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1. InTRODUCTION
Let X, X,....X, bo a set of chanco variables whose joint cumulative distribu-
tion function F(z,2,,...x,) ia known to belong to some sub-space 0 of the spaco of
all possible distribution functions F. As for instance it may be known that the X’s
are independently and indentically distributed so that 2 is the sub-space of all d.f.’s
of the form

F=0(z)0(zy)...0(x,), e (LD)

where G(x) is somo one dimensional distribution function.

In point-estimation the problem is to estimate some population characteristic
0=p(7), where y(F) is a real valued functional defined for all Feq, with the help of
an estimator {=l{z,, %,,...2;) where z, i3 a random observation on the chance
variable X,.

Let W, F), for any fixed Ren, denote tho different weights that the statistician
attaches to tho different values of ¢ as estimates of x#(F) and let

AF|t)= [“ll'(l,F)dF, . (12)

where R is the n-dimensional sample-spaco, bo the risk function associated with the esti-
mator {.. Wo assume that there exist estimators ¢ for which the integral(1.2)is
convergent for all Fen.

If o(F ¢,) € r{Ffty) for all Fet with thesign of inequality holding for at least ono
F then ¢, is said to be uniformly more powerful than ¢,

The estimator f, will be called admissible if thero exists no estimator ¢ uni-
formly moro powerful than 4,

In this paper we restrict oursclves to only such weight functions as are convex
(downwards) functions of ¢ for every Fea. That is

w(h P) 4w P F) - (1)
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for all t, and #,. If the sign of equality holds only when f,=t, thon tho function will
Lo called strictly convex. As for examplo the following functions are all strictly convex.
i) 1=0[*p>1, (i) e-ol—y
(iii) alt=0|441—0p, ap0, b>0
The function |{—0| i convex but not strictly so.

2. ADMISSIDILITY AND BYMMETRY®

Wo prove tho following:

Theoror 1: If every Feq is symmelric in x, and z) and if the weight function W(t, F) be
PR "

strictly convex then every i must be ially ay ic in .z,

Proof: Let t==f(z,. 7,...x,) bo any admissibl i andlet f, be obtained from ¢
by interchanging z, with z,.

From tho symmetry of F in z,, z, it follows that I and ¢, are identically distri-
buted for an Feq.

f(F|)=r{F(1,) for all Fen.
Now if wo define f,=}{+1,) then from the convexity of (i, F) we have

AF 1) rF 1)+ |r(Fit)
=r{F|1). - (2

Since ¢ is admiasible the aign of equality must hold everywhere in (2.1). From the
strict convexity of IF(t, F) if follows that the sct of points where ¢5£1," must bo of P-
measure zero for all Fen.  Thus if the weight function bo strictly convex all admissible
estimators must by cssentially symmetric in z,, z;. If the weight function be convex
but not atrictly 80 then thero may exist admissible eatimators which are not essentially
symmotrio in z,, . But sinco corresponding to any such unsymmoetric estimator
thero always exist an estimator symmietric in z;, x, and gencrating the samo risk function
it follows that we need not go beyond estimators that are symmetrio in x, z.
Corollary: If every Fef is symmetric in all the x's then Jor the purpose of estimalion with
@ convez weight function we need restrict oursclves to only symmetric functions of the 2's.
If however we want to reatrict our choice of { to a particular clasa of estimators
then, for a particular weight function, tho above results can bs trus without F being
completely aymmetrio in z,,z,. For examplo supposs that P(t, F)=(t—0) and that we
want to restrict our choice of { only to lincar functions of the z’s. We note that if tho
first two moments of z, and its product moments with the other z's are tho same as
the correaponding moments of z, then {or any linear estimator ¢

f{Fit}=r(F4,) for all Fen.

*The atteation of the auther hns been drawn to & paper by Paul R. Halmos entitled “The Theory
of Unblascd Estimation" in the Annols of Marhematical Statiatics, Vol. 17 (1940), where the results proved
in thia section were partinlly anticlpated.
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where 1, is obtained from ¢ by interchanging z; with z, and so tho proof of the theorem

applies.
We now show how tho above considerations of symmetry lead to simple proofs
of results which nre otherwiso difficult to obtain.

3. SaAMPLE FROM A ¥INITZ POPULATION

Consider a finito population sith ¥ values a,.a,,...ay and Jot
1 1
a=y g and ¢'= ¥ Za,—a).

be the population mean and variance.

Let a random samplo x,, 7,,...2, of sizo n be drawn without replacement from
the population (z, is tho sth samplo drawn). It is clear that tho probability

N—n)!
Pzry=a, z,=a,l..‘z.=a,u)=(—A.!—)
and is the samo for all tho (V' )/(V —n)! possible choicesof theindicea {12 Tguendy from the
sct1,2,...N. Thusit follows that the joint distribution of the chance vector (z,zy,...7,)
is symmetric in all tho z's,
Henco in the class of all estimators of thy form
t=ex F ety t . F6,7, . {31
we need consider only thosoe for which all the ¢'s are cqual ie, (=c2, Let @ bo the popu-
lation characteriatic wo want to estimato and lct V(¢ F)=(t—0)*
Then
HFics)=E(c2—0)t
=cV(E)+(ex—0)*
- _N—not
where V)= NoUw
If in particular f=a then
r(Fjce)=c*V(E)+(c—1)%at
and wo observe that c2 cannot bo admissiblo unless 0 ¢ ¢ 1. For corresponding to
any ¢, outside the interval 0 < ¢ § 1 wecan always find another ¢, in the interval such
that ¢,% is uniformly moro powerful than ¢,Z. It is conjectured that for the weight
function (I—0)® overy ¢z {0 < ¢ < 1) is an admiusiblo estimator in tho entiro class of all
possiblo estimators.
Again in tho closs of all quadralio estimators we need consider only symnietrio
estimators of the form

t=aXz!+b ¥ zz)+c Lz +d. . {3.2)
i
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I o bo tho population characteristio wo want Lo eslimato and if we add the further
criterion of unbissedneas then from

E=antot+atinn—1— = o'+a+enatd
=0? for all « and o'
We have

an—b 2‘(")‘5:-) =1

antdnin—1) .= 0
c=d=0,

Solving for a and b and substituting in (3.2) wo have that in tbe class of all unbiased
quadratio estimatora of ¢* tho estimator-

—{ L{r—1)t
a1

e (33)

is uniformly tho best estimator provided the weight function 1¥(¢,F) is convex (down-
wards). It is believed that tho cstimator {3.3) is admissible in thie unrestricted class
of all estimators.,

4. THE MARKOFY SET-UP
Consider the familiar Markoff sct-up whero x,, xy,...x, is & st of chance variables
with oqual variances o and expected valucs
Erj=a;n+..40,7, i=1,2..n,m<n
where the a,’s are known constants and the 7's aro unknown paramoters. Without
loss of generality wo may assumo that the rank of tho matrix {a,)=m
The problem is to extimato tho 7's and o?.

At firgt let us assume that tho z's are independently snd normally distributed.
Wa shall later on aco how far this assumption can bo relaxed.

We can always find a unitary orthogonal transformation

(2: y)=2(8: C) v A0)
where B=()) i=12.n—m, j=12,.n
and C'=(ey) i=12..m, j=12,..n
such that Ez=0 i=12.n—m

and Ey=¢¥0 i=12,..m
whoro the &’s aro indopendent linear functions of tho r's.
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From the independenco and normality of the z's it follows that thez's and the
y's are independent normal variables with the same variance.

Thus if wo want to sct-up s lincar unbiassed estimator of g,5,+...+g,%,
then from tho symmetry of the z's and the condition of unbiassedncss it follows that
we must choose from

t=alz;+29+ ... 20y e e (12)

If further we take our weight function as the square of the ervor then from
tho fact that z,+zy+...+2, 5 i8 uncorrclated with g,4,+...4+9,,, it follows that
‘s' must bo zero in (4.2).

We now consider tho problem of cstimating 3. In the class of quadratic
cstimators of o* wo must, because of the symmetry of the z's choose from the class

t=0Xz+b ¥ 724+ Yezy + I, Yy +eSa+ Efy g
i3]
From the condition of unbinscdness we have
! T2 - T
= b ) +{ bZ.IZJ+Ec]zly,+e_.l}

= S,+Q e (43)

1f we take tho weight function as square of the error then from tho fact that S, is un-
correlated with @ it follows that tho minimum variance of ¢ will bo attained when
V(Q)=0, i.e. when Q=0. Thus S, is the minimum variance unbiased quadratic
estimator of ¢, Following the techniquo of Rao (1052) it can be shown that in tho
class of all unbiased estimators S, is the minimum variance estimator of ¢? and also
that any lincar function of the 's is the minimum varianco unbiased estimator of its
expected value. For proving this tho assumption of independence and normality of
the z's play an essential role.

If, however, we want to restrict our choice of ¢ to only quadratic fanctions and
take the square of the esror asthe weight function then it is apparent from the remarks
at the end of §2 that the above proof will hold even in the less restricted situation where
the momenta and the product moments of the z's and the y's up to order four are
symmetrical in tho 2’ and further where g bo uncorrelated with Q. This will bo so if
the z's and 1ho y's be mutually uncorrelated up to order four and if the third moments
of the of tho 2's be zeros.

Definition: A set of chanco variables zy, z,....x, aro said to bo mutvally uncorrolated
up to order p if

. Py P, P, ®,
Ext 20t .z =Ex . ExV ..Ex,

for all non-negative integers p,,p,....p, such that pi+pyt.ctp,=p-
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Let 1,,1y....2, bo mutually uncorrelated up to order p and let

y=0,7+... 40,2, e ($.4)
i=12,..n

be s linear transformation of tho z's.

Under what conditions the y's also will bo mutually uncorrelated up to order
pt

Since the chance variables {a,x,+&,} i=1, 2,...n will also be mutually uncor-
related up to order p it follows that we can. without any loss of generally, assume

that the 2's have zero means and unit variances. By adjusting the scales of the y's wo
can then have that the y'a also have zero meana and unit variances.

1=Vy)= X at, i=1, 2.0
-1
and 0=Ey,Ly,=Eyy,
= E:a,,al,(i;éj. iLj=12,..n)
. the transformation (4.4) must bo a unitary orthogonal transformation,
Let ¢,{t) and k{t) be the cumulant generating functiona of z, and y, respectively znd lot
€(ty, Fyoeerty) 80 (1, 1p....2,) bo tho joint cumulant generating functions of the z's and

the y's respectively.  Also let ¢, and &y, bo the mth cumulants of z; and y, respec-
tively (i=1,2,..n, m=1,2,...p). Wo know that

ey=k,=0and ¢;y=k,=1 =12,

Now since the z's are uncorrelated up to order p it follows that

el lye )=l oo 6,01 . (43)
up to terws with power < p.
Hence k{)=clayl, ayl,...a,l)
=ofa )4 +C,la0) e (46)

up 1o termis with power & .
Also Kty to)=c{Xa ... X, 1) o (47)
=eZaut)+.. +o(ZTaggly)

upto terms with power < p.

A necessary and sufficient condition for the y's to be uncorrelated up to order
pis thet

Ktyty- )=k i)+ 4R ) e (£.8)
upto terms with power < p.
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Now it is casily scen that if

€,=0 for m=3, 4,...p i=1,2,..n

then (4.8) will be eatisficd and then

k=0 for m=3,4,...p,  i=12..m
Now if (4.8) be truo then we have

c(t)y=klayt, agt,...a50)
=kyfay)+.. +kla, ) e (4.9)
up to terms with power  p.
From (4.6) and (4.9) we have
Kim=01] €1y +07} Cpnt oo AT Cpy
and - (4.10)
Cim=0] byt Ryt ooofam ko

i=12,..n, m=12,..p.

Hence from a Lemma proved earlier (Basu 1051) it follows that if no a,==1 then
(4.10) can be satisfied if and only if

Om=kin=0 =120, m=34,.p. e (811

1f 5ome ;=11 then it means that y, is a function of z, alone and that no other y in-
volves 7, Then the uncorrelatedness (up to order p) of y, with tho other y's will
follow from tho uncorrelatedness (up to order p) of thez’s and no furtherrestriction on
the cumulants of z, necd bo imposed. Thus ignoring such trivial cases wo have the
following:

Theorem 2:  If xy, xy,..-%, be uncorrelated up to order p then a necessary and sufficient
condition that there exist non-frivial linear transformations of the z's into ¥y, ys....¥,
such that the y's also are uncorrelated up lo order p is that the z'sland therefore the y's)
are normal up fo order p i.e. ¢\, =0, m=3, 4,..p, i=1,2,..n,

Also if the z's have the samo variance then any orthogonal transformation
will make the y's uncorrelated up to order p.

Thus if in the Markoff sct-up we assume that the z's are mutually uncorrelated
up to order four and that £,=0 and ;=3 for all the z's (i.e. the z's are normal up to
order four) then the transformation (4.1) will make the z's and the y's uncorrelated
and normal up to order four and o in tho eame way as beforo wo prove that
lm bR e (412)

n—

So=

is the minimum variance estimator of ¢* in the class of all unbiased polynomial esti-
roators of degree not exceeding two,
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Hsu (1938) and Rao (1952) proved the same result over a less restricted
distribution space n but had, thercforo, to reatrict the scopo of the choices for tho
estimator £,

Hsu, for instance, restricts the choico of ¢ to tho class of unbinsed quadratic
forms zAx' for which ¥(zAx’) is independent of tho unknown paramoters 7,,7,....7,..
Rao considers only definito quadratic forms,
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