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Abstract. We consider the asymptotics of the Perron eigenvalue and eigenvector of irreducible 
nonnegative matrices whose entries have a geometric (dependance in a large parameter. 
The first term of the asymptotic expansion of these spectral elements is solution of a 
spectral problem in a semifield of jets, which generalizes the max-algebra. We state 
a “Perron-Frobenius theorem” in this semifield, which allows us to characterize the 
first term of this expansion in some non-singular cases. The general case involves an 
aggregation procedure a la Wentzell-Freidlin. 0 AcadCmie des Sciences/Elsevier, Paris 

Asymptotique de la valeur propre et du vecteur propre 
de Perron via l’aighbre max-plus 

Riisum& On s’inte’resse a l’asymptotique de la valeur propre et du vecteur propre de Perron 
de matrices a coefficients positifs ou nuls, dependant geome’triquement d’un grand 
paramttre. Le premier terme du dtveloppement asymptotique de ces Ple’ments spectraux 
est solution d’un probltme spectral sur un semi-corps de jets, qui generalise le semi- 
corps max-plus. Nous etablissons un CC theoreme de PerronFrobenius M pour les jets, 
qui nous permet de caracteriser le premier terme de ce de’veloppement dans des cas non- 
singuliers. Le cas general requiert une procedure d’aqregation h la WentzeK-Freidlin. 
0 Academic des Sciences/Elsevier, Paris 

Version francaise abr@de 

Soit $1, une matrice TL x TL B coefficients reels positifs ou nuls, dependant d’un grand paramktre p. 
On considkre le probkme spectra1 (1) dans le cas oti dp est irkductible : C, est unique et il existe 
un unique UP vkrifiant C;(zA,)i = 1 ( voir par exemple [4], Ch. 2). On cherche 5 determiner les 
asymptotiques de Lp et UP $ partir de celles de d,. En utilisant les rksultats analogues au thCor&me 

Note pdsentie par Pierre-Louis LIONS. 
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de Perron-Frobenius dans le semi-corps I&,, = (R+, max, x, 0, l), isomorphe au semi-corps max- 
plus (voir par exemple [12], [2], Th. 3.100, [6], §VI, [llII, $3.7 et ses references), on obtient les 
asymptotiques de type grandes deviations de L,, et dans certains cas celles de U,. 

THBOR~ZME 1. - Si les limites (2) existent et si A. = (Aij) est irreductible, alors lim,,,(L,)i existe. 
Elle est &gale c? la valeur propre de A duns R,,,,, notee pmaxi:A), donnee par le second membre de (3). 

Un circuit c = (ii,. . . , ik) est dit critique si (Aili Aizij . . . Aibl, )” realise le maximum dans (3). 
On appelle graphe critique le graphe orient6 fomk des nozuds et arcs des circuits critiques. On appelle 
classe critique une composante fortement connexe du graphe critique. On pose 2 = pm,,(A)-lA, et 
on note (A)* = @;i?!,(A)” l’etoile de Kleene de 2 (la somme et les puissances sont dans W,,,). 

THI?ORI?ME 2. - Si Ap satisfait aux hypotheses du theoreme 1, et si A n’a qu ‘une classe critique, alors 

limp-+, (Up)Li = Ui 06 U = (Ui) est l’unique vecteur propre de A dans R,,, ve’rifiant maxi Ui = 1. 
Celui-ci est proportionnel ti n’importe quelle colonne de (i)* d’indice critique. 

Afin d’obtenir des asymptotiques plus precises, on utilise le semi-corps de jets J,,, (introduit 
dans [S]) compose de l’ensemble des couples (b, B), avec b, B > 0 ou b = B = 0, muni des 
lois (6). On dit que la fonction f de p admet ~111 premier max-jet si f(p) = bBr + o(Br) autour de 
p = +co. On note alors f(p) - (b, B). On &end cette notation aux vecteurs et matrices (coordonnee 
par coordonnee). 

TH~ORBME 3. - Si At, - A = (a, A) E (4,,,,)nxn, avec A irreductible, alors L, N pJ(A) oic 

PJ(A) = (~(a~~(~“)), pmax(A)) est la valeur propre de A d(zns 4,,,, aCGcA) est la matrice obtenue 
ci partir de a en annulant les coeficients aij tels que l’arc (i, j) n’est pas dans le graphe critique, et 
02 p(.) designe la valeur propre de Prrron. 

Si aCG(‘) n ‘a qu’une classe basique, alors Up - U, l’unique vecteur propre de A dans 9,,,, de 
somme 1. Celui-ci est de la forme (u, U), 03 U est une colonne de (i)* d’indice basique et u est un 
vecteur propre positif de la matrice u’(~,“), obte nue en annulant les aij tels que AijlJj < p,,,,(A)Ui. 

On appellera classes basiques de A les classes basiques de a CG(A) Si A admet les classes basiques . 
Br,... , B,, alors tout vecteur propre U de A dans J,,, s’bcrit 24 = VU’, oti V est don&. par (7). 
Dans (7), Vi,. . . , V, sont des vecteurs propres de AB, n, ? . . . , An, n, , respectivement, AJK designe la 
J x K sous-matrice de A, B = UICiCs B;, N = { 1,. . . , n} \ B, et l’etoile dans J,,, est definie par 
la meme formule que dans W,,,. Soit M = diag(A41,. . . ) M,)[I 01, oti MI,. . . ,M,5 designent 
les vecteurs propres a gauche de An, n, , . . . , AB,B, , respectivement, verifiant MiVi = 1. 

TH~OR~ZME 4. - Si Ap - A E (4,,,)‘“‘” et I?., = stp - ,4 - ‘R E (5,NaX)“xn, alors L, admet le 
developpement asymptotique (8), ou A’ = MRV E (4max)YX,‘. 

Si A’ n ‘a qu ‘une classe basique, alors Up N U, l’unique element de (4,,,)” de somme 1, de la 
forme VU’, oci U’ est un vecteur propre de A’, et V est donne’ par (7). 

1. Introduction 

Let Ap denote a n x 12 nonnegative matrix, depending on a large real parameter p. We consider 
the nonnegative spectral problem: 

4up = CpUp, up E (Es+)” \ 0, L, E Rf, (1) 

928 



Asymptotics of the Perron eigenvalue and eigenvector 

where W+ denotes the set of nonnegative real numbers. When A, is irreducible, L,, is unique, and 
it is called the Pert-on eigenvulue of A, (see e.g. [4], Ch. 2). We call normalized Perron eigenvector 
the unique Up that satisfies C;(Z,$), = 1. In this note, we address the following problem: can we 
determine the asymptotic behavior of C, and Up from that of dF? We begin with an elementary large 
deviation type result, which extends the result given in [lo] fa’r dp = (A$). 

THEOREM 1 (Large deviation of L,). - If the limits 

exist for i, j = 1, . . . , n, and if A = (Aij) is irreducible, then 

lim (,C,)i = max max(Ai,;,A;,,, . . Aikil)b 
p-03 I<lc<n i,...ii 

(2) 

Indeed, 0 2 (Z.4p)1 5 Cj(Up)j = I. Hence, (Up)%!, which is bounded, has a limit point 0 5 U, 5 :I, 

and maxj Uj = 1. It follows from (I) that (C,,) ‘P also has a limit point A, which satisfies 

InaxA;jUj = AUi, for Z = I,, . . ,n. 
.i 

Now, it is convenient to introduce the max-times semi$eld R,,,X = (R+ , max, x , 0, 1). We recognize 
in (4) a spectral problem for the matrix A in the semifield Iw,,,,l,. The R,,, analogue of the Perron- 
Frobenius theorem states that an irreducible matrix A has a unique eigenvalue, given by the maximal 
circuit mean pmax(A), which, by definition, is the right hand side of (3) (see e.g. [12], [2], Th. 3.100, 
[6], $VI, [ll], $3.7 and the references therein). Thus, A = P~.,~~(A) holds for all limit points A of 
(C,) 5. This proves Theorem 1. 

The above argument does not guarantee the convergence of (ijAp) i, except when all the eigenvectors 
of A are proportional: this simple case is dealt with in section 2. In section 3, we show that if the 
non-zero entries of dp have asymptotic expansions of the form 

(dp)ij 23, N qAY (5) 

then C, has an asymptotic expansion of the same form. This expansion is the unique eigenvalue 
of (aijATj), seen as a matrix with entries in a semifield of jets. When all the eigenvectors of the 
later matrix are proportional, the entries of Up also have asymptotic expansions of the form (5). 

However, in general, (5) need not imply the existence of the limits U, dgf limp-K,(U,)“, as shown 
by the following counter example: 

d = 1 + cos(p)e-” 

[ ’ 

epZp 
P f'-zP I 1 ’ 

lim inf (Up), $ 

( > 

(Up)2 : ___ 
p-c= (Up)1 

:= e-l < li;yzp (u~)l 
( > 

-- =e. 

In [l], we prove via an extension of the Puiseux expansion theorem that when the entries of d, have 
Dirichlet series expansions (see [ 14]), C, and the entries of U, also have Dirichlet series expansions. 
Then, a fortiori, the limit U = (Ui) exists. It can be computed using an aggregation procedure. 
In section 4, we only present the first step of this procedure, which is enough to determine U in 
some non-singular cases. 

The problem of computing the limits h and U arises in particular in Statistical Mechanics, when 
using the transfer operator methods at small temperatures T = l/p (see e.g. [3], [5]). Some of the 
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results given below can be seen as partial extensions to the case of nonnegative matrices of the classical 
Freidlin-Wentzell singular perturbation results [9], Ch. 6, which deal with the special case of Markov 
matrices dp. Other max-algebra related (W.K.B. type) asymptotic results have been obtained in [7]. 

2. When max-times spectral theory determines the asymptotics 

Let (S, @, @, 0,l) denote an arbitrary semiring. With a n x n matrix A with entries in S, we 
associate (as in conventional Perron-Frobenius theory) a digraph G(A) with nodes 1: . . . , n, and set 
of arcs {(i, j) 1 Aij # 0). We say that A is irreducible if G(A) is strongly connected. 

When the reflexive and transitive relation 5, defined by (I, 5 b _ 5, b = a $ c, is an order 
relation, and in particular, when S = Iw,,,, we define the Kleene star a* as the least upper bound 
of the monotone sequence (elclccK u”)KL~, when it exists. -- 

When S is the W,, semiring, we say that a circuit c = (il, . . . , ik) is critical if its mean 
geometric weight (Ai,;,Aiai3 . . . Aibi, )” attains the maximum in the right hand side of (3). The 
critical graph CG(A) is the subgraph of G(A), composed uniquely of the nodes and arcs in critical 
circuits. The strongly connected components of the critica.l graph are called critical classes. We set 
i= ,omax(A)-lA. Then, (i)* exists. A column of (A)*, whose index lies in a critical class, is called 
critical. The max-times spectral theorem (see e.g. [12], [2], Th. 3.100, [6], Th. VI. 10, [ Ill, $3.7) states 
that if we select (arbitrarily) one critical column per critical class, we obtain a minimal generating set 
of the eigenspace of an irreducible matrix A. As an application of this result, we obtain: 

THEOREM 2 (Large deviation of UP). - If dp satis$es the assumptions of Theorem 1, and if A has 
a unique critical class, then for all nodes j in this criticar’ class: 

(2);. 
]im (tl,)” z -A , for i = 1,. . . , 12. 

p-00 cl% bG&i 

Recall that (A)* is equal to $05k5n-l(x)i;, and that it can be computed in O(n3) time using 
semiring versions of Gauss algorithm (see [2], Th. 3.20 and [13], Ch. 3, Algo. 3, respectively). 

3. When the spectral theory of max-jets determines tlhe asymptotics 

We denote by J,,, the semifield with set of elements {(b, B) 1 b > 0, B > 0} U {(O,O)}, 
equipped with the two laws 

(6 B) if B > C, 
(b, B) @ (c, C) = (c, C) if B < C, (b,B) @ (c,C) = (bc, BC). (6) 

(b+c,B) ifB=C, 

The zero element (0,O) and the unit (1,l) will be denoted by 0, 1, respectively. This semifield was 
introduced in [8]. It is isomorphic to the semifield of asymptotic expansions of the form bBp + o( BP) 
around p = co, equipped with the usual addition and multiplication. 

We will say that a nonnegative real valued function f of a large parameter p has a first max-jet 
(b, B), and we will write f(p) - (b, B), if f(p) = bBP + lo around p = M (when (b, B) = 0, 
this means that f(p) = 0 for p large enough). The above definition and notation will be extended 
to matrices and vectors (entrywise). 

If Sz, and 24, have first max-jets A E (J,,,)” Xn and U E (4,,X)n respectively, it follows from (1) 
that Lp has also a first max-jet C E J,,, which satisfies ~$54 = .U4. Thus, the max-jet U of Up, if 
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it exists, will be characterized in the particular cases when all the eigenvectors of A are proportional. 
We next state a J,,, analogue of the Perron-Frobenius theorem. 

For any subgraph C of the digraph associated with a matrix A with entries in any semiring, we 
denote by AC the matrix with entries AZ = A;j if (i,j) is art arc of C, and A: = 0 otherwise. 
Given an eigenvector U E (Rlnsx)” of a matrix A E (W,,,,)nxr,, the saturation graph S(A, U) is the 
subgraph of G(A) with set of arcs {(i,j) 1 AijC: = p,,,,,(A)U,}. 

Letd= (a,A) E (4,,X)‘nXn. Clearly, A has an eigenvector U = (u, U) E (4,11ax)“. with eigenvalue 
C = (X,h), if and only if AU = AU, and .s(-4*U) 11. = XU (the first identity is a spectral problem 
in K,,, the second identity is an ordinary nonnegative spectral problem). The saturation graph in 
general depends on the particular choice of U, but when A is irreducible, for all eigenvectors U of ~1, 
CG(A) c S(A,U), and any circuit of S(A, U) is contained in CG(A). The matrix aCGcA) is block 
diagonal, the blocks being exactly the critical classes. We call basic classes of A = (a, A) the basic 
classes of aCGcA) in the usual sense, i.e. the classes with maximal Perron eigenvalue. We denote by 
p(b) the usual Perron eigenvalue of a matrix b. 

THEOREM 3 (“Perron-Frobenius Theorem” for max-jets). - An irreducible matrix A = (a, A) E 

(J”laxYx7L admits the unique eigenvalue pJ(d) ~(p(ncGf*4)), anlax(A 

The characterization of the eigenspace is more subtle in J,,,,, than in W,,,,. We will only need 
the following simple result. 

THEOREM 4 (Geometric simplicity of the eigenvalue). - An irreducible matrix A = (n, A) E 

(JtT,a*)nxn has a unique eigenvector (up to a proportionality.factor) if and only if it has u unique basic 
class. An eigenvector U = (u, U) is obtained as~follows: U is a column of (A)*, whose index belongs 
to the basic class; u is a positive eigenvector qf ,,s(-4-u). 

As a consequence of Theorems 3 and 4, we obtain: 

THEOREM 5 (First order asymptotics). - Zf dr, has a first maxjet A E (4n,itu)RXn, rhen L,> N p4(A). 
Moreover, if d has a unique basic class, then UP has a Jirst mm-jet, which is the unique eigenvector 
U qf A with sum 1. 

4. Aggregated matrix 

When the matrix A has several basic classes, the determination of the limit eigenvector relies on 
an aggregation procedure, the first step of which we next de.scribe. 

We denote by Bt,. . . > B, the basic classes of A. We set B = U15jlS Bi and N = { 1,. . . , n} \ B. 
Let VI,. . , V, be eigenvectors of the submatrices An, B,. . . . , AB,9B,, respectively (for all subsets 
J,K c {l,..., n}, d,,K denotes the J x K submatrix o’F A). The following key lemma is a 
consequence of the fact that rzu 5 p(a),u implies (LU = pi, for all irreducible nonnegative matrices 
TV and nonnegative vectors 1~ (see e.g. [4], Ch. 1, Th. 3.35). 

LEMMA 6. - Any eigenvector U qf an irreducible matrix A E ( 41,,ax)7Lxn is of the ,form U = VU’, 
for some U’ E (J,,,,)“, where 

(7) 

Here, I is the B x B identity matrix, and for all (possj.bly rectangular) matrices Xt: . , Xk, 
diag( X1 ! . . . , X,) denotes the (possibly rectangular) block diagonal matrix with diagonal blocks 
Xl,...,XI;. 
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In the sequel, we will identify the max-jet (resp. the matrix of max-jets) (b, B) to the function 
11 H bBP (resp. p H (b;jBrj)). This allows us to write Afi = ABGcd) + R,, where BG(A) denotes 
the subgraph of CG(A) with set of nodes B. In general, the remainder matrix R, has negative entries. 

Let Ml,. . . ) M 9 denote the left eigenvectors of the submatrices A& BI ? . . . , dg,B, , respectively, 
normalized by the condition M;Vi = 1, for i = I,. . . Y s. We set M = diag(M1,. . . , M,)[I O] 
(0 is the B x N zero matrix). Left multiplying dpUp = LptiP by M, we obtain MR,U, = 
(L, - pJ(d))MU,. Using Lemma 6, we obtain the following result. 

THEOREM 7 (Second order asymptotics). - If dJ, and R, have,first max-jets A and R, respectively, then 

L, = d-4 + pd-4 + ()l:/dd’)), (8) 

where A' 2 MR; E (J,,laX)sxs. Moreover, if A’ has a unique basic class, then UP has a$rst max-jet, 
which is the unique vector with sum 1 of the form VU’, 24’ being an eigenvector of A’, and V being 
dejined in (7). 

Example 8. - Consider the transfer matrix of the simplest one dimensional Ising model [3], Ch. 2: 

A 1,~ = exp((J + WIT) exp( --J/T) 
exp( -J/T) expi(,I _ H),7,) , with J > O2 1 H E R 

Setting K = exp( J) > 1, L = ex~>(H) > 0, p = 1/‘1’, we can write the first max-jet of Ap 
as A = (a, A) with a = [: i] and A = ‘F’ K’ 1. h-'KL-' We have pi = (l,max(KL,KL-‘)). 
Thus, L, N (max(KL, JCL-l))“. When H > 0, there is a unique critical class, Cl = {l}, and 
A= by ,bi:;, ~;:~/k~f~e;p [Ki>-l K-F-‘]. By Theorem 5, Up N 11 (K-2L-1)p]T and 

when H < 0: as is well known, the eigenvector at zero 
temperature is selected by the sign of the magnetic field H. When H = 0, A has two distinct critical 
classes C1 = {l}, C2 = {a}, that are both basic. Theorem 7 allows us to determine the equivalent of 
up. Indeed, I/ = ,M = I and dBGcA) = (If) ,lyK,]. We obtain R,, = R = A’ = [ c1 imI, (l):-l)]. 

’ Thus, pJ(d') = (l,K-l), L, = K” + KeP + o(K?‘), and Up N [l/2 l/21rr. 
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