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1. The effect of parent non-normality on the sampling distribution of
Student’s 7 has been the subjeot of many experimental and theoretical investigations
(E.S. Pearson, 1928, 1820: P. R. Ridor. 1931: ;. A. Baker. 1032; M. S. Bartlott, 1936;
R. C. Geary, 1036, 1947; H. L. Rietz. 1939: A. K. Gayen. 1949; H. Hyrenius, 1850).
It has been shown that for moderately non-normal. especially symmetrical populations,
a good approximation to thedistribution of ¢ is provided by the normaltheory Student’s
distribution. However. the effect of skewnessin the parent distribution may be consi-
derable as has been particularly pointed out by Bartlett (1935). CGieary (1936, 1947)
and Gayen (1949). Appropriate probability correctiona for the population measure of
+/fi, were given by Geary in 1936, His work was extended by Gayen (1948). who
derived further corrective functions for #, and f#, for any sample size and prepared
tables for the corresponding probability corrections for a considerable range of values
of the sample size. (ieary (1947) suggested the preparation of such tablex, but the corree-
tive functions obtained by him were not satisfactory; also they were based on large
sample assumptions.

2. In this paper will be studied the possibility of normalizing the usual test
function, in cases of samples from a non-normal population by the inverse
hyperbolic sine transformation which has been suggested (M.H. Quenouille and F. .J
Anscombe, 1950) for normalizing the normal theory f-distribution. Quencuille (1950)
suggested the transformation y= Jsinh-1((3/n)}. whoresign of y is to be taken as negative
when ¢ is negative and as positive when ¢ is positive.* » heing the number of dogrees
of freedom. which was modified later, as y=sinh}(363/2n)". by Anscombe (1950}
which improves upon Quenouille's form. Anacombe (1650) has claimed that for large
. this form of transformation normalizes closely the {-distribution in cases of normal
samples. We shall here investigate how far Anscombe's form of transformation tends
to normalize the (-distribution for Edgeworth population. including terms up to f,
and .. which as we know represents satisfaotorily moderately non-normal universes.

3. Following Fisher’s (1929) methods of deriving the momentsof a statistic for
any population, the expressions for the first four raw moments of Student's ¢ for any
population were obtained by Geary (1938). The expressions for the fifth and the
sixth raw momente have been derived for our purpose by using the exprossions for
the semi-invariants L and L, given by Geary (1947). They are given below along with

* The convention in aug for ll:x:

enn be writtes with allvantoges na,
'
¥ = Rinh-(1 /)
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those obtained by Geary after correcting some errors in his expression for the fourth
moment. Here the i-th semi-invariant of the parent population has been defined,

a8 nsual, by /\,=k,/k,‘;, k, being the i-th cumulant of the universe, as defined by
Fisher(1928).
We have thus, up to terms in n~2, (n being sample size)
() = —Ag/2n1/A—3(2Ag— 2Ag+ BAA,) 1607 4 .
20 = 1421428+ 23— A, —BA A+ 842 )l 4.
0 4{t) = —TA 2018 — (21073 — 88, + 105A;4,+210A,3)/ 16n¥8 1.
7 t) =3-H(18—2A+ 28A8)/n 4 (102— 304, + 444+ 12003, — 108A,2,— 63,2
+1882,22,+ 120A,8)/nt+ ..
12 4{8) = — 55220173 { — 10262,/8+ 33315 /8 — 4261,/ 16— 12262 3/ 4)n¥/2 - ..
' oft) =16-+(180— 302+ 370A2,)/n + (1680 — 5404+ T6A,— 1698 A + 71562,2/2
+1860A%A, — 8042442004 ) a3 +... ... (1)
The values of p',(1) and p’(t) obtained as above were found to check with
the normal theory expressions when A; and higher A's were considered to be negligible,
1t is found difficult to have expressions for the moments of the transformed variable
y calculated directly in a similar fashion,
Assuraing 7 to be large, we can suppose 3/2/2 n <1, ( can vary through & suffici-
ently extended range of values) 8o that y can be expanded in the power series form:

8 5
up to terms in 273
Utilising formulae (1) and (2) (here n+41 was taken as the sample size so that
the degrees of freedom remains the same as Anscombe's) it has been possible to derive
the first four raw moments of y in the forms:
£r{g)=VB[2 [ Mg/ 20+ (3Asf4+ 3A,[8— 15A,A,/16}/nt +o(n—2]]
Koy =3{2n- (344 BAZ) NP (312 3A (2~ 24A5% — INsAs+ 18X )23+ o(n~)
Pof)="VE[2 [~ 21Ag/an3 (1 114,/8+ 994,16 — 315AA, /32— 3152,3/16)/n3+-o(n=2))]
2 AY)=2T[4n3 4 (2T/4—0A, 2+ 83A,0)/n3 4+ — 2164-BA /2 04— 1251 1,32
—243A,3,— 27A (24 BT8ASA + 2T0A ) n +o(n—t) ... (3)
giving the following expressions for the central moments:
Ialy)=3/2n-4(3/44-211,2/8)/n? 4 (3/2— 3A,/2— 183A2/8 — 136A,1,/ 16
+531A4%4,/32)/n+o(n—3)
Hofg)==V/3]2 {—BAg/n24-(93A,/8+0A,/2 —~45X,A,/8— 240A.3/8)/n%} L o(n-?)
Hdy)= 27/4n3+ (27)4~ 04, /24 405,3/8)/n 4 — 216 DA 240X, — 8099A 3/ 16
—3483A34,/16—27A3/24 1061 1A,2A,/32+ 13906A,8/64)/md - o(n—) ... (4)
The expressiona for the first two y-coefficients of y are found to be:
Vily)=—223/n8 +(37/4 Ag3A5— 16A5A f4 ~ 31A,3/4)/n¥0 4 o(n-%3)
Yaly)=(12451—2A,)/n+-(—411/4— 18043+ 8A,—BA S+ 44, — 83X A, + 88A,TA,
+-383A44/8)/m2+o(n"?) ... (b)
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The above expressions for the of ¢ or y hold for any population with a suffi-
ciently large sample size n.

We shall now see how the y-coefficients of y comparc with those for the
t-statistio. Also for the specific Edgeworth population up to terms in A, and A2 the
corresponding expressions will be compared.

R. C. Geary's (1847) expressions for the y-coefficienta of ¢ are as follows:

Yll)= —225/nb 4 (—9A5+ BA,— 1542 /4 — 83A3[R)/n3/2 4 o(n-3/2)
Velt)= (6—2A,+ 12A;3)/n+ (54 — 18A,+ 4A,+T5A,2— 6344, — 6A 24 BIA2A,
+689A,4/8)/nt4-ofn"2) ... (6)

For normal populations, as has been observed by Anscombe (1950), y,(y) is
evanescent and 8o is y,(t), but y,{y) involves terms in 72 whereas y,(!) starts witha
term in n-1. Accordingly for large n, y is approximately normal. havinga zero mean
and a varianco

Holy) = 32+ 3/4n? + 3203+ .. 2=3)(2n—1) )]

In case of non-normal population comparison of (6) and (6) shows that skewness for y
and { are almost of the same strength; thus there may not beany advantage in the use
of the transformed variate y over that of the l-statistic. The kurtosis coefficient, on
the other hand, is a bit reduced in the case of y, the term 6/n being absent in 7, (y).
Thus the normality of the inverse hyperbolic sine transformation y does not
appear to hold good with some convenient expression for variance cven in moderately
large samples. The skewness of the population will be a particularly disturbing fuctor
in the situation.
4. Confining now to the Edgeworth population upto terms in A, and A2 we
find,
FAy)= V32 (=220 3A/an ..}
Haky) =3/2n+(3/4+2123/8)[n2+ (3/2— 1832834, [2)/n3+ ...
Paly) =— 22, nt 4 (3TA,[4 — 1542, [4— 312 }n2+ ...
72ly) =(1ﬂ=’—2/‘4)/7t+(—4lll4+5/\4—180":’-6/‘4'4‘ 88A4%A,+363A,/8)/nt+ ..
which may be compared with the corresponding expressions for ¢ itself given below:
B A1) =—Agf2n3—3A, /8032 4.
Ity =1+(84-723%) 4n+2(3—A)/nt+...
ilt)=—2A;/nt+(—9A;— 15452, /4—83A3[8)[n¥2 ...
Yelt) =(8—2A,+ 122 %) /n + (54— 18A,+ T5A— BA 2+ 81 A,2A, + B09A,Y/8)/n2+ ...

Obviously, the situation would remain as before. The variance will decrease consider-
ably in the case of y but except in cases of suitable A-coefficients, or a very large
sample size the normality of y cannot possibly be assumed. The use of the transformed
variable y cannot help therefore in such non-normal situations; only the probability
correotions (Geary, 1938 and Gayen, 1949) obtained for Ay and A, can provide here
adequate corrections for the tail probabilities.
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5. Summary:—The Inverse Hyperbolic Sine transformation y=sinh-1y/3/2n ¢
has been suggested for the normalization of a variable follwoing the normal-theory
Student's {-distribution (Q ille, 1950 and A be, 1050), end it has been shown
that for large n, y is approximately normal with the variance 3/{(22—1). The effect
of non-normality on the transformed variate y has been studied here by deriving the
moment functions of y for any population. The study shows that the use of y in cases
of non-normal samples is not advisable as its distribution is considerably sensitive to
the population form. For moderate non-normality the expressions for y-coefficients,
retaining terms upto A, and A, of Edgeworth series, do not also appear to be negligible.

In such cases supplementary tables of probability correction (Geary, 1936;
Gayen, 1947) should be used in conjunction with the estimated values of f; and B, for
adequate evaluation of the tail probabilities.

My sincere thanks are due to Mr. N. Bhattacharya for the assist rendered
in the course of working out the formulae of this paper.
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