203 Oy e i)
3 A(Fu e, Fi0% o 0% 00 o B Bl e, 31 0100%, 0 ) (22
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whero A is so choscn that
[ g = afss w221y
aver intersection of (2.11) and (2.2 over (2.2)
Uning the aymbol A to denoto interszction and remembering tho forms of ¢ and g°, wo
casily sco that (2.11} A (2.2) is oquivalent to (2.11) A (2.22) whero {2.22) {s given by

PulF, nns Figs 0,000, 045 [/ CTIPT /0 RN ¢ SO N/ SUTRRN S |
S A8 0kn e el 0% 0% 040 s Oi®) Bafltn s T3 Ginn®s o 00,0%) 1L (2.22)

or simply by S 6D 9 (222
whero v ia to be 80 chosen that

odv = a (¢ dv .20
over (211} A{2.22)  over(2.11)

Tho trouble i that (2.11) A (2.22) might not lead to a region whoso location ia indepcndent
of tha freo porameters—no matter whether they are put forward 68 the pscudo-hyputhesis
{0,°, ..., 8,° or pscudo-slternativa (&, ..., §,). If tho Jocstion of {2.11} A {2.22) happens ta be
80 independent thes in that caso v will evidently bo of the form

¥ = (3 g e Bl Qiin® oo Quae i Qs oey Oiad) .(2.23)

and & valid and mostpowerful eritical region w{f) 1% «vry 6442% Ohany ey Orya), 5-€. 010 which
satisfies conditions (2)~{2.1), would be boundod by a surface obtained by climinating (4,....,n,)
between the (m+1) equations

F' sy (i=12,..,m) ..(229

and B 02 = M@ B Bad Bnn’s ey Oad®s Qs ooy Or0d) 89° ..(2.25)

The region itsclf, both the inside and the boundary, would bo obtained by eliminating
(K1, 131 ey #1a) Detween (2.24) and (2.26) where (2.26) is given by

.93 2 v (@5 gy oo By Oin®s v 00?5 s voey Bpaalth® ..(2.26)

But tho success of the whole scheme (lepends upon the possibility of (2.11) A (2.22
being located independently of the freo psrameters. 1t is evident thet s  subject tu the
general restrictions (1.1){1.2) would not enaure this, The question is, what further restric-
tions on ¢ (in addition to those indicated in {1.1)1.2)) would be nceded to ensure this. The

following different ajternative scts of sufficient conditions have been obtained, by way of
further reetrictions on ¢, in addition to thoso already indicated in (1.1)<{1.2).
D) ¥, = Filzg, e 30) (=12 m .29

with en additionsl conation (2.3a) to Lo presently specified.
Tt is clear that in this caso {2.11) and {2.2) would be replaced respectively by
m € Bl o, 7) € mitdpy G=1,2..,m ..0231)
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BuEL e Fui O,

0 Oiens v OuudBs 2 ABUF 1 o Fud 007,00 0% 0001%0 0, 0,,0%085°
..{2.32

and henco (2.22) would be replaced by )

B2 vey" or Cv'gy’ L.(233)
In (2.33) wo have to tako tho first or the second inoquality sign secording sn @y(n,. ..., pai
Oyoens 043 04410y Ouss) 00 the left hand sido of (2.32), after substitutions of (s, -.., pa) for
{Fy. ..., Fn) becomes positive or negative. Ilero is a further nssumytion, namely, that
whether @ylpys wes Bt 01y 43 Ovats eoni Ouya) will bo positive or negative might depend
upon the valucs of {4y, ..., pa) 80d (0414 -1, Oy 4e) but must ba independent of (9, ..., 0,).

This is the additions] jon just tonod

Hence v of v' ia chosen 80 a8 to satisly
fd,"d'v = Id.‘\fu o (234)
over (231)A(2.33)  over (2.31)

1t is clear that {2.31) A (2.33) subject to {2.34) defines a region whose location is
independent of the free parameters, and would provido ue with & mechanism for goners-
tion of the most powerful and velid eritical region, which would be exactly similar to
what has been indicated in (2.24)~{2.20).

(ii) A sccond alternative would be
Fy @ Fyfry e, 15 04ags o0 Oige)
Fi=sFr, ., 7) i=2,..,m) «{24)
[PE]-A
with an alditional assumption (2.4a) to be presently apecified.
In thia caso, corresponding to {2.31) and (2.32) wo would have rerpectively

x,)

m &R Pz, 20 0% 0 00,07 € 1oy } e
w B € mtdn, (i=23,..,m)
anu $Fp Py Fab 010 045 Oy 04400384
> ASF," Fy Fri 0%, 0,% 6,01% 019y (245

Now (241) A (242) is equivalent to (2.41) A (2.43) where (2.43) ia given by
$u(Fy, & i Oeey 045 Ogry s Q44)
P2 Aty e el %00 6% 0,,°, .., 0,,%)
that s, by Epvor gy .. (243)

Thin is obtained on two further simplifying assumptions,
The first is that the oquation

SuUFL By ooy B Oy s 043 O atsver, 0400 64
= A8 Bar e Bad 011000y O% 00’y oy OyaMy 1 (2:431)
23
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givo only ono root for Fy which ia :

Fy=v (2432
ond for tho critieal region we tako that ono of the slternative regions Fy 3> v oor v’ for
which the left hand sido of {2.431) is greater thun the right hand side.

1lero the xecond asswnplion is made, namely, thnt whether tho left hand wide of
(2431) will bo greater than the right hand side might depend upon (... i,
(Oy01® e Oc0s®) il (8440, ey Oy} bt must hie inddependent of (2,°, .

This (2.433) togvther with (2.432) is the additional axsumption.

< (24n)
Wo shall prenently consinler a slightly more general caso obtained by reluxing the

condition of one real root given by (2432) but retaining s condition similar to (2433

Meanwhile let us obtain v or v’

Hero v or v" in 50 chosen 0 to eatisly

I Sdv = a!ﬁ"’llv

L (244)
aver (241 A (243)  over (241)

It is clear that (2.41) A (2.43) aubject to (2.44) defines a valid eritical region ang
provides us with a mochanism for generation of tho most powerful valid test, exactly
similar to what was noted in the provious caxe,

Let us go back to equation (2431).  Suppose it has 8 number of real roots of Fito
Lo called v,, vy, cto. These v's prima facie would appear to be explicit functions of the

quantities 1 (A sy e B Byai®soes Gaan®s Ouansvons Ot 0%y ores 0% Oy sy ),

Lut let us make the more restrictive assamption that the freo parameters weuhl not be
involved. Thix means that

vy vfA e Kt O’ 00 O

B G2 L2,0) L2440)

where the functional furms of the right hand side of(2.441)are supposcd to be definitely known,
We noto that we havo a number of cutson the Fy-line Lrenking it up into segments. In theee
sogments we should have altornately the left hand side of (2.431) grenter or foss than the
right hand side. Colleet those segments on the Fy-line for which the left hand side of (2.431)
is greater than the right hand side. Call thin nesembly Fio. Then this Fy® is delinsited by
Y1y Ve, ey that is, ultimately by (4 g ey g1 0000% ons 0440% Ou s oen, 6,

o): hience it might
be writton as

Fit = P a0 0000% 0 000% Oy 100, 044) . (245)

On tho shell (2.41) tho most powerful region would be given by (2.41) A (245) where A is
80 chosen as to malialy

IMU = a ]'M., ..(2.40)
over (241) A (245)  over (241)

24
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Tho generation of the most powerful valid eritieal region from this would follow along lines
indicated carlior.
(iii) A third alternative woull bo

F, w1 Fy(fp e

Zai G141 eens Ohd)
Fye Pz ) (=23 1) .(2.5)
P2 = SlF1i 00 vaey Bai Brry oar Oy)

with an additional sxsumption (2.54) similar to (24a).
Carrexponding to (2.41) and (2.42) we would now have rewpectively

m P o Fn0, 20 000° v 000 K putdpy
. ..(2.51)
m&FCutdy  (i=23,..,m)
{which is tho snne as (2.41), and
Bi(Fy Fovvens F...: Oy 0030y 10 0es Oy P9
P ABEL Py Bl 0000, 0% 0,00 e 0,01 (25

Now (2.51) A (‘.5.52) in cquivalent t0(2.51) A (23} where (2.53) is given by
GUFL By oo gt Oreei 00 Opageen 00} 34(F 3 0y eny 00
D ABu Ba e Bt 0000 e %5 0,00% e O00a®) BulBis 61°5 envy 635 010" ooy e

that i, by Fiopvor g ..{2.53)

Hero again as in thy previous casy we make in the fst instanco two simplifying assump.
tions, .Tho firxt ia that the equation

SuFu pae s ot Oreonns 043 Oy Oraady
Ty Y AN Y PR WY - +(2.631)

10 ves Bhes)

gives only real root for Fy which is
Fy=v, . {2.532)
and wo take that one of Fy 3 v or € v’ for which the lefthand sideof (2.331) is greater than
the right hand side, The sceond assumption is mucle that whe ther the left hand side of (2.531)
will be greater thin the right hand xide might dl'p"nd upon (8, oy Bde (Bhas®s ooy Bi0l”)
ond (G41, e, 0y but must be indepencdent of (6,%, ..., 0,°) and (0. ..., 8,). +(2.633)
Tha (2.533) together with (2.532) conatituto the additional assumption. - ..(2.5a)
The more general cate with & number of roots can be trentod in a manner éxactly
similar to what was discussed at the end of caso (ii),

As regards v or v each is 80 chosen aa to sntisfy
dv e alde «(2.54)
over (251) A (2.53)  over (2.61)

Exactly as in the [\mvioun cases #o also hero it ia clear that (2.51) A (2.53) subject
10 (2.64) dofines & region indepo.utent of tho freo parametors and enables us to gonerato
the most powerful valid 1st.
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In & scnse it might be said that (2.3), (2.4) and (2.5) are al} really compaebnded in
& condition of the geners) form

$ ag(FLF,. 0,10, .40 0 040} .. (2.8)
whete Py Pylay, oo, 2,0 Oy g oy 044)
. .20
Fi=Flr...,20) (i=23,..,m

But it scems that far practical purposes it might be more eccnveniert 10 split up itto three
scparate cuses (2.3), (2.4) and (2.5) even 8t ome expen~e of formal elegance.

In the earlicr psper (Roy, 1948), for any general m cnly (2.3) was considered, while
in the special case of m = I, (2.4) and (2.5) were also conxideresd.

[a practice, however, that is, if we Inok to the usual concrete terts of ohm e ite
hypothees, it will be noted that we have sometimes the situstions given hy (2.4) or (2.5) with
additional condition that F\° = F(x,, 0,."Yecomes independert of [CARE Y
that i, hecomes & constant, but Py = Fy(1,, ..., 2,5 005, ooee B300) depends upon (x,,
This, of course, is as much & restriction on F as on the particular hypethesia (4,,,°,..., 0, ..%)
10 be tevted. In fact, if we alter the hypothexis this independence would ‘no lorgir Lold,
Wo nots that when F,* is independent of {z,, ..., z,) we would have emenpenling to
(2.41) or (2.51) merely

e Filxy, o 2,) € - dp ¢

That is, instzad of an m-fold family of subsurfaceaS(g,, ..., pn) we would have an {ra—1).fold
family of subsurfaces S(p,, ..., s). The rest will be exactly similar to what we bad in the
previous cases, It will be noted that in all the situations conridercd in this fection the most
powerful test will, in general, depend on the slternative (4,4, ..., f,,), besides Cgvndirg,
as it would slways do, upon the hypothesis (4, ,,° ..., 0,.,°). The question is : une'cr what
circumstancer, that is, under what additional restrictions on ¢ will that mort powerful test
be Independent of the alt:rnative (8., 0,.,) or st any rate would be the same fer one
continuous clars of (0, ,;, ..., 0,,,), the same (but diffcrently defined from the previcns case)
for anotber class and 50 on. These different most puwerful tests, each defined for ore corti-
nuous class of (f,,,, ..., Oy,4), might be callcd uniformly mott powerful tetts in 8 gencral
sense. The classes for (8,4, ..., 0,,,) are to be defined vis-a-vis the null hypothesis
(041 + o0 B>

i=2,3,..,m) -(2%)

3. AVATLABILITY OF UNIFORMLY MOST POWERFUL VALID TES1S
(IN THE OENERAL BENSE)

To fix our idens we shall first consider a simple hypethems and with enly ¢oe pana.
mefer. J4t 0 be the parameter and let the hypothenin be 0 = 0° and the alternative ¢ % 0°.
Alsn, 84 in the previous case, et

S =Pxy e 20 0)
% = gy eey 203 0°)
Altzrnative acts of sufficier.t conditiens for the exittonee (&nd the mechanism of conrtruction)

of 8 wniformly most powerfil tast (in the general sense) would in thia case appear to be ag
follows ;

(i) Tho hirst alternativeis : ¢ = @(F,0) Sy (x,, ..., 7,) .30
20
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where F s o, z,) .3
with en additional condit’on (3.tu) £y bo presently speoificd,  Now (3.1) taken with 3.11)
implics that there in o sufficient statintio for 0 aml thatis F. Consider the most powerful
test of 0° with respect’ts @ which in

¢ > ne” (312)

whero z is 8o chosen that
[edr =« L (3.13)
over (3.12)
Now, in the present caso, rememboring the form of §, wo note that @ = ug® implics

F 10 ¥y, <o Assumo that there bs only ono renl ool v (nb lenst ono Toot being nlwaya
nvailabloin view of tho restrictiona on ¢ sud ¢° and also the ennditions (3.12)-(3.13).

This iz the sdditional lition mentioned earlier, ..(3.18)
This meany that corresponding. ta (3.12}-(3.13) we have

cither F 3> v or < v’ (depending upon the value of § vis-a-vis §°). (3.04)
In cither caso v or ¢* is to bo 30 chosen that

[é"dv =a -(3.13)
over (L14)

But this, while detormining v or v* in tha forms v(x;0%) or v'(x; 0°), showsthat v or v is nearly

indopenent of 8. In other words, it is powiblo hiere ta obtain o function N8, 6°) auch that
(«) for all values of @ subject t2 /4{0, 0%) > 0, we have a common most powerful tast which is

cither of tho regiona: F 2> v(x;0°) or F  v(x; 0°) ..(3.10)
(B) for a1l values of & subject t> /{4, 0°) < 0 we lave a common most powerful test,
which i4 just that ono of tha two alt-rnntives I 2 w(a; 0°) or  v'(x; 8°) which doca not
oceur in {3.16). (317
The alternctive regions might cech Lo called a onc-siled uniformly mort powerful
test. In many of the well known eses £,(0, 0°) =3 0—0° (ximply), that is, for all 0 > 0° wo
have ono uniformly most powerful test nnd for all @ < 0° wo have another,
(ii) A sccond altornative would be

¢ =2 9(8% 0: 0°) .(3.2)

with an additional condition (3.2n) to be presently apecified.

Tho moust powerful t~t of 0° wilh rexpect to 0 in
[ ..(3.21)
whoro p is chosen so an to satinfy

¢dv =ga
over (3.21)

27
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In thix case remembering (3.2), we noto thut @ = p#3° woull imply ¢° = v, vy, cte. Axtumo
that there is only one renl root v (as befure there will be g leaxt one in any ¢,

Thin i the additonsl cond:tion mentioned corlior, ..(3.28)
Aa Defore, cormsponding 9 (3.2) we have either $® 5 v or £ v’ (rpending on the valug
of 0 vinn.via 0°). (323

Incither otse, a3 hefore, v and v’ aro L Lo so chosen that

¢°dv =a
over (3.23)

A E

giving v or v’ in the frms v(z; 0°) or vi{a; 0°) and showing thut they are nearly independent,
of 0. In other words, it is possible to chooxe a £3(0, 0°) such that

{a) for sll 0 wubject £3 £4(2,0°) > 0 wo have a common mest powerful tost which ix
cither of the critival regions : F 3 vla, 6°) or  v'(2; 0°) o (323)
() for o)l 0 subject to {0, 0°) > 0 we have & common most powerful test which ia

just that one of the two alternatives
F > v(x; 0°) or F  v'(a; 0°) which dovs not oveur in (3.25) . .(3.25)

(iii) A third slternative would bo

¢ =P A(F0,07) .33
whero F* = Pl .., 7 0°%) ..{3.31)

with the additional condition (3.3a) that the equation
é = ng* ¥ 0,09 (33

where jt is detzrmined 80 a9 t2 eatixly
[ $odv =a ..(3.33)
over @ > pd°p (¥ 0; 0°)

will lead 2 only one root Fo=y +.(2.38)

The rext ia similnr to the cases (i) and (i), and need not Lo considered after all the
explanation given under (i) and {ii). What will happen if the respective conditions (3.1a),
{3.2a) and (3.38) of (i}, {ii) and (iii) ‘aro given up, that is, whether (3N3.UL) or {3.2) or
(3.3)-(3.31) would still remain o sullicient condition is an importint and intriguing point
which will bo discussed in the next paper.

The cases discussed under (i), (ii) snd (i) could no doubt be comprehended under
ono singlo abstract functional form, Lut it is conxidered more convenient for practical pur.
poses to split up and treat them separately.

Agninst this background lct us now proceed to obtiin alternative sets of sullicient
conditions for tho exixtenes of uniformly most powerful t2sts of composite hypotheses and
also the mechanism of generating such tests.

{iv) For the case (i) of rection 2, we should have correxponding to (3.1)-(3.11) of this section
the condition

Se = Fi 0 o1, 0,000 70 oy Ty) )]
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whero F.o Flr e, z,) .34

with tho a-ditionnl condition that if we consiler

Btz nd < 1y G=12.,m .(342)
amd
S ulitye veor i i vens B Oor v B 0d) 2 AB 0t ees s 0% 00y 0% 8,415, on, B0 *1AS,°
that is, 8> A 80 ..{343)
wlien A’ js chosen 80 as to satidy
$odv =af godv .(3.44)
over (342) A {3.44) over {3.42)
then the equation ¢y = A3, 343)
will lond £> only ono reil xolut'on
F=v ..(3.4a)
Similarly corresponding U3 {3.2) of this xection we shoull have
P12 848" Qr v B 100 ,00°) (3.40)

with an additirad! conditisn (3.46a) exactly similae t5 the condition {3.48) diseuxeed just
now, which, after tho explanation.given in courde of (iv), the reader will be able Lo easily

perceive,
Likewiso corresponding ta (3.3)3.31) of this section we rhould have
$: =GP O v Bt Ot e O0®) .(147)
with an additionnl condition (3.47a) which thy reader will bo able to construct without
diffioulty.

(v) For tho cnso {ii) of section 2, it seems that correaponding to (3.11(3.11) of the scetion
wo havo nothing amd corresponding t2 (3.2) or (3.3)~(3.31) also nothing direct except drivial
cases, The proper condition here seems to be
Fyaa PR F Qg i 045 0,0° 0 000 -(3.5)

where F* = Flr, o 50 0,050, 004%) +-(3.01)
together with an ndditional condition {3.58) exnctly zimilar t5 (3.4a), or {3.40a) or (3.470),
which the reader will o nble to construet without difficulty.
{vi)} Lastly, for the case (iii) of vectivn 2 we world have, as could be ensily percvived, s ret
of conditiona identical with {3.5}-{3.51) and with the additional condition (3.5a).

As with regard to the respective restrictions (3.1a), (3.2a) and (3.3s) of (i}, (i) and
(iii} of this scction %o alko in reapect of the correspordling restrictionn (3.48), (3.46a) and
(3.478) of (iv), and (3.6a) of (v), and a similar ono for (vi) of this scetion, the guestion arises
s to what hanpontif wo relax the respective restrictions (3.4a), (3.46n), (3.47a) and (3.5a).
That is, would the conditiona (3.4)-(3.41), (3.5}-(3.51) or the rame in casw (vi), st'll rema’n
sufficient cond tions, if not in their proposed forin, at any rat with slight qualifications of &
much less rextrictive nuture than would bo implicd by (3.4a), (3.46a), (3.47a) or (3.6a). As
in the previous caso ko also hero, this is quite an intriguing and rather difficult question
which will bo dixcureed in the next paper,

It will bo observed thronghout thia puper that about the conditions introduced
at differont stages it hns not been stated whether they are suppored to hold st points of the
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campie gpace or whether it would do if they hold almost anytehere in the samplo space.  Such
consiclerations, however importint from the point of view of rigour, have not been discusaiy
in tho present paper, meant a4 it fs primarily for statisticiana,

4. SOME WELL KXOWN [CONCRETE CASEY BY WAY OF ILLUSTRATION

(i) For a univariaty normal population with population menn anid 8, b, m and a,
sample mean and 3. p. Z and &, and samplo size n, consider & hypothesis mg, a preuda.
hypothosis Gy, M alternative m and a pseudo-alterostive o.

$ = G EXP [— 4£T ((E—m)+2o7} ] T

Here ¢ =4 (Fio)

AT
whero F, =(Z-m4ed; 8, =1
Since F® = (E—mg)' 42! AR
we have F, = F,°=2(2—mo)(m —my}+(m—m) <413y

=Fy(F\", F*; mg, m)

PRI AL

whera F* = (z—m,) 619

Now the condition (4.11), In view of (1.1) and (2.4), shows that {n) wo have valid terts
available, ond (b) among theso there is & most powerful tost. Tho condition (&.14),in
viow of (3.5), shows that we have a (in this case one-sided) uniformly moet powerful ¢,
Tho additional conditions referred to in (2.4) and (3.5) aro hero casily eeen to be
satisfied by considering the miost powerful test for m, with respect tom. The actual
mechanism would bo provided in this case by (4.15) A (4.16) whero (4.15) snd (4.16) are
given by

m S F® = (F-n)+s  pHdpy (415)
¢ > Ag® (with A properly chosen) ..(4.18)
But (£.13) A (4.15) = (4.15) A (4.17) where (4.17) isgiven by
(F—m){m—my) > A

or {Z-m,) > A° or A" (necording as m > m, or < m,) . {417)
where A” or A woull b= given by

[é‘dv = a[é’du or simply, de = aldv ..{4.170)
@IS A1) (415) WS AT (415)

Now do - Const. 8=3 ds dF — Conat. 63 ded(T —1m,)
— Const, r*'dr{cos 0)-1 d0

.(4172)

where 1! = (T—m,) 42’ and tan § = (T—m,)fs
n-t
~+ Conat. () T dy,(cos g)*-'dg L4173

This suzgests that we had better roplace (4.15) A (4.17), as we easily could, by (4.15) A {(4.18)
where (4.18) ia given by

05 0 or CO%orda /=l tan 0 B 1 or  ¢* (ccording as m >my or < my) +.(4:19)
0
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where # or £* would be given by

]du =al|dv or [(eo; 8y =a I {coa g)-2d0
(+15) A (4.18) (415) (4.15) A (4.18) (4.15)
" ® + 0
dat @t 4
or | AT f —, =* | ’" RECAL
‘x . . . ! a
(l+:)- [ (1+m>- ) 1+m),
It w0 happens that in this caso t* = —f',

Now {$.15) A (4.18) subject to (4.19) gives ua the mest powerful valid test on (£15). Thia
in ordinary course should have involved s, and climinating p#, Letween (4.15) and (£.18) we
would have obtained the most powerful valid est. But here, partly for intrinxic reasons
ond partly by design, it so happens that (4.18), being in view of (4.19) free from gy, ia ilaelf
the rexilt of elimination and gives us the most powerful valid test. Thia is & fenture which
will he mat with in all the following examples. In addition, since (4.18) subject to (1.19)
is nearly freo from tho alternativem, being # > &' for m > mq and ¢  ¢* for m § m, we have
also two cne-sidud uniformly most powerful tests. This feature will be met with in cases
(i) and {iii) Lut not in (iv).

(i) For 2 univariato normal populations with populntion means {m,, m,), popula.
tisn +. D.'8 (v,, 0,), sample menns (3, Ty, sample 8. D."s (2, &), and aample sizen (n;, »,)
consider the hypothesia : oy/oy 1, the pueuda-hypothesia : (my, my, 0,) 5 the alterna.
vive: g % 1, tho pseudo-alternativo (my’, my', ay),

l 1
Then ¢ = Const. Exp. [—-m{%-{-n:ﬁa_*.s} Frmm 4 0, —my') }]

= 8(Fy, Fy, Furon’, mis 04’ )

1
where F, = %-H""l: F= o (3.201)
Sinee F,° = nyat4npt ..(4.211)
w2 have Fy = F,°4nat ( q—l, - l) =F(F%F g
} +(4212)
where F* = nat

(4.2){4.21) show that (a) valid tests arc availablo, and (b) amongst these there is 8 most
powerful test of g = 1 with respect to gz£ 1. (4.211)44.212) ahow thet we have (onc-sided)
uniformly most powerful tests. Tho additional conditiona referred to earlier can Lo casily
soen to bo fnlfilled by actually constructing the most powerful test of g = I with reapect
toeny g 1.
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Uxing the same techniquo 84 in the carlier case the mechaniam in this case would be
provided by (4.22) g (3.221) whero (4.22) and {4.221) ere given by

K By = natng Kpybdpy
. s s = {422
K Fem 5 St n K F =5, <ty )
s f 1
und —n (-‘, _l) >4
q
ie a2 Aor A (scconlingss g > lor < 1) LL(422)
where A’ or A" is to be determined by
¢%de = a Jé'dv or Idv = a[.ln +e{4.222)
($.22)A(4.221) (4.22) (422)44.221)  (4.22)
But de ~» Const. d7,dZp st dey soxt day
~— Const. djglpeyny®14®s 9ty (sin O)-Ycos Opr2dg . A(4.2:3)
whero = maibngtond tan 0 = Y yig, --(.024)

This suggests that we had better replace, a3 wo ean, (£.22) A (£221) by (4.22) A (4.23)
where (4.23) is given by
056 or 0 ie, F=alind= ynn tan 0 5 For ¥ (according as g > Lor <1y,

F’ or F* being determined by I (sin 6)1-%con gty = a I (rin 9)*¥con g)a' Mg .. {4.27)
(4.22) A (4.23) (422

that is, by

n—3 =3

r r 2 4F F 2 4F

) - _ m+n y, _ mtn2

R 22l )T ()
..(4.230)

Thus F' and F* being free from {3, jrgn. t3), we noto that (£:23) iteelf gives the mert
powerful test, and (4.24) being nearly free from g, it provides us with two onc-sided
uniformly moxt powerful tests.

(iii) With the wame set-up a8 in (i), consider & hypothesis : m, = m, and
oo, = ¢ = l;an alternntive m," 5% m," hut with g=1. The hypothesia, the pscudo.
hypothesin, the alterautive and the paudo-alternative will be presently more clearly
wpecifidl.  The hypolhenis ¢ = 1, since it is not violated in the alternative, had better be
cal'ed & Lusic assumption. Assiming & o in the slterantive we have

1
¢ = Const. Exp. [—m{m’ﬂf.% AE P g2 —mg ) }] 4.3)
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Tho argumont under tho exponential (spart from tho factor —1/204')

= (mnt bt e (R =R "L (!t

B 40,
-2 +,,, = (F = Elmy —my) Hay ) E = L(4.31)
where % wa (03 030+ a' o (aym 4 ngmy)(n, +0,) L. (4.311)

Tho'form (1.31) suggesta that wo could expresa our hypotheais as my—my = A = 0 with basio
assumption ,/o, m g = 1, tho preduo-hypothesis a8 (4, 03) ; tho alternativo aa A 7 0 with
g % 1, tho pseudo..alternativo as {4, 7y}

Tlenco ¢ = Connt. Exp. [ {n ~.'+wf.'+,,—';: (-5

ST ALR AL LN By

A‘}] L8317

“n +n
= (FyFui 0’y 0" 8) AH313)
whera F,e= n,:l'+n,n,'+n—|_F—"— (F -z +n —LL (7 —F . (4.314)
F,s%
Sinco F'e (n.w.’+n.a,')+,,, +,, (AN
. 2 S o -
wo have F,e=F, ":'_;_";’ {Z,~%,)A = F\(F,°, F; A) ..(4.315)
-where F° s(%,~%,)

As in tho earlier caso (4.314) shows that (a) valid tests are available, and (b) amongst theso
thero is o uniformly most powerful test. The condition (4.315) shows that thero aro (ono-
sided) uniforinly most powerful testa. “Tho requisito additional conditions will bo shortly
found to bo satiaficd.

As in tho earlicr case, the mechanism here would be . provided .by (1.32) A (4.321) which
are given by

m < F® = matdngt +,,—';‘,, @ —F) < s +dpy -.(4.32)
my KE potdny
ond (F,—F)A > AorZ,—%, » A or A" (according as A > Oor < 0) ..(4.321)

whero A’ or A i8 to ho choacn 5o that

$odv = algdv  or Wldy e=ailde L(4.322)
(39 A[E321) (432 [{3YAE32)  (3.32)
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do — Const. a2c°3 day #a°? ds, dF, d7,
- Const.(y/na T negfinees d(y/ns T ng Td(z, ~ ,)d2
— Connt. [y, }t
where Vgt ngg = coldvp, mml F—F; = sin (27N --{4.329)
;j"b;;)si:ggoau that wo can {and should) replaco {4.32) A (3.321) by (£.32) A {4.33) whers

Now

" djry dpy (eon Oaeat dO <4323

00 or >0 it Dl or < ¥

1
where (] (n:’-fr:. ). [ AT ORIy PRy --{4.39)
and whero ¢ or ¢* is to bo sa chosen that
(cos 9)*0d) = I (008 g)% na-dg
(4.32) A (4.33) (4.32)
I )
dt - I dt
I o ntn,—1 v n nytny—1
-0 l+"—l+"l_2 2 l+"——‘+"l_2 e
4o
=& I " + 1
Z [ ksl . (4.39])
0 l+,——,x+"._2> ]

giving ¢’ and I’ in a form free from (1, p1s) and also from A, Nere £ = ~1, Thus tho most
powerful valid test itsell is given by (4.33) and it also happens to yield two (onc.sided)
uniformly most powerful tests for A > 0 and fora < 0.

(iv) For k populations with population means and s.p."s (m, o) (i =1, 2, ..., k)
sample meana and 8.0.’s and samplo sizes, (Z,, &, n,) (i = 1, 2, .., k) consider the hypotheais
(m, = my = ... = m,) with 8 basicassumption{s, = ¢y =... = ¢,} endan alternative (m,...;
m,") with the same basicassumption. The exact nature of the hypothesis, pseudo-hypothesis,
alternative and pscudo-slternative will, 0s in the previous caso, bo more elearly specified
shortly. Itis well known that not only is the gencral problem of analysis of variance an
extonsion of tho simpler problem considered hero but the more gencral structuro needed
there could be replaced for formal purposcs by the simiplified structure given hero for con.
vonlonce. Meanwhilo in the alternativo consider for tho & populations a common 8.p. 0,".

Thoa ia this case
1
= Const. Exp. [-;,l—, ::l'{ma.’-}-(il—m,')!}] {44

The srgumeat within tho exponential, leaving out tho factor — 1/20,"* is
L [ - ==
I}:I"I'I‘+3; miE~Z+Z -5+ m —m R
=% n,.v,'+i n(Z,—F)P+N(E- ') O (5 S e
= ] h 'y -2 n(Z,—Z)m'—im )+£.ln,(m|’—ﬁ')'
= Wi BV X(E—7')1—2Bf cos 04 7 41
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U Y NS X .
whero N=Xn;ZaXlnaZIN;m' = Inm’ X
=t - )
—_ Lo o . (g
W= l__':.'.' PBa X afE -2 s .‘t.'."‘("" -y (4410
and B ¢ 0 = &z, —Zjim, —iw')
-

Convidsr nyw & transformntion copnecting the variables vy Z,'s with z)'s

L — o D - <

2, =‘%.l Vi, v VN EA =F."‘ Vn &
o ($412)

N~ vy N — .
&=LV Viam (v g, =ll.‘:lv” VR (=23, .., b
VigS e VagN
such that oo a is 8 unitary ortlogonal matrix.
v v

(3} ('

Then under such transformation
x
NE-AP = (=g B =Yk g = Lo Bros o = Sagy L4413
r1 iz L1

Wo can now express tho hypothesisou{y = {; = ... = {, = O(with 0, =0, = ... = a,)tho
proudo-hypothosis 8s (, ), the alt:roative ns 3 # ¢y % ... # ¢ 0 and the pseudo-
slternativo as {4°, 7,')
Going back to (4.41) wo notico that

¢ =gfFL Fiim' o5& s 0)
whero F, = W4+ B'—2Bfcos 0; Fy =2,
Here F? = WI+B? but F, # F(F¢®, Fo; {,

L4427

&) ..(4.421)

Henco (4.42) shows that (s) valid tests are available, and (b) amonget theso there js & mort,
powerful test, the additional condition being shortly found to be satisfid. Conlition
{4.421), however, shows that suflici Jiti for ( ided) upiformly mont powerful
tests aro lacking. In fact, working out the most powerful tost it will Lo seen hero that
uniformly most powerful texta are here actually lucking.

{iv.]) Asin tho carlicr cases, tho mechandsm for & most powerful test would in this
cnso bo provided by (4.43) A (4.431) given by
a Q= WD b pa 1 € ety - {343)
and Bfcord > A .(4430)
33
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where A is 80 chosen 81 ta satisfy

I¢,4, = ;[¢, de o Idr =ax [ de o {4.437)
($.43)A(1.431) (443) HANNEA3) (14
Now de - Const. Tl o2 de, dz, N ds,
” 11

o { ()} )
Y Yo

—» Consty WW¥-4-1 d\V B*3 4B (sin 0)*? dguiz,

LITe

~+ Const; {/BTHTWH) *-1d(y/BIHVV) (sin )1 (cos y)¥*-1 dyp (sin O3 dlidz,
(where tan y = BAWY)
- Const. (vBTFWI) ¥-1 3 (BLEWY (ainy)n-2 d (y) ds,

{where cos x = cos 0 cos v, e.,\/l?+\v-p cosx=Ricos 0=
=

(T =F)(m)' — "))
X—s N
— Const, gy, ¥ duyda,(sin x): dy {1433

This suggests that we had better replace (4.43) .0 (4.431) by (4.43) A (4.434) where (4.434)
is given by

X2 xeorl= N"2cotx >4,

444
b ::;-n.(-v.'ﬂi.—?)')]’ [:f;.(m.'-,n')l]gl. st

whero cos X == n(%,—Z) (m, —ﬁ)/

where £, is"so chosen as to satisfy

{4433)

This showa that (£.434) being free from {1 angd g,), is itsolf the moat powerful valil test,
but being dependent on (y', ..., &), it does not yicld {ono-gided) uniformly most powerful
tests as'in- tho- previous cnses.

{iv.2) Sinco (ono-sided) uniformly most powerful tests aro lacking in thia case
wo might (0a the next best thing), look about for a. most powerful test on an average, the
averaging being in tho paramotric spaco (£y', ..., §,’) belonging to tho hypothesis and its
alternatives.
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Consider tho ¢ given by (4.42), tho conslunt being 1f{o’/v/ZmM.
Thon the average ¢, more properly donoted by @, ia given by

& = (Wloy VIR Fxp. [‘lv%"{“” B'+(z,-¢,')-}]

M I Exp. Ij—_l_{ { /=248 cos 0}]in(ﬁ) 1 dgy L4419
20,0 hy
whoro A{f8) is on arbitrary steadily decreasing function of 8 of tho naturo of & probability

donsity (subject to tho condition : A (8) > 0 everywhore, and also other condition of pro-
bability density) such that

[ ‘13 =1 (441

Wo noto that thoro is an clomont of arbitrariness not morely in k boing an arbitrary func-
tion of # but also in its being a function of # alone, where

x
A=z ot L {4442)
Tho wholo of tho following investigation will thus bo subject to this arbitrariness,
Now l‘l dg/, subject to g = Const., and 0 == Const,, leads to
-3

Const. (8)""? dB (sin 9)* dg L4443
Henco the int>gral oa the right hand eids of (.44) becomes

™ k.4
{ Exp. [—%-, (87— 26D cos 0)] MB) At df (s Op-2 dg L8448
g=0g=0 L '
= Fu(B; ¥, 0,') = A(B; 0,'} (where £, is 8 non-decreasing function of B)
Thus & = {1fo'v27)* Exp-. [—%{\\"-{-B‘Hz,—(.')’}] JB; a0 (445
%o,

1t is to bo noted that in ¢° this £(B: @,") becomes a a pure conatant, sinco § = 0,

Thus « S = Al Faroy, Ley) }

L4451
where F,o= WipBL 1y =3,
and 9% =42 = ¢,(F,% Fy’i 0y, £1) x Comat. .
where Fl=Fuly=F

This shows that (a) valil tests arc available, and (L) amongst theso there is & most powerfyl
test {on an average, the averaging Leing. dependent on k). The mechanigm for ths ost
powerful test would bo providerl by (4.468) A (4.401) given by

& Fy = Fy = W B

& T s Fysg Kt }

and ABio) pAorB > A «(4:1461)
87

L {440)
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whera A° in ohosen 80 o4 to satisly

gdo = afgdv o [do  =a[dv bty
(A0 A (4401)  ($40)  (440)A (4.461)  (4.40)
Now dv — Conat. BVHDB WHA-HWdy,

- Const. (BT *u{ BIFWI(sin ¢)*Ycos ¢)"11dya;,
(where tan y &= B/w)
L3)
- Connt. pry Fdpey dpy(sin )07 (cos y)¥-2-1 dyr < {4.463)

This suggoats that wo should (as wo could) replaco (4.46) A (4.461) by (446) A (4.404) wiyere
{4.464) ia given by

Biv

¥ >y orFa g T . (4.404)
whero Fy ia detormined by
(3in y)-¥cos p)¥ VY = & ] (sin ¢)-1(cos y)¥--1dy
(4.40) A (4.464) (440)
1% h-3
0 b3 o 5
dF . FdF
- =y =y iy
1‘-(1+m l") 1+N——L-— F}]

(4.464) —(4.463) show that (4.404) ia freo from y, and gy, nnd is thus itsclf tho volid
most powerful test (on on average).

CoNOLUDINO BEMARKS

It seema to the author that these investigations do not carry us to tho Lottum of
the matter, but put us perhaps on the track towards tho objective. For ono thing, the
necessary conditions have not been obtained for availability (i) of valid tests, (ii) amongst
theso, of a most powerful test for a apecifio (composite) alternative, and (iii) of uniformly
most powerful tesls, in the gencralised ecnso,  £o far as this particular problem is concer.
ned, it appears that wo should havo got to the root if wo could express the sullicient con.
ditions in cach of tho sections 1-3 (including the additional conditions considered in
scctions 2.3) in & moro unified form under a singlo schemo preferably in tho forn of o
differential {(or perhaps a functional) cquation with certain boundary constraints, and if
furthermore tho nccessary conditions also, when obtained, could bo expressiblo in this
form. Then only perhapa could a satisfactory solution bo said to have been reached.
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