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Abstraet. We consider a simple case of team production, where a set of workers
have o contribute a single mput (say labour) and then share the joint output
amongst themselves. Different incentive issues arise when the skills as well as
the levels of effort expended by workers are not publicly observable. We swdy
one of these issues in terms of a very simple model in which two types of
workers, skilled and unskilled, supply effort inelastically. Thus, we assume away
the problem of moral hazard in order o focus on that of adverse selection. We
also consider a hierarchical structure of production in which the workers need
o be organised in two tiers. We look for reward schemes which specify higher
payments o workers who have been assigned o the wp-level jobs when the
principal detects no hes, distribute the entire output i all circumstances, and
induce workers to revel their true abilities. We contemplate two scenarios. In the
first one, each individual worker knows only her own type, while in the second
scenario each worker also knows the abilities of all other workers. Our general
conclusion 15 that the adverse selection problem can be solved m our context.
However, the range of satisfaciory reward schemes depends on the informational
framework.
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1 Introduction

In the simplest cases of wam production, there is a set of workers who each have
Lo contribute a single imput (say labour) and then share the joint output amongst
themselves. Different incentive issues arise when the skills as well as the levels
of effort expended by workers are not publicly observable. The issue of maoral
hazard, which appears whenever the supply of the input involves some cost, is
well recognised in the literature.! In contrast, the problem of adverse selection
which is caused by the presence of workers of differential abilities, seems 1o have
been relatively neglected. The purpose of this paper is w study the possibility of
designing suitable incentive schemes which will induce workers o reveal theirr
true abilities.

We study this problem in terms of a very simple model in which rwo types of
workers, skilled and unskilled, supply effort inelastically.? Thus, we assume away
the problem of moral hazard in order w focus on the issues raised by adverse
selection. We also consider a hierarchical structure of production in which the
workers need to be organised in two ters. The first-best outcome requires that
only skilled workers be assigned 0 the top level jobs since these require special
skills. Indeed, we specify that unskilled workers are more productive at the low
level jobs. The adverse selection problem arises becaose skilled workers need
to be paid more than unskilled workers when the principal can verify that all
workers have told the truth.

Since types are not observable, there is a need 1w design a system of payments
which will induce workers 1o reveal ther types correctly. Since the pnincipal can
observe the realized output, the payment schedule can be made contingent on
realized output as well as on the assignment of wsks. A tivial way to solve
the adverse selection problem is 1o distribute the realized output equally under
all circumstances. It will then be in the interests of all workers (0 maximise
total product, and hence o volunteer the true information about abilities so as
to achieve an optimal assignment of tasks. However, this extreme egalitaranism
may be inappropriate. For example, skilled workers may have better outside
options and hence higher reservation prices than the unskilled workers.

Another tovial way to solve the adverse selection problem s o levy very
harsh punishment on all workers whenever lies are dewcted. Observe that since
the principal observes the realized output, she can detect lies whenever unskilled
workers climming to be skilled have been assigned to the wop level jobs. However,
such punishments imply that some output has o be destroyed. This will typi-
cally not be renegotiationproaf. Therefore, we look for reward schemes which

! See for instance Sen (1966), Israelson {19800 or Thomson {1982) for related work on labour-
managed fimms, Groves (19730 and Holmstrom (1982) are a couple of papers which deal with the
mare general frmework of teams.

* In the last section, we describe a more general model containing mare than 2 types in which
almest all our results remain valid.

* Motice that there is no actual principal as in the standard principal-agent models. Following
stundurd prictice in implementation theory, we use the tenn “principal™ to represent the set of
agrzements or rules used by the workers to run the cooperative.
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specify higher payments to workers who have been assigned to the top-level jobs
when the principal detects no hes, and which distobute the entire output in all
circumstances.,

Our general conclusion 1s that the adverse selection problem can be solved
in our context. However, the range of possible reward schemes depends on the
informational framework. We contemplate two scenarios. In the first one, where
each individual worker knows only her own type, there exist strategyproof (in
fact even group strategyproofl) reward schemes. But these schemes can only ac-
comodate limited pay differentials between workers of different types. As we
shall see, this implies the incompatibility of strategyproofness with some reason-
able distributional principles. In the second scenario, each worker also knows the
abilitics of all other workers.” In this case, the class of reward schemes solving
the adverse selection problem 1s much wider.

2 The formal framework

Let & be the set of m members of a cooperative enterprise. We assume that
workers are of mwo Lypes - skiffed (or more able) and wnskiffed (or less able).
Ty will denote the set of skilled workers, who will also be called the Type 1
workers. Ta will denote the set of unskilled workers, who will be labelled Type
2 workers. We assume that both sels are nonempty since an adverse selection
cannot arise iff one of the sets is empty. Note that the type of each worker is
private information- there are no external charactenstics which can be vsed o
identify workers” types.

Two kinds of jobs need w be performed in order 1o produce output. One type
of job is essentially a moutine or mechanical activity, and does not require any
special skills. So, both types of workers are equally proficient at performing this
job, which will henceforth be labelled as Ja or Type 2 job. In contrast, the Type [
job, to be denoted Jy L involves “managenal™ responsibilities requinng some skill.
Hence, these should ideally be performed by the Type | workers. However, if
Type 2 workers are assigned o Jy, then they perform their job inefficiently, and
are responsible for some loss of output. We model this by stipulating that output
increases strctly when a Type 2 worker is shifled from the Type 1 job to the
Type 2 job. We also assume that the maximum cardinality of Jy is given by some
number K, where K < n’ However, it tums out that except in Sect. 4, the
possible restriction on the number of Type 1 positions does not affect any of our
resulls.

Let #;; denote the number of workers of type i(i = 1,2) employed in job j(j =
1.2). Henee, the “organizational structure™ of the enterprise can be described by
a veclor £ o= (fy. 2.t ta). Let T odenote the set of such vectors + with (1)
i+t = K, and (i) 1 + fa + 1y + 2 = 0. So, T represents the set of feasible

* Motice that an adverse selection pmblem arises even in this case since the information about
other workers' types is not verifiable.
# Given our interpretation of jobs, this seems a natural mstriction.
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structures, with (1) expressing the requirement that no more than K workers can
be in Jy, while (i) states that all the noworkers have o be employed.

We also assume that all workers supply one unit of effort inelastically. We
are therefore assuming away the problem of moral hazard. We do this in order
to focus on some of the issues mised by adverse selection.

Let fir) represent the function describing output produced by any particular
structure. The following assumptions are made on the production function f.

Assumption I: Forall 1, t' e T

5

(i) fliey=F"yif g =1, and ry = 13,
(i) fe) ="y if 1y = 1), and 125 = 15,
(iii) f(t) ="y if 1y =1, and 12y < 15,

Condition (i) in the Assumption says that if two structures differ only in the
composition of workers performing Type 2 jobs, then the output produced must
be the same. This expresses the noton that both skilled and unskilled workers
are equally adept at performing the Type 2 job. Condition (ii) essentially captures
the dea that skilled workers are more prodoctive doing Type 1 jobs than Type 2
jobs provided no more than K workers are employed at Type 1 jobs. Conversely,
Condition (iii) states that the unskilled workers are unsuitable for Type 1 jobs.

Notce that given Assumption 1, the total output produced by the enterprise
is determined completely by the composition of workers performing Type 1 jobs.
We will sometimes find it convenient o represent the output of the enterprise
by fik.{), where k and { are respectively the numbers of workers in Ty and T
doing Type 1 jobs.

An interesting special case of the general model, which will be used in the
nexl secton, s described below. Choose a vector p = (p.pa, i) with py = =
3 = 0L and a number O = (). Then, mn the p-model, the output produced 15 given
by

flk,y=kpi+(n —k —Dpa+lps —C (1)

Equation (1) has the following interpretation. C represents the fived cost of
running the enterprise. Moreover, each worker in a Type 2 job has a productivity
of pa. In Type 1 jobs, the skilled workers have a productivity of py, while the
unskilled workers have a productivity of ps. Since py = pa > py, 1L 15 easy Lo
check that the p-model satisfies Assumption 1 above.

If workers’ types were publicly observable, then upto K skilled workers
would be assigned o Type 1 jobs, while the mest would be assigned w Type 2
jobs. However, since types are private information, the principal cannot adopt
this naive procedure. So, she has to design a reward scheme or payment sched-
ule which will induce workers to reveal their true types. Notice that since the
principal can observe the orgameational strocture and the total output realized,
the reward o ecach worker can be made contingent on output as well as the
structure ¢+ & T. In fact, the principal can, after observing output, actally infer
the number of workers in Ty who have actually lied and been assigned o Jf, . Of
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course, the principal cannot infer who have lied. Nor can the prinicipal deduce
anything about workers in T who have falsely claimed 10 be in 75 and hence
been assigned o Ja. Nevertheless, 1t is apparent that the pancipal in this seting
has more information than in the raditional implementation framework.

This suggests the following scenario. First, the principal announces the as-
signment rule which she will use o determine the production structure as a func-
tion of the information revealed by the individuals. Second, she also announces
the reward scheme which make payments a function of (i) realized output (ii) the
structure 1 € T which she will choose after hearing the vector of announcements
by the workers.

Given the reward scheme, each worker announces his private information. As
far as a worker's private information is concerned, we describe two allemative
possibilities. In the first case, an individual only knows his or her own type.
MNaturally, in this case, an individual's announcement consists of a declaration of
one’s own ype. The second case corresponds to that of complete information,
where each individual knows every other worker's type. In the latter case, an
announcement consists of a profile of types, one for each worker.

The announcements made by the workers together with the assignment rule
chosen by the principal determines the organizational structure. The workers per-
form their assigned job, output is realized, and subsequently distributed according
to the reward scheme announced by the principal. Notice that the organzational
structure may be moptmal 1if workers have lied about ther types. For instance,
if worker i fafsely claims 1o be skilled, then he may be assigned to Jy, although
he would be more productive in a Type 2 joh.

The formal framework is as follows. The principal announces an assignment
rile A which assigns each worker ¢ to either Jf; or Ji as a function of the
information vector announced by the workers. She also announces a reward
scheme, which is a pair of functions ¥ = (r, ), where

ri R, =T — IR,. (2)

Here, ri(v, 1) is the reward o workers assigned Lo Jy, contingent on outpul
being v, while ra(v, 1) 15 the corresponding payment promused o workers as-
signed o Type 2 jobs. Remembenng our earhier remark that output i completely
specified by the composition of workers assigned 1o Jy, we will sometimes rep-
resent a reward scheme as (&, {), ra(k, D)}, where & and ! are the numbers of
skilled and unskilled workers assigned o Type 1 jobs. This formulation assumes
that the principal can infer how many unskilled workers have been assigned to
Type 1 jobs. Note that knowledge of the production function is enough for this
PUrpose.

Equation (2) also assumes that the principal has o employ aronvemous
schemes - the reward to workers § and j cannot differ if they are assigned
Lo the same job. In partcular, workers @ and j may both have been assigned
Lo Jy even though @ may have announced that she is skilled and j may have
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announced that she is unskilled ® In other words, agents” announcements about
Lypes matter only in so far as this influences the assignment o jobs. A more
general approach’ would have been to consider schemes in which worker 7 is
paid more than worker j. Notce, however, that if workers announce only their
own types, then the principal has no way of verfying whether i has announced
the truth if she has been assigned to Jo. Hence, if § is paid more than j, then that
would give j an incentive Lo declare that she s skilled!

Of course, il worker j wrongly claims o be skilled, then she would also
have o take into account the possibility that she is assigned to Jp. If she is
indeed assigned o Jy, then the pnncipal would detect that someone has lied,
and then § (along with others assigned o Jy ) would have to pay a penalty. The
probability that j is assigned 1o J; depends on the number of other workers who
have announced that they are skilled, the number of positions in Jfy, and the
tie-breaking ru le used by the principal. Clearly, non-anonymous schemes would
have o satisfy very complicated schemes in order to be induce ruthtelling as a
dominant strategy. That 15 why we have chosen the simpler (but somewhat less
general) approach of reswricting attention 1o anonymous schemes.

We also consider the complete information case when workers announce
entire type profiles. In this case, other workers” announcements could in principle
be used w distinguish between two workers assigned 1o S5, Here, non-anonymous
schemes ca give rise o a differet problem. Suppose skilled worker § is assigned
o Sy, and paid more than the unskilled workers. Then, the unskilled workers may
have an mcentive o declare @ o be unskilled. This, by decreasing the amount
paid w i will leave more o be distnbuted o the others. Notice agan that there
is no way in which the principal can verfy that the others have told the truth
about i,

In what follows, we will refer 1o an assignment rule and reward scheme as a
mechanism.

Clearly, each specification of a mechanism gives rise 0 8 nommal form game
i which the workers strategies are W announce either their own Lypes or an
entire vector of types, depending upon the structure of information. We assume
that the principal’s primary objective 15 o choose mechanisms which will induce
workers 1o reveal their private information truthfully in equilibrivm. OF course,
this involves the appropriate choice or specification of an equilibrium, depend-
ing upon the informational framework. In this paper, we focus on strategyproof
mechanisms, that 15 mechamisms under which truthtelling 15 a dominant strategy,
in the case when workers know only their own types. In the complete informa-
tion framework, we restricl attention 1o Nash equilibria and undominated strategy
equilibria. In other words, we are interested in the issue of designing mechanisms
under which the sets of these equilibra will coincide with truthielling or strategies
which are equivalent o truthtelling.

“ Motice that this issue matters only for workers assigned to J; since all workers assigned o J,
must have announced that they ane skilled.
7 W are grateful to the anomymous referee for pointing out the need to clarify this issue.
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While these concepts are defined rigorously in subsequent sections, we spec-
ify below some restrdctions which will be imposed on all reward schemes. These
restrictions essentially ensure that the problems we are studying are nontrivial *

Definition 1. A reward scheme v is admissible if

(i) k+lnik dy+n —k =Dk, D=k D VE such that k+1 < K
(i) ik, 0) = ralk, ) ¥k < K.

Remark I In this paper, we are going 10 restrict atlenton o admissible reward
schemes. Henceforth, reward schemes are to be interpreted as admissible reward
schemes.

Feasibility requires that the sum of the payments made to the workers never
exceeds realized output. Condition (i) goes a step further, and insists that the
principal can never destroy outpul. As we have mentioned eadier, a feasible
reward scheme which leaves some surplus s open 10 renegoliation.

Condition (ii) states that ift the principal observes a level of output which
confirms that all workers assigned o J; are skilled, then these workers must
be paid more than the rest. Notice that unless skilled workers are paid ar least
as much as unskilled workers, the former will not have any incentive o reveal
their true types. I is also obvious that under the reward scheme which always
distributes output equally amongst all workers, the adverse selection problem
disappears. The imposition of Condition (i) can be thought of as a search for
“non-trivial” incentive compatible reward schemes. Also, such differentials may
be necessary because of superior outside options for the skilled workers.

3 Strategyprool reward schemes

In this section, we first define the conditions of strategyproofness and group
strategyproofness. We go on o derive a necessary and sufficient condition for
strategyproof reward schemes. We then show that the class of such schemes is
nonemply - indeed, we prove a stronger result by constructing a rewand scheme
which is group strategvproaf. Finally, we explore the possibility of constructing
strategyproof schemes which are also “nice” from an ethical point of view.
When workers only know their own Lypes, an arnouncement vector a =

(@i,..., ay) is an n-tuple of messages sent by the workers, each a; representing
worker i7s clam about his type. We wall use @ = 1w denote the clam that
i 15 skilled, whik @ = 2 will denote the claim that i 1s unskilled. Given the
assignmentrule A employed by the principal, an announcement veclor a generales
a structure + = Ala). The reward scheme roapplied o ¢ oand the realized output
then gives the payoll vector Ria.r) associated with a. This is given by

5 Also, notice that our formulation rules out the use of various ad hoc features such as railchasing
which are often incorpomted in game forms employed in the traditional litemture on implementation.
For a review of the criticism against the use of these featres, see Duttaf 19971, Jackson{ 19492,
Moore{ 1992,
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rilkla) Hia)) if i is assigned o Type 1 job

iy, Alal) otherwise (3)

Ria.r)= {

where k(a), [{a) are the number of skilled and uskilled workers assigned to J,
according to the anouncement a.” Notice that when workers announce only their
own Lypes, the principal has essentially no freedom in so far as the assignment
rule is concerned. If some workers declare that they are skilled, the principal
must treat these claims as if they are true since she cannot detect lies before the
output is realized. Hence, the “best”™ chance of achieving efficiency is 1o assign
upto K workers to J; from amongst those workers who claim to be in T, '
S0, the principal has o use only the reward scheme 10 mduce workers o tell the
truth. In view of this, we will define strate gyproofness o be a property of reward
schemes, although sirictly speaking it is the combination of the assignment rule
and the reward scheme which defines the appropriate game.

Let a® denote the vector of true types of workers.

For any coalition §, a vector a will sometimes be denoted as (ag,a_g).

Definition 2. For any coalition 5, ay i a coalitionally dominant strategy profile
under reward scheme v iff

> Rias,a_s,r) =Y R'(as, a_g,r) Vs, Ya_s.

=y =y

S0, ag is & coalitionally dominant strategy profile for coalition § if it is a best re-
ply to any vector of strategies chosen by workers outside the coalition. When the
coalition § consists of a single individual, we will use the terminology dominant
strate gy.

Definition 3. A reward scheme v is group-strategvproof if for all coalitions S,
ag; v a coaliionally dominant sirategy profile underr .

This definition assumes the possibility of side payments within any coalition.
If side payments are not possible, then the comresponding definition of group
strategyproofness would be weaker. Since our resull on group strate gyproofness
i Proposition 2) demonstrates the existence of group strategyproof schemes, we
use the definition which leads 1o a stronger concepl.

Definition 4. A reward scheme v iv strategvproaf if for all individuals i, a isa
dominant strategy under r .

The following notation will be used repeatedly. Call a pair of integers (k. [)
permissibfe f b+ < K and k = 1.1 = 1.

? Whenever there is no confusion about the anouncement vector a, we will simply write rik. 1)
instead of r{k{a), Na)).

01 more than & workers claim to be in T, then the principal has to use some rule to select a set
of K workers, We omit any discussion of these selection rules since the results of this section ane
not affected by the choice of the selection mle.
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Proposition 1. An admissible reward scheme v is strategvproof iff v satisfies the
Jollowing conditions for all permissible paivs (k1)

ik — 1O = nik )= ik, —1) (4)

Proaf. Consider any r, and suppose for some permissible pair k£, rik —1.{) =
k0 Consider a® sueh that [T = &, and let § € Ty, Consider a such that
[{j € Talag; = 1} = ! and a, = a; ¥m € Ty That is, all skilled workers
declare the truth about their ypes, but exactly [ unskilled workers clam o be
skilled. Then, R'(a.r)= (k. [). Suppose § deviates and announces a; = 2. Then,
Ria; a_jr)y=rik —1.10) > R'iar ) Bul then r is nol strategyproof.

Suppose now that ri(k, ) = ralk. ! — 1). Let @™ be such that T contains
k oworkers, Consider a such that (f — 1) unskilled workers declare themselves
to be skilled, all other workers telling the truth. Let j € T4 = a. Then
R-"[ﬂ‘,-".ﬂ_‘,-.r} =mk !l —1) < R".fﬁ‘,-.ﬂ_‘,-_l‘} = ri(k,f) when a; = 1. Then, r 15
not strategyproof. These establish the necessity of (4).

We now want o show that if r satisfies (4), then it is strategyproof.

Suppose r satisfies (4). If for some i, @ is not a dominant strategy, then
there are two possible cases.
Casefi): i € T|. Let a; = 2. Then, there 15 a_; such that

R a_;.r) > R'a a_;.r) (5)

But, (5) is not possible if ralk — 1.0} =< r(k.{) for each permissible pair
(k1)

Case (ii): 1 € T2, Let a; = 1. Suppose there 15 a_; such that
R a_;.r) > R'a a_;.r) ()

But, (6) is not possible in view of ri(k, [} < m(k, ] — 1) from (4). So, a’
must be a dominant strategy for all 7. O

In the next Proposition, we construct a group strategyproofl reward scheme.
The reward scheme has the following features. The payment made 1o an individ-
wal m J; exceeds the payment made o an individoal in Jy by a “small”™ amount
when no lies are detected. If the principal detects any lie, then the output is
distributed equally. The proof essentally consists in showing that provided the
difference in payments to individuals in J; and J» are small enough, no group
can gain by mismepresenting their Lypes.

Proposition 2. There existy a group-strate gypoaf reward scheme.

Praf. Let £ be the production function. Define the following:
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(k. !
alk .y = rALD }'1,-‘_{-_}' such that K+ < K
n

v = ming{kik + Dlalk +1,0) — aik,0)]}
e = ming{f(k,0)—fik, 1)}

1
4 = — min{e )
n

Consider the following reward scheme r.

n—k

[}

k) = altk, )+ —
k) = alk.)—4
Wi=12 k) = aik. )V permissible pairs &, { such that { = 1

Claim 1. vk, {) is monotonically increasing in k.

The claim is obviously true for all [ = 1 since fik.{) is increasing in &, and
since ry(k,{) = aik. ). So, it is sufficient to prove that ri(k+1, 00 = ik, 0) ¥k <
K. To see this, note that

dn

Ak + 1,00 — ik, ) kk+1)

alk+1,0) — alk,0) —

= 0 since nd < .

Claim 2. r is group-strategyproof.

Take any coalition 5. We need to show that no matter whal announcements
are made by (N % §), ag is a best reply of 5.

Suppose not. Then, there 15 aq,a_g such that

> Rias.as,r)> Y Raj,as,r) (N

IES =y

This cannot hold if there is i & § such that § & Ty, For, then the “average
rule™ applies, and any deviation from the truth by § can only reduce ageregale
output, and hence their own share.

So, without loss of generality, let a_g = a”¢. First, suppose there is i € §
such that a® = 2, but @; = 1. Then, a he s detected, and the average rule is
applied. However, the choice of 4 guarantees that ra(k 0 = aik, 1) = a(k' 1)
Wi = LW < k. Since ri(k, 0) = (k. 0), no individual in § can be better-off.

So, the only remaining case is when ¥i € §, a; ¥ o implies @ = 1 and
a; = 2. However, given Claim 1, (k. 0) = n k", 0) Y& < k. Also, nik,0) =
ra(k',0). So, again this deviation from a; cannot benefit anyone in 5.

So, r is group-strategyproof. |

Since strategyproof reward schemes exist, o natural question 1o ask is whether
it is possible w construct such schemes which are also satisfactory from other
perspectives. This is what we pursue in the rest of this section.
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First, onge ethical principle which 1s appealing in this context is that workers
whose contnbutions W production are proven o be i accordance with their
declared types should not be punished for any loss of output. That is, consider
Sk 0y and fik, ). Although fik 0) = fik, I), workers who have been assigned
to Type 2 jobs are not responsible for the loss of output. Hence, they should not
be punished. We incorporate this principle in the following Axiom.

Axiom I ra(k . 0) < ra(k [) for all permissible pairs k[,

Unfortunately, it is not possible to construct strategyproof reward schemes
which always satisfy Axiom 1. This is the content of the next proposition.

Proposition 3. There exist production functions such that no strategvproof re-
ward scheme satisfies Axiom 1.

Prmaf. Consider the p-model defined in the previous section with py = 0. To
simplify notation, also assume that C = (.
Let ¢ be a strategyproof scheme satisfying Axiom 1. Denote r(1,0) = o,
Since r is strategyproof, we must have g = n(1, 1) = (0, 1). From Axiom
1, 00, 1) = m(0,0). Since ra(0,0) = pa, we must have

B°Em (8)
Choose any § < K — 1. Then,

i+l it+in—i —1a(l,i) = pr+in—i — 1)
or (1+ir(l,i)

1]

g1 — (=i —1rf1,i) —ps]

Also, ra(1.i) = p = pa from Axiom 1 and (8). Hence,
(1+ir(li)y<p —(n—1—i)p—p) )

Since r is strategyproof, ril. i) = rni0 ). Also, from Axiom 1, ra0,i) =
Al0,0) = pa. Using ri(1,8) = paoand (9), we get

pr—in—=1—ilp—p)=(l+i}m (10

Since p = pa, this yields

mo= Al iy (1)

Obviously, a p-model can be specified for which this is not true.
This shows that strategyproofness and Axiom 1 are not always compatible.
|

Axiom 1 imposed a restriction on the nature of possible punishments incor-
porated m reward schemes. Another restnction which one may want o impose
on reward schemes is the principle of workers being paid “according 0 contri-
bution™ when the principal detects no lies. Of course, this principle is not always
enforceable for the simple reason that the production function may be such that
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workers” margmal contributions do not add vp to the gross outpul. However,
one case in which this principle is a priori feasible is when the production func-
tion is described by the p-model. Here, the principle of “payment according to
contribution”™ takes a simple form. For each value of & < K, one should have
rlk. 0= p — f—l and mik, 0 = py — f—l In other words, all workers are paid
their marginal product minus an equal share of the fixed cost. Unfortunately, we
show below that the requirement of strategyproofness is not always compatible

with this principle of payment.

Proposition 4. There exists a p-model and a size of society such that the principle
af “pavment aconding to contribution” is not strategyproof

Pmwaf. Define fori =1.2.3, p; =p; — E:II. Clearly, o = pa.

Suppose r is strategyproof and satisfies the principle of payment according 1o
contribution. So, forall £ < K and i = 1,2, we must have r,(k,0) = p,. From (4),
Ak 1) = ek 00 = s Since (K4 D (&, Li+n—k—1im(k, 1) = kp+pstin—k—
Lypa, we have ik, 1) = JFJ;+":|";*,__J-'“-_j'-| cwhere Aik) = k(g — (b, 1)+ps— ik, 1)
Since (py — (k. 1)) = 0, there exists a value of &, say £, such that AK*™) = 0.
Henee, (k™ 1) = pa.

But this contradicts the requirement that

T I T T Ve S R I T e LV R - ]

4 The complete information framework

In the last section, we showed that there are non-tivial strategyproof schemes.
Unfortunately, Propositions 3 and 4 show that such schemes may fail to sanusfy
additional attractuve properties. This provides us with the motivation Lo examing
whether an incentive requirement weaker than strategyproofness widens the class
of permissible schemes. This is the avenue we pursue here by examining the
scope of constructing reward schemes which induce workers to reveal their rue
information as equilibria in games of complete information.!!

When each worker knows other workers” types, the pnncipal can ask each
worker 10 report & tvpe profile, although of course she may not always utilise
all the mformation. Let a' = (aj,..., a)) be a typical report of worker i, with
ﬂ;-. = 1 denoung that i declares j to be in T, Similarly, ﬂ;-. = 2 mepresents the
staterment that i declares j to be in T, Let a = (o', ..., a') denote a typical
vector of announced type profiles. Let m = (A, r) be any mechanism where A is
the assignment rule specifying whether worker § is in J;) or Jo given workers’
announcements a. Letting Afa) denote the structure produced when workers an-

" Actually, we are interested in a stronger requirement. In line with tmditional implementation
theory, we also want to ensure that truthtelling and strategies equivalent to truthtelling are the only
eqquilibria.
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nounce a and the principal vses the mechanism m, the payolfl function of the
corresponding game is given by

rlkia) da)) if i is assigned 1o,

. (12)
ralk(a), lia))  otherwise

R'ia.m)= {
where kia),lia) are the number of skilled ad uskilled workers assigned w0 J,
respectively coresponding to the anouncementy vector a.”

Definition 5. Given a mechanism m, an announcement a' is undominated for
waorker [ if there is no announcement a' such that forall a™, R'iia', a “m) =
R (la', a™ ), m) with strict ineguality for some 7.

Definition 6. Given a mechanism m, two announcement vectors a and i are
equivalent if R'(a. m)= R'(4, m) forall i.

Notice that aff announcement vectors will be equivalent if the principal uses
an assignment rube which 1s completely msensiive o workers” announcements.
Hence, in order to ensure a satisfactory or non-wrivial solution to the incentive
problem, we need o ensure that only “sensible™ assignment rules are vsed. This
provides the motivation for the following definition.

Definition 7. An assignment rule i seemingly efficient if cormesponding to any
announcement vector a satisfving a' = o' foralli.j € N, up to K workers
declarved to be in T by all workers are assigned to ]| and all the rest are assigned
tar Ja.

The principal of course has no way of verfying whether workers have told
the truth or not until the output has actually been realized. However, if all workers
unanimously announce the same type profile, then the principal has no basis for
disbelieving this announcement. The assignment in this case should assign only
workers declared to be in T w0 Jy. OF course, al most K such workers can be
assigned to Jy. Notice that the definition places no restriction on how assignments
are made when workers do not make the same anouncement. So, it is a very weak
resLriCLon.

In this section, we are inlerested in the Nash equilibria and undominated
strategy equilibria'® of mechanisms which use seemingly efficient assignment
rules. Let NE(m) and UD{m) denote the set of Nash equilibria and undominated
strategy equilibria of the mechanism m.

Definition 8. A reward scheme v is implemented in Nash eguilibriwm (respec-
tively undominated strategies) with a seemingly efficient assignment mle A if there
ix @ mechanism m such that for m = (A, r), NEim) (respectively UD(m)) consist
of truthtelling and swrategies which are eguivalent to truthtelling.

2 Note that in contrast to the incomplete information frimewaork, the principal does have some
freedom about the assignment rule. That is why we have explicitly intmduced the mechanism m in
the notation.

* Ty simplify notation, we will omit the dependence of £,/ on the announcement vector a.

1+ An undominated strategy equilibrium is one in which no worker is using a dominated strategy.
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Let r be implemented in Nash equilibrium with a seemingly efficient as-
signment rule according to the definition given above. Then, at any equilibrium
announcement, the “correct” or “efficient” assignment will be made. Furthenmore,
workers in Jy will be paid ry ik, ) while workers in J2 will be paid rik, () where
|5 = k. An exacty similar interpretation is valid if r is implemented in un-
dominated strategies. Thus, if the class of implementable reward schemes is rich
enough, then the principal can ensure payments according o various desirable
principles, apart from achieving the maximum possible output given workers’
true Lypes and the production function.

In our first proposition in this section, we identify sufficient conditions on the
production function which ensure that a rich class of anonymous reward schemes
are Nash implementable with a seemingly efficient rule.

Proposition 5. Suppose either (i) K < n or (ii) M < flk—1,n —k) for all
k. Let ¥ satisfy the following:

(i) ke, 0) = ralk — 1,0) forafl k < K
(i) ik, Dy=0and raik, [) = :% i1

Then, v is implementable in Nash equilibrivm with seemingly efficient assign-
ment rile.

Proaf. Let r be any reward scheme satisfying (i) and (ii). Consider the following
assignment rule A. For all a, let Tyja) = {i € N|a/ = 1}. Without loss of
generality, let Tyia) = {1,2,..., L}. If L < K, then all i £ Ti{a) are assigned
toJi.If L = K, then {1,2,.. ., K} are assigned to Jy. So, the assignment rule
only depends on what each individual reports about herself. If no more than
K workers claim o be in Ty, then they are all assigned to J). If more than K
workers claim w be skilled, then the first K workers are assigned o J,.

It 15 easy to check that this assignment rule 15 seemingly efficient.

Let @™ = (a],....q;) be the vector of true types. We first show that any a
such that a; =a 15 a Nash equilibrium.

Suppose i € Ty, Then, either (1) 7 15 assigned o Jy or (1) T (a) contains more
than K workers and @ 15 assigned o Joo Now consider any deviation @' such that
d! #a’. If (i) holds, then i* payoff is ri(k,0) before the deviation, and either
kD0 or mak — 1,00 after the deviation. In either case, i 's deviation is not
profitable. If (ii) holds, then i"s deviation does not change the outcome.

Suppose now that i € T3, Then, i "s payofl when all workers tell the truth is
ralk, ). Consider any deviation &' such that &' = 1. Either this does not change
the assignment (if ¢ is not amongst the first £ workers who declare they are in
Ty or i is assigned to Jy. But, then since ri(k, 1) = 0%k, i will not deviate.

Now, we show that any a € NE(m) must produce the same payolf vector as
the ruth.

% We are most grateful to A Postlewaite for suggesting the mechanism used in the proof of the
proposition.

LA payoff could be rk, () if more than & workers had orginal ly declared themselves o be
skilled. OF course, in this case b = &



Incentive compatible reward schemes for labourmanaged firms 125

Assume first that K < n. Let a € NE(m), and suppose that there is§ € T
such that ' = 1. If i 1s not assigned to Jy, then i’s announcement of a; instead of
the truth does not change the outcome. If § is not assigned to Jy, then B'(a, m) =
rilk, ) =1 Bul, i can deviate by announcing & = 2. Then, s payoff would be
strictly positive.

So, if a € NEim), then T2 must be assigned to J». Consider now § € T, and
suppose @) = 2. If i deviates and announces & = 1, then either (i) 7 is assigned
to Jy or (i) i is not amongst the first K workers in 7). If § is not assigned to J,
after the deviation, then she must be better off, so that in case (1), a cannol be a
MNash equilibrium. In case (1), a gives the same outcome as the truth.

So, this shows that when K < n, any a € NE(m) is equivalent to the wuth.
Suppose now that & =n, bul ’!-“"::_J-‘-:' < fik — 1,n — k) for all k.

The only remaining case we have o consideris if o' = 1 forall i € N . Then,
foralli e N, R'ia.m) = ’r”"::_“ for some k. But, then some i € T can deviate
and announce d' = 2. Then, i's payoff will be f(k — 1, n— k). This is a profitable
deviation for i. O

Remark 2. An anonymous referee has pointed out that the reward schemes incor-
porate very heavy punishment since r(k. /)= 0 for all { = 1. However, note that
this provision will apply only out of equilibrium. Thus, the only stipulation on the
reward scheme applying o equilibrium messages 1s that w(k,0) = ik — 1,00
for all & < K. Since this is a very weak requirement, Proposition 5 shows that
the planner can implement a large class of anonymous reward schemes.

Motice that the smaller 15 n, the more resrictive 15 the condition that
fﬂ..".-:.'l-_-":' < fik — 1.,n — k). In our next proposition, we show that practcally
all reward schemes can be implemented in undominated strategies without this
restriction on the production function, provided K = .

Proposition 6. Let K = n. Let v satisfv the folfowing.

(i) ik, 0) and ra(k . 0) are increasing in k.
(i) ik, MH=mik. )= %ﬁurﬂﬂf = L

Then, v iv implementable in undominated strategies.

Proaf. Consider the following assignment rule A. For any a, define [/1{a) = {j =
N;.ra‘l‘.' =1 %i e N} So, the set Ujia) is the set of workers who are unanimously
declared 1o be in Ty, Then, A(a) assigns all workers in U (a) wo Jy, all other
workers being assigned o J,.

Let a™ be the vector of true types.

Step I, Leti € Ty. Then, the only undominated strategy of § is o announce a®.
To see this, suppose a' # a®. There are two possible cases. Either (i) there
15 j such that " =1 and @} =2 or (1) there 15 j such thata” =2 and a; = 1.
In all cases, we need only consider announcement vectors in which all other
workers have declared § o be in T Otherwise, @ cannot unilaterally change j7s
assignment



126 5. Barberi, B. Dutta

In case (1), consider first j = i, that is i lies about herself. Then, i is assigned
to Ja. If some unskilled worker is assigned to Jy, then the “average mle”™ applies.
Then, i does strictly better by announcing the truth about oneself since this
increases ageregate output and hence the average.

If no unskilled worker is assigned w Jy, then the same conclusion emerges
from the fact that (k.00 = ra(k,0) = ralk — 1O

Suppose now that j # i. Then, i’s deviation to the truth about j is stricdy
beneficial when some unskilled worker is assigned to J). For then the average
ruke applics and aggregate output increases when joi1s assigned o J). To complete
this case, note that i never loses by declaring the truth about j since ri(k, 0) is
mncreasing m k.

Consider now Case (n). Suppose some unskilled worker other than j s as-
signed to Jy. Then, i's truthful declaration about j increases aggregale output,
and hence 75 share through the average rule. If no unskilled worker other than
Jo1s assigned o J, then again @ ogains stoetly sinee r(k0) = ’r“:'l'm = ’”fl'”.

This completes the proof of Step 1.

Step 2. 1f i € Ty, and if @' is undominated, then a = 1 for all j € T},

Suppose a; =2 for some j € T). Again, we need only consider announcement
veclors in which all other workers declare § to be in T, If some unskilled worker
15 assigned o Jy, then @ gains by declanng the truth about j since fik 0 =
Fike — 1.0 and the average rule applies. If only skilled workers are assigned o
Jiothen i cannot lose by telling the truth since m(k,0) 15 increasing in £,

This completes the proof of Step 2.

From Sweps | and 2, Ua) = T whenever workers vse undominated strale-
gies. Hence, all workers in T will be assigned to J; ad all workers in 7> will be
assigned o Ja. O

Remark 3. Notice that while truthielling is the only undominated strategy for
individuals in T, individuals in T3 may falsely declare an wnskiffed worker i
to be skilled at an undominated strategy. However, this lie or deception does
not matter since some j & T will reveal the wuth about i Hence, Proposition
6 shows that for a very rich class of anonymous reward schemes, the oulcome
when individuals use undominated strategies is equivalent to tuthtelling. Of
course, this remarkably permissive conclusion is obtained at the cost of a strong
restriction on the class of production functions since the proposition assumes that
K =n If K < n, then workers in T} may have to “compete” for the positions
in Jy. This implies that declanng another Type 1 worker to be in T3 15 no longer
a dominated strategy for some worker in 7).

5 Conclusion
In this paper, we have vsed a very simple model in which icentive issoes rased

by adverse selection can be discussed. The main features of the model are the
presence of two types of workers as well as two types of jobs. We conclude by
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pointing out that our results do not really depend on there being mwo Lypes of
workers and jobs. The model can easily be exiended 1o the case of & types of
workers and jobs, provided an assumption analogous 0 Assumption 1 1s made.
What we need to assume is that workers of Type § are most productive in jobs
of type i. They are as productive as workers of Type (i +j) in jobs of type
{i+j), and fess productive in type (i —j) jobs than in type (i +7) jobs. With this
specification and the assumption that despite possible capacily restrictions on jobs
of a particular type , the first best assignment never places & worker of type i in
a job of type (i —j), the principal can still detect whether workers of a particular
type have claimed 1o be of a higher type. Notice that except in Proposition 1,
the specification of the reward schemes did not need knowledge of how many
workers had lied. It was sufficient for the principal o know that realized output
was lower than the expected output. Hence, obvious modifications of the reward
schemes and assignment rules will ensure that Propositions 2, 5 and 6 can be
extended o the k type case. Of course, Propositions 3 and 4 are true since they
are in the nature of counterexamples. 1t is only in the case of Proposition 1 that
the reward scheme needs to use detailed information on the number of people
who have lied. This came for free in the two-lype framework, given assumplion
I. In the general & type model, we would need o assume that the principal can
on the basis of the realized output, “inverl” the production function and find
out how many workers of each type have lied and claimed o be of a higher
Lype. MNote that this will be generically true for the class of production functions
satisfying the extension of Assumption | outlined above.
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