SEQUENTIAL TESTS OF NULL HYPOTHESES
By C. RADMAKRISHNA RAO
Statistical Laboratory, Calcutla

IxTRODUCTION

The probability rat.o test as developed by Wald (1945) is shown to have the
optimum property that it minimises the expected number of observations needed
for a decision (Wald & Wolfwtz, 1949). An added attraction of this test is that the
limits for the probability ratio can be obtained, at least approximately, without solv-
ing any distribution problem. This makes the scopo of the test a bit wider because one
need not restrict to certain types of distril which are ly used in current
test procedures.

The probability ratio test secks to discriminato between two slternative

hypotheses H, and Hy, sampling being inued till & decision is reached one way or
the other. The first modification needed in this problem is that in some casca sampl-
ing cannot be inued indefinitely and a decision may have to be made bLefore a

specified number of observations are taken. Wald suggested a method of truncating
the sequential procedure in such a case, It scems desirable to study this problem in
some detail.®

Secondly no satisfactory method is availablo to test a null hypothesis by se-
quentinl sampling. In testing a null hypothesis, it might be noted that nothing is known
about the alternative hypothesis and consequently the test procedure should not depend
on any alternative hypothesis, A simple solution to this problem is given in this article,

The solution is illustrated with the help of model sampling experimenta which supply
a proper justification for the suggested test procedures.

1. NrvLL-EYPOTHESIS

equential tests have been considered to discriminate between two or more
alternative hypotheses. This is not strictly applicablo in testing & null hypothesis

when nothing is known about the alternative hypotheses.
Wald gets over the difliculty by introducing a less function and determining
a suitable range round tho null hypotlesis. In this caso the problem, in a way,
reduces to two hypotheses case one comprising the range round the null hypothesis
and the other the rest. This procedure has some useful applications but problems
ariso whero the main emphasis % on the null hypothesin and the success of an
experiment consists in disproving a null hypothesia. In such problems no single

*A dotailod sludy of this problom will be published in & forthcoming sominse publication odited
by N, Woul.
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hypothea:s can be offered as an alternative nor iu it porsiblo to assign any risk function,
How can & sequent.al sampling procedure bo adopted with a view to give the observa.
tiuns a fair chance of divproving the null hypothesint

Obvinusly largo differences from the null hypothesia coull bo discovered oven
wit): a small sample of observations and even small differenoea from the null hypothes’s
could be detected with probahility apy hing unity by choosing an infinitely largo
number of ebservations. It iy, clearly, not possible to aceept the null hypothesis before
an indefinitely Jarge samiplo ia observed. I[ tho sequential process is to be terminated
only when the null iypothesis is dinproved sampling may have to bo continued indefi-
nitely specially when the null hypothes’s or a closer hypothesia ia true.  So
able to set an upper limit N to the number of observat ons and stop sampling if the null
hypothesis coull Le rejected at any enclicr stage. 18 migl.t happen that the null ky-
pothexis stands unrejected even at the Nth atage in which enso the situation is same aa
in the current test procedure when a null hypotheais coul:l not be dizproved on the basis
of an observed sample, In such a case the null hypotheais may Le nceepted provi-
sionally or the clnss of hypotheses from which the observed samples could have reason-
ably arisen may Le,determined,

2. A TEST POR XULL NYPOTIRSIS WHEN ALTERNATIVES ARE ONE-SIDED
Consider the problem of testing the hypothesis H, that the value of & parameter
0 oceuring in a probability distribut.on is §,, The current test procedure based on

sample of size N consists in rejecting the hypothesis if
P (0) 3 Ax Py (0)°

where 0 is a powible alternative value and Ay is determined such that the probnbility
of rejecting Hy when it is true has an assigned value.  When the exact value of the alter-
native 18 not known one ¢an construct (Neyman & Pearson, 19:38) a test which is Lest
for alternatives near about the null hypothesix and hape that it is fairly good for dis-
tant hypotheses also. In particular when the alternativea are known to be one-sided
(say 0 > 0g) the locally most powerful best test is defined by (Rao & Poti, 1946)

P’y {80) 3 Py (6))

where P’y (6,) is tho first derivative of Py (0) at 8=0, and s is suitably determinad
ta keep the first kind of ciror at an assigned level, This suggests a sequental test of
the typo

P (0 > A (N) P, () o (2D

where A (N) in a suitably determined constant depending on the level of significanco
and N is the upper limit to the number of obscrvations, sampling being terminated
at tho smollest value of # fur which tho above relat onship (2.1) i realised.

“Tho probubility donsity of the firet & obscrvotius In roprowenicsl thyvughout by Py (#) where
is aay paramotor lavolved in the function.
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As observed enrlier the sequentinl proocss may terminate befere N obscrvations
aro drawn in which case the null-hypothesis i rejected or it may end at tho Nth stage
without any definite devision boing made about the null hypothesis. It is, however,
Ppossiblo to assign the Limits between which the truo value of @ can be asserted tolio
and thus judge by how much a possible altornative hypothesis differs from the truc
one.

An upper bound to A (N)
Let us defino by w, & region in the N dimensional space defined by
Py (80} > A (N) P, (8s) forsoman ¢ N

The set of points satisfying this relationship leads to the rejection of the null hy pothesis
and if tho level of significance is « it follows that

Py (d)dv =a
n

Consider the set of points Cy inside w, which lead to the termination of the
sequentinl process at tho n th stage. This consists of an unlimited cylinder in tho
N dimensional space cutt:ng the n dimensional space (z;,..., 7,) in & region tr;, and
having its gencrators parallel to the other axes. Hence

]' Px(60) dryenn.ndiy _ [P’_(a.) dryennndz, > A(Y) IP.(a,) A2y,
Ca LT Wia
= AN) ]' Px(6) drgunnnedry
C.
Summing over all possiblo » we obtain
[rstod de > AN [ Baton do
wy W

1f the first integral is denoted by 7 then

*D> AN
which gives an upper limit to A (N) if » is known. The exact determination of r js
o difficult problenm but jta maximum value can be found as follows, Let w be a region
such that

[P0 do=a - 122)
w

and [P-‘,‘ (8,) dv is & maximum,
»

The boundry of sucli & region is given by
P'x (80 = X Py (8
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where A is determined from tho condition (2.2). Then

Ta=mazrT = IP’,. (?)vlv
w©

Using 7, tho upper limit to A(N) is
rafa

Siace the relationship

Pal8e) > 1;— Pa (6

implics
P'a (80} > A(N) Pa (00

it followa that the actual probability of rejection of Hy when 7a/a is usod inatead of

A(N) is less than a.
If the alternatives are less than 0, then the scquential test is defined by

P2 (80) < B (N) P, (40)
the determination of B(N) being similar to that of A(N).

Teal for the mean of a normal distribution when the variance ia known

Let g, bo the mean of the normal distribution under the null hypothesis. Tho
ourrent test based on N observations is defined by

Z— p, > o8 JUN
where ¢ is the standard deviation, &, is the normal deviate ocorrcaponding to upper «
percent value.
L 2(r,—p)
Puted = () e {- 2552

P () = HETEDp gy

tam [Pulpddo =IN_5:I"_°) %’ —NE=p 2ot
F—p b/ VN
Y P AR A
T ! 1.

VR ,-m
Vare e T
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The sequential test for alternative values of u> g, is defined by

L5 —m >80t = yNoa,

IR
A, = w'_' e
sampling being terminted as soon as the above relationship is realised for somo n <N,
The valuea of A, for some percentage values of a are given below.

a A%
19 2.6655
259 2,3376
5% 2.0026
For example if N=100, o=11 and x=5% the sequential test ists in obtaining

the successive cumulative sums
i) 3
=, I n—=24, !,: =3 flgr o s
1

and terminating the process whenever the sum exceeds /82, =10 :2,0826 =20,626,
1f the alterrative values of the mean are lexs than g, then the scquential test is defired
by

3 (= k) < — 2002

The results of model sampling experiments

To verify the nature of the approximation involved 11 setting the above limits
some model sampling experiments were conducted wsing the normal samples published
by Mahalanohis (1834). Each talle (plate) of random pl ists of 10 col
of 60 observations each. One cclumn of 60 values in a platd is combined with tio cor-
tesponding column of 50 valuce in the next plate to forin a 1andom samplo of 100
chservations.  Starting the fimst plate 78% reries of 100 ohservations each were
obtained. For each scries all the 100 c Iative totals are obtained

In seven of the samples given below the minimum cumulativo sum was Jess
than —20.626,

Bample no. - z.t. YValue of
[

27.918 [
12 20.001 100
a8 22,959 100
40 7.8 T0
8 22,521 e
67 21.870 3
" 24.000 L1
« Moro eamplos are boing 10 verify the limits foe various problems

in this srticle. Thess investigationa are time consuming and it is hoped thet the rvsults will be published
84 won as they are ready.
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The exge:ted number according to theory is about four and the excess might
suggest that s=mplea have a slight negative bias, Nono of tho cumulative sums excred-
«ed 20.626 although in threo samples nos. 23, 54 and 63 maximum values wero as high
as 20.133, 19.186 and 18.085 respectively. The average of maximum values is only
6.4090 wherens the average of minimum values is —9.5128 which again indicates a
general negativoe bing in the samples. For this reason the results obtained for positive
and negative deviations from the null hypothesia were combined in table 1. Columns
(3) and (5) of this table givé tho frequency with which various alternative values of
4 had been detected in tho samples. The values in column (5) excced the corresponding
values in column (3) which may he attributed to a slight negative bias in the pub-
lished normal tables. The averago of columun (3) and (5) is given ir column (7). Tho
observed Jevel of significance is 4.49%against the theoretical value of 5%.Column (8)
givea the power function values of the best current test Lased on 100 observations and
realised frequencies (col.7) in the sequential test are mors in correapondence with tho
power function values associated with the best cuirent test based on 81 observations
(col. 9). So far as the power is corcerned the sequential test based on 100 obsct vations
is equivalent to a current test based on 81 obscrvations. But column (6) shows that
tho average number of observations needed for a sequential test is lexs than 81 in all
tho cases considered above, Thus a scquential test is more economical, tho actual
saving in observations, of courso, depends on the nature of the alternative hypothescs,
thoso claser to the null hypothesis requiring more obscrvations,

3. A TEST FOR XULL HYPOTHESIS WHEN ALTERNATIVES ARE TWO 5IDED
The locally unbiased most powerful current test based on N observations is
defined by
P’y (86) 2 AP’k (82) + Ay Py (60)
By analogy we set up the sequential test

P4 (80) > Ay (N) Pa (80) + Ay (N) P (60)
sampling boing continued, subject to 8 maximum of N observations, till tho above
relationsbip is realised. Tho scquential process may terminate without any decision
being made about tho null hypothesis. If 10, is the region constituted by points (x,,
w 2y) leading to a decision then

[ Bxoddo=a ., Puiopan=0
Rl LY

and

[ Putendo> A0 [Butodo = 4,8 a
w LA
If thoe first integral is denoted by « then

AW E
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As before the exact valuo of x is not known but may bo replaced by its maximum value.
There scoms to bo no simple way of determining A ,(N) but if symmetry permits wo can
equate it to zero. In this caso the scquential test is simply

P“a(04) > A4 (N} T,y (0,)

The maximum value of x is given by

.[ P’y (0,) dv
w

whero 12 is the region defined by
Py (65) > A Py (05}
A being determined from the condition
! Py (0)dv=a
w
it being understood that the region w cnsures the condition

I Pl (6)dv = O
°

4. TesT rorR THE MEAN OF A NORMAL POPULATION WHEN THE VARIANCE IS ENOWX

In this case

Pa(i) = (5 3, — n 1) Pu (m)fo*

- )
7 () = {5_1_:9)_ - _} P
The sequontial test is defined by
E = > net + Ay (%) 04
The maximum value of x is found to be

2N R X

Inot bl

where 8, is the @ % normal doviate idering positivo and negative deviations.
The values of Ay(N) for 1% and 5% values of @ are given below

a Valuo of A,(N)
1% 7.4407 Njo*
5% 4.5818 Njo?
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SEQUENTIAL TESTS OF NULL HIYPOTHESES
Tho 5% sequential test is
Er~nf)t — n 03 > 4.5818 Ne?

An alternative test is [Sx,—n o[ > A(N) whero A(N) is suitably determined.
No reasonably simple expression for A(N) could be found,

5. TzST YOR A4 OIVEX ¢ WHEN TIE MEAN 19 XXOWN

In this caso
Py (0) =( l")" U {:(x‘ :.,.).}

P’ ¥ (9) n o I(ry —p
¥, (9) -t

If tho alternatives aro o>0, then the sequential test is defined by

E(n—pl — ot > AN) o
An upper limit to A (N) is found to be
N+2)/2
% X of ) X2

~

where x", is tho upper a percent valus of x? on N dogrees of freedom,

8. TEST YOB @ WHEN THE MBAN 18 UNKNOWN

The previous test can be usx in this case with slight modification. We define
xll - ‘ (xl - zl)'
Xt =Xt 4§ ('n —4)

Z, Fnns + 7,
=xh,+ +l Fa— 1
Tho sequential test is defined by
Kepnot+ AN ot

Fhere A (N) is samo as that givon in tho provious scction.
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It is of somo importance to determine tho value of N, tho upper limit to
tho number of observat ons in any practical problem. This might bo chosen such
that the chence of not detecting an alternativo differing from tho null hypothesis to
any specified degreo is small say 6% or 19, The actual solution to this poblem ia
very difticult but somo approximnate methoids aro availablo,

It is sugrested that this mothod of fixing the upper limit and then xdopting
tho sequentinl sampling proceduro may bo Letter than determining an admissible rango
round tho null hypothesis to start with and sctting up a scquentinl proceduro without
an upper limit to tho number of observations to decido whether the truo hypothesis
is within tho admissible rango or outasido.
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