ESTIMATION OF PARAMETERS FROM INCOMPLETE DATA
WITH APPLICATION TO DESIGN OF SAMPLE SURVEYS
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1. IxTRODUCTION
Suppose that a samplo from a populution c} ised by two

z, ¥, is such that, for some of the individuals, only ono or the other of the two
measurcnients is avalablo. Thus if N = n+n,4n; be the total number of indivi-
duals observed, then ny of them may provide the first measurement alono, ny the
second alone and » both. If tho two measurenients aro correluted then it is possible
that the observations on cither one of the measurements may throw somo informa-
tion on tho characteristics of the other.

Assuming normal population, and starting with the simultancous distribution
of the samplo of n+ny+ny ns a whole, Wilks (1932) has shown that the maximum
likelihood estimates so obtained of tho parameters g, s15, 0, 0g 0nd p are moro
accurato than tho alternato estimates: 2 based on n4n, values for p,, § based on
n+ny values for sy and 50 on.  Extension of this method of estimation to the caso
of moro than two variables is given in section 2 of this paper.

Efficiency of estimates and certain details of estimation are discussed with
examplo in section 3, and finally in section 4 certain applications to planning of

sampling investigations on correlated variables arc indiested with instances from
€TOp acTeage LUrveys.

2. EXTENSION TO MORE THAN TWO VARIARLES
Without loss of generality, wo shall consider hero the caso of threo variables
£, Iy, ¥y The sample in the trivariato cnso may bo considered to consist of
N =0 120+ 4339 + 1103 lozat 1500 + 020 Tp0a indlividuals,

Let tho covarinnce matrix of the variables ry, 7y, 4 bo denoted by

l’ll Vl! rll
Thy= Vi Ve ¥y
Via Va Vi

Similarly let DTy, Tyy ete., denoto the covariance matrices of {r), 2,), (2, ) cte.,
whero the elements of these matrices are from Iy, itscll,
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Let another set of matrices A, bo introduced 5o that a matrix like 4,5, will
stand for tho third order matrix obtained by adding a third mikdlo zero column and
row each to the sccond onder mntrix [h37! (the inverse of I'y) and multiplied
by ny03

Now, assuming normal distributions for the variables, the logarithm of the
likelihood of the sample ean be written as,
L=const—=}{{Xn=#) il Xinn— ') H X 10— 1M1l Uiag= 1) HNs0a = ) A 1o X'yg— ')

(X —mlonl Xoan= 11+ X100 = 1) 1ol X100~ 1}

H(Xor—1)Lozel Xyre =11 Xom— 1Ml oaa X2~ '}
whero the matrix =}, prg, st5) and 8 matrix like Nooy stands for (0, 24, 2,), 2y and z,
hicre being based on the ng,, observations.

For tho cstimation of tho s's, differentiating L with respect o je, prq, 1y 8nd
equnting to zero we have

Ly Foi
piyls
2L
o 0‘ = (D= H Xy =1 H X =) 1ea
IS B T M) RNEEE S AW S A% ¥
ol 101 4 (X sl
Theso maximising cquations can then bo rewritten as
pd =Xy dp)
where A represents the sum of all the 4, matrices,
We thus have
=5 Xjpdp)dt w {20
giving the estimntes 3 =(n, m,, wy) when Vy's aro known,
Tho information matrix relating to the maximum likelihiood estimates of

the pt's is given by

oL
1=—Fp- %2
R 9y

|- - (a2

50 that the dispersion matrix is 473, v {23)

For the estimation of A, the maximum likelihood estimate will bo compli-
cated. But for practienl purposes cstimates of variances and covarinnces in the
nodified form suggested at tho end of scetion 3 can however e sntisfactorily used,

3. EFFICIENCY OF RSTINATES

Beloro considering practical applications, it will bo uscful to make a study
of the degree of cfliciency of tho estimates,
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In tho caso of twa variables, if m, represonts the estinato of g, then it bas
variance (\Vilks, 1032) :

a
St~ p'll !
An eatimate m’y of 4, obtained as tho arithmetic mean of the n4u, obscr-

vations on tho first measurcment has tho variance :

Vim')) = _-F" !
80 that the efliciency of the estimnto w’, is
Vi) _ ( o P,) ( — ny )
vim'y) nin, (n+n,)(n+nx)

Tho eflicioncics of the cutimate m’y fof certain valucs of p and eertain propor-
tiona g: n : g are given in Table 1,

TABLE |
PERCENTAQR. EYFICIEXCIES OF m,"
valucs of valuos of
cofiicioncy ofiviency

nt L%} £ » of m,” i nrom 14 of m’
all  valuces o 100.00 10: 3: 1 0.7 98.83

all  valuce: O all valuea 100.00
0:all veluo all values 100.00 1w 3: 3 0.7 8%.01
10 1: 3 0.3 o8.11 10, 0: 3 0.7 £3.03

0.3 84.73
0.7 00.02 1: 3 2 0.7 89.18

0.9 82.7M
1.0 78.57 1: 3 3 0.7 87.32
10: 1: 135 0.7 2.6 1 2 3 0.7 8377

To take an actual example, Miinter (1016) gives data in which out of 187
skeletons of Anglosaxon males, 106 provide maximum lengths of both right and lelt
femora, 47 of the right femur alone and 34 of the left nlone,

In this example,

n =10, Tr=494043, £r1=23160979.61,

Sy=41443.0, Syt=23210243.32,
Mry=23187716.9%,

El-lu:!lﬁl‘.").ﬁ, X2 =4762550.23,

Ey=166433,  Yyt=7124507.81,
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Tho catimates 0. of tho five paramcters 0,0y, gt2, @5, 0 a1l p, obtained by
solving the five maximising cquationn, :’fi =0, with their stondard errors aro given
)

inTable 2. The sct of extimutes 0, given by the menns, siandard devintions and
the product moment cocflicicnt of correlation nro nko shown in the table. The figures
given in bracket with cach cstimato is the number of observations on which thig
cstimato ia based. In column (4) of the table ia given »’ which is the number of
observations required for the estiinale 0, 1o nttain tho precision of 9,

TADLE 2

STTR OF KATINATES AND TUEIN RELATIVE ACCURACYY

eatimnles with standard orrore

parwmoler

[ s, &, s.c.
) ) 3 )

» 2.7
” 62,0

173 (18N 4633 181 (13 188
175 (187) 4057 2,06 () 184

. 3.5 .23 (181 2.4 LI (5 183
o 3.8 1.5 (87) 244 L6 (w81
0.0030 (187)  0.0833 0.0032 (106} 131

In tho application of this kind of estimntion a word of cautien, however, is
necessary with regard to the estimate of p. In practice, tho cstimate of p obtained
from nll the five maximising equations together, may sometimes prove to bo unreli-
ablo, depending on the type of data used. To ilustrate tho nature of unrelinbility
of this estimato, let us consider tho quantity,

frt - 2221} oo

J(‘.ﬂ+‘x' (2-’+")}/(n+n,_,),/ S sg— '/+"/)’}l(,,+,. —1)

e (3.)

a8 a possiblo estimate of p.  Now tho data availablo may Lo such that the adiitional

“[a solving the maximixing equationn a convenient mothod in to xtart with & sot of approximale

valaoa of tha oatimates, and multiply tho disgoraion matrix hy tho vertor :.".' rusced on Uiewe vakuos, The
}

resulting vector gives the iona ta 1tho values.  Repeating the process with the corree-
ted vestor nnd dispe reinn motrix onrly tino, extimateg corrert to the reguired number of decimal plares

con bo obtainod. This methodd hns beon followed 1o ono stage of npproimation 10 gel the cetimates in
1hin oxamplo.
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n, and ny values entering tho denominator of the nbnve formula can give riso to an
estimato that is oven greater thon unity, (Such o valuo of the estimate might also
result in tho breakdown of the algebra involved). This feature of the estimate of P
can be ascribed to lack of homogeneity or in other words absenco of perfect random-
ness in data that occur in practice. In situations, therefore, whero due to lack of
ideal sampling conditions a vitiated estimato ialikely, it will bo advisablo to estimate
p by the product moment cocflicient of corrclation based on tho n paira.of values
and estimato the other four parameters from the four respectivo maximising
equations.

If howover the problem is to cstimate tho ;s only, it would suffice, especially

when the samplo js large, to obtain tho cstimates from equations L =0 and

9y
g_[l‘. = 0 in which 0, o, and p are equated to stat'stics s,, 45 and r respectively, given
(3}
by
< {]
= {:x’+:,:‘—(""l'T+fl"l}+(n+n,-1) - (32)
Sy+% -
= {:y'+x,y’——”..%}*(n+n.‘—n - (33)

}'»\/“‘—(Jy‘\/ - J)’ e (34)

Thus in tho previous example of Anglosaxon femora we have a‘=22 4,
2,=24.4,r=.0835. Substituting theso valuesin tho two maximising cq\lnhons and
solving for s, and sy we get an estimate of 462.4 for the right femur and 463.1 for
tho left femur, The variances of these estimates being given by

ntnfl1—¢?) * and n+n,(1—¢") 1

rmtng—mmet 7 " kg 1 Tepectively,

wo heve for their standerd errors 1.64 and 1,79, tho estimates being as efficient
as tho arithmetic means of about 184 values,

Similar considerations would apply to cstimation in the case of more than
two variables also. Following tho otation in section 2, for tho purposo of estimating
A wo ¢on have,

A = Sy, (np=pin—2) Sih w (3.5)
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whero p,y, denotes tho number of non-zero ijk's and 8, is tho sample dixpersion
matrix. In (3.5) wo obrervo

E(5A) = FMng—pp—2)

as shown by Scal (1031),

4. ATPLICATION TO SAMPLING INVESTIGATIONS ON CONRYLATED VARIALLES

The results discussed in tho preeeding sectiona find certain useful applications
in the design of samplo surveys and soveral other investigations,

In tho fitst place, when it is inconveniont or not possiblo to obtain sufficient
number of observations of a variable, estimates with demire] accuracy can bo
obtained by taking odditional ebscrvations on other corrclated variables, For
instanco, in tho measurement of maximum length of fenora, longtha including apines
are not obtained in ull cases ns the spino usually gets broken. Then, if maximum
lengths including and excluding spines aro available for somo femora and for others
only that excluding spincs, tho best cstimates of hoth the measurements can bo
obtained by following tho procedure insection 3. (Hero tho measurements including
spine alone not arising, n, ia zero.)

Consider, again, for examplo an ycarly samplo survey for cstimating the
acreago under a crop. Without going into the possibilities of improving past years'

eatimates, we may hero ider probl in d

gning such surveys.

Let ¥, bo tho total number of sample units surveyed in the first year. Let
V(p) denote the variance of the estimato of the crop-proportion in the second year,
Then,

Vip) _ net Ny

ot N(ntn)—p(

D" .u e (80)

where n ia the number of samplo units common for the two yenrs, ny tho number of
units taken fresh in the sccond year, o the standard deviation of the sccond year's
crop proportion and p the correlation that exists between the first and sccond years’
proportions, M is a quantity proportional to tho margin of error of the estimate.

Let g, denote tho cost for surveying a retained samplo unit and g, that for a
fresh unit.  Then if C Lo tho total cost

g% +99m3=C e (3.2)

The optimum ellocation of n und ny for minimum margin of crror or for
minimum cost determined by

2 (3 =
20 =0
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and 2 (a0 =0,
an,

leads to g4V (1—p")] = g, [npt+ N, (1—pY)Jt

Tho admissiblo part of this condition is

n = N, Yog(1—=2") — g (1-¢%)
N, T

v e (49

It will bo of somo interest to observe that tho equation (4.1) in n and n,
defines a system of hyperbolas foc different values of M. The equation gyn +g,ny=C,
then representing tho ‘budget line’, the optimum solutiona for # and ny would corres-
pond to coordinates of points of contact of budget lines with curves in the system,
For any particular survey, if the locus of the point of contact, namely the familiar,
“offer curve”, is drawn and gradvated in terms of the margin of error, it can bo
readily used to determino tho optimum number of fresh sample units to bo taken
for & given cost or for a given margin of error. It can also be used to determine,
under optimum allocation of n and as, the accuracy poswiblo of the estimate for a
given cost or the cost required for ottaining a given precision.

Ezample: In a crop acreago survey 1000 samplo units were surveyed in tho first
year. For purposes of designing the second year survey the following values aro
available: 4=0.25, =0.04, p=0.5. Tho cost of surveying 19 fresh units is equal to
that of 20 retained units. What ia tho numbee of samplo units te bo retained and
what is the number to be taken fresh, in order to give an estimato withina 1%
margin of error?

Equation (4.3} in thie caso gives

» = 1000V 19X 30 (053] —19(
10(0:23)
Measuring the margin of error in tertus of twico the coeflicient of variution,
(4.1) becomes

1
25 - -
#’%] [1000(554 4 1,) = 0.25 (1000~ 534),]

—(555(0.25)—1000(0.75) = 0
ny = 40t
If tho second year survey is designed independently without taking intodecount
tho first year survey the total number required for the samo margin of crror would

L
o (2x0404x100

=1024 i 985,
%26 1024 instend of 935
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In tho abuve examplo if the total cont was fixed at that of OO fresh samplo
units then (4.2) becomes
10X 5544200, = H0OX 20
n, = 874
and the resulting margin of error of the estimate would bo 1.03% s against 1,149,
which  denign independent of tho fint yeor would have given,

I am thankful to Dr. C. R. Roo under whoso guidanco thoe foregoing work
wax done.
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