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ARSTRACT

Simultapecus esiimation of means of several wariables Is
considered for finite population in presence of non-response.  Two
types of nonresponses [partlal and complete) are consldered using
Lthe technique of sampling and subsampling with equal probabhilities
without replacement. The optimum sample size and the optimum
value of subsampiing f{ractien to he repeated from Lheo
nenresponding units of the sample have been obtalned for fliwxed

survey budget,

INTRODUCT ION

In most of the socio-economic studles, several wvariables
are copsldersd simulianeeusiy. For example, while condocling a
househald survey, the investigator may be interested in studying
the characteristics such as number of wage earmers, per capila
income, Land haolding, number of Llliterate persons, number of
females etc. The problem of simultaneous estimatlon of means of
several wvarlabies haz been considered by Tripathi and Xhetiree
(1939) and Chausbey and Tripathi (1993) based on SREWOR, double
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sampling, general sampling designs and informalion on several
auxllliary wariables. The works telated to the study »of =everal
variacles assume that responses are available for each unit
gelected in Lhe w=ample. In practice, however Lhe preblem af
non-response of ben arises in sample surveys. [n such situslions
while single survey wvariable is under investipation, the problem
of estimating populallion meat uzing subsampliog scheme has beeo
first congidered by Hansen and Hurwitz (194&).  Further El=Badry
(1956] has geoeralized the Hansen—Hurwiti methoed in another
direction of several waves of follow up In case of mailad

guestlonnaires.

In multivariate surveys, the non-response  probles may
azgume complicated form. Hroadly speaking, the non-respanse oey be
mainiy of two types @ (i) partial non=response and [i1) complele

nen-response.

If response from a unit 1 of the sample = 1z avallable only
[or =ome variabies from Lhe survﬁy variables y<.¥2,..ﬂ.yq whi.e
nat available for obher varlables, such a situation may be termed

as the situaiion of partlel nob-respanss.

The situallon where for a unit selected in the sample, Lho
response 1z either awailable for all wvarlables or not at all
avatlable for any of the survey wvariables fl.yz....,yq ray be

charavlerlsed as the zituatlien of complete non-responsesresponss.

It may be nated that in case of complete non-responses
response  situation, the nueker and the corresponding unlts
belonglng ta respondents and non-tespondents will be Hame for cacl
of Lthe variabies }rl‘yz""’}'q while in  case of partia
non-response sltuatlon it will wary from wvariakle to wvariabie.
Further 1t may also be noted that there may be more complex
situations where response is not available [or available) for any

fall} af Lhe survey variables Lo case of some unlts while 1t 13

not available [or avallable) only for some of the wariakles in
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case of some olher units in the =sample Howewer we have Dot
consldered these romplicated situalivos in thls pages
Tn thizs paper we discuss  Lthe estimation of  finite

population mean vector in the presence of non-response using
unrestricted and  restricted simple  random  sampling  withoet
replacenent (SRSWOR) considering the situation of partial

non-response @s wall as that of complsle non-Tesponse/Tesponse.

2. SAMPLING STRATEGY FOR WEAN VECTOR IN CASE OF COMPLETE
HON-RESPONSE/HESPONSE

et the finite populatien U = 41,2,...N} under
© 1sideration consist of N known units labelled 1 through N and ‘;.l't
d wtes the wvalus ol the wvectoar warlable y = [yl,yz.-..,}-'q} for
R

He consider the problem of estimating the finite population

a n vector

=4

1
E‘ﬁigu‘:'1={ujl:qx1;nj=

[

the presence of non=response.

1. FROPOSED SAMPLING AND ESTIMATION PROCEDURE

Fer the subrwvey wvarlable vector wy, Lhe populallon U may be

hought as consisting of two domains U[l}' the domain of
respondents of ¥y consisting of, {(say) NICI‘ [unknown] units and
a
- - =

U{z]' the domain of nonrespendents on E consisting of Nﬂz— N Nm
unl’ We have

U= {U[“. U(EJ:P (2.2}
il

= Woy Hoy * Moo Koz Moyt Hpp 7L Ler ]
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1

: e i e i i
where po = L by b 1 My T e— L vy h
uh i=slr,
(b}
b= 1, 2,.... and “31* T.wlu_.‘l he the popubation response rate and

populaticon non-response rate, which 1s same for all the wariables.

[et a sample & of size n (koownl be selected from VU using

SREWUH method of sampliog. Ler s and o e renresenied by

gre [ g Iramibneeess oty (2.4)

i (1) g2 Ui iy '
which is =same for each survey wvariable ¥, (j = 1.,4,...q), where

J
50y f= lhe sample conslsting of n‘11 respondling unlts for the
survey variable wvector v from the samgle s of size n oand Brmy is
the sample consisting of |'||:,__|:I nonrespandicg units obtained from
(=
the sample 5 for v.
= e H L e = 2. =re W t

Let ¥oh n[thl. G Hon h 1.2, where L and Wz

are the response and non-response rate in the sample =, which is

same for all yJ[_j =1,2,...q]. Let a =subsample 5?2] af =mize m =
unr7]. (0 < < 11 is drawn from s{?] atbid the values of v on Lhese
it .
m units are ohtained. it i= to be noted here that these m units
L]
oi §(z) arc same for all }rj {j = 1,2,...q). 1t i= assumed here

that the neceszary efforts have been made so that Lhe responees

are made available for each I € S:Z] of all ?j [J=1,2....q).

Illustraticn 2,5 @ Situation of complete non-responsesresponse
g =5, n = to;}
Units in =

Variables 1 2 3 4 3 £ i 2 9 105
'fl 8 o3 0 0 n = n ® n I
¥y G & n} a 0 ] ] & j 0
3'3 o c3 a 0 il =4 n & 0 n
yq o & [ i} £ 0 @ 0
Y [i] -] il i ] 4] ® 4] a
n =z 7, = 3, 0 responge, @ ; Dop-responso,
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An wnbiased estimator of the mean vector g 1s glven by

p=fegd = %00 Y1 * Yoz Yoam) Yot Yoz T (255
% m &= s T i = = '
wheta “jl:l = Wy le + Yoz 3.1{;"], Eﬂi L¥ige ¥aqo "’31"""’.;1} 2
L ¥
- _ l_ Lo - _ ji _ o !.l'-_:b[h} o
Yoztm) T Yigm)' Yztmy Yo Yamd' Yo T Tw .
L W
iesh 11
2 and v = i .
1’rj{m] Tik

It 1=z to be noted here that HI:I“ and W, are unhiazed for wm akct

“L‘IE’.' It iz easy to see that p = {uju) is an unbiased estimator of

f- Since the walues of ihe variable ¥y and ¥, Are same for the

~

-
units =melecled in s

(21" %° the cov [yj[m], Yk{m]] #

2.2, MATRIX MEAN SQUARED ERHOR (MMSE) OF |':1 AND ITS ESTIHATOR

Theorem 2.1. The mstrix mean squared errer of p is glven by

Mip) = Ep - ) (p - pl’

1

W = -1}
_ it _1 02 v
- G- TS &:2h
Whare 5 = [Sjk]' S = [Sjk[E"J] ;g o= 4, S i i) el
2 1 2
5 = — Iy ..— p.d for ) = k
{ ) R-1 jEU ji N
S =
-1 _ -
Sjk F—'_E iEU [Ef'lj. l-l-j]'[}"ki "k} for J. * k

and
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3 = .-— T Oy o=
[J['-I'] Noz™? jau . 91 92
1 (2]

Tkiz) T 1
. . oy
U k(2) T N, ,Ej YT Mz

; SNy

Follawing Rao (19901, the unbiased estimators of 5

given as follows

2

e P2

R O
o o2t ¥y T Yime! |

S M ET [[”f[l'r_ t Sjkftf{“u)[1

o T2y T Yimy Vi

where
z i = i
= [y -y
ifL {1 1] _E 1 i
(11 =y,
3 1 = 2
= W R S TR A T R
)
o w Lo po
ey Tnp =il i€s,
L)
il
a Ao s g wgE L jERR B
i SRt e T My
PR

‘hee unkblased estimators cf Si{?] and =

s 2 i

Byear® Bee Py T Ee

2
" b1 [[“t1b' sy {“[21[1
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Tkl
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£

and 5., are
i 1=
Lo
1] anlu 1}]} 2
= o St =
m n J- n
[2,7!
11 1
- =
1} SR .
m T “ikim]
2.8

s

Yetniy

are given by
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Now we have the tollowlng rosulis,

Theorem 2.2, The unbissed estimator of WHMEE(u) is given by

1
W= o
T i 1z (R . o ;
}::.{Ej = [n -ﬁ]s +_n—5[?.] ‘ [2.1¢)
G o= (S S = (5 ; : Pko=1,7, ...
where = [Sjk}. S{E] ijk[E}] q o« AT e ]
n2 .
5 { = K
- J GiE
2. F
Ak 2
ik for j = k
L
~Z i
) 5_1{2] fer § = k
Sz 7.
Sjk{E} for j# &

2.3. OPTIHAL SAMPLE SIZE AND SUBSAHPLING FRACTION
(FOR FIXED BUDGET]

The cost functlon ls given by

C:nr',ﬂ+n[1]cm+unt2} I'_:EI2 2111
mwre

Cn : Cost per wunlt for =malling the guestionnaire oar
vigiting units selected in the sample,

Cm :  Cost per unit {or collecting =znd processing the data
on vector varlahle v fer the responding units in the
sample at the first attempt,

“uz :  Ceost per unit for collenting apd processing the data

on selected subsample units from non-respanding

Bi2)
unlts for the vector variable vy,

Ance the values of n[l} and n{z} varies from sample to sample, so

the expected total cost apart from overhead cosl is expressed as

C' = E[C) =n [cﬂ + W C

o1 Sor T Y Moz Copl k- dd
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For determining Lhe optipom wvalue of noand @ which minimizes Lhe

br Mip} for the given fixed cost OO0, we define a functlion
$ o= tr Miu) + A (L0 - OO, [2.13)
where A is a Lagranges multiplier.

MWow differentiating ¢ with respsct to p and v and eguating to zero

) 2 H
[noting Lhat L . ﬂ * 0| ard using C' = z', we have Llhe
2 2 \
an Au
following resulils.
Theorem Z.3. The opblmem values of n oand v whlch minimizes ths

FSELu) for CF o= Ca iz given by

cy VA
I R S R S (2. 14}
apl a
/ 2
vB [’”‘_ * [ Coz j£1 b}[z}]”nz]
o
5
B L S
opt ~/ Ty B Sl
SRR TTUNNIION. . & T | 0 B,
2y o * Y1 fm L 15y 7 Mgz Syiayt

'sW putting the walue of n and v fram [2.147 and [Z.15] in

apk . pt
To6t, the minimum value of Mlp) can be obtained,

SAMPLING STHATEGY FOR MEAN VECTOR IN CASE OF PARTIAL
HON-RESPONSE

1. Proposed Sampling and Estimation Procedure

For each survey variable yj [j=1,2,...g: the population

may be thought as ceonsisting af two domalns the domaln

= Yygay
[unkrown] units and U

K

. respondents consisting of , say ﬂjili

the domain of non-respondents cconsisting of N

Jezy

502 N

units with respect ta yj. This leads to q proportion of L.

U = }, j=1.,2,...q (3.1

Wyitie Yyee
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We may expl ess

Mgty B8afes Mg Tk PR
ve W, . o diag | : : , i3 lhe dlagon:
wher e I"{h'.l : diag ‘Hlihi'h?fh]' Hq{h}l) q x q, 1 16 aponaj

matrix, 1 1s g = q ldentity matrix,
1 .
E - 4 - ’ I ) 1 h= :‘1:
By = Wy By Bqmy ! Piey TR T 1

.
) fel

HJfE} = thilfﬂ is the populaflicn response rate for yj and

b

2y <1 ¥

i1 ig the population non-responsce rate for yj.
4 -

We follow the samplimg technlque sgggested by Hansen and
Murwitz (1946). Let a sample 5 of size n (known) be selected from

U aceording ko SRSWOR., Let s and n have the representation

f= fﬁJ{“, EJ{EJJ' E = {nj“}. nj{z]] (3.31
for each survey variable }rj (j=1,2,...q9} where Sj[h] conslsting
of "j(h] units 1s the sample repregsentation fram Uj{h:-' h = 1,2
Lot w

jihy T njihlfn' where 1613 and izl 2° the response and
nen-response rates in the sample s respectively in the survey,

vith respect to the survey varlable }?j.

From non-responhsa part sj of 5 for ',-'J.; Iet a subsample

E2)
L

= 0 = = its by acted f h ]
32 of m.i PJ nj{ii,".' vJ 1, units be selects ar each ]
especbively using egual probability selection wilthout
eplacement, where vj is flixed a priori. We assume Lhat necessary

sfforts have been made so that the responses are avallable for

qach 1 E-S,.jf?.]' It may be noted that only }rj 1s obtained for
mits in sj[?,)'
Hllustration 3.1 : Situation of partial non-response {g=5, n=10)
lnite in =

Variables 1 2 3 4 5 5 T | G 10

LA t a ] ] e L @ E o 0

¥y a @ & a o ® 0 & o o

¥q o 2 @ & @ a 0 o @ o

¥y & 0 & 0 o ] 0 a o 0

C o il a G 4] @ Q G =
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Here

Brerd T 8 Mapgy T Bagry T Bg ST N5y 2 F

Rygzy = % Papay % Mypap =6 gpy 3 fgppy 72
An unhiased estimator of the mean wvectar g = fyl.uz....qu’ L
given by

o~ -~ _ -

= = * A ; + r = 3.

e O o T v o e i T I et
where
- - =

M5 = Yyoar Yo Y Y52 Yy Yoo T Yaon Yo Yq!-

_& — _E _n 3 Lo ']
Yioy = Wiy Yo Yot Yo T e ) ¥
4 Jih)

= ]_
Woguna et o ¥,
Jj2y o - Ji

J iESj[Z]
and H[h] = diag[“i[h]'“E[h]""“:g[hj] c g =g, th = 1,2} is the

diagonal matrix. It may be noled that w[h] lz unkiased far H{h]

- 3 .
Since SjEZ:' are selected Reparateliv from 5,][2} for each } =
1,2,...q9 =and yJ iz observed on i3 ahd the probabllity of
- 4
gelecting a unit for = iz 1/n which varies for § = 1, 2,
a _a JI2) Joza -

...q, sa covly ) = 0 and we have cov (.. ;'bc] =

H 1
[E i N] e

3.2. MMSE(u) AND ITS ESTIMATCR

2y Yy iy

Theorem 3.1. The matriz mean mguared errer (MMEE) of g is given

by
Mlpl = Elp - pb (g - pl*
I
- [E - %] S+, (3.5)
here § = (S ., = 5, j
where S5 = | jk]‘ 8, = { jkIE]} E I Jeki=m Yool
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S% far j = &
Sjk = :
Sjk for j = k
; T "2
Mit2) [E; 1] 5512
—= B for j=#
1]
y =
S g @
a for | = k
L] 1 2
and 5. o (%o = Moo b -
jl2l {hj(E] 1} =t ji Ji2)

JI2d

Foltowing Rao (19903, in this situation the unbiased eslimator of

H? will be given by

1
LETCTAI R

= Tm.=11) ™ ;
~ple o ¥ T PRI : B 4
e [{“chr W gy A ‘[ = Y TTh *tm,)
g ]
- —» 2 ¥
+ n[wjj ”jztyjill - Yj{z]] ] f3.4)
whers
2 1 . 2
Sl Sy L B
: 0Ly
2 _ 1 o 2
sthJ T iEE* ¥y = Yy
. jE2)
Since B m, = m_ and the units belonging to s =

1) * Mt ™ ke _ 512
{Sj{‘]] U_Sj'{zl} ars also not same as the unibs of SEIE = {5'!‘:'“”.I Li

ﬁ;tzj}- So in this situatien i1 1s a difficull problem o

estimate Sjk' Furtner let ws assume that “jk[= 01 units are commom
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in 5}12 abel SKIZ on which the data on yJ and Yk var lables are

available. So we can provide an vstimate of Sjk an the ha=is of

. 3 : _ 4 .
avajlable gata on :.-'j and y,_. We know Sjk ol [T Nu.}pkl. Whnere

1 , -
T= 7 ¥ Mow tgnoring the term N for large b and using

1ell

j1i ey

T -
- n W Myrm s Werr
T My Yian |, M)
R [ixﬁ = yj} yki]fm-jkr “J T ' n
iz 7 fkaz o
- M) Ve |, "ke2) Yraa

ahd e = = we have
:' = L E W ¥ - -1— In ::r + n ;4 i
".jk M., . aitigs i “ki n? Jrry Taild B2 T3zl
ij IEEJIz 513
v v} (4.7
T Yein T ez Yew' 4

Mow we have the following resulis.

Theorem 3.2. The estimator of Migy is given by

iy i 1 2 2 ay
E o=, 4.8
ig) [n n] T o S
R Qv (B 3 ; ko= 1,2
where 5 = | jk]' 5 = skez)! q ox q ; bk =12, q
) éﬁ for j =k
ik T .
ik for j # k
and
1 = 2
itz [si ‘].E_- 57 Yiizy?
j LiEE
(2} for j =k
nlm, - 1)
0 4
Sikizy =3

o for § = k.
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3.3, OPTIMAL SAMPLE SIZE AND SUHSAMPLING FRACTIONS (FLXED BUDGET)

let U be toclal cost of bthe survey apart from overhead cost

and the cvost functien is given by

[ 1. 91

q q
L bt L BgeriUarggd J§= Myezy Yy Y

[H =1

where

, Cost per unit for malling gquestionnaire or vlsiting
the units selected in the sample,
C : Cost per unit for collecting and processing the data
an Tesponding uniis of yj variable,
C ¢ Cost per unit for caollecting and processing the data
o the sybzample units from nj{z] non-Tesponding
units of yJ varlable.
The wvalues of r1j[1‘.I zrd “1[2] varles from sample o sampie,
so the expecled total cost apart from owverhead cost will he given

by

. q q
B EEkien) & “[Eo *E Y00 St E Ve S

] [3.10}
J J=

Since the values of E[é] depends on the valuss of n and DJ ] =

[ ]
1.2,...4q) and alse on the total gost C So for determining the

o

optlmus values of n and v, which aloimizes the Hlp) for the given

cost E;,

¢ = tr Wi « A (- Ch), (3.11)

]

we define a function ¢ which is given as

Wwhere A 1s a Lagranges mulziplier.

How minimlzing ¢ with respect to n and vj far Ef = CB. we have the

fultowing result.

Theorem 3.3. The optimum value of n and vj which minimizes the

S X
Myl for the glven cest c s Eu is given by
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i o
L == f— i 1 i - o T [J LZ:
ot 9 5
vEy {”‘131 . JEI [C![}‘] 1 }}
and
P
v e Sl 3 (3.13]
1 opt ¥ Cj{Z] h1
o q
where &, = T {Gz - W = Vand B, =C_+ T W Wi .
R i=1 5 Ji21 T H ] =1 A1y T2l

It is easy to see that for g = 1, we get the wvalu=s of nch and

Van which iz same az Iln case of flansen and Hurwilz (1946}, The

minimum value of Mig) can be obtained by putting the value of nﬂ
from (3,12} and [3.13) in (3.5)

wt

an

Yj ept
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