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Abstract: In this paper, we propose an appmach for inderstanding Mathematical Expressions (MEs) in a printed document. The system
i= divided into three main components: (i) detection of MEs in a document; (i) recognition of the symbols present in each ME; and
(iii} arrangement of the recognized symbols. The MEs printed in separate lines are detected without any character moognition whereas
the embedded expressions (mived with normal rext) are detecred by mecognizing the marhematical symbaols in text, Some strucral fearures
of the MEs are used for both cases. The mathematical symbols are grouped inte owo clases for convenience. At first, the frequently
occurring symbaols are recognised by a stroke-feature analysis technique. Recognition of less frequent symbals involves a hybrid of feature-
based and template-based technique. The bounding-box coordinates and the size information of the symbols help o detremmine the spatial
relationships among the symbols. A ser of predeined rules is used to form the meaningful symbol groups =0 that a logical amangement
of the mathematical expression can be obmined. Experiments conducted using this approach on a large number of documents show

high accuracy.
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1. INTRODUCTION

In spite of the wse of elecrronic documents, the volume of
paper-based documents is growing ar a rapid rate. This is
because of convenience as well as a long ingrained human
cradition of reading and archiving paper-based documents.
For the interchange and interaction of information, it is
useful to convert one category of document into another.
The conversion of a paper-based document into its electronic
version has become an important and challenging problem.
One approach to solving the problem & the use of Optical
Characrer Recognition (OCR) systems. Given a document,
an OCR system tries to recognise the characrers on the
document automartically, and stores the corresponding ASCII
code in a computer-processable file.

Existing OCR systems show high accuracy in processing
the text portions, but fail to process propetly other document
elements like figures, logos, tables, mathematical formulas
and equations. Technical documents generally contain a
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large number of Marhemartical Expressions (MEs), but com-
mercial OCR systems cannot handle them. This is partly
because MEs involve a large set of symbols that are not
standardised, and show wide variations in font size and sryle.
Maoreover, mathematical notations convey meaning through
subtle wse of spatial relationships among the symbaols, while
it i very dificult o caprure all such relationships and
faichfully convert them into an electronic form.

A naive approach for handling documents that contain
MEs is to manually key the expressions into the computer.
This approach is not acceptable when a huge number of
such technical documents are to be processed on-line. Thus,
an automatic approach for processing such mathematical
equations of expressions in the documents is called for.

This paper concentrates on understanding MEs contained
in printed documents. The procesing of such documents
involves three main operations: identification of MEs in the
document; symbaol recognition; and symbol arrangement. The
problem has atteacted the atrention of several earlier work-
ets. Blostein and Grbavec [1] presented an interesting, sys-
tematic review on mathematical notation recognition. The
existing techniques for recognition of MEs fall into one of
three types: projection-profile curting; graph rewriting; and
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procedurally coded math syneax. Anderson [2] adopted a
syntactic method, and used coordinate grammars for ME
recognition. He manually simulated the symbaol recognition
step and got an errorfree recognition result. Belaid and
Haton [3] designed a coordinate grammar that s simpler
than that of Anderson. Among other studies thar wse a
syntactic method, Chang [4] used a structure specification
scheme to recognise the structure of MEs. Okamoto and
Twaakyondo [5] attempted a projection profile approach for
processing MEs. In another study, Okamoto and Miyazawa
[6] proposed a recursive projection-profile cutting for arrang-
ing the symbols. On the other hand, Grbavec and Blostein
[Tl wed a computational technique called graph rewsiting,
where the information was represented as an atoributed
graph, and the computation proceeded by updating the
graph by following the graph-rewriting rules. Larvirotte and
Portier [8] also wsed the graph grammar to recognise the
mathematical formulas. Lee et al [9] proposed another
method for understanding MEs. Their method is procedure-
otiented, where it provides step-by-step instructions for reco-
gnising an ME  Faure and Wang [10] demonstated an
approach that systemarically organises the procedurally coded
rules. Chou [11] used a stochastic grammar to recognise a
large set of mathematical expressions, all of which are drawn
from a textbook printed by a known typesetter.

A few of these studies address the problem of identifying
MEs in the document. Most of them assume thar the
MEs are already segmented from the document, and their
processing starts from the sepmented MEs. Some of the
studies [24,7] even avoided the symbol recognition step,
where errorfree recognition results were obrained by manu-
ally simulating the symbol recognition step.

Ow proposed method for processing MEs i divided into
three components: (i) detection of mathemarical expressions
in a document; (ii) recognition of the symbols present in
the expression; and (iii) arrangement of the recognised sym-
bols. The system fist identifies the region containing MEs
from the document. The identification of ME areas is done
through checking the presence of mathemartical symbols in
the text lines. Some structural features of the expressions
found in printed documents are also used for the purpose.
The method for checking the presence of mathematical
symbols involves the recognition of such symbols. So, pare
of the symbol recognition phase is done in this first stage.

The symbol recognition procedure involves a hybrid
approach  of  remplate  matching and a  feature-based
approach, because a feature-based approach & more flexible
for size and style wvariations of the character fonr, but
less reliable for complex-shaped parterns, where templare
matching gives better result. Apart from recognising the
symbals, the system also stores some format information
against each mathemartical symbol regarding is size, style
(boldface, iralic, etc.), relative position (bounding box
coordinates) in the document image, etc.

In the final stage, the system translates the recopnition
result into a meaningful characrer string satistying the
required criteria of a certain publication system, which can
be used to recompese the MEs in the system. The method
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Fig. 1. Block diagram of the proposed system.

for symbol arrangement employs the format information
stared aginst each symbol in the second step, as well as a
set of rules representing the knowledge of notational conven-
tions of expressing mathemarics in a document.

A brief block-diagram of the system is shown in Fig. 1.
Our proposed system involves a collection of different objects
(more specifically, classes), and the overall design is based
on ohject-oriented methodologies [12,13]. Before detailing
different methods, we conducted a quantitative survey on
MEs to know the structural layour and relative abundance
of different marhemartical symbals.

This paper is organised as follows. In Section 2, the
design concepts for the system are discussed. Section 3
presents the results of a quantitative survey on the relative
abundance of MEs and their structural layour in technical
documents. Section 4 describes the procedure for the detec-
tion of ME areas. A symbol recognition scheme has been
described in Section 5, while the technique for the re-
composition of the MEs is described in Section 6. Section
T presents the test results.

2. OVERVIEW OF THE SYSTEM DESIGN

We design our system following the Object Modeling Tech-
nique (OMT) [14]. A higher-level object diagram with the
standard OMT notations s shown in Fig 2. Figure 2(a)
shows different entities (or blocks) of a document. A docte
ment is an aggregation of many text and non-text Bocks,
The diamond shape notation indicates the agoregarion, while
the solid ball ar the end of the association line indicares
the multiplicity symbol ‘many’. A line withour a mulriplicicy
symbal indicates a one-to-one association. Only  object
names are shown in Fig. 2(a). Actually, each class in Fig.
2{a) contains many atteibures and methods or functions o
perform the required operations.

Figure 2{b) shows the document class in more details.
A document has arrributes like document_id, doctement_eype
(technical document, letter, bank check, data-entry form,
etc.). There are a number of operations associated with the
Daocument class. Some of them are (i) find block: finds the
different blocks in the document; (ii) determine_block_rype:
determines whether block contains text or non-texr, etc. In
our system, the determine_block_rype operation determines
whether a block contains any MEs. Other operations like
compress (for compressing a document image), princ (for
printing the document), etc. may also be there.

The structure of the class ME is given in Fig. 3. The
doc_id artribute of class ME links an ME o the document
containing it, and the pogoon atcribute keeps the location
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information of an ME in the document. The operation
codify(} converts the ME into an HTML-like code.

An ME contains a number of symbols represented by
the class Symbol (see Fig. 3). In this class, the operation
recornize_shape recognises the symbol and sets a wvalwe o
the atrribute shape_name. The symbols form different mean-
ingful wnits or groups, like wvariable, constant, operator,
equation number, etc. These units are used by the form_exp
opetation of the class Expression form. This operation forms
the expression through the symbol-arrangement analysis.
Each Expresson contains an operator that may be a unary
ot binary operator, or other operators like integration, sum-
mation, sine, cosine, e,

We use abject-oriented methodologies as they have several
advantages over the other existing approaches. Since the
objects are inherently decoupled from each other the main-
tenance and enhancement of the svstem is easier. Beusahilicy
[15] is another advantage of the proposed system. For
example, an existing OCR system can we the components
o recognise mathemartics in the document.

3. MEs IN PRINTED DOCUMENT: A
QUANTITATIVE SURVEY

Our approach for processing MEs is based on a statistical
survey, and is hence expected to be robust and efficient.
For this purpose, a large number of documents deawn from
engineering and scientific boolks, technical journals, proceed-
ings, etc. were manually examined. We also examined the
software packages like Larex [16] and Microsoft Equation 3.0
[17] commonly wsed for laying our MEs inside a document.

The results of our study on the MEs of these documents
are summarised below. More detailed results can be found
in Chaudhuri and Garain [18].

Tatal number of pages scanned s 10,400,
Tatal number of pages containing at least one ME is 6700,
Tatal number of MEs found is 11,820

The estimated Probabilicy thar a page contains at least
one ME is 0.64.
The average number of MEs per page s 1.14.

150 different symbols were noted in the expressions. These
symbaols can be clssified into four groups: (i) numerals,
(ii) English characters, (iii) Greek letrers, and (iv) special
symbaols (e.g '+, =", erc.). Some of the most popular
symbaols (excepring the English alphaber) are shown in
Table 1.

# The expressions found are (a) either printed in a separate
line or block, with white spaces above and below, or
(h) embedded directly into the text line.

o For the MEs printed as separate text lines the following
two important points are noted:
—bMost of the MEs (61%) have equation or equality
numbers ar the right hand side of the MEs.
—The mean wvalue of white spacing between two rext
lines s nearly 0.4 times the rext height, whereas the
mean value of the white spacing above and below the
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Table 1. Oceurrence statistics of mathemarical symbols (results manually compured on 11,820 expressions)

Sl MNo. Symbol % of 51, No. Symbol % af
OCCUrTences OCCULTEnces
1 = 94 21 o 4
2 R | 93 22 v 4
3 () 60 23 u 3
4 Fraction Line 51 24 7 3
5 [ ] 35 25 & 3
b 1 | 20 26 i 3
7 = = 18 7 A 3
B * 15 28 T 3
9 b 15 29 oy 3
10 ) 12 30 #* 3
11 = 7 3l * 4
12 U 5 32 W 2
13 n 5 33 & 2
14 o 5 34 o Z
15 c 4 35 & 2
la 11 4 36 = 2
17 v 4 37 é 2
18 [ 4 3B A 2
19 B 4 39 o 2
20 € 4 40 & i

Table 2. Relative frequency of mathematical keywords

Keywords % of occurrences
log

exp

sl CO8 Can
max min
Lt lim
prab

avg

In

Pd Bd [d bl b s LN

ME is about 1.8 times the text height (rext height means
the height of the normal text; the point-sizes 10 and 12
are most common for rechnical documents).

o In the expresions, certain words represent mathemartical
funcrions. We call them mathemadcal keywords, and trear
them as operators. The topmost 12 keywords and ctheir
petcentage of occurrences are given in Table 2.

4. DETECTION OF ME AREAS

Earlier, we discussed that an ME can appear either as a
sepatate line or as part of running text lines. In ME recog-
nition the fisst step 5 to detect the location of the ME in
the document. Though the prablem of processing MEs has

atteacted the attention of many scientists, very few studies
have addressed this detection problem.

Among the earlier reports, Lee and Wang [19] presented
a method of extracting MEs where they exploited some
basic expression forms, but did not provide any detail. More
recently, Toumit et al [20] proposed an approach for the
sepatation of mathemarical formulas from standard text wsing
a character matching rechnique and propagating the label-
ling process of mathemarical components around special
mathematical symbols. In other work, Kacem er al [21]
presented a method for formula exteaction without characrer
tecognition. Their method is based on finding the location
of the most significant symbol, and then extension to the
adjoining symbols is done wsing contexrual rules. A furzy-
logic based labelling rechnique is ako used.

In our approach, the MEs printed in separate lines are
detected without any character recognition. At fiest, the
text lines are detected by finding the valleys of the projce-
tion profile computed by a row-wise sum of grey values.
The position berween two lines where the projection profile
height is at a minimum denotes the boundary between two
text lines. In this way, the MEs printed in separate lines
are also extracted as rext lines,

Mext, for a text line T, simple connected component
analysis gives us all the symbols present in thar line. Let Y,
be the ¥ coordinate (king the top lefr-most pixel of the
document image as the origin) of the bottom-most row of
symbal 5, and n be the rotal number of symbals in T, then
the mean and Standard Deviation (S5D) of Y, values are
calculared as follows:
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Since, in a simple English text line, the botrom-most
rows of the majority of the symbols (except those having
descending parts) are nearly aligned on the base line, leading
to a small SD value. On the other hand, the symbols for
an ME (printed in a separate line) are penerally scarrered
over the region. So, these symbols contribute to a very large
SD. For computational esse, we calculate S50 instead of
S0 as follows:

This S0 value s a good measure for distinguishing an
ME from a text line. For example, Fig. 4 shows three text
lines of a document, where the first line contains normal
text; there is an embedded ME mixed with normal text in
the second line, and the third line contains only an ME.
The 5D wvalues are 2.44 and 3.72 for the first two lines,
respectively, whereas it is 16.37 for the third line.

So, if a text line T, shows a 3D wvalue greater than a
predefined threshold, it is suspected that T contains an
ME. The presence of ME i further confirmed by testing
another property. The MEs printed in a separate line are
surcounded by wide white spaces.

For detecting embedded MEs (MEs mixed with normal
text) we employ a character recognition approach. Each
text line (except T,'s) is checked to find one or more of
the mathematical symbols listed in Table 1. To avoid false
acceptance due to mis-tecognition, some heuristics are used.
For example, sometimes the character ' may be confused
with 'C" |, while *[' may be mis-recognised as ‘E'. To avoid
this, both the left and right parentheses are searched. Simi-
latly, to decide that a text line contains square brackets,
both lefr ‘[ and right *]" brackers have to be detected. The

(a)
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[pr::H or p< g — 3, two ellipsoids can b¢m-|

© |
1 2h
o —- Eﬁtﬂ.ﬂg_’—:‘;. [13:] '

Fig. 4. ldentificarion of MEs printed in separate lines. (a) Line (with
normal text only) having 50 = 2.44; (k) Line (with ME mixed
with nomal rext) having 8D = 3.72; (¢} ME printed in a separate
line having 50 = 1637,
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presence of cutly brackets '[" and ' is also confirmed in a
similar way. When a binary operator like *=", '+, %', or
‘<!, ete. is detected in a text line, its presence is confirmed
by checking the left and right side of the operacor. MNormally,
the sides contain symbals from the English or Greek alpha-
ber, ar numerals.

Once an embedded ME & found in a text line T,, the
ME area is detected and extracted from the T,. Let W, be
the fitst word (words of a text line are distinguished by
looking at the vertical projection profile where gaps berween
the words show up a reasonable long minima) from the left-
hand side that contains one or more mathematical symbaols
in T, Construction of the ME area is started by including
W, Mext, the ME area is grown towards the left and right
sides by following the rules given below:

o If W, contains only a binary operator, then both the
immediate left and right side words are included in the
ME area.

o Waords adjacent to W, (on the immediate left and right)
are included in the ME area, provided they contain:
—One o more mathematical  symbols  (including
brackers).

—Superscript or subscripts,

—Single or a series of dots.

—Mumerals,

Figure 5(a) shows a document containing both embedded
and separate MEs. Figure 5(b) shows the extracted ME areas.

5. SYMEOL RECOGNITION

The design of a recognition system for mathematical symbaols
is dificult becawse it has to deal with a large character set.
The set consists of Roman and Greek letrers, operator
symbals with a variety of typefaces (normal, bold or iralic),
brackers and abbreviation symbols (eg. symbaols for for all,
there exist). Different font sizes are wed o designate
superscripts, subscripts and limit expressions. Martin [22]
presented a brief list of notional conventions found in
technical publications.

We employ the rraditional character recognition approach
for the recognition of mathematical symbols. Approaches o
character recognition are popularly grouped into two categor-
ies, namely remplate matching and stroke fearure-based rec-
omition. Both approaches have their own advantages and
disadvantages. Template matching can be very accurate and
efficient if the test characrers are identical with the stored
templates in shape and size. However, the approach can be
sensitive to positional changes and less flexible o font size
and style variations. On the other hand, stroke feature-
based approaches are flexible to font size and style variation,
but less reliable if the stokes are not correctly sepmented
from the characrers,

5.1. Grouping of Mathematical Symbols

For the purpose of recognition, we partition the mathemat-
ical symbaols into two groups. The fist group named prowp-
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Fig. 5. Extraction of mathematical expressions. (a) Document page; (b) extracted MEs.

I includes 50 symbols listed in Fig. 6. The second group
called growp-2 includes another 100 symbols most of which
are mainly the Greelk, Roman alphabets and numerals. The
moup-1 symbols have relatively simpler shapes compared o
those of growp-2 symbols and our recognition approaches are
different for these two groups.

Recognition of group-1 symbols & maore important because
most of the goup-l symbols have very high rate of occue-
rence in MEs. Moreover, the embedded MEs are detecred
through recognition of a few mathemartical symbaols belong-
ing to group-l. Hence, erors in recognising the growp-l
symbaols would affect the overall symbaol recognition rate, as
well as the efficiency of detecting the embedded ME areas.

—_ =] : - * | = = = + +
. |
I i o 23 ! [ i I I i H
= £ 0 = = L3 H 1 = —
T — 1 = = T = [ ~ L
= =} e Z [ i iz i k- 3
- v v & | X n F4 ]

Fig. 6. List of pmup-1 symhbals,

5.2. Recognition of group-1 Symbols

For the recognition of growp-1 symbols, we wse a feature-
based approach that is flexible o characrer font size and
style variation. Moreover, because of the shape simplicity of
these symbaols, the stroke feature-based approach is robust
and efficient.

The features are chosen with the following considerarion:
ia) robustmess, and  simplicicy  of  detection;
(b} speed of computation; (c) independence of fonts; and
id) needs for the classifier design. We consider simple stroke
features like (i) vertical line, (ii) horizontal line, (iii) V-
shape, (iv) VU-shape, (v) circle, (vi) circular are, etc. Apart
from these strokes, other secondary fearures like (i) aspect
tatio of the symbol bounding box, (i) slant angle of a
steaight line, (iii) angle berween two wouching straight lines,
(iv) radius of a circle, etc., are also calculared.

For an input symbol S, the presence of the stroke fearures
is checked one by one. Secondary features like aspect ratio,
slant angle, etc., are also computed for 5. Primary classi-

accuracy

fication i done based on the stoke features present in S
As more than one symbol (e.g. a ‘minus’ sign and a ‘fraction
line') may belong to a single class, S is finally recognised
hased on the secondary features. It may be noted thar these
features are simple (mostly linear) in structure, and hence
quick and easy to detect. Their distortion due to noise can
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be easily taken care of. They are quite stable with respect
o font variation,

5.3. Recognition of group-2 Symbols

The group-2 symbols mostly includes the Roman and Greek
letrers. These symbals have more complex stroke parterns
than that of goup-1 symbols. We have employed a hybrid
technique that can combine the positive aspects of the
feature- and remplate-based approaches.

In our system, we consider a set of size normalised fearure
vectars such as (i) crossing count, (i) projection profile,
(iii) zonal optical density, (iv) accumulated curvature, etc.
These features have been used by previows researchers [23,24]
for developing OCR systems, and their descriptions are
omitted here for brevicy.

A ser of training samples of various fonts in different
sizes and styles are taken, and the feature vectors for these
samples are mapped in a multidimensional feature space.
Meatly 2000 training samples (on average, 20 samples per
symbal) that represent typical variations of the characrers
are correctly chosen and mapped in this way. Each sample
represents a point in the multidimensional space, and the
clstering of the points s observed. The span of the points
for each character is mapped by a funcrional form.

In the classification phase, the normalised features corre-
sponding to the inpur (target) symbol T are compured and
mapped in the feature space. Let f, be the feature vector
for T and f; be the feature vector for the source symbol 5.
In the feature space, we have 100 such f's for 100 growp-2
symbals. We find a distance d(f,, i} which is minimum over
all i's. Finally, T is recopnised as S, if d(f,.f)) is less than a
pre-defined threshold (8). Mathematically, T belongs to 5, if

dif.f) < d{f.f) Wiandi#j
and

dif.f) < &

To speed up the process, if a character & found inside a
word the recognition engine consults the list of marhemart-
ical keywords (discussed in Section 2) for a quick recognition
of the character. A word is detected inside a ME when
mote than one Roman character is found side by side and
the inter-character gap & within a predefined threshold.
During symbal recognition, the system stores some formart
information (accribures of class Symbol, as shown in Fig. 3)
against each mathematical symbaol regarding its size, relative
position (bounding box coordinates), etc., along with its
recognised shape name. This formar information i wed o
categorise a symbaol as superscriptSubscript, upper or lower
limit, etc., as well as to arrange the symbols in a meaning-
ful string.

5.4. Resolving Ambiguities in Symbol Recognition

In MEs, there are symbaols that have more than one mean-
ing. For example, a dot can represent a full-stop sign, a
decimal sign, a multiplication symbol, parc of a series of

B. B. Chaudhuri and 1), Garain

dots to indicate continuation (*..."), a symbaol annotation
(a), part of symbols like " or ) or noise. Ouwr symbal
tecognition procedure tries to resolve such ambiguities by
using some contextual information. The notational conven-
tions for writing MEs define this contextual processing. For
example, a horizontal line segment, say [, is recognised as
(i)a fraction line: if there are symbols above and below [;
(ii) a symbol annotation ('a'): if there is a symbol(fs) only
below [ (iii) an uwnderscore (') or a minus sign (=)
confirmed by checking the position of the [I's bounding box
telative to the bounding boxes of its left and right symbals;
(iv) part of another symbol like ‘=", ‘=", 'C', ‘D', '=', '=,
or ‘=" etc.: confirmed by checking the presence of other
shapes like one or more horizontal lines of equal length or
shape like *<2', ar 'C', etc; (v) a simple horizontal line:
when | does not convey any special meaning, it is understood
that [ is a simple horizontal line. Sometimes, such a pure
horizontal line (instead of series of dos or blank spaces)
exists in between the expression and the expression number.

As for another example, a slanted line may convey differ-
ent meanings that are determined as follows: (i) a division
sipnn () if both sides conrain symbol(5); (ii)a symbal
annotation (‘a’): it gets confirmed by checking its bounding
box position to the bounding box of its lefrside symbol
(size information alo helps in such case); (iii) seven ('7'):
sometimes the slant line may be a part of a broken ‘7" This
is confirmed by checking the presence of other numerals on

its both left and right sides.

6. ARRANGEMENT OF SYMBOLS

Ar the end of the character recognition stage, a ME i
tepresented by a list of symbals in random order. So, we need
to arrange these symbols into a character string satisfying the
notational conventions of the 2D language for mathematical
expression. Arrangement of symbols s done in two stages.
In the fiest stage, the spatial relationships among the symbals
are identified. Small symbol groups (e.gx®a, etc.) are formed
by exploiting the spatial relationships among the symbaols.
Onee these symbol groups are formed, logical relationships
among these groups are determined. Two or more symbal
groups form small expressions based on the logical relation-
ship they have. These small expressions finally construct the
full expression.

6.1. Formation of Symbol Groups

Formation of symbol groups is important to recognise an
ME, because same set of symbols conveys different meaning
depending upon the spatial relationships among the symbaols,
For example, ‘s and ‘x %' both involve the same set of
symbals, (ie. ‘v’ and '¥'), but in the first case the symbols
belong to a single group (a superscripred variable), whereas
in the second case, the two symbols form two different
groups (two simple variables).

In our approach, spatial relationships among the symbols
are determined by identifying the physical strucrure of the
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ME. For this purpose, we wse the bounding-hox coordinares,
the coordinates of the centroids and the size information of
the symbols. Superscripts, subscripts, and upper or lower
limits of a symbol are identified by their size and bounding
box coordinates wot.  that symbol  The operations
form_variable(), form_constant(), form_operawr() (see Fig. 3)
take care of the formation of variables, constants, oper-
ators, respectively.

6.2. Identification of Logical Relationships

The logical relationship among different symbol groups are
determined to construct the final expression. A number of
intermediate expressions are formed around each operator.
The form_expi} operation of the Expresson class (see Fig.
3) forms an expression around an operator. This operation
is guided by a set of rules and the physical layour of the
ME. The rules define whether an expression involving an
operator is valid or not. The rules are made as general as
possible. For example, our system covers 20 forms of inte-
grals, including single integrals, line integrals, double
(surface) integrals, and wiple (volume) integrals, all with
various combinations of limits. Similarly, five different types
of summarion with various combinations of limits are
covered by the rules. Some of the rules are shown in
Fig. 7.

EXP stands for expression, which includes all general
forms of expresion involving variables and constancs. e
may be a simple variable, a numeral, or a variable with
subscripts or superscripts, or a function name or statement.
Expressions within parentheses (e.g. (EXP), [EXF], erc.) are
also treated as expressions.

The atreibute operator of the class Expression determines
which rule is to be applied to form the expression. The
aperation form_expl) constructs an expression and returns a
pointer to the root of a parse tree generated for the
expression. The parse tree involves the operator and its
operands.

The operation codify() of the class ME encodes the
expression in an HTML-like code. Since this operation can
be inherited into other subclasses of ME, classes like Variable,
Expresson, Operator, etc. ako employ this operation. Hence,
each of the variables, operations, expressions, etc. is encoded
whenever it & identified.

Figure 8(a) shows an equation and Fig. 8(b) shows details
of the object instances created for this equation. For the
sake of simplicity, the instances for the class Symbol are not
shown in this diagram. The parse tree generated for each
of the object instances of the class Expression is shown in
the figure. A codified version for each of the ME unirts (like
variables, equation number, constants, erc.) are also shown.
The final code for the entive expression is shown separately
in Fig. 8(c). Figure 9 shows the final coding of two more
MEs. Figures 9 (a) and (c) show two expressions, and coding
of these expressions are shown in Figs 9 (b) and (d), respect-
ively.
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EQUALT( . EXP = EXP
PLUS : EXP + EXP
MINUS 1: EXP — EXP
MINUS 2 :-EXP

INTO 1: EXP x EXP
INTO 2 : EXP EXP

INTO 3 : EXPEXP

INTO 4 : EXP * EXP

DIV 1. EXP + EXP

Div 2 2l

DIV 3. EXP/EXP

SUM 1: EXP
SUM 2:Y EXP
EXp

X

SUM 3. EXP
EX

SUM 4:% _ EXP
SUM 5 :
SORT 1:+ EXP

SORT 2 : (EXP )"

= gxp
xR

Fig. 7. Some of the rules used for amangement of symbals,

7. TEST RESULTS

Algorithms for the detection of ME areas, and the recog-
nition and arrangement of symbaols have been tested on 120
technical documents containing 140 MEs. Our of these 120
documents, 20 are taken from the UW-1 English/Technical
Document Image Darabase (prepared by the lntelligent Sys-
tems Laboratory at the Department of Electrical Engineering
352500, University of Washingron). Figure 10 presents some
of the test documents. Both clean and degraded versions of
the documents are wed. Degraded documents are generated
synthetically by following a model proposed by Kanungo et
al [25].

Our system is implemented on a 166 MHz Pentium PC
with 32 MB RAM. The object-oriented design s
implemented wsing the C++ language on Microsoft Visual
C++ (ver. 5.0) plaform. Documents are scanned at a
tesolution of 300 dpi. On average, the document images are
of 30002000 pixels in size. It is observed thar the system
is efficient in terms of processing time. On average, it takes
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Detailed results are given in Table 3. Among the eight
unidentified MEs, six are embedded MEs only. The other
two MEs are missed because of the complicated structure of
the documents, although they are printed in separate lines.
In these cases, owr algorithm fails to analyse the document
structure iself. On the other hand, for three cases a part
of normal text line 5 misidentified as embedded MEs, where
some text symbols are wrongly recognised as mathematical
symbals. We manually detecred and extracted the eight MEs
(not identified automatically) to test the remaining modules
of the system.

Our system achieves a high accuracy in recognising both
the group-1 and group-2 symbols. The overall correct symbol
tecognition rate is 97.50%. Details of the recomition resulrs
are given in Table 4. The recognition rate for the gowp-l
and growp-2 symbaols is 98.10% and 97.12%, respectively. It
is observed that the strokeffeature analysis approach performs
better than the feature-based template marching rechniques.
We have idenrified owo reasons behind this: (i) the number
of goup-1 symbaols is less than that of growp-2 symbals; and
(ii) the proup-1 symbols have simpler shapes than those of
the group-2 symbols. The recognition errors are mainly
becawse (i) the character font is quite different from the
commonly wsed fones; (i) the quality of the documents'
paper is poot; and (iii) poor print qualicy.

The arangement of symbols s somewhar difficult. It is
even more difficult o quantify the success rate for the
arrangement of symbols. Our of 140 MEs considered for
testing the system, 113 MEs are coded (or arranged) prop-
etly. This shows an overall 80.71% success rate in processing
MEs. However, the performance of the symbol arrangement
module should not be judged in this way, because an
incorrect arrangement of only one or two symbols changes
the meaning of the expression drastically. For a wrongly
arranged ME, we memsure the symbol placement ervor, which

Table 3. ME identification results

X = o <BLRR 2 SUB S + o G513 | S0 5 - 2 <50l 2 S UL + o wBlEr

BTy = < INTLGRATION: UPLIMz Lo UPLIM s L O0WIRE SO LM 2 S50R T
L alkr - P aB00x x S U S0P 2 S LF o gR - P aSUHES v XL B S0P 2
<SSP EQR T ds W TNTEGRATIOR <HLL MU (1) DL SO

Fig. 9. Coding of mathematical expressions,

only 56 seconds to process a document. This abko includes
the time required for binarising a grey-level image.

Ouwr algorithm for detecting ME areas properly finds 132
MEs (both separate and embedded, i.e. mixed with text) in
the documents. This shows about a 94.29% accuracy.

SRS o ¥ = ¢ <5UBe 4 28U & <5UPx 2 80T + 0 <30 H 5 w300 v <50 ME type #h Es Correct Weong #False
TP+, b <SR e | S 5 <SUER 0 wEURE - 2 w5L T o o S0E ! o ; :
¥ 5P IR BN M0= £1) B0l 40 stection  detection  detection
Embedded &0 &4 f 3
(c} Separately 80 78 2 nil
s ; printed
RiCh=[fiaray— Poat = (pies— Poatae @
b gl tdee B Etenbay Sy TR Toral 140 132 8 3
id]

Table 4. Symbol recopnition results (results taken on 140
expressions)

Symbaol #Symbaols  Correct Mis- Rejection
rype recogmition recognition

Growp-1 942 924 15 3
Ciroup-2 1530 1456 36 &

Total 2471 2410 51 11




Recognition and Inrerpretation of Mathemartical Expressions

1 REGISTRATION OF LESON (MAGES

| 2.1. Bifinear imape régistation

| The ingration scheme is stopped after carrying out
i the desirad number of iterations, and ihe opiimal
! decisions can be mada based on 1he resuleed 2-D array
| of probability sstimates §7'(p, gk The rransfarma-
| on mattiz i determinad a8 followa

| Let M =y, ima, ... .M De The poasible meiches
between poitl px:, p) in P and poing gu (Y., ¥a)
Q. for i= 1,2, ...k An optimal affine randorma-
Gom R iafound so that the averaye pairwise distance is

=== o]

The value of B can be found in reference (L5,

minimized. That s, to find ry, ¥, #;, and ry of R such L
that Ry = ‘[ S — p T v (el — g dy 2
1 & ‘
k ‘E [{x— st + 10 — Kol Therelore, the proposed correction will conelst in scal-
=4 ing the smioothed curve by a factor corresponding to
is minimal where the quotient of the mean radins of the original corve

such sirds. 1M we messure fie radius of the ongmal
gircle withour smooihing, end we moke a sculing of
1he smoothed eircle up to such 4 radius, the offect of
the shribkage will he nullified The effective centra of
the curve is deflned B9

pIC) = (pm m-%(ﬂ ) uJ‘: ¥l &s) (19

and given the cfcctve cemire the mean radius of the
curve is defined as

gnd 1he emeothed ome That & 10 say,

R
(xbsh ¥S e = (P B + E—}% fxis} = P FiS — s

The representation of the boundary al various
scijes is nothing but the convolation of the functions
18] and pis) with a 1-D Gavspian kernel with o ae-
cording o the required scale. In other words, tie
boundary al ¢ scale & & given by:

Cr = C @ g, = (x0s) 8 giv, ok yls) & gls, o). (18]

Lowc'?™ stodies the problem of shrinkage on a circle
whosc centre is the pointir. O) and jts radius is r (5t
pues through Lhe ongin In this case, the [unctiog xix)

Com(5) o

where the value ris determined by the second deriva-
tave of function x(s)

{21}
prrametrically 457 B -
Let 3¥%p,. 9.} denoie the probabiliy that p; match-
C = Ixts), pisifs e [0, L]}, [157| | exqat the r-th iteration of the iteration schome, and
. ] let 1 o, ;) be the dnibal vulue, Let eff, j &, k) =p-
where 1 i a mhnunua;rpanmmr that moves along | | popent the quaniitative messure of compatibility of
the length of ghe cupn.

and the definiticn of cli, j; £ &) 2 given by
5
"‘"'—*(I‘“‘;) cu.;;w-ﬁ‘ 3
-
and it detctmines the shrinkage in & point to bo given | | Where
by =l =il
1 + JI.|'t| '

mubching & with g; and matching py wilh g The
Fecrry flerztion scheme used in reference [15) is given
belrw 2s

3"*(?:.1,-}-}:**'“‘“*” [5° =Py, gu) et fi 1 K]

th

ln referene: [15), the intia] probabiliics are assumed
b

sim(ﬂn fj':l w1 ' I )

lp and i, are the Bochidean distances of pp, and
T, respectively.

Fig. 10. Some rypical test documents.

is defined a5 the number of symbols not propetly arranged identification of the logical relationship among a growp of

for that ME. It i observed that the symbol placement evvor symbaols. The first factor is termed a5 a recopnition ervor, and

lies berween 2 and 4, while the average number of symbols the second as a parsing error. The effect of these two types

pet ME is 17.65. For details, see Table 5. of errors is shown in Table 6. Since some of the MEs are
The errors in the symbol arrangement phase are due o affected by both errars, the toral number of MEs affecred

the following factors: (i) mis-recognition (or rejection) of by these errors is not 27 as it is in Table 5.

the symbols during the symbol recognition phase; and An example where our system fails o analyse the ME

(i) incorrect interpretation of the ME structure, or error in propetly is [Ma. Here, the system misinterprets a as a
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Table 5. Symbol arrangement resulrs

B. B. Chaudhuri and 1), Garain

#ME #Properly #W ronply #MEs with N symbol placement errors
arranged artanged
N =1 N =12 N =3 N =4 N =4
140 113 27 2 7 8 7 3

Table 6. Effect of recognition and parsing errors

Error ype #Symbols affected #MEs affected
Recognition error 62 23
Parsing error 27 14

supetscript of 1 of the product sign, and codes the ME as
the product aver . Similarly, our system represents off, as
a quantity that is a times h divided by w (o*fw), rather
than o raised to power h divided by w.

In some cases, a symbol recognition error leads o an
incorrect arrangement. As a simple example, the symbol ‘8’
in B i occasionally mis-recognised as the numeral zero
('0"). Since no numetal can be subscripred, the variable is
incorrectly interpreted as '0;" (ie. zero into ). Here a warning
can be ssued that this is a meaningless interpretation. Such
a warning can be issued in all sitwations.

8. CONCLUSIONS

In this paper, we have presented a system for processing
mathematical  expressions in  printed  documents.  The
approach is built upon the structural features and the formarts
of the MEs found in rechnical documents, The method of
finding expressions in a document offers the option of
creating a database of mathematical expressions after scan-
ning a large volume of technical documents. To arrange the
recognised symbols, we use their bounding-hox coordinates,
size informarion and the coordinates of the centroids, and
apply some predefined rules to form meaningful symbaol
groups. These rules can easily be updared o accommodare
any new form of such symbol groups. Proper arangement
of the symbols along with their size and style information
helps in recomposing the MEs maore faithfully. Maoreover,
the system outputs a coded version of the MEs thar helps
in converting a paper-based document into its hypertext ver-
shon.

Object-oriented  methodologies have  been  wed
implement the system. This makes the maintenance and
enhancement of the system easier than the waditional pro-
cedure oriented appraach. Reusability is another advantage
of the proposed system.

As an extension of the present study, we are in the
process of designing an approach to awtomate the system
petformance evaluation, and to do the comparison among

the different systems proposed for recognising MEs. In this
context, a database containing a considerable number of
documents  of  mathematical  expressions  with  proper
groundreuth would  be  wery  helpful. The UL
English/Technical Document lmage Database (prepared by
the lnrelligent Systems Laboratory ar the Department of
Electrical Engineering, University of Washington) contains
25 pages of mathemartical formulae and groundreuch in XFIG
and LaTeX. This could be a starting point for evaluaring
the system performance.
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