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IsTRODUCTION

Statistical time-series niay bo roughly classificd as evolutive and efationary.
In evolutive serics, different scctions aro more or less different ns regarda tho average,
tho varianco, or similar other characteristics. In stationary time-series the fuctua.
tions up and down may sccm ramlom or show tendencies towards regularity, but in
oither caso, the general pattern of tho fuctuations is, on the whole, the same in diff-
erent sections of tho series. The following aro four main types of stationary serics.

(1) Random serics

(2) Deriodic serics

(3) Autoregressive scrics

(4) Moving average series
Each of these types has important applications in statistical analysis,

In the analysis of stationary time series, tho scquence of its serial correlation
cocflicients or its correlogram to use the Lrief torm introduced by H. Wold is of fun-
damental importance. Empin:c'ully, the correlogram is tho sequence r, of the correla-
tion cocflicient between the given timo ‘series a, and the serica obtained by lagging
the scries z, by & time-units. Theoretically the correlogram refers to variables 'él
and &, of which z, and x,., can bo regarded as eamples, p, being tho correlation
coefficient between £, and £,,,- Wo shall hicro confine our attention to euch time-
serics whero tho theoreticol correlogram p, may bo interpreted s an empirical corre-
Jogram that ia formed 6n tho bosis of a time-series which is given for an infinito range
of time, from = — o0 to ¢ =+ w It will bo observed thot if we confine our
sitention to moments up to the sceond order a complete deseription of the timo-
serics ia given by its mean, ite varianco and its correlogrum.

In the ompirical corrclogrmm, a bins creeps in because the correction for the
mean is mado on tho Lasis of o finite number of obscrvations. It is the purposo of
tho present paper to examine this bias. Tho analyeis covers stationary timo-scries
of tho above types (3) and (4). The bias turns out to be rather substantialin a g.c;od
many cascs, Correction formulae for the bias aro worked out and iltustrated’ b.y
numerical examples,
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Seeriox 1

Let z,, 7,...x denote a stationary timo-serics of 7' observations. Then the
J correlation coeficient is defined as

1 ™~k 1 T T=h
Tk 55T T {S "}{5."" }
n= T - T D )
L 1T 1 T 1 T R R =) .
[{TTE:'."" e (5‘.") it =5 o o L5 e ) }]
If tho theoretical mean valuo of tho atationary time-scrics is known already,
then,

™
}: &
-

< )/ 3 x'...)]

whero x’, and 2y, denote the doviations of z, and 2., from tho theoretical mean of
the seriea.
In this caso

()

or

in largo samples.

Weo proposo hero to arrive at tho expected valuca of serial corrclations when
samplo aizes aro small with the assumption that

( =_ E . )
vEe |~ VEwED
and thus obtain the bias duo to the smallness of the kamplo size.
Lot {, bo & stochastia variable of stationary timo-series.
Suppose &= bentbine dhaeyton 400, (9

where by, by, by...b, aro constents and 7,, 7,_y,.. i-p 010 random doviatea with zero
mean and unit slnndard doviation,
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Hero p mny Do finite or infinite. In tho luttor caso supposo El }: by bo
I8 0

copvergent,

Thea
Et) = Ebn+bmyt ot byneg) = 0 v {0)

VIE) = Ebart byt o)t = & B 0y (since Vig) =1)... (1)
Similurly
€09 (6n) = bbbyt Haby = 5 bl = polh) say - (8

Tiius in large samples from (3)

x
—p= R
En)=n . i) v (9)

5o
o

When tho samplo size is small and wo only know that the expectation of
the mean jg zero wo huve to uso equation (1) and obtain E (r).
Thus we hovo
[T U AT SR S w7 SN ki
_ (1= gt = g & (T =kl o=ty
En)= e (10)
- ),, O =2 E T ki)
( =k T A o

DBias, gy, due to the smallncss of the samplo size theroforo is (10)—(9) ie.

Tk olh 4 el i = 2R}
=~ . (1)
¥l " g
(T=k=1)T—-Rinf0)=2 % (T—k i)

Instendl of defining 7, for small asmplea as in cquation (1) if wo define
2
1 T 1 T
75 Seeep(3e) - a2)
e —————
1{r
{r Z-nli=))
then,

kY= fd0)= 2 (T —i)pi
En) = — - (13)
{r=3 Ym0 =7, S AT~ it
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Thus in this case
p{r+2 "5 (7=, } "
o= - .
(T=1)T—2 Tg.(T—i)p,

where g, is as defined in equation ().

Tho bias resulting from tho equation (14) is less than the samo obtained
from (11) for some scrial correlations in the beginning. But sk i scs the bias
givon by equation (14) becomes greater than the same fiom equation (11) and
finally tonds to its maximum. Bias given by equation (11) however decreases
after o cortain & and finally becomes zero.

Theso conclusions aro amply borne out by the results calculated from the
two formulao riz (11) and (14} for the following models (vide Table I).

(A) &=7tma

(B) & =ntine

© &=ntnatatr., o (15)
(D) & =8¢t

(E) & = .T6a—012580 47,

Thus tho definition of r, as per oquation (1} is more acceptablo than
equation (12).

SEcTION 2
Caleulation of expectation of 7, or g, involves the calculation of py(s) for
various values of 8. /2,(s) has already been defined vide relation (8).
Substituting the values of z,(s) in equation (10) we sce that in the caso of o
stationary timo series representable by a moving average scheme (ie. when p in (5)
i8 finite) for k § p < T—2k+1

¥ 1 evd ard
£ = [Enha—d o (W00t E S 0n )

o (3 X ettt 3 5 e}/ [f-ripli o

» Pl
o 5 =k e (10)
and
_ 1 K1 e g ") L »)
n={ o {5 Zun+ 3, Zony+ 2200}

_ﬂ‘_lm['%:gw_j]b.b..ﬁ‘% Bkt
ve{Sn (g ¥ k-] /(- 7) b
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Forp<i g , E(r,)} will bo samo as (16) with tho firat term in the
numerator vanishing and g, will bs equal to E{r,). Further cquation (17) will then
be identical with E(r,).

For k > T:l both E(r,) and g, will bo zero. Tablo 2, gives tho E{r,) for
the models in (15) for samples of sizes ranging from 5 to 1,000. From theso it is clear
that in tho case of models A and B a samplo of sizo 200 terma shows n bins of the
ordes of 0.01 in their scrial correlations. Samplos from model C shows this bins
in their serial correlations even when their sizes exceed 300. Thus samplo sizes
which are considered to be very lurgo when z's aro indepondent, appear to bo small
in the analysis of timo seriea. So formulao or tests bascd on large samplo theory
should be eritically viewed or corrected for the bias therein before their application
to practical probloms.

Another important factorthat (17) and Tablo 2 (Models A—C) bring out clenrly
is that the bias, g, is & function of the size of the sample, tho number of tho serial
correlation i.e.  of the kth serial correlation and b, by...b,. Thus in samples of
size 50 and below, estimation of &,, b,,...b, becomes more complex,

Grapb 1 shows how g, changes with the eamplo sizes when & and by, by,...5,
are kept constant, Graph 2 shows how gy changes with & when the sizo of the
samples and by, b,...b, are kept constant.

SectioN 3

When p in (5) is infinite, wo obtain a general class of stationary series which
as & special case includes the sutoregressivo serics. The sutoregressive serics whick
were first studied by G. U. Yulo are defined implicitly by.

ftadiitadiattaba = - (18)
whero a,, a...an 8re constants. As shown by H. Wold the a,'s should bo such that

the equation
et fa, =0 (10}

has the modulus of each of ita real and imaginary roots Icss than unity; otherwise
the series will not be stationary but cvolutive.
It is known that a,"s of {18) and ,'s of (5) aro related by tho set of relationa.
by =1
ath =0
aytab,+by =0
. (20)

-t byt agdyto b0 i = 0

a0t auibryt Qugbyoy o Fabina Hhon = 0
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Thus
(=1 @ 0 pk et 4l
b = 2 bl
where PPttt =7
and Ppuobipat8pytothp, = k.

Now if 0, 0....0, aro the real or imaginary roots of the equalion (1) with
o<1
ar=S(=1) 8, 81, 1,0 61 where 0,000 = 1,200 {22

Thus by expressed in 03 becomes

b =3 671 ggt...00 where py+pytdp = k - (23)
or {24
whero A{0,1,2..., h—2, h—1+4) is the alternant
1 1 1 e 1
4 6 8 . B
o o2 .. 0
oo e o
gy gt gyt g
Therefore
L. > !
i) = 5 b bay = £ A8, e (25)
n (00
where d,= % {——} - {26)
-l

and (g3} is tho inverso of the element 6% intho alternant (0,1,2_...}:— 1)of0,,0,...0..

1n largo samples we therefore have from (9)

'zl A8 .
By = 288 = , - 1

s A,

el
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Further substituting the valuo of sry(j) in cquation. (10} .wo have in.small

samples for k <. -———l

.:' T {(T K (1 —0,119% — (T —2k)(1 — 1)+ 2031 — gT-5e1 7+ l}
E(n) = 3 (28)
Loe 0), ((T=k+IUT=R1 -0 —2AT—k)(1—8,)}+ 29,— 20,1}
For k> 152
)

(T —k)H(1 —4,)70} + 2631 =071 — 0B-T1)

a
:
0 »
2)

((T—k+1)(T— K1 =8, =2(T— k(1 ~0,) 4 20,—

3 (1 o Al
Thus bias in £{r,} due to tte size of the sample can be obtained by subtract-

ing tho valucs given by (27) from (28) or (20) a8 tho case may Lo,

In particular, if in equation (18) A = 1 i.e. if wo have a Markoff scries

E—ad =
then equation (27) reduccs to
En)=p=a" o (30)

Tn small samples for & -1
(T—F) Py —2p11 Honal = (T= KU1~ + {201 = Prgrs =Py}
(T=k 1) T~k)po—2ps+ ) ~HT~K)T—p) £ 2P —prann)

o)

En) =

and for &k > T—z—l
T~k (=21 F 12} + 2000 =P va—pr (32)

T=F+I0T ~k)po—2p+ p)—AT— ’-)(l—ﬂn)+"(l’.—ﬂr 2er)

Efn) =
where p, i8 a3 given in (29) for large samples
Thus for k —

(1= p)(T—2k)—p\(T —k)} +pr-noll —Pa) (83)
(T — kTN —kpe=2p1+pa) = AT =R =)+ 2pr—pran)

==
. (84)

and for &k > '—1
rall =prra )= —p NT—4)

B = TR Ripe T p) =AU == ¥ =prar)
Tablo 3 gives the bins duo to samplo sizes of 35 and IS respectively for

9. From thees it is cleac that for a moderate size of the sample

a=.,.2,....0.
pamely 35 which we generally wect in practical work tho biss is very high
287



Vor.11) SANKHYX: THE INDIAN JOURNAL OF STATISTICS [Parts3&4

and inereases with ‘a’. Graph 3 for examplo, shows how the bins changes with ‘a’
and kol r,. Thus in oll practical problems requiring the uso of Markofl series tho
bias has to bo taken into account. Further a3 tho bins ia a function of ‘a’, estima-
tion of 'a’ becomes more complex.
Tablo 2 (Model D) gives the bias in E(r,) when tho sarplo sizes aro 5 to
1000 for'a = .8 and & =1,2..., 12, From this it will bo clear that bins even in
samples cf nire 500 is of tho order of 0.01.
When wo have un autoregressive series of the typo of Yulo's equation viz.
Gtadertados = 0 . (35)
where Htazta; =0 . (38)
has imaginary roots 0 % and 07 and {01 <1, A, of the cquation (20) are
_ (e'.'l¢_l)
$sint ¢ (1-0) (1= £2'%)

. o (87)
(t—’.‘lé_]
and Ay = ——;-_,,.
4sint g (1—g)(1=0 ¢ "¢) J
Thus in large samples i.c. from (27)
Ein) = py = 0cos kp+ 1= cot g sin k ¢) . (38)

1404
o well known result,

In smallsamples i.e. from equations {10) and {25), for k 7-‘—;!,

E(R) = [a(T—k2 (1=p,) (140 =(T = 2k) (1 —p,") (1=0%) +p,(1 +-0%)
~20%4 1 +0'ps1 = 20— Pr-nn—8'Pr.n 1+ 20Pr = e
—Bor+20p:) | (T—R(1—p ) (1 +0P —(T—k)(1 —p )1 —0")+2p,(1 + %)
=200 —pr1a =071 H20%14] . (39)
T-1
2
Eln) = [T~k =p)X1 +6")4 Ao+ 000,y —20%0) ~{pru+0'pr.y - 201
+on-10 0P +20pu A} (T~ K1 = p (1 +07)?
~(T=k)1=p*)1 -0 +2(p\(1 +0') 20" = pr.\y = 0Py +20%01.,}] e (40)
whero p, v tho £(r.) in large samples.

Thus for & T%‘.

and for k >

f = = (1= =0)((T—-28) - p (TR} ~ {p(148°)— 26"} {1~ 2p,)
Hpzatprwa =P~ 200100} 0 pr HPrn = A — 2P T )
=20 prtpra—p—2ppra)} T =K =2, {1+ (T —K}1 —p, N1 =0}
+Upy=Pran)+20' 0y —praa) =1 —pr.))e (41)
aud for k> Z;;,. ,

0= = [T =K1 =p)(1 =0 +2{py1 4+ 01y~ (14+8%)) ~ (Pra+Prirey
=2mpran} =0 {PrtPura— 2001}
+20{prtpuy2ppra )] UT =B)H1=p ) (1 400 (T=B)(1 = p )1 - ')
+2{p(1 409208 = pry o = 0'Praa t3Prad) o (3)
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Tablo 2 also gives the bias in E(r,) for model £ for samplo sizes 5 to 1000
when k =1, 2,...12, From this it is scen that tho biasis much less than in tho
caso of the other models. This appears to bo n spocial property of the sutoregressive
equations with imaginary roots and fairly big periods. Graph 4 shows tho relation
between tho bias and tho samplo size for various values of &,

When tho roots of the equation (36) are real and say are equal to p and q
each being numerically less than unity then

1
A |
(43)
Ay = g
(g—rNI=p{1—¢Y))
Thua in large samples wo have from (27)
(] — @) gte (] —p
Bl = py = U0 - ()

& well known result.
In small samples we have for k T_;’.

Elry) = [(T—K){1-p(1-9)1+pa)p—0)n,
—(T=2k)(1-pg)p—)(1-p*H1—¢*)
H2pRl_pT-tl_pTi_nqet
HgT R g (T—k T =K1 —p) (=) (1+pg)lp—q)
—AT—k{1—pa}p—gi 1 —pil—g)+-2p—2pT+ 1 —2g4ag™Y .. (35)
and for k > -ZL;—I

E(n) = (T—kP(1—p)(1—-9)(1 +r0)p~p:
2Pl phTI_pTil gl
Hg T T (T =k +1)(T—R)(1—P) (L —9)X1 +pg)(p—9)
—2{T=R)(1~p)p— )1 ~p)1 —g)+ 2p=2pT A =2k 27 MT] ... (40)
where g, i8 a8 given in {(44).

Bias in E(r,) due to the eamplo size may in this caso bo caleulated for
kg Z'—z_—l by subtracting (44) from (45) and for k > 7; by subtracting (44)
from (46).

In conclusion it may bo said that os samples of even size 200 give biased
values, it is often necessary to make proper corrcctions for biss in the treatment
of stationary time serica.

The author wishes to thank Prof. Herman Woll and Dr. C.R. Rao for
thoir guidanco.

Rerzaexcn
Worp, Hrnuan (1038): A study in the analysis of stationary Limo sorics. Dissriation, Stockholm.

Almqvist & Wickeolls, Uppsals.
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BIAS IN ESTIMATION OF SERIAL CORRELATION COEFFICIENTS

\
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NIAS 1X THE SERIAL CORRELATION COETTICIENT

s 10 1520 30 30 W0 200 . 300 Weo
sauiriy mize T IN LOG ACALE

Graph 1. Bias in the kth acrinl corrglation coefiicicnt when the
asmplo sizo is T nodd the modol is §y = ¥+ %0 + ¥+ Wy

1 —{ %
R
H ~.
¥
3
3
»
2
E
5
3
z
z
H
4 RN
3 Ardypebat—
3 / Seeri]
H
&
H
¥ .
]
R
1
]
.

v o2 3 e 3 6 7 b B oau
Lth BENIAL COMMELATION CORFFICIENT

Graph 2. Dina in tho various aneial correlution coeflicients
whon tho samplo size ia 33,
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‘BIAS 1N TUE BROLAL CORNELATION COZFFICIENT
5

kth CORRELATION COLFFICIENT
Graph 3. Dins in tho serial correlation coeflicients for various
values of '’ whoa the model la f=afee+%1
and the samplo sico ia 35.
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Oraph 4. Dina in the kth sorinl oorrolation coollicient whon tho
samplo 4izo (s T nad tho model ia § =7 fe.y =012 fia+ 9y
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