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Abstract

The real and imaginary nonlinear Schrodinger cat states are introduced. The oscillatory nature of the photon distribution
function resulting from the quantum interferences between the two components is shown and quadrature squeezing and

antibunching are observed. © 1998 Elsevier Science B.V.

1. Introduction

Recently there has been much interest in the study of
nonlinear coherent states [ 1,2], which are right-hand
eigenstates of the product of the boson annihilation
operator and a nonlinear function f of the number op-
erator. In Ref. [21], it has been shown that these states
may appear as stationary states of the centre-of-mass
motion of a trapped and bichromatically laser-driven
ion far from the Lamb-Dicke regime. The speciality
of these nonlinear coherent states are that besides co-
herence properties, they exhibit nonclassical features
such as amplitude squeezing and self-splitting accom-
panied by pronounced quantum interference effects.
The even and odd nonlinear coherent states ( superpo-
sition of nonlinear coherent states) were constructed
in Ref. [3] and it was found that these states have
rather different statistical properties from those of the
usual even and odd coherent states.

In the present article we shall study the nonclas-
sical properties of another representative of super-
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position states: the “real” and “imaginary” nonlinear
Schrodinger cat states

[ie) = Ne (o 1) (Ju) £ 0™)), (n

where |u) is the nonlinear coherent state given by Eq.
(7), and Ny (u, n*) are the normalisation constants
of real and imaginary nonlinear Schrédinger cat states
given by (12) and (13). Similar superpositions were
considered by Dodonov et al. [4] for the usual har-
monic oscillator coherent states.

2. Real and imaginary nonlinear Schridinger cat
states

The annihilation operator A and the creation oper-
ator At of f-oscillators are distortions of the annihi-
lation and creation operators @ and a' of the usual
harmonic oscillator and are given by [1,2]

A=af(h)=f(A+1a,
At=rtwya =dfl(a+1), (2)
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a=a'a, [A,n]=A, [Al,Aa]=-Al, (3)

f being an operator valued function of the Hermitian
number operator 7.

The commutator between A and A' can be easily
computed using the relations

A= fo<n)in—1>< I

#=0
o

AT ="V (n) [m)in — 1 (4)

\

[A, AN =(n+ DA+ 1) —nfi(n), (5)

where f is chosen to be real, nonnegative and f1(#) =
f(R).

The coherent state for the above f-deformed alge-
bras satisfies the equation

Alp) = ulp) (6)

and is given by
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and u = |ule'® = rei®, 0 < ¢ < 2. Using (7) it is

easy to derive the corresponding expansions for real
and imaginary nonlinear Schrodinger cat states,

lws) = |p) + 117)
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The normalisation constants N are calculated from
the normalisation condition

(tups) =1 (1D

and are given by

)
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d, being given by
1 A
(14)
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3. Statistical properties of real and imaginary
noniinear Schrédinger cat staies

Using Eqgs. (10) and (12), (13), the photon dis-
tribution function for real and imaginary nonlinear
Schrodinger cat states are given as

dir™[1 £ cos(2nd) ]

Py(n) = |{nlps)|* = B, ;
(i5)
where
B+=Zd,2,r2"[l+cos(2n¢)], (16)
n=0

Zdn+,r2"+2{l —cos[(2n+2)¢1}. (17)

Oscillations of photon distribution functions are
demonstrated in Figs. 1a,b both for real and imagi-
nary nonlinear Schrédinger cat states taking f(n) =
Lim®) [(n+ DL(n*) 17!, where L], is an asso-
ciated Laguerre polynomial. As shown in Ref. [2]
such a nonlinearity can be generated in a trapped ion.
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Oscillations of photon distribution functions indicate
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Fig. 1. (a) Photon distribution function P, (n) of the real cat state for r = 0.5, ¢ = /9 and 7?
P_(n) of the imaginary cat state for r = 0.5, ¢ = 7/9 and »* = 0.88.

a highly nonclassical state and the profile of the dis-
tribution will be determined by the function f. The
second order correlation function
I|HT2I'I2| ¥ \2
(/-)(0) = w (18)
(xulata|ps)

follows immediately from the relation

(tmlaPdP|ps) = IN Z(n-l— 1) (n+2)d2 rntt

n=0
x[1£cos(2n+4)¢p], (19)
o0
(xulalalus) = INL D (n+ a2, /2
_O
x[1xcos(2n+2)¢]. (20)

The right-hand side of Eq. (18) can be less or greater
than 1, depending on the particular form of f, pro-
ducing either antibunching (sub-Poissonian statistics)
or bunching (super-Poissonian statistics). Figs. 2a,b
(with f(n) = L,‘,(n Y[(n+ D LM showthat
it is possible to get antibunching both in the case of
real and imaginary nonlinear Schridinger cat states
unlike usual harmonic oscillator cat states where the
antibunching effects are shown only by odd coherent
states [5].

3.2. Squeezing and correlation

The dispersion and correlation of the quadratures
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can be obtained by noting that

(xaelxlps) = V2 (zplalus)
M & "
= g Vn+ 1ddy it

X [cos¢p £ cos(2n+ 1) ], (22)

(xuiplus) =0, (23)
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Therefore by using Egs. (20)-(24), the x and p
quadrature dispersions can be written as
Tyt = l

+iN% L(n+]) Ear™ 21 £ cos(2n + 2) @]
n=0

+3NL DV D (n+2) dudyor®?

x [cos2¢ £ cos(2n + 2) @]
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Fig. 2. (a) Second order correlation function g“’ (0) of the real cat state for ¢ = 7/5, 7? = 0.88. (b) Second order correlation function

g2 (0) of the imaginary cat state for ¢ = /5. 7* = 0.88.
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Fig. 3. (a) The x quadrature dispersion function o versus the field amplitude r of the real cat state for ¢
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x[cos ¢ + cos(2n + l)qﬁ]) , (25)
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Depending on the function f(r), the dispersions
0+ (0p+) may become less than %, which means
squeezing. The x-quadrature dispersion functions
o+ are shown in Figs. 3ab (taking f(n) =
LY (7% [(n + 1)L(n*)]7! for real and imaginary
Schrodinger cat states respectively) from which it is
evident that it is possible to get squeezing for both
the states. This is again in contrast with the usnal
harmonic oscillator cat states where only the even
coherent states exhibit squeezing.

One can calculate the correlation of the quadra-
ture components in real and imaginary nonlinear

Schrodinger cat states using (22)-(24) as
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Oxpt = 3(+ M2+ PRI p+) — (£ plPlies) (£ |2 1)
=0. (27)

This equation shows that both real and imaginary non-
linear Schrodinger cat states have no correlation be-
tween the quadratures. Moreover o, + 0 + — Uip,:h P
i, thus the real and imaginary Schrodinger cat states
minimize the Schrddinger uncertainty relation for
some values of r and ¢.

4. Conclusions

We have introduced real and imaginary nonlinear
Schridinger cat states which are superpositions of
nonlinear coherent states |u) and |p*). The oscilla-
tory character of the photon distribution functions of
both the states emerging due to the quantum interfer-
ence between the two components is shown. Both the
states manifest quadrature squeezing and antibunch-

ing. These properties depend essentially on the intro-
duced nonlinearity and not on the symmetry of the
state. Interestingly enough, these two states have no
correlation between the quadratures and they satisfy
the Schrédinger uncertainty relation for some values
of r and ¢. Because of their singular properties, states
of the type considered here might be of general interest
in the optical and microwave fields, in molecular vi-
brations or nuclei vibrations for polyatamic molecules
etc.
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