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Approximate results for infinite integrats, containing rwo parameters § and £ are derived, which are valid for
large positive values of the parameter { and for any fixed positive value of the parameter £. Tusieative examples
clanfy the vscfulness of the approximate resulcs so derived. Known results can be casily recovered in the simpe
situarions when & is absent in the integrals under consideration. Also cenain special type of integral equations
ol the second knd has been considered for approximate solution along with an illusrative example.
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1. INTRODUCTION

Infinite integrals of the rype

i0.ey= | Areye “dte,1>0) . (LD
0

occur in a natural way, wj!liIe handlinﬁ a large class of boundary value problems of mathematical
physics (see Noble! , Jones”, Faulkner’™, Jarvis and Ta}'iurj etc. )

Becanse of the complexities in the functional forms of the integral in the relation (1.1), it
is difficult, in general, to evaluate the integral in closed analyiical forms. However, for large values
of the paramuer [, it is possible to derive an approximate value of the integral in the relation (1.1),
under certain special assumptions on the properties of the function fir, £), by utilizing Watson's
lemma (see Jonres”).

In the present note we have derived a set of approximate results for the integral in the
relation (1.1} which are valid for large values of [, as well as for any finite positive value of £,
and m particolar, when £ — 0, a direct limiting procedure gives the desired resulis. Some illustrative
exampies are aken up and are examimed which give rise to interesting and useful resnlis.

As an application of the results derived here, we have taken up the problem of approximate
solution of a specical integral equation of the second kind. Integral equations of similar forms are
encountered in attacking a class of water wave scatlering problems bz nsing the Wiener-Hopf
technigue, along with a limiting procedvre, as employed by Gabov er al.
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2. THE DERIVATION

Under the assumption that the function flz, €) is an analytic fenction of the complex vanable
= x + iy, 0 some neighbourhood 1zl < a, we can use Watson's lemma (see Jones®) straighiaway
w give {after utilizing Taylor's theorermn),

f Ao eye M dr = _[ 170, £) + 1 (0, e}+——f{ Yoy + . je eR)

1)

for large values of [, where

. i '
f{"]m,s}{a—f%J =120, : . (2.2)
J r=0

Using the tesult

)= _{ r"le_kdr=%{j:ﬂ,]~2,...j .23

the relation (2.1) can be expressed as

= Vo eyrm I 4
I D j fieye M E ~=—-’— 3 % T )
=0 j=0

valid for large value of the parameter I Whilst the expression (24) can be used successfully io
derive the approximate value of the integral f{f, 2), by considenmg any desired number of terms in
the expansion formula, we can also derive the followmng uscful set of different approximate relations,
just by using the expansion (2.4) and employing the Taylor’s theorem successively. as explained

below,
Wrting the series on the night hand side of the relation (2.4}, as equal tw

%[I‘Ul £) +%f*“ Oey+0 [}% H ' o Y]

with the useful meaning of the ‘order (/' symbol, and approximating the expansion {25) with the

Taylor expansion of flz, £). aroond the point z*%, we may derive that

il e) ~ %f[%-.s } s (6]

which is an approximate results, valid for large I We thus find, at this stage, that there exist at
least two different expressions, as given by the relations (2.5) and (2.6), representing the approximate
values of the integral [(/, €); which are valid for large positive values of the parameter [ and for
any suitable value of the other parameter €, for which all the integrals, appeanng in the picture,
exist finitely,
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Again, using the Taylor expansion

-

o Lf e 1@ L]
fLE._E}_ﬂ{],£}+{f‘ {r},sHHf‘ {ﬂ,s)+0[FH . (27

and approximating the truncated expression on the right side of this relation (2.7), with

1 ; :
f{” 2 € | e obtain the approximate result that

fthey - Hﬁﬂ,zﬁ%f‘”[ﬁ,e ﬂ o {2.8)

vahd for large ! {> O

We have therefore derived above, a set of three different approximate relations for the integral
Il 2}, which are valid for large positive values of the parameter . and [or any suitable value of
the other parameter £, and these are given by :

() Il e)=

-'-..'||—-

f{{}._e}+ﬂ(iz}
L)

I
|
(iey (1, ::}"%f[%.e ] ! . (2.9)

(idy I, E}"’%[ﬁﬂ, £) +%f’i“ [i £ ﬂ . J

It is obvious from the above discussion, that the three relations in (2.9) are useful depending
an the degree of larzeness of the parameter { and it is to be noted that they provide improvements
to the approsimate formula (2.6) along with the relation (2.7), for the integral K] £) as predicied
by the relation (2.7), if only the first three terms are retained.

It is also obvicus thal the above idea can be used repeatedly to denve further improved
approximate relations for the integral Y, £). For example, a fowth approximate relation can be
derived, by using the relation (2.8), in the form :

20

|

! I ] 1 1 (1
(iv) fﬂi]*%ﬁﬂsﬁl‘*'ﬁ[ﬂ”(G»E}""ﬂfm{ﬂ‘f}" + 5 ﬁiw,E}WFJ

1 Bt A L n
& EﬂD,E}+_sz {{],a}+213f [4‘,,6 ; v (2,100

In the event when fiz, £) is of the type

Arey=1"% g &),

i.e., when fiz, €) possesses a branch point singularity at the origin z = 0, of a very particular type
(square root type} with g(z, £) being analytic in the neighbourhood of ¢ = (. we have the expansion
of f as given by
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S e)=1"21g00, )+ 18V 0,63+ ...

A2 z / {ﬂ{ﬂE

and obtain, the relation for the integral
. L2 s
Jey=] & geeye
{1

using Watson's lemma, as given by

r@+ g’ (.e)
gy = E @) = z o (2.11)

1
J=0 =0 T G+NE”

where we have de use of the result

5

‘3

i F o Tlies

W= | e a= |
]

gt

rt |

Then, utilizing the idea similar to the one employed in deriving the set of relations (i) to
{iv} for the imtegral X £) earlier, we obtain the following set of four different approximate resuits

for the integral J{l; &) :

(£} J{I,E]:T{S.—’Z} g(ﬂ,£}+ﬂ[ﬁ%] }

IEV s

| . TG 3
i) JLE) %g[a,s]

)] 3 (s )
(m}.!(fa’;‘]l fﬁfz [{D E}+2;3 [4‘{_8}}

Eo(202)

. ~ (372 L5 2) . i) (172 2y
(Sl g) — gl ey +————— 0,51+
272 {zﬂs;zg 0, &) re) i 51 J

Examples

l. A, e)=1+€
By using the results (i) and (i) of the relation (2.9), we obtain that

I[£,£}=-§+G[}%]and ey - “}[%+E Jrespccttvely,
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giving
tim 1[!,£}={]+G(l2]
& =0 {
and
lim J{f 2 £
ETD {sE} =X F+G 13 o awi {2]3}

which are exactly same as the ones obtainable by taking the first termi only and, the first two terms
of the expansion, respectively, derived by using Watson's lemma. Similarly, by using the results (i)
and (iv) of the relation (2.%) the corresponding approximate results can be derived.

, 2. fir,ey=erf(t+€), where erf (x) denotes the emor function, in standard notations {see
Jones©).

By using the results {i) and {ii) of the relation (2.9), we obtain that
1 f1] 1 |
I{I.E}=T¢rd“{£}+0! =3 Jand fit.ey ~ -F-g,:,r" }-.H;
e
respectively, giving

f
lim f{£,£}=D+D| J—J
“2

g —=0
and

) 21 1
lim Il e} ~ =+ = |, - (2,14
£ =0 J?.'I/2 r'2 [fj J

which are same as the ones obtained by taking the first and the first two terms of the results
obtained by the direct use of Watson's lemma, respectively. Similarly by wsing the results (i) and
{iv) of the relation (2.9) the comesponding approximate results can be derived.

3 plrLe)y=r+¢€
By using the results (i} and (ii) of the relatiom (2.12), we obtain that
el (32 {1 3 I (372)
J{LE}:TL*GLFEJ and S{{,E} ~ {E-’_E }f’—/l

respectively, giving

. |
lim ALey=0+0| —
E -1 [I‘SHJ

and

£ =0 P e

fim J{f,eyzﬂ"ﬁ@ho(i], . (2.15)
I
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which are exactly same as the ones obtainable by taking the first term only and the first two terms
of the expansion derived by using Waison's lemma,

4, git,g)=1
By using the results (i} and (ii} of the relation {2.12), we ohtain that
j3f2 1 32 D
ff € Qiijﬂ and Jil, £)= 372 +0 ISﬁ w1218

Here pir, £} is a constant function and 50 the above results are independent of £. As
£ —{ we pet back the same result, as obtainable by using Watson's lemma.

5. gt.e)=0{t+€) " i, &), where h{t,£) is a reasonably smooth funciion so that

lim Az £) is bounded for all + = 0.

£ -0
By using the results (1) and (i) of the relation (2.12), we ohtain that
152 1.2
4 £ 1
fLey - —"W-" h{0, F}+O[£V?]
and

respectively, miving

Iim J{LE:I=U+G['-'!— if iim A0, £) 1v bounded,

S

£ =0 P2 e 50
and
I 3]/2 L2 3 T—_— 3 !
E]Tff“ £) ~ 2]/2 7 h[ﬂ,ﬂj ifEIinDh(ﬁ, £ ] 15 o (217

bounded for large [

If, in particular, A(t, £) = Ar+ ge, where A and g are known constants, then from the results
of (2.17), we obtain

Kie)= ——~—§%~+o[fs }

and

/2 12
b4 3 34
file) ~ 7 [ZE-FEJ [ 57 THE } - (2.18)

which, on making £ — 0, give
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fim J{E,£}=ﬂ+0{—~l—}

i 2

and
| /2
. 3(3rn A

lim Mgy~ -—(—— -, e (2190

r = 4 i 2 f3 ’
respectively.

3. A INTEGRAL EQUATION AND ITS APPROXIMATE SOLUTION

Let us consider the problem of soiving the integral equation

F(&+ J FINK(E r. ) e ! dt=gi&) (E=0) R

1]

where ¢ is a very large positive mumber.
The standard iterative procedure to solve the second kind integral eq. {3.1) gives the first
iterute

F@=F=g®- | e kérnere ar BT}
4]

If Ki(&, z, £} is analytic in a neighbourhood of z = 0, approximating the integral on the right
of eq. (3.2} by using the first of the four asympitotic values (i) of the relations (2.9), we get

j g0 K(E ,eye Bt ~ Sﬂlﬂf_“—ﬂ . (33
0

Using the relation (3.3) in the eq. (3.2), we get

E
Fii&) ~ gld- o) X{I aHae sel3d)

for large positive values of [ Also using the relations (ii), (iii} and (iv), we derive approximate
solutions of eq. (3.13, which are given by

!
Fy(® - 3{5}—%3[%]5{[&%8 ,
,
i 1[ 2 ]
Fi®) - 8O~ sO KE0.0)— 5| T GOKELEN | | . . (36)
e —f:E
FI& ~ £(6) -1 g0 KIE0.€) 5| (et K 1. €) YER)
I L dp =10}
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If Ki&rney= 12 LiE 1 £), we use the results (1)

1 (glr) K(E. ¢, E}}}
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F=

te (iv} of the relation (2.12) to derive the

fullowing set of approximate solutions of the integral eq. (3.1), by just using the first iterative

solution of the corresponding integral equation,

I (372}

Fi(&) ~ gld)- a7 2(0) L(E, 0, £), (3.8
3 2 |
Fi fé]’” { j_r(‘:rizj Ld,f]i"lgﬁ%‘f:\l B 1\3.9‘:'
- LT J
377 rsm2 . i
Fle-~g0-282 00 roe)- E,;-ll-j-{{:mg,f,a;} - G10)
_f—:ﬁ-
o/ 5 s 9
Fi - HEG}__;;?E_)EEQJ EGE; E}'r;;«:z){imm Lk e) il ae L
= [}
rom | aﬁ
e —— | t‘ I E .
reye? af (&0 LG, }J]_l
e
AN EXAMPLE
i/z_ 152 &2
(t+£) &
K(E 1, 8)=" Y - (312

Approximate solutions of the integral eq. (3.1) with the special (ype of the kemel as given
by the relation (3.12) can be derived. by using the results (3.8) w (3.11), and we find that

Fi - 5{5}—2%2} g0ye' g, . (3.13)
Fy{8) ~ gl8)- rlf;’f} . (3.14)
142
I (5/2 | 5 rf’f”
Fl(® ~ g9~ ?}’;‘) {me’”é-j%;z—l g’[ﬂ]' 5
[4{*"-:'}
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L 12 a5

F] {Ej _' g(‘g]_ 3.2 = 549
1.2
o] e L 2e
PO 71 Y6 437 e T
T Lo 7 AR T2 Z
s a-ﬁ-{f ;’(l . i, )
UN 6/ E'J
1 7 25
g‘a: l+[§n uleﬂ_ 61‘+4E|
T 12 el ¢ ? )
7 Y o( 7 2 —4
A, L <
2[6i+£ [ lm+,} lﬁ! ][
; y |
It 1% worth poting that if we Jet £ — 0 in the results (3.12) o (3.15), we find that
im F () ~ gld), - (317)
£ =0
. roey (333077
lim F (5} ~ g(&)- %;}g(ﬂ '“,,;“--g-, . (318)
£ =0 2 '“FZ ! LT -
2/ =
..-é_.ixlgz rl{i\ - .
. I (372 5 4 20,055
lim FE) ~ g - g Z,L___ML Ay [33 s LG9
£—0 5”zI J 2 42
‘:+41 ' A
J
i rem, P | L Y g
lim F(&) ~ A0t S 2 E |6l |s172 17277
£—0 2 e 2t .
&f
T 7 ) TR Y R L
A LI | 0 S el _—— | E =
g isillo6r ] *""45: [5 ﬁi“"+ﬁf]'
N [ 6 ]\ ¢ OO L+ ' (3.20)
172 ;3 172 T oA
7 (1*_5\' 5[ L L sattl |
6 | | & J 61 6 J J

assuming that lim lim {IE}UE iz a finite quantity ¢ while deriving the last result

=g =0
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4, CONCLUSION

Several appropriate formulae are derived for the approximate evaluation of certain infinite mtegrals
for large positive values of a parameter, in the situations when another positive parameter is also
present in the integrands under consideration, The various ideas and results presented here are
expected to be useful in the studies of several boundary value problems of mathematical physics
{Sce [7])
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