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SUMMARY

In this note a unified way of derving locally mogt powerful rank tests for censored
daka is given. A lommy i3 proven, This lemmy is then used Lo derive TME rank tests.
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CLNSORING

1. INTRODRDUCTION

o problems of relishilily snd survival analysis, censored data arise nanarally so that ons necds to
oblain oplimal runk lests based on censored data which may bz Type I, Type IT, arbitvarily
cersored. and so on. Several authors have considered the problem of obtaining Iocally most power-
ful rank (LMFR) tests, Sce, for example, Bao ef of. (1960), Johnson and Mshrotra (1972),
Shirahata {1973), among others. Basu (1967, 1968} and Lochner {1968} also oblained rank tesls
based on hewristic arguments. The purpose -of this note is to provide a unified and alternate
approach of obtaining TMPR tests under censoring and justify why the heuristic methods used
by Basu and Lochner worked. In Section 2, we provide a vwsetul lemnma. This lemima is closcly
related b0 the M algorithm of Dempster et @l {1977} LMPR Lests for various censored,truncalion
models are pblained ax applicutions of this lemna in Seclion 3.

2. A USEFUL LEMMA
As a basis of ow proposed study, we consider 31 che [ollowing.
Fempa 2.1 Tet Ty, Ty betwo (possibly vector valued) statistics and, for each 8, let £50¢,. 1),
Lyqlry ) and L45(82) be respectively the joint and marginal densities of Ty and £ (with respect (o
sote sipma-finite messure g). Then
Lial! Lol . 13)
e 1) =t 5-——'—'——{1 _2 ‘Tizfl
Llﬁ'nl:.:l] tLﬂu{flafﬂ

where Lhe expeclution (at & = 0, ) i with respecl to To, piven Ty =15 .

(2.1)

Proof. The conditional density of T, given T =2y i3 given by L5{¢ | £, = Latty . 12 )i 10081 )
Henca,

- { Lo(Ty. T2) .
", -r-—aﬂ Ty, Ta) 1

= [ \ fLo(ry,fa l'rLﬁu{fi,Iz)}{iﬂu{flJz}."i-i{.li,'[!inff.lﬂz}

o “

1 Preseni eddress: Profesor P K. Sen, Department of Biostatistics 201H, University of MNorth Caroling,
Chapel Hill, M.C, 27314, USA.
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~ Ly, ()71 ‘ j Loty t2) dplsz)

=Lalfy :]."Ijr'lﬂn {f1)- qed. (2.2

Tn the context of locally most poweriul {LMF) tests. one usually considers a null hypothesis

Hy:8 =8, against q family Ha ={H,: 8 =0 + ;0= = A} of allernatives, whers A — 0 and

intends to find a test which remaing uniformby MP for & 4, when A — U, I one assuines regularicy
conditions (on Lg ) ensuring that for all =8y +X. 0= = A as A=,

LTy T3) =T T () as., (2.3)
Ly, (T1.T2)

then by {21} we have for @ =8y TR0 h= 4, A0,

L1g(Ty)
—— = L+ M (T) to(M) as, {24)
R 1) + o)
where
Ya(t) =Ly AT, T3 Tm {2.5)

Mote that 1||:'|:T|_ i Tg_] {={E¥;"ﬁﬁj ]i}g I‘S tTl i T_;) | &= Hn:} amml vy {TIJ {;{E',."BI?} ].C'gL 1(}{111) | & = ﬂu}
are the test statistics corresponding to the LMP tests based on (T, Tu}and 7, (alone), so that
{2.5) provides un easy way of derivine (7)) when (2, T2 ) is kpown. A variant form of this
tesult is due to Sen (1921, Theorem 2.1).

3. APPLICATIONS

We shall utilize Lemma 2.1 and {2.57 in the formulation of varicus LMP rank lesis for various
censored/truncation modals.

3.1. Linegr Rank Statisiics under Censoring/ Truncation

Let Xy,... X, be independent freal vwiued) raundom variables with densities &(x:8c).
i=1,...,n where # iy a real parameter, the ¢ are specilied constanls and dx;v) stands for a
p.d.f. indexed by Lhe 1eal purameier v, The null hypothesis of interest is My : 8 = 0, 50 that under
iy, the A are ull 11d. v, with the density o(x; 0), Twosampls location or scate models ag well
us the simple regression modsl are special cases of the above one; see Hajek and Siddk (1967,
pp. 6774

Let Wy <2, <l W, be lhe order stalistics associated with X1, ... X, and define the ranks
Ry and aemti-ranks 5; by

I+‘=X_5-I. and ..'f,=l1-";;_l. tori=1,.. .1, (31}

so that Ry, = &g, =7, 1 =i 5n, In whart follows we consider twir models.

() Censored (1ype IT) model

For some specified p{l =2 ¢ <np, Wy, . W, as well as &y, ... 3, are obssrvable, while the
reruaining # — r observations are censored. fn this case, we let
Ty = (85, 08,0 and  Th=(Sq... . 8). (3.2)

Then, by 2 general theorem in Hijek und Sidak {1967, p. 70}, for testing £, 0 =0 apains
Ha=TH. 8 =30<h= Ak the LMPR test statistic (hased on Ty, Ty ) is

n

WL Tey= L (=8)an(Rad)= L (o5, En)an (G d), (33)
=1 i=1
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where ¢, =#" ' TV oy and
Bl d)= Bl (308  op W8 | g 2 ). 1=ism (3.4)

Note that the TMPR test statistic in [hjek and Siddk (1967, p. 71) dillers from {3.3) by a nan-
stochastic constant o, (I | g, (1:d)), We may remark thal B, (5dr =10, and hence, the two
statisfics are identical, and hence, we usz {3.3).

Tharefare, according to (2 57, for the censored cuse, the LMPH test statistic is

i3

(= L lg-)auid)t Y anliid) Foles—2,15,...5) (3.5

i=1 i=rt+il
where [or avery § = r,

Fleg, =G|S0, Si=t-n" X feg=f)=-tn-0" F (eg,— )

f=r+1l i=1
Henee,
F |_ "
19"'1“"]}'_ E- ('115'4_‘:-?:1} [ 2y d)— :PT: ) E lﬂnﬁid‘:] 1 : {;b}
Pl - =p+ 3

Wote that (3.6) is properly defined for every rsn— |, while for r=s -1, $ (T = (T}, T2)
and henee, for r=p — 1 orm, {77 Y agrees with (3.3).

For the special cases of two-sample models, such TMPR statistics were obtained by heuristic
arguments by Basy (1967, 1968) and Lochner (1968}, among others, while for general linesr
tank statistics, such censored formns were obtained by Chattedgee and Sen {1973) by 2 martingale
argurstent, tmplicit in (2.1} and (2.5).

{ii) Truncation (tppe [ cormoring) niodals

Here experimentaiion is terminuted at a prefined poinl 1 und W =7 < W4, where
M) 5 a non-negative integer valued vandom variable. If Fof{x) be the df, of the X under £,
then

P{rny=r| Hy}= (f ) [Fo()|” 11 = Fo(r)]#—, 0 r n, (37

which depends on the unknown Fy throagh = Feir). Then, the distribution of {5}-,,1"{!{?}_},
even under Hy, wil depend on Fy, throngh m, and hence, the rank tfests are nol genuinely
distribution-free. However, wnder H,, the ranks R, {(or the antirenks ), | =7 =# sre digri
buted independently of {W,... . B.}L and hence, the conditional distribulion ol
{.S},fcir(-.-)}._ given plr)=p, will not depend on Fy. With thiz in mind, we need €80 st up a
LMPR {conditional) test, where we let

N = {8 isrmnn=ry. Ta={5,/>rL (3.8)
Since (T, T4 ) will be the same as in (3 .3}, we obtain by (2,17, (2.5) aud (3.6) that here

it

2 anrf:cz:w] (3.9)

L A P

(T = L e -7 [anu;a‘;—

Fee ()

The difference hetween (3.7} and {3.9) is that in (3.7}, r is nonstochaslic and §5(7y) is

genuinely distribution-free wnder My, while in (3.2, (1) is stochastic, and (T} ) is conditivnally
(piven A7) = F) distribulion-ree, wo thal here we have a LMPR conditional tese.
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If we denote the statistics in (3.3) and (3.6) by L, and Ly, tespectively, and if #,, stands for
the sigma-fizld generated by {,‘i';,,r'*é;r}, then it tollows from Chatterjee and Sen (1973, Lamma
4.1) that under Hy, F(L, 18,0~ Ly, ¥ rE {1, 1], so that {L ., Byeir Sin} forms 2 martingale
sequence. Also, by (3.7), under Hy, #(riiaw->1as. as #-+== Hence, using the Kalmogorov
ineguality for martingales in a neighbourhood of ¥ = pwr, we oblain thet under Hy, asn =+ ==,

| Lnr{'i‘J — Ly [am]| |-"\"'J{ var ":'r'n[nﬂ |J} L, (3,10}

so that under Hy, Lyepy and Ly, forr = [ral, are asymptotically equivalent, in probabiity. This
asymptotic equivalence also holds under contiguous alternatives (viz, Chapler ¥i of [Hiek and
Siddk. (1967)), so that for such contiguous alternatives the {local) power of the conditional
lest based on L, will be asfmptotically the same as the unconditional test based on L, if
F= [nn] were known. Thiz explains the asymptotic power equivalence of the type T {conditional)
and type 1 {genuinely distribution-free) censored TMIR tests, for contiguons alternatives.

Remaris
{i) Let us consider o more generul alternaiive considered by Capon (E961], Let Fp(x) = Fx. )
and (rpfx) = Flx; @), Instead of conditfoning on A(7) we can, of couwrse, use the uneonditionl
distribution of £, .. Ryepy to get a locally most powerful test [or testing
Hg: 0 =g=104 (say)
against alternatives
A8+

Let the likelihood for consored dala be given by Fyp. The resulting lest depends not only on
but the direction in which the aliernalive approaches the null bypothesis, epg, if &, ¢ — 0y such
that o (8 — 843~ oy (- U ) then Lhe resulting 1est would depend on
a l':}g :"ﬁ@ o lﬁg Pr.]q:.
S "o tep ———— -
od (I Gl (Ao flg )

Hete vy and ¢, are arbitrary positive numbers. {F them, there is ondy one which is locally
unbizzed for el allemstives @ =8y, @ 2> dg. W cun be shown by dirsct but tedious arguments
tha asymploetically this test §s equivalent lo the iest for type [ censoring or the conditiond gest
for evpe I consoring,

(i) The LMPE test [or multicensored problems relaling to the peostal model trested earlier
{and hence, comtaining Lhe {wo-sample model, treated by Melirotra ef i, 1977, as a particular
case) can be obizined similarly. Towards this, define the order statistics B, asin (3.1 and assume
that for some positive integer . only g blocks of order statistics

Wirets oo Wigper  fori=1... ¢
are observed, where 05 ky Sky +#y Shy Shy +ry <hy = Sk, Thy +r, Sn=k . Let
A P A 2 T2 T P Thauo kg v 1,00 kg vrg ) and
Je=l1.. . nIng
Define then
Ty ={8:iedt and Ty ={85;icssel

Also, we detine the seores @, (1, ) a5 in (3.4) and le
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. tuliy ) €4,
anli, d) = )
R TRl WY 2 ap(Fyd) Kpq Py v 1sisky,
Py gl forj=1,....g+1,

where kg = ry = 0. Note that if we lake ¢ =1 and &, =0, ry =7, then, we may rewrite py{7y ] in
{3.67 as

Y (e &) anlR; d)
i 1

This representation is generally true for the multi-censored case, and we have

It

Wi(T) = Y (o= Bpdan(R, dy,
t=1

where the ranks #; are observuble only for the uncensored order statistics, while for the censored
ones, it iz known thar each &; belongs to one of the ses {.ﬁ:.,-_l tl,, uEki T =1, ,9+1,
where ky =0, J, (T ) may alzo be rewritten in lenns of the anli-ranks 3;, but the expression will
be comparatively complicated. In the particular case of the two-sample problem, the o; can only
assume the values 0 and |, and the expressivn for v () reduces 1o the one abtained by Mehrotia
et al {1977y

(i} LMPR tesis for other censoring schernes such as those considered by Halperin and Ware
{1974} and Young (1970), arnong others, can be nbtained similarly.

{iv) Note that these LMPR test statistics ([or the various problems) ate still simple lineur rank
statistics with adjusted scores depending on the censoring pattern. Also, the distribution of the
rank vector over the permutations of (1, .. .. #) is uniform uoder the null hypothesis, Hence. the
usual farmulae for the mean and variance of linear rank statistics under the null hypothesis {¥iz.
Hijek and Siddk. 1967, p. 617 can be wsed to provide the exact expressions for the null mean
and varlance of these LMPR test statistics.

32, Rgnk Tests for Indapordence

Let (&), ¥;hi=1,. . .n heriid random vectors with o conlinuous bivariate 4 £ fix, v:0)
having marginal d.f's Fix) and (), respectively. The parameter & indeses the dependence of
X, ¥ in a certain manner, and under Ay 8 =0 we have Hlx, 11 0) = Fix)G(¥). The pd f. cotres.
ponding to Alx, 1.0} s dennted by Afx. w:0), so that fix, 1;0)= flx)my), where £ and g are
the pdfl. corresponding to F and €, respectively. Assume that the repulartity conditions of
Shirahatu {1975) hold.

Let R;{¢}) be therank of X (¥ among X, . X (¥, .. YL fori=1,.. ,n Azin{3.1),

define the anti-ranks by R, and Q-‘ﬁx so that

3
RR{=R;,.=5 sl QQ.!=QE’E£II fari=1, ..., M.

Now, corresponding to the {type 11} cemsored case, we let here (for some predetermined
s L=lr=in b S esing,

T, =R}, .. RY:01.. .oh. (3.11)

o= (K:I-]_s o -:R:;Q:-r]: P Q:}

Abso, let Xy <. Xy (and Yoy <000 ¥y be the order statistics covresponding to
Xyooon Xy (and ¥y, ..., ¥y respecrively; ties neplected with probability one by virtue of
the absolute continuity of & and & Lot the £% be defined by



1983 LME Rantr Testy 3Eu
Er=dxoy <o oS xen Yoy <. Sl S8
Than

e

r
Lol iz)= j §Ri H l[ h{-fl_rt"js.lf'{q;j;U}dx(v!') (4'}',(5:_*), {2.12)

ol L |

an that by Lemima 2,1 and {2.5), we obtain that

"

(T = L a(Ry. Qb (3.13)

=1

where on letiing

BT R AT [m ] § Y
i, f)=n (:‘ _1) (,r‘—-l) N J_w {M!‘!(L},ﬁ'l J’
LG (1= 200] s [00] T (1 = 600 el v) die {3.14)
fordi=1,...,mF=1,2,... 8, wd have forgivcnr,réll_.njz,

L ani ) iff=p 75,

i - [k

H
— Ltk i1 rf =,
B i
tteg (i, ) = 4 " B
_1 E an{Lﬂ if!lg-cf’,f}j',
I EP
l ] e
e Z Z g, (1L 1) iti =r f =y

{H—F_}[H—.'s'_]‘.= F+ 1l I'=§5+1

For the tuncation scheme (type T censoring), in 7y, r and & are random variablas {non.
nepative integers hetween 0, 1), so that the rank statistics are not genuinely distribution-fres,
Nevertheless, they will be conditionally (given 7, £) disteibution-lree under fy, and heoce, the
same modification as in the case of linear rank stulislivs will apply here.

Mote thart if we let

it

M= Y a2,(R. 0. {3.16)
i=1

white a, (7, f1's are defined by (3.14) and if #,,, be the sigma field generated by the [irst r anti-
ranks of the X's and the first < anti-ranks of the Fs, then under fF;,

Eo(My | Bup) = Mare = X Ry 02), (3.17)
(=1

for every | =r =, | %<, This quasi-martingale property can be incorporated with maxinal
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ineqgualities (o yicld o result paralisl (o (3.10) for the M, where ' —my . and §/n =~ my are small
for sume mp (0, 1), mp £(0, 1), 50 Lhat 1he asymprolic power cquivalence of the censored and the
truncated LMPR tests (for contiguous allernatives) follows as in Section 3.1,
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