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ABSTRALT

A mutix M S R"™Y has property (2 #) o M and all its prineipal pivetal
transforms {PITsY satisfe the proporty that the mows eorresponcding o the nonpesitive
diagomal entrics are nonpaesitive. T has been shown that every Lipschitran Q-matrix
satisfies propoerty (+ * ), In this puper, it is showm that property (+ #) is also sufficient
for a Lipsehitian matyix eo bee in @y, Proporty (= #) has several consequences. TF A
has this property, then A aned wll ity PPTs st be completely @ further, for any o,
tha: linear eomplementarity problem (g, A) can be processed by a simple principal
prvoting method. It is shown that 2 negabive matrix is an N-matrix if, and only if, it has
property {# + 5 o matrix is 4 P-matrix i, and only if, it has property (# « } and its value
is positive, Froperty (+ «) also vields a nice decompesitlon structure of Lipschitzian
matrices. This paper alse studies properties of Lipsehitslo matrlces in peneral; for
example, we showr that $he Tineehitmion neemerty is inherited by all the principal

suihirridrinee
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L. INTROIUCCTTON

The linear complementanity problem (LCDPY with duta 4 € R und
g ER" sl find u vector 2 & R such that

Az + oy =1 20 ad Az +g)=0. {1}

This problein is denoted by {47, A Oreer the veurs, the LOFP has emerged as
major tield of rescarch in muthematical prograrmming awd has [ou ndd 2 wide
variety of upplications (see [3, 8, 1), 15, L6R In connection with the stady of
this probler 4 number af moateis classes hwee been identificd, Among them
are © and Q, which are of fundwncntd interest 13, 14] A oumber of
algorithms have Teen deseloped o solve varions instances af TOPs Typically,
cuch algorithm aorks [or certuin elasses of problems engendercd by the
propertias of the matdees, (e main goal of this paper is to chiractedze
Qu-mutrices within the class of Lipschitdan motriccs and show tut the
simple principal phvoting methed, due e Zootendijk 118] and Baed [7],
procussus Oy (g A when A 1w Lipschitziun Qp-mutris. The above
characterization is established in respimse ta a conjecture raised by Murthy,
Purthusaratly, and Subating [13] on Lipschitaan Q- matrces, This states thal
it A4 i o Lipschitdan matris, then it & in €y i, aud only if, it satisties
propoerty (+ #) {see Delinition 3,10, I this papor, wo show that that is indend
the case, and establish that if A 15 u Lipschitdon imatrix satsfving property
{==) and (7, A) has a feasible salation, then a solotion te (g, A) can be
obtained by using the ubove mentioned principul pivoling methed.

I will be seen that Proposty {# +} has several eonsequences. It is a
sufficicot condition [or & matris o b Pﬂl'l'l[.?]t dely Q- The characterization of
completely Q-matrices in generul, emdasared by Cottle [2], bas remained as
an oo problinn (see also [41). Murthy amd] Pﬂr’rh’mnnrl'w 111] have character
izexd the nunnesTabve mmplut:-'l} (), -tolrices and also J_trm'-ftl] Lhat sennelvic
coposilive matrices are Qi andd only #. they are completely Q. Property
{= =+ bas another b1gr|1r{ ance, T ‘:]‘H‘M’n that il Aisa neFative mutdx, then
it 15 ao N-wmatrs (that s sl the principal minoes aee negatived il, and anly if,
it satisfies property (= =) Also o nwtos is in P if, and unh il it HMHFL‘%
property {5 =) and has positive value.

The motivalion of our resalts in this paper connes from some wenjecturs
on Lipschitzion matrices raised by Cowda {35, 6] and Pang. 1o general, i is
dilficull 1o decide: whether a given matnx is Lipschitziun or not. Mugosanian
uncd Shina [9) Frt_}x-'ed thal P-rnulrices are I.i]_mr:'hilziam, ane] Gaweedn [6] shemeed
that negutive Nomatrices ure Lipschitzian, Stone [17] asserts that the Lip
sehitaian rattoes are jnst the TN muattces {see (3]0 1o Secetion 4 we derive
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some properties al Lipschitdan matrices. Tt is shown that if A is Tipschitzizn,
theny s are the [Jﬁmrip:ﬂ sabmatrices of A, Another result eshibits the
decomposilion structun: of nonpositive Lipschitzian matriees {see Theorem

4.7},

A PHELIMINARIES

We follow the notatiom adopted in [3] Let A € B**" and g = R"
Dhctive: the sets Flg. A)=(z=R® : Az — g =01 and S(g. A} {z &
Flo, AV:4Az 1 g¥z =0 A matrix A is sadd to he in mutrix cluss @ if
S{q. A= fur all g = R and il i said ta be in Q, if S, AY £
whenever F(q. A) = FL The matrix A is said to be completely Q (com-
pletely QLY GF AL L the prineipal submatris of A wilh respoct 4o @, s in £
L for all indes sets e, If A, is nousingulur, then the prancipal pivotal
teanstorm {PPTY of A with vespect tao o is defined as M wheve M, -
(A LMo s =M A M =AM o and e = e — Ml
By comvenbion. A is a PPT of itself (heve r:r &Y Further, 7 d:—*fmFrl ]'ﬁf
e = — (ALY e vmd §; = g5 — (A, ) 'y, is called the TPL of g with
respect to A and oo The LOP (G, M) is called the PPT of (g, A) with
respel e A and e, The PPTs are culled siaple PPT5 i o Ix o singleton set,

Une of the fundamental results on the LOP stabes that foe any 4 < BY7"
and g = R, Flg, AV = &0 (S(y, A= @ i und ealy if, F(G M) =03
[5(7. M)+ & Given (g, A} if there exists a PPT {7, MY al {g. A)in which
i = 0 then w solution 1o (g AY cun be easily obtuined ltom that of (F, M)
This Is the basis of some of the alporithns @ solve TUCPs, Certain classes of
LT can be processed by wsing only the simple PT*Ts. The algonithins which
wie only sinple PPEs are known as simple principal pivoting methods or
Bard-type medhods (see [3] far details), We condude this seetion with tle
follerwing definition and a result due to Cowda [3]

Persnon 200 Suy tud A € B*" is u Lipschitaian matdx it the
multivalued mapping @ g+ S0y, A) satisties the following praperty: there
cxists A pasilive constant £ such tluat

Sy, A) S S{y. A + Clig — gllB

haolds for every g and 7 satisfving S0p, AY 2 & awd 807, A) # & Tere
B odrc Bzl = 1} is the elosed anit hall in R,
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TrHEosEM 2.8, Lef A be a Li:pschitzian metriv, Then every PET Ufﬂ i5
efwe) Lip.?chitzian.

3. LIPSCHITZIAN Q,-MATRICFES

In [13], property (+ +) defincd below was obtained as a necessary
condition vn Lipschitzian Qg -mattces, and it wus conjectured that the same
is alsn sutficient for a Lipschitdan matrix to be in Q). Besides settling this
vonjechire P'Uﬁ.iﬁ"-"el}-', it will be shown that property {++) chaructorizes
Nomatriees (of the second kind} and P-matvices with additional assumptions.

Dermimios 3.1, Let 4 € B, Say thut A subisties property {==}if
every FPT M of A satisfics the condition (hat the rows corresponding fo
nonpositve d.ugnn.ll entries of M are nongwsitive,

Rimank 3.2. It should be noted that if A satisfies property (+ ), then
so does every principal suhmatrix of A, Alse i# is clear that property I
sutisfied h}-‘ every FP'T of A.

The fallowing algorithm, due to Zoutendijk and Bard is shown to work
for & special cluss of LCPs (sce Chapler 4 of [3]) This is a simple prineipal
pivoting method in the sense that it transforms the given LCP into its PPTs
using only the disponal entries as the pivating blacks in cach iteration.

Consider the prablem (g, A), where A € R**" and ¢ € R". The lollow-
ing algorthon, token [rom [3, p. 238], Is presented in a different form with a
specific choice of B.

ALGoRIns 3.3

Step 0. Initialization. Set M = A, p =, B =1 (the identity matrix in
R and o = &
Step L Rule fur termination. 10 3 2 1, then stop, The vector = defined by
= p, and zz = iz o selution of (y, A
Step 2. Pivot selection.  Let r be the index such that

B B
— = lexicn max sipy =
q. A
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Step 3. Pivoting. Replace p and the columns of B by their PPTs with
respect to M and {r}. Replace M by the PPT of M with respect to {r}.
Replace @ by its symmetric difference with {r}. Go to step 1.

THEOREM 3.4, Suppose A € R"™" satisfies property (+=*). Then A
belongs to Q.

Proof. Let g € R" be such that F(g, A) # . We will show that if
Algorithm 3.3 is applied to (g, A), then it will terminate in a finite number of
steps with a solution to (g, A). From the remarks made in Section 2, it
follows that F(p, M) # & in each iteration of the algorithm. This implies
that, at each iteration of the algorithm, if p, < 0 for any i, then M, must
have a positive entry. By property (* =), m,, > 0 for each i such that p, < 0.
From Lemma 4.2.3 and Theorem 4.2.4 of [3], it follows that the algorithm
terminates in a finite number of steps with a solution to (g, A) (see also
Remark 4.2.5 of {3]. [

COROLLARY 3.5. Suppose A € R"™" satisfies property (= +). Then A
{and every PFT of A) is completely Q.

Proof. Follows from Remark 3.2, .

THEOREM 3.6. Suppose A € R""" is a Lipschitzian matrix. Then the
following conditions are equivalent:

(i) AEQ,

(ii) A satisfies property (* +).
{iii} A is completely Q.

Proof. (i) = {ji) has already been proved in [13]. However, for the sake
of completeness, we will briefly outline the proof. Since the Lipschitzian and
(), properties are both invariant under PFT, it suffices to show that the rows
corresponding to the nonpositive diagonal entries of A are nonpositive.
Assume a;; < (. Suppose A, has az)ositive entry. For each positive integer
k, define p* = (0, k,.... kY and g* = (=1/kk,..., kY. Since A, has a
positive entry, for all large k, F(q*, A) # @ and hence S(g*, A) # @. Since
0 € S(p*, A) for all k, by the Lipschitzian property of A, there exists a
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SO{[UETLLE ZAGE .‘:?(r;'.‘._ AY such hat z* — U us k — = This forees z_f =1,
Fo 2oooon, forall lange & But then (Az*), + :;:‘ < 0 [or all large k_ which
is w vontradiction.

(i) = (i) follows From f_?nm]lalr}- 30,

(i} = () is obvious. L

We shall now ilustrate Alporithm 3.3 applicd 1o (o, AV where 4 sy
Lipschitzian € -inaris,

ExamrLr 37, Consider the makrix

3 P 0 -1 0
o] =2 =1 =1 =1 S
A 3 2 1w ang] q = s

4 3 a 1 -3

Male thal A is Lipschiteion, ws the PPT ol A with respect to ny; is a negative
N-matrix. For the suke of camvenience, we shall use the following tablean.

Inftialization. n &

BY 3 % 5 s p B By By By

T 3 2 -1 0 I 3] it
w, —-2 -1 -1 -1 1 (0 1 0 0
1
i}

Ly 3 2 ] 1 3 1] 3]
1,

Firyf fleration, = 4

BY oz, za =2 oty poB. B, B, B,
LI T 5 B =il =it 1 0 1
iy 2 2 1 -1 =1 0 1 it 1
1w, T 5 5 -1 -4 0 0 1 1
o i 1 a0 0 O -1
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Secomd fteration. r= 5%

BY =z =z w, w, p B, B, B, B,
i Al L 1 k4 3 ]
wy i 3 3 —3 3 1 0 -3 :
we =4 1 4 -1 1 e 1 -4
A R
;, b Lwa 1at g op & o=
o = {3,4}.
Thind iteratiom, = 4:
BY Ta W, By » B, B; B, B,
1 3 2 0 -1 0 1 0 o O
we 11 =1 =2 =1 0 1 1 0
z, -4 -2 1 1 g 0 a9 -1 i
7ER -2 -1 2 a @ fl 0 -2 1
a={3}.
Fourth iteration. r =2
BV ) ey w, Ty e £, H., i, B,
e i 3 ) 3 T 0
%o -1 1 1 2 1 -1 -1 0
T —1 -2 -1 -3 1} L] 2 1 1
", -1 -1 1 1 1 0 1 -1 1
o= {2'1}

It can be checked that = = (0, 1.0, 00" is a solution of {4, AL

Wegative W-matrces are koown as N-matricees of the second kod, The
fu].lﬂwi.ug theorom shows that propety (%) iy a NECEREUTY and suffcient
comdition for a negative matrix to be in N.

THEOREM 34, Tet A < R™" be a aegative setric. Then A &5 an
N-matriz if, and ondy if, it satisfies property (+ +).
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Proof.  Since a negative N-matrix is Lipschitzian and is in Q,, the “only
il part follows from Theorem 3.6. We shall prove the “if " part by induction
on #, Obviously the theornem holds for 7 = 1. Assume that the theorem is
true for all matrices of order 2 - 1. s> L Lol A be an n X n matrix
satishring property [+ £}, Write

By the induction hypothesis, B © N, Let M be the PPT of A with respect to
B.Then m,, = a,, — '8 'h. Let ' = 2'B ' Suppase m, < 0. By prop-
erty (# %), then, o = 0. This in turn implics «° = §'B = 0. which contradiets
thut &' < 0. Hence m,, > (L Sincedet A = m__ det B, det A < L |

Thi: next theorem characterizes the P-matriccs in terms of property (+ +).
The value of a matrix A C R"™" iz said to he positive if there exists u
nemncgative veotor 1 € R™ such that Ax = {0, The class of matrices with
positive vilue is krioram us 8.

Tirores 3.9, Suppose A € R", Then A is a Pomatrix i, and only if,
A xaﬁﬁe& preperiy (# =) and has positive talue,

FPronf. We shall prove the "€ part. Since the valie of A is positive,
vvery PPT of A must also have positive value, I the valoe of & mateix 35
pusitive, then it cannat have any nonpositive rows. Since A satisfies property
(# =) it follows that Lhe diagonal eotries of A and all its FPTs must be
pusitive. From Pursons's resnlt {Theoren 2 of [16]) it follows that A is a
P-matrix. |

Commiany 310, Snis+j=P

Recently Gowda and Sznajder [T] showed that Tipschitzian matrices are
nondeyenerate (soe Theorem 4.2 for an alternative prool of this). Sa, from
Thevrem 3.7, we see that every Lipschitzian Qp-ruatrix is 4 nondegenerate
11atriy mmsi‘}mf-f property (= 3} The que wtiozl thatl arises now is whether the
converse is tme. From the above theorem. we see that the converse is Lrue in
the case of matrices with positive valne. The following theorem shows that it
is also be in ather special cases.
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THeEoREM 3410 Lt A = R*™" bv o nomdecenerate matriz satisfying
property L+ +) Then A @s e Lipsehitzian matriv provided etther of the
following coneditions is sotivfied:

(i) A=
iy A =0,

Proof.  Case {i) can be prived easily using Thentem 4.7 {see Section 4.
Case (3 [iobloss [roan Theorem 3.9, us the value of A will be [rusitive in this
(CTOS |

One wun prove the ubove theoremn when o = 2 withont any additional
asswmptions an A, Anather gquestion that can be raised is: ifa ijpwhﬂﬂan
ity satisties propery { %] canowe say that either the matnx is o P-matrx
ar a PPT of it is o negative N-matrix® The answer ta this quesion is ne. The
ol Fiees

AV HLS ﬁ‘mnl'.f‘-rr‘mluplcs.

4. PROTERTIES OF LIPSCHITAIAN MATRICES

T this sceclion. we shull dedve a namiber of properties of Lipschitzan
natrices, So far there is an finite chavacterization of Lipschitzian mairices.
Teorwards this end, we have the rul|ﬂ‘-»'i!|g resulls which prm-'idr:' TelesEUY
conditions,

ToeoEM 4.1, Suppoe A€ R s a Lipschitzian matrie, Thea for
any perntation meteis P oand any positive disgonal tnetrix D, the products
PAP . AD, wrud DA are eff Lipschitzian matrices.

‘The ubove theorem stutes that the Lipschitzian properiy is invarian| under
principal resrrangements and positive e and columin scaling, We anit the
gusy proat of this theorem. The nesd thevwon shows that every Lipschitsoan
mnattiv is nondegenerate. Gowda and Sznajder [T provad this wsing piccewise
affine Tinelions. We give an alle muative proof.
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THROREM 4.2,  Suppose A € R g Lipechitzing, Then A is Aradegen-
arghe,

Proof. It we show that 4 has no zero dagonal entries, then fram
Theorem 2.2 it follows thal the disgonal entfes of every PTEF of A are
uonzera, From Corollury 3.5 of [13] it talliws, then, that A is nondegener-
ate. Suppose 4, = 0 far some §osay ¢ = | Choose 4 = 0 such thut A4, +
e = 0 whore e ={1.1,.... l}l' R Let g=00 L1 ... 1¥, and for {-."d{.,]'i
positive integer k. et gt = {'I;’f. 1,1...., 1" = R", ‘Sluug a. =0 =
Ca ... 0= S(q AL ‘leu b(q ) .*ﬂ + ﬁ Y= 1 "ﬂnbe A is Lipschitziun,

there r_-matl. 4 setjuence % = such 2t e ‘m{q A} and | =% — 3| = O as R — 3,
This implics for all large & 5f > 0 and 2F =0 for j = 2.3, . This
contradicts that z* = h{q A) fur all larpe K Hence o) + L l"hf- them't-m
Foll v |

THEOUFM 43 Suppose 4 € RE g Lipsciiitzian. Then A is f:frmp!.rftely
Fipschitsion. that iy, all principal submatrices of A are Lipechitzian.

Froof. Weowill imitale the proal by Gowda 6], which he gavie in the case
of neprative mutrices, Let M he the leading prncipal submatrix of A of order
n 1. We will show thal M is Lipschitzian. Fiv 7 and § in R Y such that
SCp. MYand S, M) are nonempty, We wil] show thit

S(F.MYLS(G. M) +Clp glIE, (2)

where C is the Lipschilgdan conslanl witl respect ko A, and B is the closed
unit bull in R™ "™, Let T € Slp, ML Vor cach positive integer . define
pmo= l:]‘_)'l‘ ) and g™ — (E*, md . Waote that, lor all large: i,

x = (E‘}] = 5(p", A). (3)

This implics 8(p™, AY ¢ & Similarly, S{q", A) = &% Since A is Lip-
sehidzian and [ p® - g™ |p Gl we have, Tar all m sufficicntly large,

S{p™, Ay S{q™, A) 1« Clp - FIE. (4}
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From {3) and {4), it follows that there exists 2 sequence 2™ € 5{g™. A) such
thut =% — x|l = €7 — §! for all brge m. This implics CA2™), 4 my = 0}
[ some positive fnteger my,, which in tum implies that 27 = (. This
inuplies

i=z+ g gl forsome #E B,
where Z - (=™, = ..., ="V € 805 M) This crupletes the proof of (2),
It Follisws that M s Lipschntnau The vest ol he proaf of the: thearem folloas
by indizetion, [ |

LeMsa 4.4 Suppose A € RYC

ol ")
(i) [: f]_

where @ stands for — or O Then A iy st Lipscfitzian,

Fezs vmee fgfﬁwﬁrffr.wing a'r}_:ﬂ STt ey,

Proaf. Mote that i A has sigo structure given by {0} or (1), then
A S Q. It i easy to see thut A violutes prupetty (%) [m bosth cases (1) anel
{ii)]. From Theorem 3.6 it (ollaws that A is not Lipschitzian, [ |

LrvMa 4.5 Nuppose A € RY%% v g Fipschitzian matriv. Then A cannot
hote the follorsing stgn structure:

Froof. Suppose A has the above sign strucdure. Then the sign struciore
af the PPT of A with respest 1o e = 42, 3] {which cxists by Thooeon 4.2} is
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given by

(note that det AL, < 0 by Thewrem 3.8) Clewrdy A is o @Qmutox which
violates praperty (# = 3 This contradicts that A4 is a Lipschitzian matrix. Tt
[ollaws that A cunnol Lave e sign strocture wenlioned in tle theoron, B

TuroRim 46, Spppose A = BRY" s o FLipschilzion matriz. If the
ca'ir.'gmtui enfricy of A ere segotice, then A €10,

Proof,  Mote that every 2 ¥ 2 matrix with negative diagonal entries is a
Q-matriv, By property (4 =1 it follews that cvery 2 %2 prineipal submateis
i nonpositive, lenwee A =2 (L |

THrOBRM 4.7, Suppose A F R"™" is & ranposibtoe f.:'psc'hh‘:t'an nuatrix.
The there exishy o permutation mateiy P osuch that

Wk mer 0

s 1 NEO )
FAF = 4 3 &5 |

1
b 1} v wh
1:here el N9 ois oa nepratior N anetris.

Froof,  We shall proves this by duetion on s, From bemnw 4.4, the
thearcen is true fur a = 1 a0 2, -*n_-.bumr‘ that the Uhearem js tme Tor all sOuare
matrices of order less thon or equal to = — 1.8 = 2 Let a = {i:q,, < 0.
We will shoar that A, <0 A ;=0 and Az, =0, Let i j £ o amd Jeat
B =i j nl Then a principal rearrangement of A, will have the sign
[Pattem

_e_
a - -

If a,="0o0r q, =0 then by Lemma 4.4, = &, = 1. This vomtradicts
Letama 4.5, 1t follows that A, <A biltll[dr orguraent will show il
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A,==10and A, = 0. By the induction hvpothesis, Ay, has the desired

stracture, und the thevrem follows. |

CouoLLaiy 4.8, Suppose A € R"™" is a Lipschitzian matrix. Then A
has the following structure:

_AJ! 0 O A |
v A, 0 Aoy
am| s 2 : : b
o 0 J'ifk—n{k—n ﬂ{k—]}i.-
_Am Agg Ak oy A .

where A i = 1,2,k — |, are negative Nomatrices. and dlaponal entries
of A, are positive.

Proaf.  Follows from Theorem 4.6 and Theorem 4.7, [ ]

5. CONCLUDING REMARKS

In this puper, we huve emphasized the importance of property (++),
which arpse naturally as a necessary condition for & Lipschitzian mairix to be
4 Qgmatrix. One of dhe important consequences is that if A (or any of its
FPTs) is either a P-matrix or an N-matrir of the second kind or is a
Lipschitzian Qg -matrix, then the cormesponding LOPs can he processed by
sitnple principal pivoting method with suitable apparatus to aveld eveling,
Besides charcterizing the P-mnatriecs and N-matrdves of the sceond kind
{with addition:] assumptions), property {* «) pluys a crucial role in determin-
ing the structure ot Lipschitzdan matrices in general.

An intercsling quostion raised by the referee is what can we say if we use
colimns instead of rows in the definition of propedy {+ ) Consider the
examphes
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It cun be veriticd that 4 is a non-Q, Lipselitziun matrix satisfying property
{+ =} with respect to colurms, On the other hand, B is a Tipschitzian
Qpnatrix, bt B docs not satisfe proporty (= #) with respect to columus,
Another Intoresting question is the folloadng,

OreEn rnopces, I A € B is a nondepenerate mutrix subisfving

property {# ), then iz it true that A is Lips::h[r;':[a.n?

We wish to thank the enongrums referee for fis extremety wsefof sugres-

Honrs amd comments.
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