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gHAPDER I

INTRODUGTION

Intorost in the upe of sawling mothodn for obtaining
the statisgliesl deba wns ddsoornible towsmrda the ond of
the laat conbury $tacl?; but samling then had o somoewhat
dfferenty moandng from So-dayy the pringy difforence
being the abasnee of mechandsm of randordasation in the
paanle pelogdion and the probabilistie intoerpretation of
the data odllooteds The suistanding contributione of
¥ahalanobiss Neyman @nd Bukhistme during the thirtios marked
o farndns podnt in the etory of tho samnling theory and
oponed-up now avonues for veluable researches in the theory
and phdlosophy of — . sowle muveyss It was not until the
advent of Lopgo.scale muyrveys carried out undor the guldanoee
of Professoy Mahalenoble during the lale thirtion thet the
piilosonly of teffiocliomney per it cont' esme to be reaslised
and in ito Train wore oxplored nony now mothods of scleoctiom

md eatination proecdurcas

During the next deoade followed pome sisnificant
dovelopmonta in the soapling thoory of finite populations,
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nainly rolating to the upe of pupplemeniary informantion at
difforent stozes, throuch the notadble contributions of
Goelwan, lmpen, mrwits, Yates, Madow, Dalenius snd others.
hose devalopments gave rise $o a mumbor of tecolmiques of
sampling sd ostinaiim procodures appropriate %o varlous
situatlons in praotice %o cstinatc tho populetion Sotal of
o roglevalued charsstoriatio @efined for the wnits in the

popilatione

#E+h the avellability of vorious soleotion and the
sorresnonding estingtion procodures, the noed waa £folt to
pvelve o wiified thoory of sanpling end steps In thisg
drootion wore taken by Horvits and Thospeon (1952), Godenbe
(1985), #oop §1963) and Muriby (1063), and consoquently
saneralised linemr cotimators wore alsc proposods nder
s uniiied set-up, soarch for mn optirun estinator wase
upde Yy soversl authors end the following peailis ave aval -
1oble in the ldtorature for the homogencous linesnr end %he

myiire ¢lasa of unbiamcd estinafors, for sy desiyn P

{s) noneowigionos of o unifermly minimun variance {(beat)
eatinator in the clans of &1l homosonoous linear
unbianed estinstors I:: of tho population total
(codubo, 19885 Loop, 1863)
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(¥) addesi¥ility of the Yorvitzs chd Thompeon
optimator (the H.%e eatilator) of the popula-
tlon total Y 4n I (Codambe, 1960; Roy and
Oheloravarti, 1860},

{0} oxtoneiom of the romilts in {n) =nd (1) to %he
andize ¢lnos of unbissed egtinalors (Codambe
and Joshi, L865) of the population totals

() addasibility of the vaorisnco epiisator (of
the HeTe ontinmator) providod by Horvits and
Thonpaon (LG62) 4n $he entizre elass of unbiasecd

satinntefs (Sodomba @ Joshi, 1886),

(¢) nonwoxisbones of the bost cgtisabtor in %he
entire elose of unibiased catinnliors of the
varisace of the Helle ostimaior {Sodombo and
Jomtd, 1065}«

Joaht (15685a, 10648) removod the unbiassedness ocondition
6f oatinmbors ond provoed that the ssaple meon end the usunl
radio entitators ave adrdesible in the olasn of all ostimabors
for mny Qocglm with rogpoet fo vacisnee as lons Tunction and
8 conoralignsion of thias resuli in given by Mn (Joshi, 1968)
showing the admiseibllisy of thtoasv astlnators for my oonvexe
lons funotdone Marthor, Jostd {19695b) hes sdoo shown mn
egtimater, which includes the e Te entiznlior, to be
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ainipaililc for fixed porpleo size designs in the olass of
all eatinators of the popalanion botale

Apart fron the above roesulie din this dircetion, Hurthy
(1987) and BSasa (1988}, rospeciively proved that any estinoa-
tor which dopends o thoe order of seleetion and the ropeti-
tion of unite in the pawle, 1o inadmimsiblee Bamu elso
introduecd $he eoneopt of "suffigioncy' in sapwling theory,
whioh wes later devoloped by Pathek (1962, 1§64) end

oihoroe

Tho result mentioned in {(a) led to the eholoe of
ggtinators fron the oloes of adnispible estinatofs and
rarious eritoria wore thon put forward to arrive at an
optimm ehoiee, namoly (1) Bayemowss {Godambe, 19885),

§41) tavarimoeo and rogmlar oiass (Roy and Chelravertd, 1960}
(111) hypor-admissibility (Homiray, 1968, 66, 68) and

{iv) necesosry bestnops (Prabim Ajgaonkear, 1568)e Yo phall
iefly mentien below theae oxiteria and resorve a detailed
diaeugaion on them for Ohepher TIT.

Bayos approach,; Iatroduced in sampling theory by
Goohran (1048), asowncs the existonee of some knowledgn about
tho population prior %o construetlon of the doeisgn end that
with the help of this Imowledsge 1t is possille to formulate
n prior dletrimtion for the chepnoter under study. With
the holp of s specific form of mn apriorl distrivutisn
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Godembo {1986) proved that the ebrategy consieting of the

He Pe Gotinator and a doaimm with constent offoetive gsample
sime hneing the inclusion probability of o unit propoyw
thomato to the correaponding valuc of the mupplementary
eharactery known gordori, fa optimum in Ijs  Afterwards
Godmmbo snd Joshi (1588) aid away with the Linearity restric-
tion on the ostimators, and Hmmurav (1962) and Vijaysn (1968)
showed that the result is true gven for deslzns with expectoed
effeotivo sanple slgo bolng censtant for the linear and entire
elape, respontivelye 45 wegard the pocond eriterion no
further work 1o trageablo.

The eritorion of hyporeadmiseliiiity (headmissibility,
for short), videh is based on the concept of admissibility,
rogquires e setlnetof 40 be mdmissible not enly in the
whole spoce Ry but aleo in ench of ity prineipal hyper.sur-
fuses (pha’s), which sye (ﬂﬁﬁ} in pumbers 1% wns shown
by Homurav (1968) that the e Te estinator is the unique
headrl sedlilo astinator for oy non-unicluster desien in the
glass of fll polynonisl wnbiased estinators of Y,

The necessary ot eriterion for choice of an optinntor
tedeos into spoound only the firet pars of the variance of e
egdinntor 4, nancly i: Ay ‘Ig {loaving anide the socond

Pt i;%;i Am Y{i’s) md an egtinator € is sald to be the
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necessary oot In a class of unldaged catimetors 1 the
couffiotent Ag {1 = 1yZpeses V) 0f ¥; 10 Lesst asong the
eoof fieients {(of Yi) for ey other estimator in that olass.
Frobim Ajgaonkar proved that the e ?. cstimator 12 the neoos=
noxy boat in a subeslosn Ty of homogoncote lincar unbiased
eatimator I, of Y and Mege (1087) has oxtonded this vepuls
to the olase I 4teclfe

Aathor side of dovelopuent, as peinted out carliey,
wan with Yogard 0 the mec of information en supplomentery
ohractor gt the egtingtion aid seleotion stagess Coohrasn
{1942) doveloped ratlo mothod of egtimation uwsing informa~
$ion on a single suipslementary varieble which waz Jater
extendod S0 an ostinabth using 4né ov move sush voriablen
by OXietn (1986)s The preduot méshod 52 estination, domplew
sontery to the vetio mothod, war considercd Yty Mwihy (1968)
gnd conddtionn for choosing sy of the unblaped, wntio or
product eptinator was givon forr o spocifio dlase of destims.
Eoop [LD64) obteined similar oonditions for ratic estinstor
npilcable to any design. Reoently, Srivastave (1567,1588)
has proposed s gondydilsation of e ueudl ralis ogtimator,
Olkin®s mdtverinte rafieo ostinader and the ratio cun pre~
duct ostinater, given Yy the suther (1967h, discussed in
Chapter TIT) J-aBsRae (1962¢ hos howsver given mmother
gmeredisaiion f the usucl vatlo esiiagtor which o
obtzdned as & linesr sonbinatlon of tho unbiasod estinmator
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and the voife getibator end hones sgluple to compute. These
endingtorg are digeusped In Ghepiter VIIT and compared with
m ostinator suggosted there ine

sitenpte wers oloo node %6 make the ratic estinator
wnbdascd {Gr slnost unbiased), by medifying the sampling
sohones by Lahird (1981), Magzmo (1982), Sen {1082), Murthy,
Panjamin mnd Sothl {1089) snd othorsy or hy adjusting for 1ts
Was by Hariley and Ross {L984), meneullle {1986}, Durbin
(1989), Burtdy md Tondjmums {1&%}* ras {1966} and othors.

Heewpers mmd Murwity (1063) introduced prohability proe
portionate to size (pos) sopling withe-replocomont, the
grize being the value of the supplenontayy variasble, which
was later cxbondoed 4o ppe « witlput replagement :md to
inslusion provadiiition proportdonste to plae schemes by
Hopvits wnd Thompeon (1982), Durbin {1983); Des Rad (1986),
Murthy (1057}, Stovens (1988), Fajok (1982), Hartloy and Ranwm)f
Hewtloy md Coctwsan (1982), Tellegt (1063), Drewer (1963),
geth (1986}, Hanuravy (1967), Sraphord (1087) mad otherss

sutto (1096), Yoo Rnd (1964) mpd D, 8inch ond BeDs
gdngh (1965) coneddorod ppa v th roplasonent melection of the
pacond-pliase sample using the infoemeiion en the supple
nentory variable collooted in #ho first-phase saaple in two-
phase saxplings
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Opmmpwhenaive Yoviews of the Gevelopmente in somnling
theory have een given by Yates {1948), Sukhatme (1059),
Soth {4061), Dalontus (1962) end Murthy (1063); bosides the
gahor (1868, in collsboration with Murthy).

#g shedl now mive a twiof sunmary of the awthor's
gentribudions to the theory of smupling from finite
populationss

The thopls 18 dlvided into nine Chapterss After the
fivet introduntory ohapior, the vrosent one, we explain in
Cheptor I the besic ooncepts mnd definitions which will
be used in this thesise

In Chapter XII wo oxening eritisslly the concepts
and defiydtions 82 beginess and admisoidllity ae applied to
agwpling theory of finite populations and give sond dbanle
rosults in this dlveotions Definitions are givon for g best,
$ho best end the unifermly best estinatorp snd for admiseible
and egsontislly admipsilble ocatinabors, ond the poesible
{noxsotitude in the wee of these defindéiens in the curvent
literaturs have beon pointed outa It is, howover, ghown that
far tho He Te optinator (and sons othor estimatora) the twe
dofint tions of admissibllity ave identical and that this is
ot go inoemersl 1 oleo egtalishelle Thon yomoving the
mbiagedions conditiong as hap boon dmme by Joshi, it is showmn
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that any “congtant' is cmpontlolly admissible for estimating
the populatien tobad Y. Suffioient eomdition for the non-
oxlotonge of a bost vetimantor for n olass of eatinmators ia
ohtained mmd it is showm that there doos not oxist a bost
essinator @id honoe the bost and the uniformly best dsiinne
tor of tho population total in the clamss of all linoar
estingbores gnd the closs of sl ostinators of T,

Purthor, some aspeots of thoe ephluoaliby eritoris,
mmtioned ferlier have been studicd in this ohepter, giving
the earlicyr Gevelopments om tlone As Pegards Seyosnoss it
40 nofed: that for a mere realiatls dpriord digtribution then
that congidered Yy Fodambe, thore doos not oxist an optimum
piratogys Choloe among somo shrategles have been given in
the naxt chepter. In comoetion with bheadmisellbdlity of an
aestinetor, Hmwrav's result of wlque hendmiecibility of the
Hale @ptinabor has boom extonded to a widor olaas of
unbianod ostinators of Ye The conoept of headnissibility is
#hen oxbtonded to estination of the verimnoe of the Ha Te
estimator and 4t is shown that the varimoo eptimstor (vy.)
mropomed by Horvits mad Thompmon {referved in (4) of page 3)
is the uniouwo headmiscible estinator:, The necessary hogte-
noeps of the He Te eatinnior end its varimmer catinator w.,
have also boen established sad 1% 4o Shon showiive neaossary
bont eatinator of ¥ mmd the verdance of the He Ty estimator
dre vt que hendulseillc estinabors for the corresponding
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parmmotors s a wide clave of estinmatorse Impertanee of the
whekore ¥ belonging teo the principal hyper-surfucos of one
ddnmmesion in preving the shove roaults hes been eophasisged
;mé pore myguostions far the moediflicntion of the oxisting
griteria mmd use of copt Hunetlon and mtabliity of the
sytinnter snd the vardanoce estingtor for the echoloec of
vossonasbly pood esiinator{s) have boen mapesbteods

Chapter IV i devoted to extension of gomo well«<imown
uwniephgse ppa withoute-replasonent schomas to two-phane pone
pling sohondd where €aba on the sise mescure 18 not at hand
and 4s edlloeted in g lavge firsiephaso saaple and later
utilised for vps solootion of thw secoond-phase sumple which
is a pubegawlo of the Rirstephase samples Those schones ave
then eompared spong thomeolves wnder mn appropriate sipers
population nodele

In Chaptere ¥ %0 VIIT wo eonsldor the use of dotailed
information en one {or mere) suprlementary oharacter x iniv
ootinadion proeadure for estinnbing the porametrie funetion
& md pono nonvlinesr for pavametric funetion «(8).

Uhspter ¥ @eals with usual ratdo and produot estinators.
lHore genersl sonditions than Murthyf, for choosing oi ther
rotio, ndlanod or produet estimator ave obitained and their
upe in sstontie sampling is dlecuspods. Somo empirical
piudlen ore Included for illugiration purposo.
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Chigptor VI  oxbends the univariate product mothod of
estinatien to a mul tivariate nrodust mothod for egtimating
& emd conpoyep this eatimptor with 0lkin's multivariate
ratdo estinntor demawdaiing the regions for their preference.
An oxtonsion of this mothod te btwo-phase sanpling is given
and the namer in dhih mlti-mpplenentary information may be
used s savlaineds /M empiriesl gtudy is alao includads

Chapber ¥IT AdAocls with estinmation of o nonedlinenr
paranctrie fumotion #{6) 4in gomersl md in partiowlar with
the ostination of ratlo {R) md rroduct (@) éi" the pavsnetors
@, ond 8ye Two outlontors for each B and P have veon
propoged, wiieh utilise Infernction on a supplomentary
sharnotor, «nd wﬁgmﬁ with the ususl estinptors for ratles
and productasfonfigueationsl roryescentations for the reglone
of yreforonee for thope cstinasbors are slso givens Two come
binations of the proposad estingbtors, oo of which gives the
unszal denliec ratlo cstinater as o partioular oase, are then
gmeldoped Lfor oegtinating R md Py ond compared with
othoy estinatora. Soue almest wddaned estinators are o
puggested md a method of using infornation on soveral sharsow
torg 18 alpo owvsideveds

Lebory those catinators arr oxtonded o eotinate
the parsacteie funetion 8, 1tpelf end compared with other

novn gatinators of &, such as unbiasod, ratio, produetd,
..w:;-"’:‘—":"*“::‘::-x,

b\d\ e ‘Iu!!"

ARSI R R
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midtivariate ratio, produet estinators eto. Zomo empiriesnl
stdien are aleo Ineludod for dllustrabion.

In thepter YIII o gomorsilecd ratle ostiamnteor, as an
altornative %o the egtiantof smugposted by Svivastava, has
boon gréposod. This eotinator ip quite pimple to compute,
wmidaged for lorge sample plwon and hes varianoe ogual %o
thns of iho usus) regrcasion eatimators Two mtiveriato
ogtingtors epyrooponding o tho sugrested eatinator heve
beon prépoged and conpored with other knowm egtinntora,
whioh | pee mtmt of informatlone

Lastly wo conpldor the situnkion whore the detail.sd
infoermation is not availsble nbout any related charagter and
1o gostly to eolleet as woll but on the othor hand en apriord
value (8.} of the paremeter @ is Imom frem previous coneus
oy gurveys or oven frem oxpert suessess. And in Chaptor IX
wo gugnosh. | wm ostinaber of 6 whioh udilize @, md is
given by the wailghied average of 8, md the unbiasod
oobinnsor 4 of He Blas and measd of tho catinator ave
obialnade It 1o notod that tho opiimm woight is o funcition
of tho yalative dlffercnce bétween & and &, and relative
standard orroy of % whioh nay not bo imow in practice,
Honeo tho sugsested agtinator is modified $o useTappraxi-
mate optlmum weights This esbinator is thon eompered with the
usual wblancd estinabor and 4oile ghowing 1te efficlency is
zivon. Jono speolsl cases ¢f this catinator are thon pointed,
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PRELTHIWARTER

In 3ids shapter we explain some banic esnoopte and defie
nitions wiioh will Be used in thie thesise

Rel BSamslo Depian

A eglleotion of Jmomm finite mumber ¥ of Lfdentifiadle
and distines wiits E}ig Ugyeuss Vipaney Uy 42 ealled the
‘findite population? @ad it will he demoted by

i1 {Ulgﬁggiiig ggjiﬁlg%r} {2eled)

whaera Uy  eoyrosponds o the d-ih unit of the population U

end 1t will be pometinoe dencied by its submeript 1 enly, suck
$hat, ¥ nay be veoprescuted as o sot of integors L,Zseeveipre: . He
A list of wniss in U ip tovwed the fopmpling framo’ and the
sushor ¥ is ealled the 'population sise’.

A tammele' from U is an ordered finlte sequones of
uaits from ¥ and Lo donoteddy me Thus

U; U woeg £241.2)
85 m il’ i‘s" vy in{g) (

whare nfs) ¢ = and

14, 59 for 1 4% 4 n(a)s
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The it'a nead not noerasurily be disiinet smd the interchange
4 YE"‘& ol ?E%u for iy 1., resulte in 2 new sample.
That 4is in sueh & gample g revesition of wnlts iz allownd mud
diflerent gapples are obiained corvreavonding 4o dlfferont erdors
in vhich units gan be wrengeds Por a semple 8, nls) denotes
the sumple mime and p(ye the nunber of 'distinct’ wnits 4n
siziple By denobos She effeetive slaze of s

%o dofine §, the collection of gll vosmidle samples s

fron U ag the basie 'wample moace't

B { 5 }' (31}1’-5)

Bridently, & vonbains a eouniably infinite numder of sampleas

e pemple gpace £ with the probabilily measure P defi-
ned on 4%, puch that correspondisg to every 58 8 1a a probabie-
1ity Pa)} sttachod sokove “

4% ‘ £l e o 1 ole
P(s) 20 mma ﬁg : (s} " (24144)

1z aalled the ¥gemple depimm! snd is Emoted By I(U,84P) or
wriefly ¥he *Seslm Pl

The desim P is compleotely spocified by e list of all
possible smiples inclgding all pormutations and repoiitions of
the waite 4in @ wiith their resscotlive probabilities of splece

$ionse In praetioe, however, smmples sro ot dram by lleting
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&l possilic samples mnd correspending Ple)ts dus to the fact
that for large wnluds of ¥ and n it boconea quiteafiiffiouls
and unpanssoable tasks Instead they sre drawnm by some workabhle
praepdure toxusd e Sampll
vidoh the sotrdes are erdered ssmzilos ms in (242) gives ripe to

s vnlagus dosigne ThnkSrnte sampling schonmes to implement a given
denten  B{U,8,P) have beon muigrected by Lehiri (1051), ¥ideuno
{1082), Yorvits end Tompeon (19862), Durdin (1953) and weny
Pilros

iz mehomes ARy sampling scheme in

fmprg twbse sensiing schiones the wadt drawing machsnism,
wiloh sonalste in #oldutizg unite from U omo by one, is of
spooial interente The drewing machonism @ qlugkesy, ) denctes
tho probo¥ility of dveving uait u from U at the feth draw
which depends on u wd k und aloo ox the outeome & 5 oF
the srovious (wd) drvawsde In this comnéotion an isporteant
romult dwe %0 Heawesy {19€2) snd Subrohmanys (1965) 1s that of
gnoedne correspondence beitween a complotely speoifiod desism and
the dvawing nechenion ge Doeause ¢f this one oax always work
within the wnified frane work of the dosisns for sawh of an
optimm goiiluiors lowever, the situatlion with partially speei-
£ied doplony 1w dlfferent as in guch eases there does not oxled
n waique mochenisms xmmples of much desimns sre (1) speeifion~
$lon of seslos withoul considering the permutations and repe-
%itions of unitey (44) spocification of only the inelusion
probadilitionss


http://www.cvisiontech.com

16
Given a dendgn 7  the fnolusion provebdlity ny  of the
wd % Uy e T 4n the pomple o 1o

P(ﬂ} (ﬁl&.cs)

a%&

Similaxdy the Joint inclusion prebability of unita Uy end ?33
ia

%3 = % P(as) (Re1:8)
VY

where pusmation is ever »  gemiaining the pair Uy emd HJ*

Por n given doplan P Both %y and %44 a0 conpiante,
gsome inter-ralationehin botween them are montisned holown

(1) Yates mné Crundy (1983)1 For a constant effective mamplo
slwe domisn ?g, for which

el w0 42 ule) ¥ u for 1) me s,
{2e1a7)

whore p (sm eonstekb;

ﬁ have
L a {u= 1)#3‘
a#aﬁé .
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{11) Godaube (19BE): Yor any deaizn

h By woy
1@3%

and {$11) Hammurav (1968)s For muy desisn ¥

P T wlig ) + V(ula))

aﬂ(ﬂﬂ); i » 4$a» Eu,*
w‘lrl M= Z/“ﬂl/’w .

s£S
Por detaiis of internal sonaistoney of the incluplon probadlie

tiee voforeioc nay Be uade to Hanmray [1086).

2e2 Zatinailon

et g be the rosdw-valued vorlabie defincd ¢n the waite
{m%&@ﬂ) of U ‘taking value Yi 511 E:i (1 ] l*ﬁ;#t-g ?f?)*
Thon the gpace of all possille veelore

Y= (fig-: fg;ﬁtg ?ﬁ) {29261)

of the variate ';f’ is the Nedimenplonal Buelidean spase Ry smd
any Tunotion

R = oly) = “?1§¥Qgt*&i Yg? (2e242)

6? 'y is eslled .- the paramotric funotion (pf)dafned on Ru.
A porsmetyric fumetion of perticular inkercst 1s the ‘population
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totaly 8 funcifon defined en Ryy siven by
ﬁ"’) w5 Yy oeou o {2s2:43)

mlwary /€ Bye T iz sometince demoted by just Y. A generd
profien in wmﬁg ie to estimate @(y) by observing the values
of %y for just thoge wnite which Belong te tho mpocified sample
g fren U selectsd through the donign P

7 ¥e define mn egiinator ${a,y) as a realwwalued fumetion $
deined on the space 5X Ryy depending en y through only thomse
ig's for which 12 8» Obviougly ¥k estinator $(a,y) nood
not be defined over these & for which Pls) = ¢ and hence we
tanitsily ssoume that the gpample speec 8 is such that B{e) > 0O
for sll se Aleo we moto thaty ziven the deelzn, for say two
veotors ¥ end y' for which ¥; wY! for 1e @ Hagy) = t{ayy').

The value realimsed by m estimater is called an gmblmate of
the parsmetore Althoush fhere iz no nesns of asocertaining the
ervor in an individual estinato, e average error over all poesible
estinatos oy be dotormined with the holp of the probabllity
istribution; wsually termed as ite sampling distributions Hptole
fhonllys ¥ho dogroe of oonoontrasion of the smmpling distribu-
tion zbout the paremoeter to be cstinabed represcnts a probabilise
1o seaoure of the degreo of procisions The more the concentra-
thon 18, the greateristhe probability of the estimate boing nearer
to the paramoters that ia?mm proeine 15 the estimators Thusy
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wrar restliing from a partieular sstimate (e,y) will be ziven
by the diffewence (4(myy) « 0(y))e A convex funotion 1L of
thiz orrer is eslled the loss-funotion and B(L), the expeoted
vaiue of Ly is ealled ithe oxpecied loses A ocommenly usod
loga=funotion is the pespesausre error snd will be demoted by
nge  or siowly M. Thus By definitinn, we have

1(s) = W tla,y)) = B(#{a,y) » )2

= 5 ($(a,y) = 6)%(a) (2e204)
o3

for évery yeRys The M(4) ia a voslevalued non-nogative funes
tiom and g token as the gviterisn for thoe eholeo of estimators.

How wo explain below the ceneepts of gt lesst as zood as
{domoted by the oynbod > ) and bolter then (demoted by > ) as
appliod to tmo estinaters % (myy) end t,(syy) for a siven
desion Pe 1% may be semitioned that these concepts play an inpopte
ant yole in cholico of eutdnators and help in pointing out tho
possiblo ﬁ+xﬁaﬁtuae présent dn the Iitwrature on senpling frem
findte populntions regarding the fermilation mmd application of
the definitions of best mnd adminssible ostibatorg, 2 4etall ddpous-
sion about whileh o givon in the next shaptor.

For a glven design P, an estimater % is saild to be gt

leant as good g an other estimnber 4y if

1)  ¥{te)y for all ye | (24245)


http://www.cvisiontech.com

20

Buppone the estinator tg 48 alot ut loawt s goud an the
oriiuator t&, then

H(p) £ M%)y for s11 ye (24246

How L7 (Be2eB) and {Be%.6) hold simultoncously then thoy imply
that

H{ty) w M(te)y 2o all 7e (2e247)
Hence, wo Mavey § %y snd &, -4, 1f and enly ir (477),
ﬁ(ﬁ;} = !&(‘ﬁg) for all ¥ Eﬁﬁ Agodn, from (248.8), % iz g0t

ot loast 8 zood as () 4, 4f

H{%) > #(%y)y for ab least oue y, {2.2.8)
and similarly from (Ze2.8) ¥ /-¥ 4f

#hy) > ?zz(tl), for ok loast one ¥ (Re2,9)

Bus from(Betefi)and (202.9) %/ % and 8/ %, that is nelther
¥ By tp ir at loast ss sood as the other if
H(yy) = H(tg) (242010)

for nll ye Ry with emch inogualitics { >y <) lolding true
for at lenasl ono ¥e
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Tho esifantor ¥, &e sald to be Jetter than ( ) an other
sgiizator & 4f

. % -ty bud % 4.

other words from (ZelaB) and (242.9), & >3, if
1) g Moy for sl2 y (Be2413)

Bit) < #(t)y for at doast one e e il

By -ty Bk & o b,

and thy expeegsion sinllor to (242,11) 4o abitaincd from (2.8.8)
md (262.8)s Thus % /s net betiex than (F) 4, 4¢

either (%) = 1by)y for all y
or H(%y) > M(ty), for at lonot ene ye (242412)
The egtinator % is sald to be uniformly bebtor then an-
other estimalor %y if
w(s) < Hlty,), for all ye (242413)

The following renagle, Wiich sre outeones of the ghove oonw
sopds gfotd0 o moted 4o foullitsto the disousoion in the nexs
shapiers
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% >ty @oce mot necsssarily imply that %, ?Ltl‘

Rozk ReZefs  Prom (242.5) and (D21}, 4 > ¢ s stronger
erd wrdon than tl‘xhg Tor chooning i ostimater %, since 1n
the former same the inequalityy M{%) < M{ty), must neecssarily
hold for at loast one & Rye

Bemark 2e8.B3: From (242,8) ond (242:128) 1t 4s obvious that

&/ % 1s stronger oriterion than & X 4y for Zheastighg tho
estidmarer €, sinoc in the former ease %y 1a disasrded (1.c.
t, is bad) enly if (24248)(which the ssoond part of (242018)
holds whils in the lLattor ease tl iz digoarded 4 either of the
bwe oondltions in (2e2.12) ip satisfiods

Bguerk 22,4t The two erlteria % %, md ¥ % oo
cquivalont 3£2 N(%) = H(tg), for al) ye By dmplies & and
ty ar® idmtiesl for all ye That thic is 2ot 80y in goneoral ,
will be showm in tho noxzt chaplers

mosther eritaerion for shooaing s estimator io ite unbia-
sodness whish i nearly slways tulken for gronted in the fiold of
satple surveys, due %o ite dntuitdve agpeal and atstisiblenl
inserpratitviiitys

Yor o given desisn P, st estimator ¢ will be said W0 be
wihinged  far the pf & 1F

#8(3) = £ %asy) Plo) =6 {2e2old)
883

o 1f (2e2.14) 18

for atl ¥2 E};ﬁ The gatinanter t will Ye blonm

med watd aflad,
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Por a given doairm Py thoe uima of all estinators will be
dmoted by A and the elascqall suoh entinators shbiefying
{Seal4) #1311 bs donoted by Ay ¢+ A parometrie function € will

atinablos with rempoet to a glven deosipn P, if

there eidaty o estinator which iz mblaced.

If an estdomator € 1e wnbiased for & (Levs, t8 a)
then (%) in (Be2,4) 4o ogual to tho varimeo of ¢ {(donoted by
V() given Wy

v(t) = 2 (e «2(1)° 2(a)
85 8
a I $(sy) Plm) = o° (2.24185)
8o &

aoxd Bafal If wo mro consdidering the two estinatore %1 and
ty Bboth bolemging Yo A, thon wo ean roplacd nean gquare orror
© by verianco in the above disoussions

ok Bellefi A deslym P together with ga estinator € defined
over P 48 onlled & sumpling ghrategy for the estimation of €
and is desotod By HPetle Hanurav (1968) brought into light
the necemeidy of this dofinition widoh 4s due to Hojek (1988).
nbdascdness of a strategy doponds upeon the wnblasodnoss of he

sy mean square ervar or varlance of a strategy are

definoed ar tho expeoctation. mem pyuare ¢rror or variance of the
sstinator * over the design Pe Ad the ohoice betwoen tho


http://www.cvisiontech.com

24

two stratoglos By and Hgy in hoth of whish 54 g esatimable showld
be baped on the Joint cengideration of tho verianeo and the coat
par Wt e

New wo ghall conglider s olass of rolatively simplo esfi-
nators whot ave eallod an bomogoncous lincer sstinators devimed
ae dimeoar functions of tho semplo obsorvationa end thorefore
quite provelent in practies. The theory of linesr estimation in
olaspdeal thoory of estingtion for the gasc of infinite populas-
tieng 1o quite dtfferont from the one which we use in eomple
survornsTalossantial difforence of the popullatione enoountercd
in panple survoys fren those maﬁ&mé in slospiesl thoory ia
thnt tho survey populatlons (finite) ere composed of unitn whlok
gro tidentifiable! and in studying tho population 1% npbiors
whothor g 80t of idenbical veluvs relamte o tho some units vepod-
tod, or Lo difforent unite of s This faot was brought to light
by 4o realis of Basu (1088) and Dos Rel and Ehomis (1088).

Mg nocomnitatod s funduamental ohmnmge in the formilatien of
genernl lingnr gstinoioras. The first ettonnt in giving gentrae
lised estimators was made by owvity end Thompeon (1962) who defi-
nod threoe dlassos of linesy esmiinateora:

w £ By X
isag‘i

whore fy 48 a constmi $o be umed as wolsht for the unit mcleo-
ted at the L-th drewy

n
2 o0 X
2™ 2 %%
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whore f}i ia vonatant for o glvon design 7 and is attachod
$o the S=th wit (1 = 1,2,ses, H)} whenever 4t 1s seclectod in the
papple and

whare Y‘ in the eoscffivient to bo umed ap s woelcht whonover
st® sanple 4o a clectod.

Godambe (1085) gmorsliscd these ¢lasses and defined the
homogonoous liveay egitionbors by

Hayy) = T plagd) ¥y (242416)
its :

whore the coefficionts B'a depend bobdh on the semple snd the
unites o widaoh they are abtached, tut 40 not depond on the wvariate
velues Yy'Gs The condition for ts,y) in (242418), o bte wndiaw-
sed for Tly) 1s glvem by

% Rlogt)P(e) = %, 1 S1 LN (2s217)
8.Js

4o oholl onll bhe estinaters maiviefying {2e2,16) as the homoge-
noous linear estianatore and the olass of suoh estimators will be
dencted by I#s Tho corresponding unblased eatinators (satisfying
(2#217)) will be demotcd by Ife The varionee of an ostinator

% 5y 4s glven by
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H HH
v{s) = % Yo 3 ﬁsfagi)iﬁﬂﬁ)ﬁ.)‘r 2 eY 7.0 2 plet)sle,i)F(s)=1)
ind % gj} 143 1l 5:)1;3 ’ i

(2+2418)

I% is poriinent to montion in $his comeotion that Murthy
{1983} hao dovoleped a tooimique of generating estizators for any
deatisn for the class 0F paremobors that esn be oxpreasod as sum of
gsinglo valuod pet-Punciion dofined over a clase of sele of units
Bolonging %o the fintte population snd a number of possibly 4iffce
rent essingtors are gonerateds Further Xoop {(1963) han proposed
goveon olasson of lingar ogtinators by makling the scefficients of
garple obsporvotions dopend upon, what he oalls as tho Taxions of
poaple formation' bascd on {1) erdor of sclection of the unit,
{41} 1ts ooowrence in tho pamplo ond (141) +he aaﬁple as a whole.
Howovor, resslling that the estinator in (2a2.18) is defined for
the erdered soquence, it om bo scen that the most general
hortosenecus linear ostinater proposed by Foop is, infast, idonti.-
ezl with © 4n {8+2418)s

Purthar, in the olass A of all eatinmatorsof T(y), any

eatirnntor % oxpressille as

tloey) = ala) + £ gle,d) ¥,
ies

wiore als) @1d f{e,d) do not dopimd on ¥y 18 sald to belong tolk
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cless of Linesr esilnatorg and this olass of esbinstors will
bo donoted by L and the covregponding class of unbdiaged
egtiinater By L.e Obvioudly, if

alm) = 0y for gl 8€ S
the olass 3 snd % {or I and Inu} aro fdentieal,

Hghor ordor palynomial estisators ¢ Yo dofined
sirmilariys
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QHAPTER IIT

O EmOTNESS; ATMISSIBILITY AND OPPIMALITY OF
BEtIMATORS IH SAMPLING PINIT?E POPULATIONS >

waioers  In this chapter some¢ aspeota of the auncepie
and definitions of bestmoss wnd afnlssibility es applied
to the Sheory of sompling from findlte populations and
the prastieal usility of aome griteria put forward for
the sholoo of an opbimunm seiimator from among the clase
of atmissille onitinators, hove beon oritieally exsriined
and soro basie results have been givens In acotion Sel
a Brief historiecsl buok-ground for the origin of admis-
sikility eomocpt in siatistlesl theory and developments
in this @irection in the field of sampling theory are
poniimed.

In poction 3«2 the definitions of beat and
adntsedle ogtlnators ave uvnumersfeds Definitiong are
given for g beal, the beal and the wniformiy bhost estie
nators ma for adnisalbie mad essenticlly admissible
eutinniors uslng the conecpis of ‘at leant as good as'
and tvotter then', develsped in the previous chapler.

The posoible fnexaetitude in the use of thess definitions
4 the eurromt literature have boon pointed out in peotion
3¢3s It is mobed in this section that the two definitione
(Bsek mnd 3e3¢8) of ndsiscibility aro equivalent 1££

the squality of mom aguare errors of ¥wo estimatora %
and oy for all veetors ¥ ioplies that % and g
arc identionl for ail ys And in this conncotlen 1% ie
ghown in thoorom Je3.1 thet the two defindtloreare
equivaiont 4f either % oF t, io the cetimator propo-
ged by Horvits and Thompeon (the Heleestizaber, for shovt)
for aoiinating the population totsl ¥a Certaln other
ostinasers are slog shows 0 possops thim properiye And
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that thls ie not g0, in gonorsl hae bosn nointed eut on
the basis of o mimple flluastratiocns Purther, it is shown,
in thooron 343.2; thet 1 wo remove the unbiasedness
gondition, ae han boen dome Wy Joahl in vecent papers,
ey ‘congtant® bocomes sdmigeible for estinating Y.

In goction 3e4 the puffieient condition for
the noneexistence of g hogt estimator in a class of esil-
naters has boon obfained md 4% is shown in thooram 3e4s3
that thore dooo not oxist o beat and henca the best and
tho uniformly begt egtinater for the clase of all 1linear
eptinators end &1l esbimnbars of Y fer any design.
Somo specialieod Geetms ond the elamses of unblased
egtinasars are thon redslled where the best estinator
dogoxigh. Thy dlacussien upto thlp gection «s> based on
rosulte obtadned Ny the cutho¥ in collaboration with
murthy (30683 «

Boolions B8 3o 58 ave devotod to somo aspecis
of Hiros optinsiity eritoria namely Bayesnvss, hypore
add orddd1tty {(hendeissilility, for alord) ond neccssury
boutnops put forward in the literaturcs It is moted in
seotion 3e8 thot tho HeTs ostimator ceases o be Dayes
golution {seoptizum) 4f thoe parametar g of the apriori
adstrimition doviates even slighidy from 2, and that no
op o solution exlste in guch casise

doation 546 doslis with She headmipsibility of
an omidnator {tho eriterion introdused by Jonurav). In
seoiion S48.1, widch 1s based on the vesults phtained
by e suthor in collaboration with Famekrishna, wo have
{4n thworen BeBs2) extended the romlt {mentioned in
thoozon 3«81} obtodned by Hanurav vegarding unique
heatd spdBility of the HeTs ostimator to a widor olass
of unidased sstimntors for any non-uniclustor doalome.
we fellew an sibornative mothod foy vroof whioh phm-
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pinepoints the vital rolo playod by the veotors y belone
ging 4o the principel hyper-surfaeets (phe) of onc 4&inmon-
sions In sootlon D62 wo exteond the oriterion of
neadntesibility b9 estination of tho variance of the f.T.
eatinsbor and following the same approachy we prove that
the varianoce gstloator proposed by lorvits sand Thompson
(vye) 1o uniquely headsdsoible in wide olasoca of
wnbloond epidnntors (thoorens 3.8+3 mnd 3,844) for any
deslm in whioh the varionos in esidnable.

In secidon 37 we dlpouns the eriterisn of
necosnnry beaintgyy Introluecd By Proviu Ajgzemnkar. It
is neted that this oritorion is eguivilont to the orite-
rien of the boet astinabor vhen the paranoter 1s resirie-
ted o the phs's of one dlmeneion, the phs which played
the vital role in the proof headnipeibility of the HeTe
eatinuier end Uhe variance estinator vy« I is further
shown oo the basds of lommns 3#60 34804 that thwesc
satinators wre meoepoatry boat {(theoren Je7.1=3.7.2) for &
wldo diasn of non~homogenoous ogiingorss That a nsoes-
sary bemt estiantor is headmissible 19 nlso showns fome
vraotiosl elmificones of these opidnelity oriteris ama
then nomtioned I the laab sootion and some suggestions
have alse been nade Lo chwloe of retsonably good
eatingbors undor 4ifforont af tustions commonly met with
in paniiecs Tho dlocussion fron seollion 3.6.8 onwarde
o baged on the rosults obinined by the suthor in oollae

Yorntion with Jeileils Rao. N
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Turdns the lant two deoodes the conevpt of adnispibility
han been laereasingly applied o the probliems of vstination,
tooting of hyoothogls, ¢doe, in statistiesl thoory. Lelmany
{8947) Antrodueed the cmoopt of sdnissiMlity in the Meld of
statintiold Secting of hypothesdn. Yald (1047) bas nleo usecd
il e eoncopt for delindng an afvdesible deciplon functicn in
rolation to the doelelon theoryve Sinee then soversl contriiue-
tiona heve beon mado 4n thie Gircetion In these fiolde.

In #he feld of somdling %heory for finlte populations,
howevar, the work in this divection estaried much latiler and at
Lirat the gltops were Salten Wy soversl anthors more or leasdthe
gmie tloe 4o sharagiorise the ¢lasa of esitinniors which wore
inadnieciblies Murithy (LE87) proved thet when the desimm i one
gonaratod by the euatonary 'wrobebiliily preportlonato $o eise
{prs)' supiling without roplopomont, estlsators that take iate
der in whidoh the und és secwr in the pample are
inatmissiiieo and heweo omn be wndfermly $oproved upon. Ho dlso
Turnighod a meithod of sotving wnifornly betier catizators in

soepund the

gunh ganods

sotiher drportant contribution in itids direotion was due
to Tes Rad ond Yheedg (1968) and Baeu (L988)e They proved thot
in siepls randon sapling witheronlacenent the anmplo mean
wid eh tolon dnte ageomnd the rosetition of wnitp in the sample
o inadninsdilie belng inforior b0 the momn over digtinet unita
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6% the gommlos Dee Rad emd Khemiip  obteined tho result dy
diroet salewlation of the varignoes of the two estinators

Bam, exbonded the Yosult to ppo sanpling witheroplacement and
proved thob the sustonary estinmaber of the population total for
this degimm mlee 1is inaMiesities Yo Introdused the frultful
notion of 'sufficient siatistic’ in the 1814 of sampling theory
2 proved e results by ucing Rao-Hlachwoll thoorem.

A gtatietic {(miy funetion of sample velues of tho
variable madaer study) is called suffisient atatistie Lf 1t ylelds
all the information in the smplé concerning the parameters A
suffictont sbatistie for estinating the population total was
thug defined to e the unerdorod set of d&letinet unito in the
sasple a1 obbained from s desiin Py bogether with corresponding
rollevgiued varishies Pldenily 1t iz suflicdient becamuse any
tuwo teffeotively sguivdlent' samples, togethor with the reale
velued varichic eld: the samo Information about tho population
paranoters Por a given desisn P, two sonples ® and a8y
aro pald to b ‘effeciively ooxdvalent!, in aymbole

By ~ B » Plny) > 0y P(sy) > 0

1£7 every wnit deloncing %o oy belongs %o 8y and eonvergely.
Thus glven sy one of suoh samples one can alvays congtradt the
alass of effogtively equivalent samples by ropetition or arrane
poment of e units in 4ts Thue the value of the sufficient
gtatistie ie seme for mmy sample belonginz $o the class of
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efZeotively equivalent samples and the eonditional diert:i*ibu-
thon of wyy other gbatistle glven the sufficiond statistle,
w1l tell us nothing fHurther about the parsmeter to be esti-
nateds Paibak (1962 1984) has carricd out a serics of
investigations in thip comeotion for different sampling
sahane ge

Ray md Ohokyoverti (1080) proved that for any desizn

a2 unblagod cotinater of tho population mosn whickh is either

ordored or dopends an the repdiition of the unite in thwe

smle {e Inadniesiblos IR fpody ar polnted eut by Hemuray
m;as, 1988}, Basu geve the first elues to the gomerality of

33

pEindt while dniroducing tho notion of sufficieney in thia

thnory snd proved the fallowling.

(iven a desizn P in whioh
69} 1o estimedley 4 ¢ is = wnbdascd egtimator of 2(y)
thon the optdmekor 4% definod by

] ) |
(age7) {og) » 42 E2(s) >0
b F(%

- O ¢ otherwlise (34141

whore sumetion (&) 1e token over oll samples sg effeo-

tively oquvilens to a8, is unbiased for TMy) and for ony
emvex Yooz Sunetlon 4


http://www.cvisiontech.com

a{tr) £ ofs), for al) yemy, (342.2)

with striot dnequality holding for st loast me y 1ff

¥ (aaruuw t{;;} # %(mp)) ¥ 0e

Tims 1% 1o jyogosseyy for an eatloater % of My) to %
sfodesddlo | sny olapss o7 unbissod ostimeter, that

a4 = ¢ lagy)
for aii o md By Lo whdoh
»(s,) >0, Plag) >0 wd By 8y (34143)

In fact this in true for sny estinable parawirie function. We
shall considor this sapoet further fn soedion 348 in comeotion
with hyper-adnlissiblliity of an eotinatiors

Begiden wooding oul ¢ertain inadmissible catinators attempts
wors algo mode to provide adniessible sstimators due to nom-oxis-
fends of the best estinater  (Godanmbe, 1965, XKoop 1983). dodambe
(2000) end Boy and Chuleravartd {1960), indopendently, epplied
the adaiecibllitvy oonoept to the sempling theory by dofining wnd
aearehing for admipsdbico ostinstorg. Singe then oontritutions
in this divootion hove been made, smong othevs lyr Godanbe and
Jomu, (3068}, Hesurav (1988, 1968) end Joeht (15680,b, 1966, 1968).
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It in intureating 4o nodte that the definitions of best
end adndoailio optingbors used in the papers rolating to ssmpling
fron findite pepulations aro not clways exmotly the same gnd that
thore mppoare % he some possidility of inemactitude about their
forrulation and applications Furthor, the definitions, that
arc uped, hove been eonoiines trosted as eculvalent, and even
in tapes whore the differonce in the definitione has beon noted,
enee is not fully compreohended.
In the next section wo onumerate the definitions of best snd
adscillo cstingtors and then gamtadn bacle results are obhtained
in thoe asctions 33 and Jede

footiong 3.8 to 3.8 gro devotod te sone aspects of the
proYien of ahsdee of ophismum esiinaters

FeB2

Using the basic ommoodis, particularly at least as geod
as £ ~ 1 and vetter than (X ), given in the esrlier chapter
woe now glve the definitions of bost snd admdaclible epiinators for
& given Qouimm Pe

afinition 3s2ed1 Yor n given design P, in a olass o{r) of
ostinators of %{y)* s member 4,¢ O(F) 4s suid to bo the

gl formly hoat eatinator 1f 4t ip unifermly botter than eny oiber
monber z £ %) e 0(2), that 1a 1f for overy othor %e ¢(»)

() <M{t), Tor all ¥e {3.2.1)
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3 Por a given domlgn Py o nember 4, 8C(P)
ihe, hopt emtinatar tn O(2) if > % for everyoher
(P, t&;ﬂ ig if for eveory obhor eotimator te0{®)

) £ We), for a1 yu (34242)

with inequality belding true for at least one Ye

pfindtion Ba84%1 Tor 4 given design Py a Desbor z@em ia
uaiﬁ to be g bogt edgtinator in O{P) 4f for every other eatinator
t dn olp) % > % that 4s 1f for every other t¢ e{z)

W) £ We)y for Al ye (34843)

Befdinitione Se¢8gl 40 BaRef are prastically
the pame, ond the distinotion mado out sre nmainly of aocademias
intovest, capceially elnce shero doca not exist any eatiaator,
whilch 4s best sceording to sy of the above @iffinitions, oven
in regtriotad olase of homogeoneous linsar wnbiased estinators of Ty

Hows &6 the next atop, it is loglesl to attempt %o reduce
the elnse B} of estinators without Loes of yelevent information
gnd in thds osnfext we hove the fellowing oriterion,

sfand tion Befefl  For a given dvsign Py in a olass O(F) eof
sptinadore af Myl s estinater ﬁse{m is said 0 bo pimige
wilie 4f thore doos not oxlet auy othor estimator o tl)sﬁ(P)
mm-s&tﬁ Hhat ip 17 thore ig nmo other ¢ in o{P) Ffor whioh
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H(e) £ w4y, for all v, (34244)

with {nequelity helding for at lodat one ¥»

A mabwsdass 0,{F) (C 0(2) 4o sald v0 Do gomplete in o(2)
A£2 for ovory estimator $€0(P) = ( (P) twre oxist mm catimator
4'80,(p) witeh ie bettor than ¢, that 4s 17 for every
t £ 0y{P) thore exist a 1'¢0,(P) suoh that

(s) g ¥(6), for dll ¥,

with fnoounlity holding for at lonat eme ye Bvidently every
wmbianed egtinator in the comvlots class satisfico ths neocspary
atndttion, given in (3sle3), for boing admiseilble.

A eomplote olass is mining) comvicte 1f 1t doos not contain
a2 complote mibwelass. Thue 4f » minimel completo olass oxiets,
as 1o usually the sase, 1t exnotly couoldes with the totality of

the aimipaible ostingtors in the olase O(F)e

How, wo dofine the fellowing veriant of the complote clasa
notlon ueing the conatpt of gt laant an se0d pe inetead of
thor than uped abovos

A mbeolnen O,{P) C 6(P) is sald to be ggeentially
gemlete dn  al{p) Aff for any cetimator BEO(P) - Ge(iﬁ') there
oxist an omtinater $060,(P) whioh 45 at least ae mood as ¥,
that 1a, 4£2 for every Sff 0,(P) there extst a #'60,(F) much
that

{t) £ M{t), for all e
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Clearly o complete oless i mecossarily essentiaslly complete,
tant 1a 0 (2) 0 0,(9) since 'at least as goed as’ is less ree-
triotive eritevien then *better thuon' for ohooveing an cetinmatory
Tho sintaasl espentislly complety dlane is slae dafined similerly
and this dlase will cencife with the clase of sll estimaters what
nay boe tormed sn esoantinlly admispdlle estinators, defined as
fallowss '

Nrd ton Se8.8! Por o given degisn P and the class O(P) of
nators st estinator €,80(P) 1le Sermed sa ggsuniinlly admig-
ghlle if theve doss not exish awy other cetimater (# %) )eo(®)

whi.ch s > %,y that ia there exlat no other cstinator $60(P)

for which

u(e) £ M%)y for 1 y. (5428)

Furthary 1% nny be noted that if ¢, and %y are two
sebinators of P{y) Both belonging to the minimal ocomplete olass
then ) X ty md By S byg that ts oither (%) 7 Hlty),
fer gl y2 Ry with cach inequalities {»>,< ) horéing true for ab
least one ¥ Ry or M{%) = H(Yp), for all y€ Rye Sisilerly,
if % md % are Wwo estimstors both belanging to the minimeh
opsentially ecomplete elass then ¥ %y mnd By 4 By y that 4o
(%) % (%) bolds for all y with esch Inoqualities holding
true for ab lecst one ¥& Ree s 4t 1o seen that the difference
wobpoen the mininegd complete gnd nininal cgcentially complete
tlaseos Lo duo to the eptinatorn having equnl nesn square errvors
for all yoiye Thus L s epbimabor by belengs %o the minimal
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complete olags then all other esiinators having mesn aquare error
oqual to thel of % for all ¥y muat also belong to thias claes
it a mining) essentially complete claas admite only one member
from: among the estimabors having ¢gqual mean asguare errors and
henco tho esmentially mindmsl complede class is further reduction
of the mininsl eompleto class in the sense thht the fermer is
included in the latter. In order to mgke these conorpts clearer,
wo shall exurees the dofinltlions JeRed and 34248 In a pesitive
mnanner as the definiftions 3241 0 e,

Dofinition 34244': #n cotimator +,€0(P) is sdmimsible in C(P)
if for evoery other %£C(P)

eithor M(%) = M(%), for all ¥y

or zé!(tl) < M(t), Ffor at least one Y. 3e248)

Definition 34248'1 An estimater %,£C(P) is essentially
adriigeible in O(P) 4if for every other +eC(P)

H(ty) < ¥(t), for at least ome y. (3e2.7)

M™e point ¥ in the sbove inequalitles ngy however depoend on

%y @nd ¥ and popalbly on thoe deslgn Pe From the definitions
Belsd' and Jeled' 4t is clear that the only difference between
the defini tlons 3.2¢4 and 3240 1a that of the former allows
equality of the mean sguare errors of the estimators wherc as

+he lattor doos not allow thiss
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ZIORE Sefal If m estinator is oseentinlly admimsible, it le
nocegaarily a@a&saih},ﬁ; it the roverase is not always truce Thigls
elosr frem the following examplos Let us oonpglder a class O, (k)
coutelning Sfour opvinaiors W elpyty ond b, and lot

Hty) = ult) for a3l y mnd (%) 3 M{t,), 4 = 3,4 for anl
¥ vwith fnoqueiitios holding for at least so F'se In this
situntion oth ‘3. and $p are admissible sccovding to definie
tlon  Pg2e4 bud neme of then 1o essenticlly admiesible (definie
tion BeZel)e Howovery if fy is oxoluded from 0,(P) then
becones ossentially admissible ang 3L ty is axcluded %
tecomes essintially ednissibdies Tas only one of Hoor %
son helong to the alidngl eescniiclly complote olass whoreas both
% and %y belomz %o the minims]l cemplete olasse

If we are omeidering only tho elass of

unblased sailnabors, then we can roplaet nean square error by
varignee 10 the above dlsounsione On the olleyr hand the lose
function noed not b vamiricted %0 the mean sqiare error enly

| w2 oun replege eny Ioss funotien d 4in itm place and any pareno-
trie funetion ofy) in the above disoussions

Romerk 5efwfs e definitions given alove may b oxtended
&tmm Yo other bronchos of shatisticsl theorys Por ingtonoe
by veplacing the eatinator by fest or by decision funotion and
vaing the corcespondine lose Mewtion {or power of toet) wo got
admiasibliilyy and besmoas of toots and declelon functisrnge
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el Belabs It 4 of intercot to note that the definitions
3aled ond 3eZel have boen arrived at by (i) adepting the defini-
tion of sn eatimator ¥ Dbeing boetier then %, namoly ¢ - ¢
mt ¢ < 6 snd (1) Saking the firet pert in (1), namely

% > % to e valide Iy oonsidering the sscond part in (1)
namely /4 %4 ip valid we gol en other dofiuition, whieh 1s
ghrangor then definilions 3eRed ad JeRel and in fact refuers
%o the defindition of g hegi estlneter (definition 34243) when
axpreased In its positive fornas

3ﬁ Mﬁ;ﬁg@m&f u:\‘ ‘ .ﬁ.': 3 3 . z ek,

In g seetion v fired noint out the almdPieanse of the
41 fPorencs bobween the 0 omoopis and thon prove thak any cona-
Bemd i eoponilally afmisnible eptinator for estisabting the |
poulation totale It may be pointed osut thet Wald (1947) has
noted thn 4ifforences botuwen the Aofinitions 3«84 ond 3.2.59,
that is bobwoon addpoible mnd escontlially adnisailble coceopls
while infrodueing thonm in doclision theory in conncetion with
ehndeo of g dooision funcilons Lehmenn (1947; han sleo obmorved
thls dlsticotion whilo forpulating the eoneept of minimal complete
and minisel essontigily complobe ¢lianzses of fcstas To olte more
rogont reforence, Burkholidor (1980) and sthers have alsmo used
theae conespia reocoguiming the differences The term oouplote
claas hao boen usel by weld {1947, Hodgee ond Lehmann (1981) ond
some others in tho sonsc of essenitially completos
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Ag montioned ocarlieor the differonce botwoen definitions
3elad ond 34248 Lo howerver not gtlte apparent in the papers
_ rolating 0 ganpling thoory apulied 30 finite populationss
Godembe {3960} end Temurav (1968) have used omsentizlly admis~
gible in the senes of ainleelilble estinator while Roy and
Chekvovestik: (1960); Godande and Jopht (1966), Joshd (1065a,b,
1966, 1968; have umnd dofialtion 3eZ.4+« Tho two dofinitiona
have boen soue tdoes considered to be equivelent (Godambe snd
Joghi, 1065 ; Homurav, 1068) without pointing out the signifie

gmoe of Uhis ogquivelange,

It iy howovery oleor frem (5.248) and (34047) Shet the
dofinitions Be2ed' and 3.2.8' are oquivalent 4Ff M(%y) = u(ty),
for all ¥, implics & md % are fdentieal for sll ye Bye
In dhe fallowing we glve instonces vhere equality of mean square
arrors invlios identity of entinmatora for all Y.

Coneldor tho astinators % and ¥, both belonging %o
Ays the olase of all unhlaesed cetinators, and let

 (8,7) = t.(m5r) + elmy) (33.1)
% 2

where efs,y) ie o funetion defined on 83X %y ommdé depending
w ¥ = (Yye¥p veey Yyl omly thvough those Yy 'a for which
48 ss Then from the condition of unbiacedncss of %, md b

\ gsa(aw} a) =0, for all ¥e C {34342)
B
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How the prod¥iom ig o ememlwe whother
oln,y) = 0, for all #85 and yeRy (34343)
having given that
V(%) = V{ty), for A1 ye By (3e304)
since B{%) = B(ty) = (¥}, {34344) implies
Zy low) 2la) » 2 Glew) 7o)
#ep 6ll Yy thal day

"2 o®(a,y) 2(a) n =2 & tglaiolsy)™ (3.3

for Wil Ye

Thue having piven (343,8) 42 (343.3) holde then the tuwo
dofint tions mre oquivslents T4 sooms that in general (3.3.4)
@nd (Se5+2) together may not Dosuld in (543.3)s FHowever,
following '?mf.; proo? of the theorenm 4ed of Godumbe and Joghi
{1965) 4% is casily seon that (3e3ed) emd (34342} together
trply (343.3) 42 (8,y) (or %(eyy)) in (3431) 18 on estls
mater siven Y

Y
e %I —&? (3436)
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atere #g(> 0} de the inelusion probability for

unit
o7 4he populiation and pummation le talten over the distinet

unite in the samplo. pe we Dave the followlng

Thooron  3edel:  Por a glvon deslem Py iF 4y, is the
ocptinator gziven by (5:38) and % is sny cstinator of ¥ Ielon-
ging %o Ay then,

v{t) = Vb, for mll yeRy (3e347)

fplios kit t g ‘sw e 1dentionle

1% iz portinont %o nmote hore that the estinnior ‘ew
wna suggoatod by Horvits and Thonmpoon (L982), as the unique
unblased estlnator in kis Ty class, while formlating
siwoe olapses of lincor sstinators mantloned in the previous
ghuvtors Tile estinabor, which we shall edll (as is usually
eslled) as the HeTe eotinator for brovity,hns drawm consido-
ppble atbentlon in asmoling thoorye Fhe sannling varlance
of th*é g glven by

H fwnxn N Y.Y
?i"g}img - &(ﬁ}’é + i: ji{fijmiﬂ’j) %’i’é‘g’

(3.348)
As rogards admissibllity eritericn the Hele estimator has

boon ghow o bo admisvidle in If, the elass of homogenoous
1ingar wiascd estinmbtors, by Codambe (1960) and Xoy and
Cheravertd {1960}, and Also in tho olnes of «ll unbiagsed
ewstinaters A, by Godambe and Joshi {(1L968) for any desimn,
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and in the elses of all measurabie entimators for fixed samnle
slge deatons {Soshi, 1965b)s Some othor yosulis regsrding
Bayeanoss snd higpereadnisslbllity of the H? estinator will be
#iaoupsod in seetion S8 and 3e8.

Ancthor pdtuntion whore equelity of nmee'e 4mplics
1dontity of catinators, is given by Josht (1965,%). He has
gansiderod 21 oatlsater

’%h = 1§ﬂ hg'fi (5&3:9)

wewe 2 B'=n ad B 20, 41250 F  (3.3420)
and hos mwoved 4t o he efmissible in w clase of regular
estingtors for fiwxed somple sise desisone snd furthor 47 ia
ghown that H{t,) = 1{t) dmplics t is Ldenticel with
for all ¥e 1% may b nontioned that the ususl ratio estinetor
has slao boon proved o be adnigeible By Josht (1968) in the
glase of €1 sstinators for oy design tud no such reetld has
woon shownbinld for this eestinabur.

Phogo ozamplogy lowovery 6 mot prove that equulity of
mosn gguare orver Lmpliecs slwaje the 1dantity of eatinators.
Wwe give bolow a eimple Bllustration fo support this pseeriion.

Lot us cousidor two oabingtors ¥; and i, such that
¥ () = #{my) + ols) (343.02)

tolaey) = #(a y) = ola) (343412)
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where 4] 4» an unbiased eatitiater of the population total
Tyis The mean square evror of % md %y eare, respectively,

W) = Viny) o 2o *lo)p(a)+ 2 R (8 (ms3)-2(rYo(e)7 (o)
i M%) = Vity) o+ I ®la)¥(e)~ B = (8] (myy)=Hy)e(s)2(s),
BGH s08
How 4t 1o obgerved thud
ity ) = i{ty)s for 2 ¥ {343.13)
it ﬁgﬁ{ﬁgnmw(y))a{x)?m =0y for @) yw (Se3.14)
Supposing that {S.3.14) is eatisficd evon then % and
Ts need not necossurily bo idwmticals Obvicualy (343.14) e
patisfiad whinovor
afa) = ey B omnpbmb,. (3e3415)
Bat even then % mld %, ave not identiesl. Honce the
asgorsion 1o ¥y In ponerals However, 1% is of intorest to find

oxnetly the situations under wWhich the definitions 35.2.4 pnd Jef.8
are equivplont,

tm the basils of above dsousgsion smd the thoorem 3,.3.1
we have thoe feilowing resarks 0 mako
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The yosilt ebtained by GCodambe (1960) end Roy

' fing the admisslbdlity of the HeTs

egtinator gre equivalonds That is the Heils estinator 1is ¢seen~
tially adnlaniltilcs

L

Ro Hegets (1986) proof wogerding admiscibility of
cortain eptimntersin the elass Iy infact establishos its
egommiinl adriesdbllitys

13 Ead AERL M. &F e X di

It ngy be nentioned bore that reeently Joshd (1965,66,69)
hag investigated the addseibililty of datinators by removing the
oriterion of unbinsedncas end hos proved semple mean and the
usial ratto esiinator towadmiassible for any desisns In the
following wo mhiow thet the eritorion of sdnipeibiliity leoads tpe
satroy whon the unbiassodnose condition 4s removed by showiag

sy ‘oonatant t0 te afmisnible feor tho population total. %e
prove the following ‘

Jheoren 3338  Yor oy glven deelim Py sny constant ia
casontially admipsible in Bhe ¢loss I of linear estimators of
the ptpulatdion total, sxoord in a trivisl easce

Irogls Conulder a deelgn P md mn estdnator €., bolonging
to the olams DLy given Wy

%‘ = by for 811 Yok, and 8ES, (343418)

whoere A 18 g eonsbont not oqual to seres. Further, lot
be sy othor cotinator bolonging o %, then
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4 =ale) ¢ 2 plapl)lyy  for all ¥ (343027)
suppose §i¢y) 1s tho olass of yeetorg in Ry such that

y) = N for all yE¥(y) (3.3.18)
Then the nosh square tevor of 4,
m{ty) = (A = Ny))®
w0, for A1 Y€ ¥{3) {3e3:19)

H(y) =z Uy =320 2o

29

- ]

for sll ye Ry - (3e3420)

g from (BaBel9) and fﬁa‘&;ﬂi})% % 14 vssontially sdmigelble
urllesns

EX(‘EL) = Oy for all ye ?Q‘)_ tatﬁsﬂ)
Mg 4t 4o obporved that (3.3.81) 1s true only when

% wty for Al FeFQ,. (343482)

How the theoren will f8llgw if wo nﬁ{ﬁmﬁ {3e3428) 12 true for
all y€ Ryy thats ¢, and % ave identical estimatorss
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To show this et ?&g demioto vectors belonzing %o ¥y,
given Wy

2,. = h gg n Oy 3“7“:) = lgﬂgis#; H. (3&3133}
Thon for @1 7€ ?‘&; '
Hh=ha uls) + playd)r; for o8 8

= als), for B¢ 5} (343.26)

8= 5Uly md 8 = fg €8] {(2.3.28)

gdnee 4 is erBitrary; (345.84) holde for 2L (41 ¥
e Vs gives

aflm) s Ao, = %y for 2l me5, (343.26)

eueph for mgy o sample contafming ell the units of the
population md {B43588) dmplies from (343.84) that

Bloyd) m 0 ,  for sll 1s

Henoe 4y 1s fdomtioally equel %0 &, when s is
exdiuded fron the effoctive sample spaditas

Honoe the thooroti.
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shgiones of g Deat Sstinstor

o firet swmarise the work done in this dirvoetion and
point out U difforense in the dsfinitiens umed by the suthors
and them give some now rosults in this sootions

Godenbe (1985} sroved the non-exfaboncs of the uni fornly
bost estimator dn Ly, the olass of homogonesus linear unbiased
estimators of the population totel y), W attonpting to miniaige
the veriance of m estimator 6 Ije The limearity restristien
has been removed by Godambe end Joshi (1985), who have proved
ach=gxistonee of the bert estimator in the ontire olase of
unblased ¢oiloatore isng

I% ie poriinent o nots WKe that the nonwomlgbence of the
miforuly bost eatimabor in I:; has bean intorproted as none
exigtanec of o bopt entinetor (dofinition 3428) by Godambe (1085)
@id as $ho noneexisbonee of the bosh estimator {definition

S#242) by Roy and Chakeevartd (396C)s fowever, it appenrs to be
rongonoble 0 be satisfied for dll practiesl purposos with g beay
eotinator (if 1t oxist) in a glven eluse mrovided mosn square
orror ig the anly eriterion for choice of an estimabors In the
following thoorems; howover, wo desdmetrate iio noneoxistense for
some clasees Of estinatora of the popwistion totale e firgt
wrove the foellpwinge

Shooron Sefiels aign Py L o eatinator ‘&5 is
aﬁmmﬁm in slase O(P) end i€ therc exiet snother estimetor
tg in 0[P} such that % toy them 4, 1s not g bost ostinator
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in that eiass mnd this implies non-sxigbeonor of g begt estimator
in the elass ©(®).

Proofy ffnoe 4% is m edniowlble estlmator, the relation
(34846) holde end furthor as % Y %o

uls) > u{ty), for at least one y

doo Bolds whloh sewiradiets the conditlen (B428,3) required
for t)_ 40 Bo o dent ostinmators This sleo evidently ivpliens
non-exigtonse of a dost estinsbor in the dlasse (P,

Honoo the Thoorods

Thoovem Sefel: If therc extst two (or more) admiselble
estinators in a class C{P), with wnegusl mean asquare ev¥rors
far at loast one ¥y for a glvon design P, then that class
doos et sontalin a hoot calimators

Broofs Tet & and %, bo two admissidle eptimators in O(P)
then frem dofinition By X 4y md $, X 4, that de

¢ithor ﬁﬁ*&) ﬂﬁ@‘g)p for all Fe (4+341)
' uy) 3 mity, feran y (44342)

with tnesuslities (>, < ) beoing satiafied for at losst one ¥e

But uwnder the pspumption the relation "&t§5Q1} does not
hold and whonever (4+342) is suviafied, neidise % nor 3, is

s Gt mpitopbon.  Hovan tha Moaeer Aoas vt contain a bast
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eatinators

Thlis completes the proofs

If theme are ot least two esaentially admimaible
entdnabars in & olase then thare doos not oxist a best sotinmator
in that ¢laso.

1{ LY {9 an pinigeible sstinator in a olans

C‘(l’} and 47 4% 48 not a best dn O(P) or even in a classe
ot(z) C efp) then timre doss mot exist s bost estimator in
atrye

~ Fonwoxintonce of g begt estinater in s olase

mp:s.s.ea non=axigtence of ihe haat or uniformly best estimator in
that elanss

delafs Thero doos not exlst g bheat estinmator, and hence
the bog niformiv beat eptinmator in the ¢leass of all
$inaer eatinators (z.) md @) satinators (A) of the population
ot for my desiom s

roals Noting that any conatant bolongz to the olass 3 md
that 4t 1s cspontially adoimoihlée {(Theorem 35.3:2) in L, the non-
existonne of a bost estinstor inljothufrom Remark 4eSele

Ag roosrds tho olass Ay the two adniacible estinator with
uneguel mem gquari'ﬂ%w at laast some y for this oleass wre

IR 1Y
and tawm-_* X
%&33‘
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where X 20 % w8000y Uy Xy # Ks for at least one paly
(a) @ X= 2 Xy %'u Voing constents (Joshi, 1968),
and honee the nonwexistence of o bogt estimaptor follown from
Thooren Bedely

Hemen $he thoorose

The nen-oxd stencs i best cutinater in Iy (Godamve 1988,
Ktop, 1963) and A Godembe and Joskd (1068) 4s mow woll knowme
Though nonwaxisbonse of a bogt ostinator and henso that of the
best and undformly bast cetinators is dkdnkd in very wide
¢lagses of optimatore for eny dosign, thore may be mome special
uimaéa of oetlmators md/or dosigns {gonersily restrioted in
aaiure) véﬁ.c:h give rigo to the beot estinstary IZxamplos of such
¢lanpes of estinaters snd/or doesigns ave those whieh result in a
undegue unblased estiontor. oy mwme, the HeTe estinator is
the unique wmiblased callaster, whatewerinmay be tho dosign, in
Hervitz ond Thompem'e T, elsss, yeforied in Chapter II, ef
Linopr entinators. ‘

The unisluster desisn otnuldered by fege (1968) and
Hogeeow (1D€6) 2 an other oxxplo where the HeP. estinmator huons
ot to be the wndique wabioacd estinater In the olass of hamogenesus
Linoar wablasod estinators Ige It may bo meationed ¥hat mo bost
estingtor exiat even for the wnloluster designs whon the olaes
of unblascd satinators oonaidored is linear unbigsed eatimators
Iy Instosd of Ige This follows ¢maily fwem Thoorem Sede?
aoting that there are more then one admiseidle estinmators in this
widor glase {(Honuraw, 1068, pe 188)e The example given by
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Godanbe ond Joehd (1068, pe L¥12) or a genoralised form of it

is onother instunce ¢f reatricted olass having minimum verisnee
ostimators Moy and Cholravarti's (1960) bolaneed desizn admite
Ying the beot estinator in the yestrioted cluas of rogulsr estie
natera Lo slos an exawple of vory rostriotod dosloms

M 0 non~exiatonoe of the bost enptinators and the large-

noss of the olass of admissible estimators, sortain oriteria:
for redueing the closo of odelealilY cotimnvors (by use of our
apriori Mnowlodge or otherwiss) %0 the point that it gives a
uniquoe estinator for a given olaes have boen introdused in the
litoratures Yo phall dleouss now In the remaining part of thia”/
shapter the theoretdeal sisnifiemmee and proctleal utility of
thvee suoh oviterin, viss, (1) Boyesmess (Godanmbe 1988) (11)
Hyper-addasibdiity i'ﬁmzrmvg 1966,568) end (111} NHeoepsary
bogmesn {Probim Ajzeonker, L9656), which hawe gained eongiderable
importance in surrent rescarchos in the theory of swmpling frem
finite populationgs Ye slee give pomé basie yesults for ovach of
these oriterimis :

Bgyes approach to chocee an optirun strategy Lfor eetimating
the population Botul, is applleable whon the same population U
Frosemta $9p0df ropeatodly sad {ndepondamily with a fixed but
urimewn aprderd distritution of the parmecters Thus o finite
population under study io By 1im0lf g random sample from this
goguence pf populations vsually dYormed as the super-population,
the eencopt originally introdused by CUoohran (19468) and theremftor
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ugod by noemy otherss Dwover, not gll populations 4in practiocs
oome to ug imbedded in a sequanoe but whan they de the Bayes
apnrosoh offors eeriain alvantagos over sny aporoach which
iznoren She £aet that the perawdor itself ia a random variable,
as well as ovar sny spprrossh whioch agsunes a eonventianal dis-
Tibution of the parameter not subjected to change with exporie-
ongce Thue 1€ ¥ = (Y9950eves Tp) iz the rendom veetor corres-
ponding 0 the variazble under swudyy having fixod but unknown
axrdori dlsiribution then basod or owr éxperience and imowledge
about a corrclated voctor x = (X% eXgeesss %)y whioh in many
capes 1o the value of ¥ on seme proevicus oesasion, it would be
poscible o us t0 iupope s voaolistle probebllity distribution
of 3y piven x and ell this distribution as an spriori
dlsiritutions This wo shall dencte Wit 3.

The formulatdon of euoh an spriori dlestrdibutlion is n
point on which opindons Mffer md elnce iy stabtlstical dntore
motation finds 1%self in ané out of fashion ag the dectrine
bolowe, wo sholl nod &souss bhese differonces here, however,
1% hen 1tp own imporimnos when one considers the prier knowledge
about the verlaoble undor atudy, at lesst ian the prossnt set-up,
0 be forrniieted in gonme gort of a prior dlstribution 3, at
lonot paridallys I% 1z fowortmnt to nolde that the asswrpiion
of the exigtonce of g prier dlstrivution & 48 used only for
chooging o optioun ghrale gy id the wldinmste inférence agbout
the parsmotor would explusgively depond upon the observed aamplse
8 wnd tho variate vilues Y; for iCow
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¥Now for the dotermination of an optimuos gampling stra-
togy thoe oritorion of bestness is 8lighily modified and
instead of ninimising the sotusl loss funetion V{I}, we
ninimise the expected loss 1, V(H) over the distritution 3
for H warying over Hﬂ, the olass of all equi~cost #tra-
Segions

A H, which mintmises 3, V{H), uniformly Wl th rospect
%0 all the povanebers of the dlgiribution 8 48 onlled a
tawopbimum atrategy' 4n Hye

wo Lmportant resulte in thls drootion with regard to
the eless of homogoneous linear unblased estinmatore of the
gopulation total arc dus te Godambe (1965) and Hajek (1980).
Codsmbe consddered ¥hw olass /Oy of all spriori distridu-
tions 8, for which

) B (Tig) =ax

1) v, (4 i) =5
md  441) % (Fy0¥4 1% %]) = 0 (34541)
wherea ﬂal, ?&1 ond %1 regpechively denote the expaetation,

varisnoe and sovericnos over By end proved that sny sirategy

Hy idn ﬂ; with
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i) ‘mi L %#* A lgggﬁii’ 1&’%‘
1) Hig) = # for all ats,
i34 % A Seb el
o = g = 18 i-xﬁj.' (348.2)

to 3 ~optimun for sny 8,8 Aﬁ where HY belongs to H, md
econtaine esiineters bolonging to the lomogoneous linear elass (Lﬁ)
of unbiased entinatorgs This reslt has been extended to the
clans 4, of entire wnbissed cetineiors by Codambe and Joghl
(1968)s Hanurav (1962) end Vijayen (1668) ghowed that the result
is Weue oven for deolgns with expooted effoctive sample size belng
aobngtant for I{; o Ay elasses regpoatively.

Hejol {1959) considered the dase (g of distributions
35 for whioh (411) in (3.571) i replaced by

1) 9, (Tgs Yylngey) = w({3= 1)) (35.3)

whore w 1o singlowwalued ecwvex funcrion, mnd sroved that eny
pirate;y ﬂu in H&z given by unequsl probability syestematic
sampling wiih =g @ Xi amd 12 estimator is 3= optimm for
my 836 Hge Thaw the scheme of seleotion 1s alec epecified in
this eane, however, the draw bdsk of the scheme i that the vardie
anee of the eptimator is nod ostimabies Therefore our oholee
falla on O 7 hut $ids model is of merely thocovetical) intercnt
a8 in most practiod) sltustions the model where (44) of (3.5.1)
is reploced by

k) st%ﬁiutpﬁaﬁ y 80 (34B44)
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(a1)0 v, (rylx) = i, g0 (34544)

io sppropriate, where g 1l0o botween 1 and 2 (Mahalenobls
(1842), Joosen (1948))s Tho olase of such spriori distributions
bg will be Gmoted Yy ‘Qg Por %his clams of &istrivutions
we mefe Ghe following yooult whieh has, MW, boon nentioned
by Hanuray {1066, 88).

~

Fore e chass: of - deostethu i B (wthy Boualy . lnig- dedasen
bord2)bor & ~ oplimum selsof muscaust of 442 fuol  sm dhes

<

Commection 14 4¢ dasily veon frem Godsmbe and Joshi (1985) that
for sy eatinster ¢ A

- H b
Ey V(2) = F ) o o (3.8.5)

wiere ¢ is monemegnative quantiity and becomes gere enly 1f the
design ie of conetunt samle siss with mg ol Xy mnd thoe eeile
mgtor ¥ 1s the HT estinetors That 4a

4 g §  lex f
Sog ttme) = o = of (= (34546)

for smmstont eample simoe dosiomg with ‘KzoC Zin But minimisdng

the HEE of (3.8.6) undor the sondition ixl %y =N, we find
"

that tids ters is mindmiased only i€
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which 4s contradietory %o tho conditien for ¢ %o be mero

uwnices g o e

-

This leads %0 the cholew of the strategles for different
veluon of £« Thip is &mply 1llustrased by the roesulis of

Ariacl pmdics ziven by Roo snd Zaylese (1080). Somnartson
of sone girategies for Ywo phaso soheme under the moded O &

in ziven In 3ho next chapiere

Lineor fewerdpnees This concopd intreduced by Roy and
Shokeraversi (1080) reauires on ostimator 5 remain invarisnt

wider linegr bransforriaiions of the veotor ¥.

Tide olags iz aleo dacussed by Hoy end

Chokruvariis AR eoilaaior wan @044 to bolong to this clasp &£
168 vartones 1o prosordiondl 6o the varisnce of the gharaotor
under gtudy in the populaticiie

I% is portinont horo 0 mote $hat the linear {nvarianoce.
thongh o deglrable oriterion for an catinater, docs net lead,
o o oopiimum egbinater and Phe denand for on essbinator to
helong %o thoe regulgrs olass ooty 30 have no Juatifioation

and no Durthor worlk isg HWracoablo in this rogords
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Jab  Hyper-adndgolbililys

s aritorion for the chwise of an optimm ceiinator was
rodently intredgecd by Henuray (196€, 68)e It 1s based en the
eomeopt of amiselillity of m getinmator and requires an ecotima-
ter to bo adniseidle not enly 4n tho whole epace Ry bud alse
in each of ite prinecipal hypér-iurfaces (pha), which are (2“-1)
in nonbors

Lot ue domote the Sotality #f the (2°<1) phe's by Ry
and ¥he phs of Mmenglon ¥ by Ry There are (}) euch
phe'e of dinenpsim oy for 1L £ v £ Fe The hyper-adnisalbllivy
ia then defined as followes

Defindtion BeBel: In & claes O(F) of unblased ostimators of
Yy 5 alr) 4a sald to de hyporesdnissidlo (headuissidle, for
twevity) 4f 1% 1o aduiseible when the vostor ¥ = (Y;,¥pseee,Ty)
is rostricted to my phe R, (not including eny point of lower
fdnonmion) of Rue

Roplasing the population %otal Y by any estimable
pacemotrio function ©(y) 4n the adove definition we get the
corrogponding definition of headnlssibility of an estimater for
satlmating #{y)e Ve shall ooncider the headniseidility of a
variance ephinator in sootion J.840s Thls oriterion is cvidently
gtrongor then adniogibility but is weaker then wmlfors minimum
rarimoess vYe dofMMne below an eéstdnator bolonging to the class
&£ polymonisl unbiaped ostlunbors of ¥y before glving the
result obbtained by Hanuror (L968).
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pelynonial estinator of nﬁ" dogros is of the form

'{%{W} = %{}'3 (%g?} & k(g}(&y?}*tmrk ﬁtﬁ)(ﬂ;?’)

{(3e8el)
whove %ii} {8;¥) is a homogencous polynomial of dogree 4
{which may vandish identienlly for some gr gl =) in ite
aveumento whdoh are the - values of only those unite Shat
soour in @y @ad ‘3(’“}{&;5’) Lis ewm-aevo - fap gt least e
pample & wih Pla) > 0o Turther ﬁgtn,y) will be unbiased
for Y 14

E{tcﬁ}(my); =D, for L A1

snd ;g{-g(&:’ (a,7)) =Y, fo ally (346417)

Purther 2 gmwﬂ.r polyniondel oasbtinator t?{ssy) ia dalined

an

L

‘3?{%3‘) = gla) + %ﬁ%?) {3.8.8)

whore gpla) are seme ocongtants deponding only en & and
t’;im‘y} 1p dcfinod dn (3.641)e Thuo t (myy) will bo unbiased
12, in sdddtlen to the condition (3.6,1'), we have

2 ala) #la) = O, (3a0.8")
828
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The elass of wnldased ostinators definod as ‘%;{ Byy) omd
t@( Byy) Willidemotod by P:; and E’w rogpootivoly.

Amnrsy (1968) consldered the olass F, mnd proved tho
fellowing thoorem.

coron Baflel (Hmurov): Por any non-amdelustor desdisn P for
wideh Y ip estioablo, the olese ¥, eontuina a unique
hepimineible oablnntos, which in fthe HeTs estimator given in
{3a348)a

The definition of uni-olustor desien {whichisfue to
Hemravy 318606) is glven below for ready referonos,

Adegion P 1o sald to ho uwnicluster deeign
if gny two samples with poeltive probabilities are either dis-
doint or effcotively osulvalomt, thal ls

B, () ggeff or s~ 8y (348.3)

P(ay) > 0, Plsy) > 0.

el Prooi of the Thooron J«8.1 muy be divided into
o nedn porde; nomoly,

1} Tor gy non=odeluctor desigm P, the HeTs ostimator

io the ely vesnibie headmissible ostinator of ¥ in the olass
¥y ond

44) that 4n fool thie pabinator is headmisslille in Py
Hattorsy provided tho proof of the firet part by showing that

for oy noneamicluaber doslan the Hele estinator is the only
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Swtingtor in the olass P, which sabliefies the pecegaary condi-
tion, meniioncd in (341.3), for boing adniseible in cach of

the pha'es of 'ﬁs‘,» and for the procf of the eeoond part it ie
pointed out that the yreof ef Godambe and Josht (1963, Thoorem
4ad) for aimlaniMiiity of the HeTs ostizator in olass A, fo@
oy glven desisn P, in the wiple parometor space Ryy oan be
trivitally modiflied to phow that the HeTs estinator is admiseible
in each of the pha's (not including points of lowor dinensionas)
of T, whioh implies hepduipeilility of the HaDe estinator

in the class A, and hemoe iIn Pye This completes him proof,

Romerk Sefeli aportant 4o note hlre that the proof of
the first part nay &ﬁmﬁvﬂy be agoonplished W showing thet
far a given dosdgn P the HaTy estimator is fhe boat ostimator
in the olass O(P), in any ong of the (2'«1) pha's, as thls will
oxcdiude the possibility of any othor estinator boing admiesible
in that phs and hence frem bedng headmiscilile in the clase C(P).

In this camnootion it may be soen that Codambe (1980),
whtle proving sdnigedddlity 6f 4ho HeTw ostinator 4in I.‘;, tho
élans of linosr homogonoous unbinged osdimators sf Y, aeomsi
dored all woohors ye Hyy the vhes  of dinomaion one, mnd ia faot
proved thob ‘

Wty ¢ V(t), for al2 ye Rys {3e844)

where %, d4mote the He¥s estinator given in {3e848) and ¢
ks oy othor estinator Bolonging %o the elass Iy o
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Thus Godaabels proof (as such) of admiesibility of tho HeDe
pgtinator in faol omichiichea a wore gomorsl voeult, that is the
He 28 optloaber 1p tho bost satlnator in gll the pha's, of
dinonedon gy whioh gye ¥ in mumber, And honec from Remark
Selal ond Sebef the unimue ReadlscibM ity of the Yo7 estimator
in the olass &y folltwm for sny design Fe This result,
however, s vory mich rogtristed an compared $o Hanurav's romult
i1 vtheorem J3.Ce) 4ir the panes that the olass B, i ouoh wider
than T

In $he following oocotion Je8el wo ahall, however, extend
Heniravteo romlt of Thoorenm 34641 0 o widor olass of eatimators
thin 1?“ feilowing the QL ternative sporonch £or proving the first
part of the thoorem, ar momtionod in Romark 84841« Thon in
soeotion 348428 9o prove a similey result £ a varimec estinator
of the HeTa estinator for a wideo olase of detinstors.

Bebed IHypor-aimisclldidty of tho HaTs Zetinabes:

Lot %y,(syy) bo m estiugtor of the population total ,
continueue in it argwionte waloh are the % evalues of only those

uniss that osouy fn g, such Shat

iy w0, 1€ Ty =0 for nll i s
Bi®eyy = O 1 (348+5)

and leot tho cleas of those unbluscd csiimators be denoted by R,
Bvidently, thig olnss is wide encush fto inelude the claan of


http://www.cvisiontech.com

65

homozencoua 1&noar, quadratic, pdlynomial otes, estimators of - Y.
That 4s 0,0 P30 B where 1 1s tho claso of polynonicl
wnbiased ostinators given in (3+84).

The ¢lases ¥, 1s however, rostirictod in the songe that
it doos nob include @il catingbors of tho dless P, {(or oven
I,)+ Therofere, wo sousider a widor elass of cotimators than
ifu md demotc 1t by A%# An sstinmater t belonging to AR
nay be exprossed as

%ﬂ!ﬂr} -4 aﬁﬂ? + gh{&;ﬁ (315&3)

wheve ols) donot dopond on y tut on s and % (sy) ie
. @n cetinmtar belonging to H,, given in {3e3eB) ¢

The oondition for vnblasednoss o B(s,y) in (8.8 1p

z ale) Pls) =0
pES

and y $himy) Mo} = ¥ (3u8eT)
ses

far gvery YO Bye

Bvidently, the olsss K, of unbiascd csiimgbors of ¥
is wider than R.¢ the olass of penersl pelynomisl unbimsed
oaptinaters conpidered By Hmursy while proving tiweren Beblol,
otnoe K, 3 P4 Now we prove tho following theorom for the

alang A‘&i
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in
Zheoren Befle2:  Tor my non~unielustor desisn P/ which Y is
estinable, the HeTe eotinator is wniquoly headniselble in A%,
the elasr of unbiaped ontinaiors glven by (BeBe8)s

argafs Lot us eongider wocltoras Y€ y(i), whero

?ﬁi) = ‘.@fﬂ;ﬁﬂ‘t; g&t O sre 9} (3&503)

for 1 £ 1 4N, thon ¢vidently overy y§ 5,(1) ia o point in
Rys %o phe of dinmelon ones Thus the population total

gd the iniascdness oondition in (3.84%) Lfor an catinator
tayy) € 4y Pecones

z als) »(e) =0 (34849)
and £ ty(ey) Ple) =Yg, for a1 yey ), (34810)

i 1
sinoe %ia,,y} = 0 for samples s€By, where
Ma By THE ond By w Loy 42m], (3.8+22)

We now fivrst exteblich Domma (DeBel) snd [{3.648) ziven below.

Lomna Se6el: For ony dosiem 7, the Hes estinator im the
beat eatdmator In H,, the olass of unbiancd estimators given
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by (5:&5}@ for eatinating the population total, fer il my(") .

Eropft We have for gll ¥@ 3"’1}@

Vityy) = wmiee = T3 (348012)

frem {3,348} mnd

ﬂﬁhtw}ﬁ = I o) e} = Y] (346413)
8e5y

ainec fron the definition
tylesy) = 0, for sll e8] md yey't) (348414)
Hew uping tho condition of wnblascdness in (346410}, we gob

itylonn)] = Vitggl = & Ple)inylan)=z2 >0
, \

(346014 )
gineo % * ﬁh(ﬁg?}; for ot loagt ong ¥a

for any non-andoluster desisn in which Y ia
mm&a od g ¢ Ly the elane I, 1e gomplolo Im 4G far
ootinating ¥, for all Fey' s
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Proofs Suppose H, ip not eomplete &b A7 for ysy(i) then

ovidontly thevo exiet on ceilnmabor tle,y) € (A= H,) which for
&Y(ﬁ

oon bo expropeed as

ey = ale) + tler't)), 12 nes,

= als), if eos (3eB8aL5)

end widleh sstiafies tho nocessary oonditicns mentiemed in 3.3
faor being adrdaoibles

Purthor, noting that tizi emd Eii are offootively equie-
valent sampleos for all ¥6 3’{5‘), wo get from (348.18) and {3ele3)
(4) = o {8*) + ¢ (a?‘;?( }y, 1f ees
o § 1

- %{a), 1r scsy (346416}

whero mgisi-.} ig indepondont of & ond a@ﬂ‘ stonds for samvlos
in By

fdnee 1 18 srbitrary, (348.16) 4s true for 1 £ 1 & N

-

flow we note Shot ul(a ) = ebl(i}, that 10 «le®) ia alao indepens
dent o€ 8CH; elneo every sEd also belonge to 111 54, Ry
being lean vhen one, md thet ala) is indepondent of a83%
141 4 2rom (3.8.18)s Purther from the eondition of unblased
noss 0f tg({i) as woll it is enaily observod that ay (81) = &, (1)
ond that infent

dw
& } (Soahd » 8417
(1) = ag{L)( o) (348417)
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Henge, Tor bl semples B with P(a) > 0, wo have

ala) = oy (1), 1f  weB,
= %(3}; if ﬂiﬁ%

ond slndloly
%(ﬂ} = %(3)’ ir &‘333

%@ %QS)! i m%o {3.0418)
Sow the lemma «ill follow Lf
ﬁlﬁi} = &gﬁ‘} w0y L 41 LH, {348.19)

fo ghow this wo fellow “ho argumont glven by Hanuvav
(1068, pe 826), thot im, use the preperty of non-mioluster
dosipn in which twore exist at loast one pulr (1,,3,) such thad

0 < 7y £ ‘ﬁiam (38480

odo

The vioht mhde of (3e8420) impllies thot thore lg ono sample
950y 5Ye, for which Pla) > 0, and this gives

aald) = {1, (348421)

Mmilervly, the left aldo of (3e6420) dnplics that thore 1s a
pamslo  @ES,Hgy fov wideh pla) > 0y end this glves
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ﬁ@ﬁ) = @2(3); (3-5¢%)

Honoo from (Ba8421) and (3.8.82); wo get

o (3) = ag{d).
Thie 4oplies that

al®) = az say, for »{s) >0

which from the eondition ef unbioscdnoms 4n (3+649) implice
that

aln) =0, for »ls) > 0.

Honon the lommas

How the lommn Sefe) md 34848 1mplien that for mmy none
uwndaluster dcaign the HeTe ostimator 1o the bogt sstimator of
tho populadon total fn the olass A% for all yey't). Purther
fron Remark JeB8.2 1% follows dhab the Hels ostinator is the saly
possitle headoiseille estinabes in A% =nd that in faot &t
headndopltic follows from ergument 4n Remark Be6ele.

™o complete the proof of our thogren,

B4Ba2

The sempling vardanee of tho estimator tye 18
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.Y
V(tyy) = 3;3 ..._..&)yf_ : a&i)w%&? 1357Rg%g) (3+6.28)

Tao nBlascd optlaators of ?(#h,g} wm-mmm in the

literature &8 due to Horvits and Thompoon (1982) and Yates and
o San1453)

trondy {1983)% The egtinator due to former authors 1s siven by

g ﬂi ‘_1_&}!2 i: {W # (3+68427)

whare =my d mgq &0 inelusion probadlitics of 4 and (1,J)
dofined earllers

Later Yatos and Grundy {1083) erithoised vy, on thros
grovnfs Vige, that 4t is not weducible 4o a linter function of
squares of the differcnse between the (Y&fﬁg)'ﬂ, (i1) it does not
vanich whon all (¥ fng)'s  are cqual and (114) 4t takes negative
valuos rathor often. They furither noted that for fixed pample
sige the varimoe of %y, in (348,26) een be expresesd ao

Vi) = 2% (rymy wmzcu«r—iﬁ (346428)

and oongequent®ly provided an unblaesed cstimator of V in
{3.6428), for fized sunple simo designg, which is given by

w‘js’i’ gw)(;} -1)‘3 (3e8489)
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whtoh assunes negative volues loos of tone

As the variance is o nmencgative quantity 1t 4s vory
dogirable to domend that 4%s estingtor should alec be mom-nogative.
T% &2 oaally mocn that no suifficient gonddtion gan bo given o
fgke Vi, 4 non-nogative estlsatory while for Yyg WO have a
gixple eondition wndeor which this estinator Lo non-negative
namoly

Ty S ®gmge for @1 4 end § (5e6430)

It 48 pertinent to peint ot that spversl sampling schones
have alao bowm proposed by different mathers (Sen, 19833 Dee Ral
19884 Rao, L08Ly Drownr, 19633 soth, 19683 Hanueay, 1067, and
athors) for whieh % is slways pooitive,

Thas Yyg bao several adventagoes over v, as regards its
wetlonl utilitye The sotinator iy isy hovever, know to be
sdmisnile {Bodombo mnd Joshd, 1968, Thoorsm &«3) in tho entire
glass of witlagod ostingbors of ?ﬁ‘ﬁk@);

1% 1o sleo know from Godsmbo and Joshi (1565, corellary 4.2)
that there doos mot extat o bost entinmater of V(%,,) in the olass
of gil unbinsed cstinaters of V{t,,), honos in the following wo
progoed 10 oxmddne whothor thore oxist o unique headmiosible
vorianse estiuaior for estimating V(%y.), 1dke ¢, for Y, in
wido olaseos of unblasod estinaters of V(km)* e ahall Tirst
oonsidar the elass of unblascd ostimaters of 7(%y,) demoted by
Hyy {v for varisnce)s An unbdased estimator of V(t,,) donoted
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by ?h(sgyh sentimueus in 142 arrunents shitoh are the ’g,valuaa

of oxly thoso gaits thot socur in o, wlonginzg to tho olass
Mgy 18 such thatd

?h(ﬁgy) m (O, if Y’.Hﬁ for all 4ca, {5e6431)

Ang Tor unbloacdness

oZs vloy) Ple) = Viby,), for all yeRy (346432)

Uaing the dofinition eof headniemcibility of » varianoo estinstor
gs given in definitim 348,1 with Y replaced by V{ty,,), we
prove the following theowom for the olnan e

Shooran BeBefs Por any dosign P in whioh V{t,.) 4o estinmable,
the verismce ogiloator vy, 1in (3+8427) ia wiiquely headuiesible
in Ay, ho class of unblaged epduator of ¥($,,) given by
{3eBe81) e

o firgt setablish the Tollowing.

Lomis 3a8e8:  For any Gomdgn Py in which V{(%,,) 1s cstimable,
the varianoe estimator vy, 1s the bept eatimater of V{tp) n
tho aloss Hyps for all yeylll,

Eroof: We notoe the followling,

W
Higd @ 5 870 4 5 5 g Y,Y (346433
C U E S P S h
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fron (3«6.28) and

Viwy,) = Blvhy) = [ty I°

" of v?

‘ﬂ,

G R e g ) - Ty PP (346434)

wore @gap(y) 1s funotion of (¥,¥,),17,7,) etos, such that

1% is more for w""w

Tirgbow)] = = Vhlaey) 2la) - (Bt )] (348435)

Henoe for $ho vootora wﬁi) = {&,ﬁ‘g tt*;YigcmaQ), wo got
irom akovos

Tty = %Yg {348436)
2 o4
h 4
and Vv, (ayyil - I Vilaey) 2ls) ~ & o (346438)
1

md from tho unblasedness condition of wy(s,y) in (3.632) we
have

v, (0sy) Ple) = o, Yo «6439
o :k(am () = a 7, (346.39)
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aince Viityy) =0 for ail w08 from the definition.
Sms for 1 yey'l), we have from (3.6.37) md (3.6.38)

2 ¢
Vivy{mylie ?f""m} w F [vﬁ(a;y}«- &g&ﬁ'(a}

. Ty
- z:-si [vylaey) - %11 from 3e8s39

B Uy (346.40)
ginoe vploey) # v, Zor ot least oc s
Henwo the lermase
proaf of the Theeroms Prom the resuld in the above lomna 1%
foiiows (from Remark 3«8e48) that for any dssim P, the varimee

eptifiator Vit 18 the only possidble

hogdnlaoible eatinaior i

That in faet vy, 1c headmlssible in X, essily follows
by trivislly smodifying the proof of Oodasbo gnd Josht (1968)
given for almdeelllity of W, in the entive olase of unblased
sutdnators of Vit

Sinoe thie 1o 6l that is Pocired for the headmissibility
of Wy W sonclude tiat v, 1o the unique hwadmi asible
eatinnter in Hoge

Piin complote the proof of our theprome

Fexby wo considor o wider ¢lass ef estimatora then Hy,,
donotod by -A;'H(v for vexriance), whieh in parsllel to A%
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comatdaved in (3.848) for cotioabing Ys An csiimater bolonging
h@, ngy bo cxproased as

?(#13’:‘ w (s} + Yh{ﬂ‘g?} {3s8.41)

4 the unMasodnons omadition of Wo,y) 4s

5 als) Pla) » 0
863
and
agﬁ v laey) ¥le) = Vibyy) (3e8.42)

far every yeRy, whexe als) 4p indepondent of g =valuon and
vp{ay) i @ estinator of V{tyy) bolonging to Hgge We now
prove the fallowing.

Theoron 3s0edy For ony f@eaign P in which v(tm) ia estinsble,
tho varimeo ostinator Wy, 1s undquely headmdssidle in L\
the olass of unblascd estimators of V(i) given in (3.6,41).

Yo frat eptadiiah the followinge
gun 348s4: Por any domlgn T in which V(t,.) is cstinable,

the olass Uy, 4s gomplave in A, for astimating V(tye), for
ar yer'ts

Ixeols suppose He do not ecanlete in a:;’ for yey(“ then
thers exlet m estinator wa,y) in “:;v - Rw) whleh for
y@y‘g‘) g bo expruessad as

VoY) = ala) +« wloy, 1f 5,
= alsl, 1f ses} (346443)
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for a1l W{M and viieh autinfice the necosssry condition
for boing admlosiblos

Purthory elnee 8, and & wre effestively equivalent
susnleos for yeyﬁ'}; we get fvonm shove (mﬁ {348,17)) using
the cendition of wmbiasctnosn

vpll) = gy (1) & (e #iily, ge sedy

= t5{1), 1f m% (3eBe44)

whore ayfl) md gpld) aro indepondent of & and y.

How proof ef tho Lomma will bo oomplede 12
gll) mapltimg, 154 ¢H. (396048)

But thie condition ip game as (34641P) and benee romesmbering
$hak ?(%} e eavlnable only for non-miocluster desizns
that %a onily i€ |

15 B4 %3 € ﬁgi (3-5&%)

vhilch 12 soow am (JaB.R0), the proof of this conditim (H.8.48)
follome from the proof glven in lLoma 3.8.8.

Honoe the Lones

Pronf of g theeremt Tho above Lemaa 348.4 togother with
Liowng Se8e3 oatablishon that the variance estinator Yy 18 the
boot estiuntar of ‘ﬁ'ﬁ‘ﬁmh for all W&}; in the olass A:,
for eny dosign in shich V{tye) 1s ostimnlle. Honce these
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lommns together with Romark 34642 shows that vy, 1s the only
poseille hepinissibdle estimatar of V() in Ay e mmd 4het
thic eatinateor is in foot headmicoille followe from the argu~
mont given the proof of Theoronm Se8.3«

Binoo this ia nl) that 4s wogquired for iho headulasibility
Of Vyge Wo oomelude that Yy is unique heaimiseible in Ny®

e complete the proef of theorems

nrk Jefiels The Thoorema 3e8e8 20 JeBed nmay aleo be
prmd following the aprrosch, memtlonod in Remark 3.8.1, uped
by Hepwrny whille estalliching hiz wesult in Thoorem 3e8.ls

Prom the resyl e in this subescotion it follows

thus 4f wo dootde to chooso an estinator of V(tm)g reatrioting
suraclvos 4o tho olass Agys 00 the eriteria of unblassdness
ad h-admiasibddiity sdone (with reepoet to varisnce as a loas
funstion) then we have to disoard all other eatinators belonging
to 3;‘, {incinding vfw) gave the estimator V.

opaary~Seat Selnator:

Thip aritorion for choier of en ¢otinutor has boon intro-
duced by Frobinm Ajsetwker {16658)s I% is dofined an followss

Dotwcen two wnblased estinaters t snd t'  with variancos

7{t) = ;. Aifg * :f; A% (3e7e1)
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x
and  ¥(s*) - 3,15 3y s Y (5.6.2)

B eatlnnbor € io sald %o be a necessary hotter estinator
them &' 47

;ﬁ% 4 gﬁ’ for Z‘_s. 1‘5 He (3;7.3)

fow 1f3 for a glven desdsm P, an unblaped ostimator LY
in 8 clans O(P) of unblased estinators, is a nocesenry botter
gotinator shan every cther csiimator in o(p), then t 18
torned an the necesnnry boet optingtor for the olass O(F).

Probim Adgeonker {1968) considored a subeelses of linear

ontingtors ‘ormed :E—ﬁ&ma baged on the featuros inherent in
the T, and Ty olasses (glven in Chapter I1):

T = ¥, qﬁ&nnﬂ(? + o + ane * g )
ij 4 |

whers %3 #eodassB{l £ J A wead 1 = 1y8punes H) 48 5 constant
uged as woight assoocigbod with the gamrle consleting of e
im:ﬂm wie s&fm elononty snd ki (4 = LeByons, i) 15 n constant
uged as wodohd whanover the ,_,_th unit of the population aprears
in the samlos And proved bhot Por this class of estimutors
the HeTe estinator (%,,) is tho nescssary beat estimator of the
popitlation hotnle

Reoenily, Yogs (1967 evtended this rosult by showing that
the HeTw ootinator is the nsoesaary bost catinater in L;, the
¢loge of 11 homogencous linecer wbased satimetors of the popue
Lation tobele |

>
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It Lp important to mete that for proving nedegs
pary besincss of an estimator ¢ 1in a given elass of unbiased
egtimptors it ie onoogh Yo ohow that the ostinmetef ¢ ig the
bogt estinator for thai ¢lass for all vooiors yﬁy(") =
(040psees¥yy © saa O)y 1 {4 S Hy sinos for such vectors the
seoomd toama dn rha of V(i) in (3.7el) bonomoe mero siving
Tise to the conditlen for the bepiness of ¥ to br identiond
with the regdrenmt given in {547.3) for 4ts neocesary beate
nopss Thal o the ariterion of neocssmry beatuess ie equivalent
%o the ariborion of the Ysot ¢miinsior whenm the parmcter is
reptrigted S0 the phs's of ono dimenasion, the phe whdch
ployod tho vital rale in the proof of wdgus headmissibdility of
the HeTetotinatof ond the varimoe cetinator Vit *

Ronarlk B3e7ef:  In view of the sbove remark, 1% is pertinont
to point out that the wesult cotibliehed by Hege (mnd honce by
Protim Ajagacikar) f6llowa from the »roof ziven dy Godambe
{1o60) 1esulf.

In viow of the above remarks and en the basie of +the

rogmilis obinined for the vector m(“ in the earlier aootion
we hsve ths followings

ooren Sefelt Tor gy @eelim ¥ in which Y is ozmﬂablm,
the HeTe osgtinator io the nocosssry best egtimater in Hu ;
the elase of unblasod estimators of Y given by {3.648).

Froof of thoe Theoren folicws fron Tonmn 34841 ond the
pbove Remo? SaTels
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In fnoty from Lomuy 3e6ul, 3462 eand the Romark 3¢7.1
i% Jellows that for sy Aonediciuster Genign the Te? omtima-
tar 4o the nooecgonry bost cstivator in the wder qlaos A.f"-

Hew £ the eriterion of nocessary bogtmess s extonded
to the eptimation of V(ty,), otelning the sssential feature
of the eriterden, nusely, tho secefficicnt of Q(Yi) w Y: being
least for the neecsanyy best estinmster £rom smonyg the estima-
tare in a given olaas of uniblasod catinabor of V(tyy)s them
tho Bomark 34¥sl romadnsvelid even for esdimating ¥( th‘b) »
And from tho Leowna 34843 wo goh the following,

heoren Sa7.8y Tor mny design B, in whob ?{,tm) fe ostimadle
the vartsnee ootingbor Ve 12 the necesmary bept cotinator in
Hype tho clans of wnblased eetinators of ?(tm) given by
(BaBe¥l) s

The erbenolon of ille yaguif fer the olamn Aa, follews
immoddaboly frem Lommn BeBuds

Having recognised the Laporiance of 4ho part playod by
the wvootors bolenging %o the pha of drensim me, that ia
mlm ?ﬁ'}'ﬁ in Weth thoe oritarion, namoly hwadminaivility mnd
the necessary bostnessy Hogothor with unbiesoiness we glve
below the fodllowing.

Shoorom Sa7.3: Tor any destin P in whieh Y 45 eptimable
the neecspary bostnoas of mn setimater imlies umnigque headmipge
siidlity of that sstioaier for the olaso R, of cetinatore
of T end $hat 1% fp the Hals eotinater which uniquely satie-
flan Bath ®he aviterinn far Sho slape o

.
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Procf of the thoorom follows from Lemna 3.8.1 Thooven
Ba7sl and Romorks 34841534842 and 34741»

It feud the truth of the above thoorom follows for a
widor eluse of estimators A, for eny nonwmicluster design
from Lawiia De0.8 mnd the above Thooroms And sinilar reeult
io sardly seon to hold Doy W fron anong the estinantors of
the varfance of the HaTe estimator belonzing t0 A e

Sinee o beat optdinaitor doecw not genorally exlst for wide
elnones of eatinators 1t is logicaly an the first stop, to
roduos the dlans of cstinatore without Iose of information.
That iy the olass gan be reduced to the extent that for oach
satinator cudeide the rofuced dlass thore in one inside it
which ip ot loast as good an (o better then) that estinator
md further in thoe roduded alaos no estinator ia not at loast
an good g the othere Tn this sonme, the minimsdl zsseniially
eoinlote olage whlech toineidesn with the olass of eesentially
afniseidle eptinators, provides the maximm possible redustion
of the elass of eotinators, wiibout loos of information, with
the noan sqiare error as the loss funeilone Howaver, as the
sriterion of umnblasednces Lo porierally talten for granted in tho
£ie0ld of pspmple smrvays mnd is very appoaling in the sense that
wishout thic oven atometat? (Thoorom 343.2) 4a alno included
in the mininmsl eseontislly comnlete olass, we moy further reduce
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tide elass B confindng ouracives to the unBlascd estinmptors
crlye Inlroduetion of sy oriterion to ghrink this olass
furthery without using oy apriori infermation shout the
pargneier, with the gln o pin point a wnique unbinped estimgtor

ef the parspeber gan hol lead us for in esptinating Y  since

such wnique eptinabors will be preferred over all other esinma-
tors only for the purppee for whdch the oriterion has been
introduced provided, howovery it has a practicslly jJustifiasble
DUrDe R0

Hegroy (1965, 1968 , pe 629) whdle introfueilng the erie
Yorion of headnissibllity, which gives rise to the unigue csbing=
tor (Theoron 3.6l md 3+648) for estimating the populatien
%otal, han oloarly provided the justifieation for the introduo-
tion of thig eriterion whereas ne such Jusiifieatisn 10 syallsdle
in ihe liserasure for tle inbtroduction of neccasary beatness
exoept that of gottlns »n unique eatinetors Hemeo 4£ the purpose
Lo two~Told namely oatination of the poruletion totel as woll as
estination of gll livesr parasotric functione (suoh ar totcla
for gach of the subepomlations) the Hefs eotimator, is naturally
the beat (umique) choive, when wo deoids %o use an estinmator
widoh 1g imbiased and admissible for each of tho linesr parames
trie funotiona (subspopulation Yotala) with respeet to varianoce

as the loss funetions

Howoeory, limdtstdons of our choler of s ossinati based
o unbtlagodnoss and headuisetiblilty, with veopeot 0 varimnec as
thwer losp Sunctlon, boounes sporwent frem the faot that the
cptinator ¥y, dwhich is knowm %o be a bad estimator for reasuns
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senfioned in soction 3+8) is uniquely headmissible in o wide elops
of unbiased eutimators of V(%pal4 and aleo from the vital role
played by veetore y balanging to the phe's of dimension one.
Furthor, it 42 felt thel in actuasl practice we rarely need estie
Bation of mbepopulation totals for gagh 0f the subepopulabions
(23'-!1 in nusbor) and pertioulaly thoe subepopulsiions consige
$ing of slnglo wnitas foner in 4lls connvotisn 1t ip of sonple
gdorabdle intorest to medifly the headnissibility coriterion so ap
30 fxmalude e vootors ¥ Welowdng to the ghe'g of dimennion
ecd the pho*s whieh played vikid »ele in proving wnd gue
hepdmdssitdiivy) (or movre) mmd o examine whothor HeT. ostimator
remedng uniquely headmimeitle (oo por modified dofinition) for
optinating Y aad to soo whaet hoypena 4o Vi  1n that cases

Ag mg;:wéa‘ Bayes apolution, wiwre we uge dprierd information
ghout the parometer, 4% is pertinent to fBoie that the solution
hoovily Qepends em tho gorieri Aetribution, based on prior
information witleh howover ney not be wswally roliable, 4f avale
loble at @lls And tho ostimator mey not ronmain optimm A€ the
gueased apricrd élsdiribtution, doparis over @lizhtly from the
astunl (0 . ﬂxﬁ# io it o*i # o ¥§ then even 1f
f o My 520 (shat 1s (345e8) 1o valld), the H.T.estimater
seascs $0 be the optimum end in faot no eptinmum exlet unless g
is gxaotly cgual 30 26 This i ooply illustrabed Yy the results
of emmiricsl studies gleon By Roo and Jayloss ﬁlwin} *
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Prom what haeo oo 8add above, 1t appears that restries
4ion of the class of agtimators i{n o meaningful way is poasible
pnly 1f otheor considerations in addition %o the eoncep$ of
varimee are takon into gecounte For instance the cost aspect
iz n very impertmnt congiderstion in practicsl situations mnd
homoe the ohedee ¢f an estinatdr nsy Yo made to depend more
o efricionoy per undt sost than Just on the sampiing
efficiency (MahaXanobla! 1944, United Hations, 1948)s Furthor
sinde m,wéﬁ%ﬁ.m the fnterest lics not only in getting
atable optinator Wt dlse in having stebles varimnce estinator,
aother ponpdderation for the ohoiee of eatinators may be
officioney of the veriente eotinator (Reo and Bayless,
1960a, Bls Purthor, whatever be the eriterion adepted for
tho cholge of essianiors 1% would do nocessary t0 Carry out

g:tengive empdrlesl ehudics on natural populations and types
af detrilutlions which they sofern to with a view to spotting
sut roasonebly zood estinator{s) for different situntions
epnnmmly oot with In praetieccs
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CHAPTER IV

BOME TY0-PHASE VARYIUG PROBABILITY BOHBMES

o,  In this chapter some well-kmown pra without
replmmm sohenen, eriginally given for uni-phase
sampling, have boen gonsidaered for selection of a
socond=phase sample in twoe-phase samlings Egtimators
end the gorregponding veriances are obtajned in
Bootion 4ef ond in Soation 443 these: schemps oro
sompayed undor mn appropriats super-populstion model,

4ol
amapling, tws samplop amre sclecied enc »f whioh is a sub-pample
of the other, The larger eaapls la eelled the firwb-phase

shree [Ho-phage

fehonegs I the method of twowphaase

pample  (fps) and the sasller en¢ the sccond~phase sample {aps).
In some easesy bowevery the sps 1g net o sub-sasplo of tho fLpe
buk it is solected indepondently from the population. Informe-
*4on on eerialn gupplenentary character £ vhich ean be
obmorved ot lewsr coad por wndd then the main cheractor y undor
amdy 18 esllected from all the wntis i the fro and utilieed
elithor in the aclootion e¢f sps or in building up estinmators
whioch 4mprove upen the ugupl unbisecd estinntor of the siudy
eharactor, wased on  mpee This zethod, therefore, is suited

g the sltuetiong whare solleetiosn of information on y ia
soatly and the populaten values for highly correlated

oheraster % are 1ot Inmown beforehand.
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Hoymen {1938) has considercd the use of sush information
x eollected for the Pfpe 4n sbratification whore ga Gpehran
(1948) conslderod its use in ratlo snéd resression methoda of
esatinations These methods are now wolle-known snd thoe thoore~
tioal developments ean be found In tho standard text-books
{Coshran (1063), Wurthy (1967) otos)e Use of fps information
in sclection of the ape hao boen sonsidered Wy Salte (1988),
Des Ral {1084) and Ds Singh and Be De Singh (1965), using pro=
hakility properiionese to sizme (ppas) with-replacement soheme,
the Moo bedng inlormaiion ot % eollested from Lps.

In this shaptor = consider the threo ppa without-
replaceneny schemen, {with assoeistod esiinators) for the peles~
tiom of sps, duo to (1) Des Raj {(1886), (11) Hartley ond Rno
(1982), ($14) Rao, Hartley and Oochran (1662).

Thom: schomens oz is well-inown, have beon consgldoyed by
the respestive suthors for wilephase sampling only. In the
pregent osse we conalfier soloctlion of fps Yy simple random
penpling withoubt-replagenent, for gollecting datn on x and
porling of n of these ' unids in the secondephape following
any of ths three schones montioned abova.

A unidascd cetinater T of the pepWatton %total Y= E Ty
in ‘wo~phass suapling will bde of the form

9w (Nf5)% (4alel)
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whare € ls an undiavod estimator of the fpa total

¥V » 2‘13’3, whore ¥ =nd 5y denote the sumnations over all
the units in the popuintion and the fps rompectivoly. It 1is
oasy to vorify dhat &f 4 4o wibiesed for Y' them 7 1m go
far Y

The sampling variee for 7 oan be writton as
T(T) = ¥yHa(T) + El?géﬁ') (40148)

whora El and vi are wnoondl ticnsl gnd ﬁs and Vs are tho

sendiiional {givon the fys) expsetation and varisnce respeg-
tively (Des Raj, 1086).

Tt may be montioned that fer the sehonos considered
woro, the first torm in (44142) L2 the smme mnd {0 given by

72p(1) = Hliw ﬁ“)ﬁ?/ n (4ele3)
whirpo
% o (ﬁ# 1).% » (Ya - % )gt (ﬁtlt‘i)
Again for thesc schemes, Y(7) in (4e1¢%) oan bo expressed
s

V{") = "%’{Eﬂg) - {4e1.8)
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. - Y ,
?(?gn) L ﬁ%‘ﬁi)ﬁ? & ﬁ'%ﬂ % £ Faigg* - 1}% {£ele8)
ie the samling variasnoe of an wablaped eptinator

4
Py = lepr) §* Eg'—gg' N (4eLe?)

given by Doe el (1984}, when the second-phase sample Ls selected
as 2 sub-gaiple of the firatephasc sample fellowing pps withe
smend procedurs of soleotions X, demotes the suamation
govor sps wilis and P& a 23/ By de the probebility of
scloetion of the j=th fys wnit aad P, 45 defined as xj/nxa.
Thus affisiency of thess tiwoe mchomem dopend upen the magnitude
of 7Y 4n (4eleB)s It may bo memtioned that the sampling
varionee shdadned by ths reapestive authors in the oase of uni-
phnse sampling represent the conditionsl variance of t in the
prepent situation and honso we evaluate El?ﬂ{i‘) for Aifferont

pohenos in the fellowing seetion and oxpress the corresponding
varionce in dhe form {4e1sB) for sasy comparisons.

4ef Zetimniors and Veriancess
(1) Des Ral seratexye For a ppas without replacenent
sps of eime an from fps an wndiased estimator of ¥ fron

ves p) (1958), ia

g = () & 5 vy (4e2a2)
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whore tl = % gnd

: 3 »® &y&ﬂryg'&tioﬁ- ?3*1*3'3!}3 é {l@iw'ﬂgi"éﬁ)

for } = R¢fsensy Na

Prom Pothek (LP87), an upper bouhd of the condlitiomal
varianed ef Py e¢an be expresscod aa

,,, = T 2., 2 ooild o
Vol2g) £ ﬁﬁg— rl(gj- - Y1) r;-ﬁa(%gl)[ 21P§ }:,_?3(53- - vt)®
+ 5 1*52(-;4 - ¥1)%] (4e202)
3

¢a the order pf O(ﬁ-"z}\g asouning that max Pi - Q(H""l).

Bveluating %y of ’ﬁg(%? term by torm, wo got,

. o
By(%) = G BB (0 g gt - D)
e L, (44243)

T v
Vpom ™ é % 3?3 (gi- - 1)%

ip the vari:mos based on a pps sample of sime n  seleoted
diraotly fvon tho population,

90
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oL ) | ¥ .
By (ty) = %gl Bl gyl - vfnpi® . i -1;4;-?;? ]
-2 (H«a} Al lagdy il » 3”3”5(?‘1 » 1% Grel)z Y3-riesf]

{4e244)
to the order of o{F™%)

B (4g) = frr Bb ¢ a;gég. - 1) (44248)

to tho order of O(¥™), whore &,8, &nd %, arc the first,
fovond and third terms in (4eRe2)e

Henoo fron {4.243) to 4efeB) and (4e1e2)y wo got

2 ) Y ;
V(24) £ V(Rg) a..agl ag;,{z y?t ?3&% T L Y: »
+z z%(% - 1%} {44248)

Yo the order of G(}i"i},

{41) Hsrtley asnd Rgo stratogys In this schome for
seleciing & Poe saiplo, the popilation units are listed in
rendon ordor, their sists gre cumilated and a sysienatie selege
$ion of wAlts fyom a fandom start is made on curulation. lowever,
for the present situation this mothod will consist in Just
owmlating the siges of the £y wnite and geleoting a ppe
pample oystomatically with o rondonm staris It i asoumed Yhat
nl‘-*g 331 to avold any repatition of unitus An unblased estimator
of tho population total Y im
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; a
?hf mﬂ%@ jf;;h;g' (44247)

whoero ‘ﬁs is the inalusion probebility of the je«th fps unit,
The estinator T, 4o easentially the HT estinntor oensidered
onrliere

From Hpriley snd Rao the eomditional variance of Ty 1o
glven, by

, Y Y
velz,) = (0 ® 2313’3(;!3 - Y%= hﬁa.)zlvf(;a} - )?
{(4e248)

anssuing max 3?; = 0(1?*"53'}.\ Thip formula s valid for larze

values of H' and values of n relatively smallor,

e get from (é.lm?)j (4.1&3) end (4:#2#3)
Y
T Tpe) = V(2q0) = Bk Fr 2 pgt% - 1)* (44249)

whore V(Z4,) 4is defined in (4ele)e

for salecting & sps of unita, in the present sltuation, will
conaist of
1) fowming n zrouwpm of the fps uwnilte {as they ooour)
n .
1 1 7Y ]
having sizes H{p 0y ees }fﬁg gueh that 131 H:!. = Nt and

11) drawing one wait frem sach grouy with the probability
provortionate $0 the Xewnluca of unlts collected in fpam.
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An unkipsed estinstor of the pepulation total Y 4s then

glven by
¥ ¥,
one = WP Ep Ki ':? E&%‘ (4a2410)

wharo Qg is dofined as the sux of sll X, for whieh U,
(L = 1,8 08y H') Bolongs to the J=th groupe

The aonditional varisnss sf the estinmator is

Vgltpgl = 0 - i) ﬁg'z 57} ég’ - 79)* (44R011)

17 H* 4s & mitiple of n mnd

o -3 ) < aﬁ';{;} v (sa2a)

if M = e q nd H{mggqﬁﬂéu%h%dwgq;ﬁnuﬂ
g Cgdn, G20 .

ho mm&iﬁmai axpeotaiion for %Wrm}* in {4.211)

is
f : L+ P Y :
B Ve(tng) = - ¥y oy T Aozl - 0
{442413)

and for Vplf,) in (4:2412), the wmoonditionsl expestation
will Be given by roplacing the facter (1 wﬁ) by
s P ﬁ + Mﬁg Howaver, we shall congider the onse whitn
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Rt dg maltipie of B as 1t glves opitimunm solution and we got,

WType) = W(7g) =~ B pledp 5 ?3&% -1, (442024)

It may be moted thay V(%) ema V(2 rha! B0 exaot whers
viuy) aila 7(%,) are spyroximate expressionss

{4v) Zaslo Batlmater: As has been pointed out earlioer
that 4o inform on x evllested from fps oan also be uped
in ratis ueihod of estinstion {neatosd of using for tho meolootion
of the spees Vsually in such #zses thw eps 48 also soleated
g2 n oS98 skue W W & simple roandow smeple from the fps.

The fpe » mpls in such cases mve mpant fer owtimating X on
s lzrge semsle snd to use 1t im Rdlding up the ratio satination

given by
=Ry 5 e

The Bas and ssapling veriance of %y @re given in Cochran {1963}
and othor beoks honee we ghell not gonsider 14 hovo.

moking officioney comporison of the above setimators,
e yogard the Mnite posuletion as being frawm from an infinite
niporepopulasion in whieh ¥ 4 correlatoed with = let O 5
be the olasn of apricri &&mawmm ﬁg sabialying
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R_%{?fg | K) =a%,e @30
?%@3 l Xg) #@3 ‘%1 £ 20 (4'.301)
amaa ¥y ?;1*! Xy9 Xys) = O,

It may Yo moniioned kewever that in most stiuations met with
1% practisc, tho parm

mgpter 'g' 48 found 4o 1ie between 1 and
Zx

Undey the albove model wo have the expectod veriances of
e entinniirs As

Ea‘?@ﬁ‘} uﬁ%ﬂb % {x x xg“'i -~z +
% g@ E%m&t#} (4.3-.2)

By, (TRgh= B V(%) yo b e o1 = 2 xz e xp)e 0]

{443.3)
(V) = E.a‘{?wg,) )= Bk gy Lz e o)) (40300)

g AT (T )= B (V(2g)) - Bg‘ﬁi £ 1 (xexg)+ o(r)),
(403.5)
It may Yo montioncd that pos  with replacement estiaabor,
viously 48 lesc affteient than pps  without veplace-
ment estinmaters considered here, has beon shown %o bo more
efiieiont than ratic estimetor %, whemever g > 1, Wy
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Dag Raj (1964)e Henme in the followlnz thoorems we comparo the

Hhree sochenes smong Yheme olvonms

Deg Haj stratesy ls superior Ho the Hmriloey and
in (4e3el)e

Rep stratesy under the above model A

Bk e Lz 2 ?ﬁ > @"-— z x§)
a%%ﬁﬁ g & §2- z x,z 4]

>0 4f all Xs are not pamo

fane 17 xs, yxa for ot Joagt ane §' gad g > 1. Homeo the

thooran,

hoorrn deBef Tes Hal atrategy Ls super-ior 50 the Rao, Hartley
md Coohren steategy undeor tho a¥ove medel O &

et B, (V(tg)) = 3 (V(1g) = B2 &
{{gmﬂg*ﬁ X z'x?"@ s G- x x§]
- Eﬁkg (i+2) s axz xg"l] (403.8)

since maxe Py = o)y

595> Wt 4f some B, £ 4, (40347)
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Alsn thnt =21} ;?25' are pogitive, we have from an elewmentary
inggurd ity
Xz xg""l $ vz (44348)

ascording ma g ¢ le From (44346 and (4e3.8) wo ged

:ﬁ&g ’ﬁ?(‘?é) & ﬁﬁg V(frm) whensver & > 1.

Honow the $imoron,

Thooron 44343, Hariley and Rao steratesy is supsrior to the Rao,
Hertloy =ad Joohran strategy undsr the model N g (4e341)s

2ronts, Eﬁgévw,m)) - %ag(ﬂ%n = Eglﬁ rxs§-xcx x?“‘lwxfl
with the holy of inequwnlity (Le348), 1t is casily seon that

LALUC Y 5 BV (Tpne))

secterding ag 2 > 1 or <1 mud hence the theorems We oan now
smuriarige our result ac Lfollows:
If {47 ¥ amd T' are spufiiciendlly lavge,

(31) max. vz - cz(z:v“‘l’} and  Haite ;93 - 0(2;"1) with at
lanst one P, # e

and {444) the parametor *g' liesn between 1 and 2, then
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Eag v(%) £ Eag zf(%,} < gag v(wrm) ¢ s:-ag ?('i‘&,). (46348

Howaver for o = 2, the optinalisy of the W estimator is
easily geon 4o holds

It may be montloned that in Hartley and Rao

B ghene when uped in undiphaso saapling, it is neccgsary 4o errange
$the wmits in rendon order before selooition of sample and in Rao,
Har oy and Cochran soheme the waits ere required +to be grouped
inte n pmdom groups bofeore ssleotion of the gamples This
randonivation in both the oames is o diffdoult taeck, espeeclally
whon numbsr of wnite in the populatior 4a mquide larges However,
the applicaetion of those scheomes at the acoond phasce in two-
phase sanpling becomep gquite ainmple, for the firatephase sample
ir o random sample and the wnlte within 1t are automatieally
arranged in rondom ovdere Thus spplieation of these schomos for
peinotion ef oppay 1n nany Sascny nsy be even simplor than peps
withwropl asomant sohnnoy

Remerk 4e3s8 Ay considering turihy's strategy (ppsdiovtepampling
nging unordercd Des Rad estinator) to twoephase sampling 1t will
be obmerved that this atdatopy faros bobier them Toa Ral strategy,
howovar, the gain in el icioncy sohdoved by ueing Murthyls stra-
tosy over es Ral's stratezy is exptoted te bo very smeld) for

large Wte
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Haptim ¥

RATIO AND PRODUCY HETHODS OF BGTTMATION

ey Various methods by whioh infermation on
guprlemondary ehaveotor nay be ugod have been olaspl~
fied tn sostion Bele In scotion Bef lthe situations
4z whioh ihe ratis and product estimntors of the
paranotor farc bBottor thon the usugl unbiased cati-
motor 48 ziven on the basls of approzimate expros-
alons for their nec’s for a clasme of dosignae The
oxnct mee have boen coneidered in sceflon Be3 and
preference Pegions ore obtained for any designe 4and
in gootion Be& product omtinator has beon mado unbiased
for the case of ajmple yvandon samplinge

i oh semplete lack of m&mmary §nfermation, although
s would hardly bo the oase in praetieoy the enly poceible
asthod- for gotting valid ostinatos of the population paraneters
(totala moons etes) in o use a sempling echomo which assigne
cqual probabllitics %o all poagitle samples slong with the
amal unbiased estinator invelving the charsoter under study
slenes Thore ave; however, a mumber of methods proposed in
gompling theory %o dmprove upon this wnblascd estimator, whieh
uiilime infarmation on one or more supplementary characters.
The major uses of such information may be olassificd under the
felliowing headas
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(a)
{»)

(o)

{a)
(e)

160

dopigning cotination formulae,

doforeining the probabilitios of scleotion
of tho sampling wnita,

muitable arvangomont of the units 4n ocombi-
nation with systenatie or cluestor gampling,

stratifiontion of the population and
allveation nrollonge.

inother 4natance of the mothnds 48 tweephaso sampling,
oonsidered In the provioun ohapiew. In ithis end the subpoe
quent ehnptors wo shall Confine surselves %o diecussion of use
of pupplononiary information in the method (a).

sho zatie, 6f the character under study (y) %o the supplomentary
oharnster {x) is loss varieble than y's thomsclvess It is
bettor in mch sifuabions to entdmate the yadleo of y 4 = in
the population, based the velucs of ' anéd x's for the
wnlty seleooted in the saaple, md thon multiply it by the Jnowmn
parmuoter & to astinate the parancter @, Wi 9, ond el
aro the functlons of y and x vogpoofivelye This procedure
1a enlled vatio method of es¥inmbtions In some other sltuations,
howover, the preduct ¢f ¥y =ud X may bo belioved to Lo leas
veriable them ¥'s, in which case it ig botter to estimate the
product of y and x {h the population, from the saaple end
then divide 1t by the known parawier 01 40 ostinato 00..

Let T

and ?1 donote the ususl unbiassed eatinators of the
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poranotory % and &1 reppootively, then thoe rwatio and
product estirmbers f the parametor @,, are glven by

T,=r & mi T, = @]ﬂl (8.241)
ﬁm&@liawmﬁﬁab:eka@mmﬁr snd p are glven W
ral, /% od pwTh (BeBe2)

rogpoectivelys Both the catimators 1, and *"fp art blased

but oonplotunts Thedr Wiae snd moon aquare orror (mse) to the
oyrday n“'?‘*
followes

Writing

¢ Whore n 4o the sanplo size, may Yo obialned an

733% > Q‘i (3 » Eﬁ); 1aily 3 (54243)

whore 3(2y) = 0 ond asswaing ihet for lavge By leyl <1
{aiioh ie neccssary for derivation 4in the osse of ratio estima-

HE) =8 [ ray=8,]
mé, BL(L » e} Q1 @1}"1 -1}

w8y Bl{5ge8y) + (] = €8y Jens]
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and (T, = BElpfey = 6,]

= & 8lle, + 6y) + 6,8,]
= ﬁe ?%i

(Be205)

iy, the mee of T, and T, are
HE) = Blr ey - 3,,)%
 GEIleg~ 28,8y + o) =(2e 8, = R of + €14 000)
g8 (vPaavil ) (84246)
and zﬁi%} w Blp/fey = %}ﬁ
a e§ e, + ey ¢ 3‘,21)3
s oSV e avile avils v, vB2)  (s.2.7)
2 0vE o 9§ 4 2vid) (Be248)
b __

T 'u . o
Toi = Blege ) = Emﬂ?‘?{i“ﬁ— : (Ba2.9)
1t ugy b0 mentioned that the exprossion in (8.8.7) gives
oxact value of H(T,) whore (B42.8) 1s 1%es approxima¥ion.
Furthor Muptiy (1984) has conpared ratio md produet estinstors
wiih tho o conventiond unbianod estinator for ¢stimating the
papulesion tobul Y (that Lo Ty %, ed T, in the present
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ackeup) and obiained the follewing reculte

goren Beel (Murthy)s Por miy design obtsined by scleoting
tho wnite wiih equal probalbility er varying probability ssmpling
with voplasenond ey my eothor sanpling scheme invalving secleo~
ton of indspondent subepamplomy the profeyence regions for
sishoy producty wndased or ratio entinmator, congidoring the

npe S0 ordey n“";mgﬁmw

#1$§ﬁi£#é{%}
*%“é’&%&*&%)

| S8 8+3 (842410)

e + W

mmaﬁm&g; ere Gﬁ w'gg @ = V%g %1 » V%% and 9%1
48 the eoyrelabtion coofficlont betwomm i'# end Qx.,

Roregk Ssced It i easily acen that the adove preference
mmmvmawmmm*m paranetors &, and aa 80
elthar popitive or negobtives Othorwise, the preforence reglons

schemoa as $ndlenteds For theso sanpling schemep

Y e ATES) (5+2411)
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where (Vgg)* stundn for 'Vgg whore B el and Q s sone
eongbant inverscly proportionsl 4 rg the sawle sime or the
nusber of sub-pamples sz the oneo nay bos

It 42 portinent bo note that the preferencer veglons given
in “hooron BaBel 418 based on apyroxinate eéxpression of the nso
for ratic and product sabtinntorsg and hones s sltornative oritee
rion to chwope any of the three ostimabors, which is  based on
tho exaet npe and o valid for any desizn is pregentoed in the
follawing soeotion.

Bel A OConorgl Critorion for yreferenge:
g ghall prove the foellowing thoorom.

Fheorem Bedal: Por a deaign P , whore the unite at sny given
ghoy may be poleeted with or without replocement and with equal
ad unegual probabilitdes, the product estiaator i‘g will be

more efficient than the linesr unblased catimator T, for eatl-

mating @& i

a+f+) 30 (Be3al)
doe [(2,2,)% éﬂ]

E%}z v, 7,)

B =yt =)
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\ﬁ(‘ Tty ) ?ﬁ?%)

Proofs Lot us conaldor the 1dentlty

e
?a " ‘S—%)—' . {(Ba3s3)

Then we have {2 %)
v(2,) = ¥i 4%3
(x i UR'A {Eé%k)f (84344)
Hoting thad

dov{2,2 )% 5] = 8L{2,%)® 120 B(H(2,7)"
for w383 sae end using this relabion wo got from (Be3ek)
viz,) = covi(el )y 1/751s BO/ED) (TG )

- foaviqe,B) s /7 10 50/T) BT |
(Be348)
Taxty slnoe

va/y) = s/ - a0/g)

and

v ) as(d ) - e, P

from (Be3all)y wo got
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v(z,) = covl(® ), 1/5] = (oovlln, B)s /01 :
- zoov (42, B)s 3/% ] 500/%)8 (2, %) +
« Ti/my) ViR, ) + B(T5 ) vO/y)
+ ﬁ(z/mi‘-} VW{Zg Ble (8.3.6)
Aftor some mdmplifiestion V(T,) omn alas be expreesed as
e = (L sasp s )1V, B) BQ/M) (5507
w&m oy g md Y arc defined in (5.342)e
Agadn no¥ing thot
20/2) = vO/ny) « 2O/
= [5(1/%) ¥
2 {m.%y}g " -e-g—' (843.8)

Bubatibtuting the volue of E{l/@i) from {(Be3e8) in
(D7) wo got

o )
v%},;,mwwa.yli-:ga-

vhore (T, B)/8] s samo a5 V(T)e
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upk Ss3eds Prom sgquation (84348} 4t is observed that whenever
T B8 invarscly proportional to ?y» tho covarimnee terms, that
in the firet threo ternms in (5e3+6); vanished autonatically and
honoe in such Basoe we got

V(%) = VOL/8 VT, B) + B Fivism)
» B/V(T, 7). (Be3e8)

Boting that the firet and the scoond torms in (B5.3.9) are
slways Poodtdve

v(z,) > Wz, 7) Bl/E)

md from (BaJeD)y tharefere wo have

V{@a) > wﬁ%&,

Bus 8f T, is inversely proportional to T,
?(!ﬁ} > "V(ﬁp)&

Thin L5 aleo soon from the fopm {J.3.7) eince $h thia
altuation g, 8 are sore, widoh fmplies that ¢ + Y 4s
alwys groabter Shon a0rds
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vic Ba3a2: The sendition (543.1) is satisfled in s varlety
of other situations oo wolls For oxonple 4t e osslly seoen that
3 will nover atioln volus 4 L, and henoe § > O alwayse

Thus (BeSel) is satiefiod vhonever a« + Y 2 0.
But Y > ¢ 4f and only Af

%

B4
e, g

end this condition &s likely to be satiefiod for large velues of
Gl/*“:l“;* in whioh ease (Be3.l) nay be reslised even when a < O

3 €

On the other hand if

fhem o + J will Yo positive 4f o is muoh Larger.

It may be montioned that ¥oop (1964) has obiuined similar
conditiann for the prefervence of ratio estimnior in comparison
to the 1inom wnbiasod ostinatoras. Thowe conditions e an
follown »

Ihooren Badsf (Koop): Fer sny swmapling dooign, whore tho units
gt any zivon wtep may be eclocted with or without replaceonent
end with equed or upegqual probobilities, the ratio estimator
Ty WIlL be more officdient than the linsar unblased estinator
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Qﬂ for eptinating % iz

@ epre e (B43,9)
whero
2
yl - va‘ { -—&—- » &'1 ‘5.3110)
/n "
anad
Rongel DafleBs Prom {BaS5e8) and {843410) 13 10 obaswrved that

shenever $le linear satinatdra 'i‘& and ?1 are direotly prow
portionel thon 'y 2Y; Booonen soro leaving the sonddtions
(Ba348) nn

g* + P >0

whioch 45 in this situation alwys tWwues YHowever, thors exist
other sltusiions as hos wen pointed oud by Eeop where the
oondition {BeleD) in maidafiods

Phag o the basie of vonakn (BeSel) and (B.3.3) we got
dleaxly Qeamurantod regions of preforence for wndbiasod, ratio
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s¢ product coifmater baced on the provortieonsiity of the ontl~
mavor T, vAth that of T

Por bthe purpesc of the present study roference 1s nedo
£y dnvesidpeation undortsen by the Biometry Resooroh inid
of the Tndimn Stadlstledd Ingtitute in comneotlon with
wal dvertaho fnvestization of Hlood ohouigltrys fuch investl-
gatdon entedls  the colioation of malitiple measurenanie on
asoh individusi oxarinedy to atudy the blood chemiatry, mnd 1t
was osrricd out en throo groups 9F persone nemely (1) Urban
non~yogoited nales (Oroup A)y {41) Urban nmonevegeterim
fomsdea (Srowy 3) end (134) Urbmn vegeterien malos {Group 0)a
Pastn on 32 verdables was eollectody the detadla of findings
he;m boen civen by Das (1986)s Uomaidering ‘holght' as the
supslementary variable wo give belew the yelative officioney
of the unblased, produst amé refio methods of estlmation for
eptdnpting the remadning 351 ehwrnctoristios based on data for

Group Be


http://www.cvisiontech.com

Table B.3slt Comparieon of the estimators T,,%, and T

e

Ry

b4
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1o QoTT= ﬂfmiﬂmy ot
e aharaotares oty  Hele e:zig;:. P wWimator
4 s amag Product ratioe
% $ IO 3] Y O3] %“‘%‘?’ e
1 Azo 34098 1189 041832 100 1033 Géel
£ wioht AT7488 10,70 U.L2879C 100 BP.l 10841
3 Anylace aodivity 10467 53234 0.0219 100 B7s7 0848
4 Unloium BeBE 1420 0418318 100 BB 10061
B Ioride Gi8.168 34482 «0.1889 100 8l eP 8448
8 Doyl Cholagitrol 1834138 7«90 040279 100 588 98 3
7  Tras Cholonirol 60403 14688 «00338 100 088 P08
8 Mplentrel doter BRe00 R3.37 «040237 100 579 9Ce 4
§  Croatinine Da80 Q80 00887 100 Phed G847
10 £ R T B7eTH I3l «0.208F 100 1028 PCe4
11 Honeprodoin Hitrogen BO.80  TE8 «(,0634 100 90«8 9562
12 s0id ohogphate Be¥7 P28 «08%70 100 101.2 P ed
18 aAlkdine yhoophate Be¥7 Bl «021580 100 101.9 873
14 Totdl prodoin T28 0478 00680 100 8346 £0 .6
15 fexun pH Te33 Dal3 040741 100 463 .8 TG o8
i8 ves 1821 D37 «0eR1LE 100 10446 8946
17« Urde poid 180  OuV4 ~00832 100 P9ub 8.3
18 Seythrocybes BBl 0e34 02828 100  68.8 10445
19 Ioulktooytos G50«87 LLVE.LH6 ~0L0713 100 078 91a7
20 Heutropidion 60 043 8481 00873 100 53.8 a5

it A

comtinued soe
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gontides

L % R § - ESRN 5 SIS T I )] €9 I M €Y
21 ILymphoeybes BLeBY  Bufl7 #040082 100 05,2 9445
R¢ Uosinevhils Go2  Ged7 ~Da1188 100 10143 98,2
23 Homoolodbin 1led8 Zald 048804 100 Y13 107.2
24 Sodimontalion rabe BBTE ROWEFT 0742 100 10BD 978
25 ruine {right) Y048 314308 041326 100 100.2 B8O
26 Pdse {loft) T4edS Ded8 «OL0UBD 100 98,7 80.4

27 Syeiolieo mossure(righit) 117.88 Bl489 006814 100 9266 9542
Byntolie presmwe(lefs) 118.4) E22.Y2 =0.0861 100 981 9343
mna Mm(rﬁgﬁ%} 714828 18403 OWD0858 100 95,0 03,8

¥ ' TeeRé 1Re39 OCW0144 100 09348 942
SOl CoV3 #0845 100 6248 472

i’ﬂgﬁg

. a i . i e A 3 i . " -

From thia study L% deo obaorved shat out of 31 gasce
profunt estinator fare botter in 6 eases md the raetio eatinater
in 4 cason only omd in the repaduing the unblasod eptinator ia
move officloske The geln in effioioney Wy using ratio oy product
eutisator 1s fn no ecsv bnlendlal due 4o the fact that the
negnd tuds 8% the corutliation eoeffiolent Qﬁﬁ} g quite sondl
1 all the finooss Hévtver, this study gives on indieostion of
‘e gituations in whiloh product Gutineter oan be officiontly
Ranfe
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siemitiomt contritutiona of Madow (1944), Griffith (1948)
and others dogaribe vardous situatlons wndor which systematle
penpiing peoscacos an edge over othor gohoms.
viow point of 4ite efficicney end nractical ponveniocnass Howovor,
work in tde f4e1ld han boen osmoentrated o the cmventional
unbisged cstinator onlys In this section wes shsll consider
the upe of ratlo md product estlaators in unl-wtaege and two-
ptace eystenatle sampling and deo progont a dlacusgion for
tiw genewrnd aw,@.smaﬁ, ")

xd et ‘ noiie By 1 Congldor a population
0w {Uysligpuesy Ug) of W 1&mntifieble unitas The systematie
pepling conglpts in drawing a hunbery gay ¥, hotwoen L and I,
md molenidng the unite boaring sorigl mumbers

oo gyotenntic Bagmpllios

¥y Tolly T 4 Bl euny P40 - 37

hich consbitute thé Bywteratls smaplos I i eslled the samp-
ing dntorval and 1t ip btoken %o be wyallo. 5 pf H and N
That I = H/ne |

e dafine ‘YEM wmad Xﬁ.j an the value of tho wnit hearing
pafdel}T mmber fx the pepulatien for the charactor under study
¥ ond the supplonentary sharacter X rospoctivelys Then the
conventimmal wnbliascd opiduators of the populatdon mean
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Tud T ¥, ma Euh o (Betad)
- ' P
1s3 B tm 1 )

aro given &y

A JEy Tag ot By &.& T xgqe (Beded)

respeo tvadys
The mmwpling veriance of the astimatove 5, =i & eve

4 - %’ {2 + %X

g,,) (Baded)

v %- {2 B 2) {Buded)

where é and @ m%&mﬁmumé 9-,, md 9, are
the inteoe-elnas corrdlation ecefficients for the charastor y
#d & respectivelys U0 now prove the follewing Thooreme

The yvoeglon of prefercense, mentioned in
Thaoren 5;8.&, for the watio and produet eatinmators glven Yy

?m e wﬂ ’:B}E el ﬁgg o {?l §')f X (5.448)

PO «m&% ronaing unohangod oven for the gymtematie ssmpling
ey tho condddion
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ﬂ" » ?x w @ {5;&*5}

in patlafiodl, for largo N.

Prggls Yer the proment oame, we get frem {Bs248) and (Be2e8)
the meo of ¥, o %ﬂ an

L uzé Eg (L + B 0 E(ae B 20w ROL0, 0oy

e 9 ’3’)}*@* Erien, § !x}§3

st
=2
1(Fpg) = R (Cl2+ B 0+ G0 TR 90 20,005,

(1+ gﬁ.m e &xlé ]

which under the cmiition {Bebe8) osn B0 wriltten as

#(Fog) = M) gy (oo TR ) (Bedo?)
(Swawm, [364) and
1Ty = WFplpen (4 = (Beds8)

rospoc tivelyy vwhore

1i 3m - i (@ * ﬁi > E%ﬁy‘?m) {Beda?)
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£
B(Fplpm = 5 (5§ + 0 + 205058) (844510)

arc the mee of ratlo and pro@ded estimators in eimple rondon
saaplings

How ecoparison of {Beds7) mnd (54448) entabliphed the
dwuth of the Thooroms

N X5 nldnes  ¥e ocnelder the gohome suggested
by Sukhatne gmas) ulmah sonsizts in seloeting tho firete-stage
walts with roplasenont snd with varying probdabllities
PyoPgeeses Pye Whero N dmotos the mumbor of Porstratage
wilis 4n the pepulation, snd $he sacondwstase wniis within tho
aolectod firptwstage unlte ave ssmplod by the mothod of smystee
natle smplinge Lot n  demote the mmber of fivsdhestage unite
golooted dn the samlo and . e the pamber of soeond abage
wiits seloctod from tho 4%® wnit ocontalning M, meoond
shngo witas Leb E&/ﬁﬂi b2 an dnboger and !Elmi = Hge
Both the chavasters src observed far =, widts in the somples

i unblased estimatoy for ¥ 4s

%= 5 iefeiln nty

B, 5
?m"n-% zg‘& vy 4 Hye I He o oatimator of
% dmoted vy ,; will wheo have eimilor definiblons The
cerresponding ratio and profuct estimators ¥, end ?M ray
. dloo bo delined mimlloviys
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ggx » Q” = ¥ {Bedeld)

the mse of ¥, for tkds sclome, i

W) = Yy + & xh 5» (s 90 fmga)) (Butar2)
, 57

wmite and is given By

Yy wé + (Yﬁ » R xi}g {Be4.13)

1§ (o], + 575, = By, 7y 9400 (B08024)

Eroofi  Proof of the Yhworom follows hy moting that

2 8 % & .
~Tdx ?;;-g- (242 lmget)

with s slntisr dofnition for V(E,) end

{5, = N f .
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-g;m e %ﬁ G R ek)b

were of oad ¢, avo varimees correspending to tho %%
firet stago wnits and ﬁw 94, @re the corrosponding intva
vlans corpointion coeffieipnis for tho Shapmoter ¥y end x
vespoetivelyy

The ezmproesion for the nmd of the produst émtimator
g gleo Yo obbaingd for this sohome and compared with the

ﬁm,;

The goneral forn af the variencecs of these estisators in
regiage papling 4 piven Wy

V) = By VpwaeBy, g B (1) ¢ BuBaVyue B (D) + 00r &
ByEp aes Bp g Tl®) (Bede2B)

whiere T 48 iy ostionlore

This shows that Witdl verimnce ¢onslets of » pards esoh
pard giving veriation botween wilts of prrtioular stage within
univs 6f the provious steges Ihis lash part of the variance,
in gaso whore the sysbonatio sampling bas badn pdopted at the
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wliinnto=gtoge with any gohome of gampling at the provious otages,
for rotie md produst ontimaters will oconslst pf two parts,
namelyy (4) eontribubtion due to the scheme of sampling at previe
e stagen which d4iffove from e mroescduwre of catination do

the other md {11) the eontrivuthon of systemaiio ammpling,
unaffoetod by the egdie of eatinpgtin. Tho econfttbution ef
systomatie mmwling st the ¥°" stege is given by (1: 9,(n,-1)),
wiwre 9, is the inbfesolags corvolation coefficient betwoen
the Wtisnte stege wdts belonging to the individual penmultimatow
stoge unite end n, 4o the mnbor of ultinate etage wiite
poloeted from the saxpled penulidmgto etene wide end this ooy
vary from e penuliismate gtage mit: to amother aseording to
the schene of souplings The asoumption here, lwdver,; fs that
Sgng @ Vpoy = B WeTZ ¥, mnd 9, have definition similmr

50 53.,&

The cenfiéibution of the last term, thug nakep 1% olear
that effiofency of syadomatic seleotion at tho »°0 stage
dovends on the valas of Qra Ie 9‘, is nogatbive or auc to
sone grrangoment of tho wltimete stage unite 1t could be unade
negative, thon these estinators in mystonatic sampling will be
more officiont than the cervomponding estimators i;; slmple
rondon samplinge Henoo 3¢ negy be coneluded that systematioe
scarpling oo be efficiently used in Wildingeup either sf the
thrae codnaiors only when Both the conditions arc diisdsfted,
nemoly, (1) 8, 1s losms than soro md {24) 9. eatisfies the

IR
wifovenoe rogions meniloned 4n theorom BeSels
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Remeprks The cemparipon of a ratls and product estimators have
woon made usdig the ugusl sppresimation for their veriances, which
han boen uged by many cuthors in past {Bevain, 1964, Sukhatmo 1943
0hce)y this mamxﬁ.ﬁaﬁm howovar, deos not inelude gll the terns
upto arder 0% dn genorals

Inhipaed Eatiptora

For pimple rendom sampling without replacsment, Hartley and
Ross (1964) hns obysdned watlo type ostinetor which le undbiased
for eatinsiing Yo Tho getimator is given Yy

Pafi+ IR A (FFD

, n
whoro F =@ 5 vy/ne

An unblased produet emtingbor for estinabting ?, ginilar
to F) mey aloe bo ebtoined by eubtrasting wnblased estinater
of ito Mas glven bW

B(Fy) = %“%ﬁ‘ % yy%g - 2F B

The wnWhascd syeoduot estinator is thus given -4

aé-{,?a« ﬁ(zyi:t*nyzﬂ

nems other egtinasors of thie type havo beon given
Cheptor VIls
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THAPTER VX

HULRIVART ATE RATIO AND PRODUCT METHODE OF
SRUIHATION

mawes I thip chapier the uni-varipgte produst
uﬁxm%ar has doom extended to multivariate product
mathod of estduntion, whiok utilize infermation on
saveral supploaentary chavactarss This estinabor
has been considored in Sectlons 6.l and Se2 in a
gonorol. BENOT . Ma satinglor is then sompared
with the multiveriate ratio estinstor in 3gotion 6.3,
The eame of twoewphane saanling 4p included in the

laat ‘pegtion mmd sn enpirissl eafudy is also ineluded
for llustrations

Taanover theope iz suprlementary infermation availa¥ble from
gy souree, the samplor dvonds Yo utilize 4% in the mothod of
estination witieh gives maximin efficioncys We have already
senpidered in the previous chapler the ordlnary vatic mmd
product moihods of ssbination whioh make use of ilnfermation en
Jjust one supplomontary charasteristic ond provide more officiont
eatinators '&m the usual unbiased estinator, undor eortaln

pumenly met with 4 practices

qatte often infermation on more than one such charace
torintlo ia svatlalble in the survey which can be ubilised te
Sneronse the efflolency of the egtimaters Olxin (1988), in
sennoction with the sstimation of population totsl, considerod
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the upe of infornation on multi-gpupplomentary variables in buillde
ingwip nulidivariate ratieo ootinetor and this estizmaior was found
W b mors offieisnt than fhe ordinary ratio omiinator in mosd
sltuationgs Uso of Infornasion on mlti-supplenentary vario-
Ylea in suiiable mmuvers have wen connidered by Tes Ral (1968e),
thukla  (1986), lrivastava (1887) and etherse Authors centri-
ation {n this Alrveiion have béex woponbed In thias and the
follewing shaplerze ¥ plve below sn exdenslon of the ordinary
nreduet eatinator 9 the multlivarinte ossts The multivariate
profduot estimator, using inforuatlon on two or more supplementary
eharasbors, is being introduord here in a gquite penersl forms.

Let &, be the parameteie function to be catinated and let
’919 92 ses B bo the paranetr-ie funetions correspondling %0 X
pupplomentnry charasetorse Le§ 7y (L = Cylynne, k) donote the
linear unbiosod estinmiors of @, based on any design Pe Then
the estinator conaidercd ias given Wy

¥ w,p
g - -—é—i (Balal)
L
waore By = %.?i mad wi'a ave wolghts suoh that

k

X Wy =1, {641.2)

i=1

Tt 4n assused that &gy 8y ees & ore kmown in sdvones. The
discussion for wnimow valuon of these parsmetors has boen
prosoenbted in the lapt section., ‘e prove below n thoorgm regarding
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the Bias 20l Retiet: of P‘Eﬂ*

Thearent 84lal  Por smy dosign {V,3,P), exact exprossions for
the 'k;i.m and Bettane of ﬁgk are given by

B(w o= &ﬁw&i “&1#3)

sma Mtg) w8 wlaeBa 0. tu)w (6414d)

Sospeotivelyy where A = (agglo B = (By50e O = (8y4)s defined
Yolow, are madricep of ovfer EX k eash, b md w gve vootors

roprosented Wy g‘;ﬁ Bopsnss %3 snd (Wx* Vgrerss wg) rOEPRG
sivelys sad B* md W' gve bvanspose ¢f b and W

é

Prgefs 1ot us define
7y w0 {1+ g (64145)

where E(%} &0 for il £ = 85 )3 Zy0e0p Re

e got,
¥
W) =% F4 gﬁi ) (6e148)
nnd
W 2g) = o’ $ g‘*ﬁ;"‘g aov {pgs 94)/2.2 (64207)

whera ﬁi & By @40 1 2 1i800rp Xe
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fgw sudbstituting 2, from (GelaB) in Pys we got
?ﬁ = Pi& & 35){1 +* &}
) ?iu » ﬁi L 2 ﬁigf
whare @ = (e, + &) md By = e, ¢¢)y whioh gives

ﬁ(‘%} wl e Eiﬂi}
=1 4 B {8.148)

Payther,

= (%‘; ;ﬁ' = Blpyw Blpy )M py> Blpy) )7
P RSP
=5 gh = Xy (§§ 3 = by)
= B{{1 agt By) (s age pydalie By+ Byle Byby]
= ﬁ‘ﬁg(ﬁa"' Bgld + ﬁ(ﬁsﬁi) + E(pyfy) + yby
= B(e+ Bgfy+ BoS4* eub(aﬁeg 2 g8 84
- ghe) + coagey )
£ ‘ia 4 h&é ¥ 3&3 T e (301@9}

whore
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o33 = Vai3 (641420)
and
st _ (T -8,) {xfﬁi} (2= j}__ B
od ﬁ, T ¢§ (841.11)

Sudbpbitution of Eﬁp’. f }?1) md Jov (pif pﬁ)ﬁgxi’d ia
£641+8) and (841,7) confivms the truth of the theorenms

Repark Belael., % iz onclly poom that the estinmgtor will be
unkisscd 1f V' = ©, which will happem if 3(g.€,) = Op that is
17 the eorrolation cocffidient betweon T, aad T, 18 sero
for all ia

Romark Gelef  Tho satrises Ay By, and ¢ sre eMiecss semis
positive definitoe Turther writimg Vi = Ogy = 0500,
Qg9 6’-3 md §y, are rolative variances (ool iciont of

veodationa) md sovarionces ef the estinatore and %, corrola-
klon onofTieient bobwoon them, wo god,
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Hoxty in ordor to compgre this egtinator with the mlti-
varlate ratie ostlinator wo obialn approzimate expreasiocns for the
Plaog and Nesete of 533&; finege for swmpling schones, suoh eB
pimple vandom sampling, varying probability echemes with replace~
momk, bty E(pi /7)) mnd dov (»y» yéiﬁiﬁs ean ho oxpresced

H%) =l &é

n is the saaple eige and 849 513 and ﬁu have pimilar
mesning as the corresponding terms in {(Be1.10), txoopt for Ny

Phig showe that the contibution of tho tcems invelving

2% gna n™

of n, $4 wiich ease (6a1.8) voduves to

in the Remets Muy o avglected for large valuos

W) = € w A W (641.13)

How arises the queation of the aholee of wolghtms OF all the
vootors w eatisfying the condition (641.8), we shall choose that
one which minimisos M%) 1n (841,13} ¥ prove the following

Lonvine

The eutinator ’“gk: with its Menets glven In
(agx.:ts) abtaine minimm valus when oach
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mum of slomonts tn 470 colwm of A

Wi 3 i ‘E"

Zrgels We minimiss 3( gw) under the conditien

In ethor words the funstion
4 = ﬁgwﬁ,w‘ = AMwa' - 1}

fo minimieged, whore L is o lapgrang
0w uﬁiftﬁtg 1)e

pun of k- eolemonts of A

127

k
Eﬂ’i#iﬁ
fesl

an rdtiplier and veostor

MiCeventiating G with yospeet to W end equeting to

gory,; Wo goh
wh ow Xt w O

Asewning &"‘3‘ gxinto,

’Hwiagfﬁ‘
$hat 1is, wet = AQ A‘ia"g honaa
A m ey inoe  wa' w1
g A et

which pives frem (Geleld), $ho optimwm

S ¥

g#aAT e

Hemoe thoe lomnine

{6+1414)

(6e1418)

(B41418)
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Asmaming the weighis for all the k supplementury
charastors o bo wniform, which will happen only whon the sune
of sach columm matrix A are squal, the optimus weight w ia
ziven Wy (o/k) mnd the corresponding Wins and mesefs

M(Tg) = &g w/e | (641427)

where = 4n soxior SUbl that eAwem (2 £ 0) ond mme
isplion that A 49 singuiars

hooron Gel.f Asmuing $he migh‘ﬁu 0 he mfg'ﬂagp the Wias
and Besess of Qﬁ’ te arder A"t s 45 piven Wy

a{ ) - ,@. ¢ G 9 (6+1.18)
and

B(2g,) = :g-{eagth- 9+ k(Ggqv 20 0,8+ 90®)] (841.19)
whero ﬁﬁg ﬂa otee, sre Bs defined balfore.

Prapfs  let us oonsller

Uy = Gy o4 = Qg
* 7 {841 420)
mad 944 =¥ fer all &y ] 0s2ya0ey X)
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Ba an exsmmie of wniform wolghtoe. Than wo god

h‘.l. - Qﬂ%ﬁ
By = (Bg + 20,08, o®)
and | By = (e§ + 200,80, + 20%)

which gives
o |
H(Zpy) = —f= Uongy ¢ X{lod)ayg]
2
- ;ﬂ [0%(2~ 9) + x(of+ 2002+ 90%)]

anéd slpo ﬁl{’%k) as in {8a2l438)s Hovse the theerem, Purther,
4f in addition, W ssmumo

Qaw‘ﬁ and ﬁum&

we got,
and
o
H(Eg) = ~g-llal) = 20 30) 1% (642422)

Cikin's (1988) mo tivariate ra tic ostinater for estimeting
the pavamotrie functien 8, om Yo cxprosped as
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X : ,
LI s,fa, AT (6+2.1)

E
”‘i“?ﬂ/ﬁi and &Uiui. {BeRal)

Heve azodn we sasuine that Olwggnu 8, &xo kaown in advenos,
we have the follewing thoorenm €aR.l wogurding the Bas and Reneds
of tho aptmater T, in (6:Rd)e

‘heoren Gefie) (Ulkin)s Por sny &epsisn P,with the procedure
: of soleotion mentloned i:; Loman 8elal, the Wias and neses of
Tys 0 oxder m""ﬂ‘, are given by

B{2,) = By W,
U(%,) = 6f warw, (84243)

vouspootively, vhore P md W are voutors represcnted by
(s Woasay W) ond (s Wgreesy %) Fospectivoly sad b is
defined as

Purthor, 4 % (688) 18 n matrix of ovder kX k, a*= (sf),
wnre

oy = (0F & 0,005y 0g0%es + O1%%sy)
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ﬁa etosy boing dnlined earlier.

poaf & the Whoerem iz | similer 6 the proof givem in
Thaoorol Sylel ond 1g emiticds

The eptizum welshts amn be obtained in a similsr way by
minimdeing H(2,J snd 4% w1l be ohelerved that thewe weights
turn oub %o be Bane as in (841:16) with metriz A replascd by
the natriy A%

Thooren Gafal Under the conditfon {643480), tho bias and meset
of Ty 1o ardor ﬁ“"a‘; are gives by

BLy) = 8,00 (1w 8y
2 .
End ﬁ(?m} = E%{asﬁ.% ¢+ ﬂ@i* gﬁﬁuﬁuﬂk ’C‘E)Ja (6uZed)

Proof ia steadghtforwards

£f In sddition (641.20), ¥ w0, md 9 =8, thon

B‘-% o i‘ﬂg {1+ %8)

and

&
Ty ==f= 1+ W (1= (8e2e8)

W2 mew comparc the egtinaters ’ﬂ’k amd T, with T,y
the linesr unbissed sstimater, wnder the sondition of {56e1.20)
undfors wodghts and prove the fellowinge
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pren Gelal Per wny desien B{A8,P),; with ‘selection proces
&avep mentdoned in Jemna 6elal, under the conditlen {8320}y
sensidaering the spproxination %9 order n"ﬁg 2he prefevence
wepdons 8¢ the sstinator tﬁg T, wméd T, eve given By

3
-3 rrrir - HP)
9 . k¥
s rnadws o84
. x
¥ < ooy 402 (6e302)

Puepoetivolys
Exgofs The sampling verisnes of the wbissed estimator T, is
viz,) = of of. (64342)

Compeoring the M(Ty) in (642.18) and Y(2,) 1n (643.2),
it is soem that 2, Wil be more offielont $han T, 1f

m 29,5, + 86 <0

and simtlarly compaming M(T,) in (6eRed) with V(Z,), Ty 4e
found to bo mero effieient whanover |

=D .o, 4 v0¢0,

wWhdoh dn twn glvsy the regions of pyveference mentioned 4n


http://www.cvisiontech.com

133

(BeBal)e Hemov the Hhoorome

It ia sasily scen that the Theorom S84%.1 e o
gmmnmﬁan of Thoorem Baled eincce for k=1, the fermer
gives the yemlta sbinined fn the labtters

$a3:8. The preforence roeglong dn {6+3.1) bold geod enly
12 all &;'s oare positive and aloo whem tho mumber of positive
gnd nogative ywmtezﬂ e Bopwoy in Guss, in cpse otherwipen, & .
tha oconditions fer i“* and @* gota intordhangods

perk Selal XL in alditlon 30 (GleR0); O m 0, and ¢ m 9,
then %g will be more efficient 4if

wa-(mz’:-z)-

T ‘%,k will Be more effioient AL
# > phy

Turther, it is pertineat te compare the univaxiate product
ewnsinmntor &5’1) sonsidered in the previous chapter end the muléi-
variate produet estisstoars 7o prove tiw following,

asoxron Saiiel bet Tﬁg and ?Pk e the maltivariste produot
eytinators ammd T,y md Ty e the mitiveriate ratio eating~
tors of 8,4 with eptlzun welghte bosed on X' smd k mupplew
nentary reagl-valued sheeotardistion, wiwre Xk 1is groester than
i, then
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M?ﬁ} A M Tgeo) {84343)
and

1( %} L 1 Em; Y {8 e3ad)

The inequality (6e8¢4) 15 a strafishiforward extonglon of
Clxin'y vesmult and (64343) San gloo be obtnined in a similey
BanneTs

Ag 5 specisl #uss ef the above theoven, when woights ave
uniforn and (641+20) im satisfied thew

H( Tt} = H{Tyy) = €50 (1 €) (BT

which s olvmys posiiives Thas 3 K' wi and Ew 8 then thim
finplies that rw w41l bo more effidient than Tyye Olmdler
results hold fer ralie esiinnier sleve |

Yor hoe puwpese of this sbtudy we asain refer to the mlitie
variate Dwvestizstion of Wood shenleobry wndertskon by she
Bemotry hesoarch Tnlt of the Infian Statistieal Institute. In
the prosont ezge woe sempars ke wnilvariastc preduct estimator @F 1
with that of twoevrarinte produot esiimator '3,3 for aestinating
$he "Rosinophil? conbtont baesd on data for Group C« Iet us denote
by ) the veriallio under siudy and X, mnd8 %o the supplemene
towy variablesy holsht and weizht yespectivelyy Tuo problea: is
%o estinats T baeud en date for 60 individuols bolenging &0
Group § for a sinplo ronden smmple of glaze ne 7o compare below
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$he unblagod ostissior Eﬂ with the wnivariate and twowvariate

aptinators %ﬁ snd Eﬁp g TRspootlvelys

Tor twoeyarinte m&mg estinator, o have M(Zg) 2 wawt
whern W= (myiW)s w* = (,,si and

ﬁ*‘%ﬂ'é “g*%m*“m*%

4w (agy)
ﬂmg“c”aam*%&ﬂmiﬁww*eg i

The optimm weight

Honed that Oy and 9, {2 £ 3 %0,1,2)
are the epefficient of verinflen end serrelation secfficlient
sogvesctively for the wample momns and for the presenty wohome
of = Qﬁf s Whave a;-(gﬂg and Gf aro defined fur tho
sorresponding variablass ¥o have the fellowing veluen for thia
populatdon,

04 = 0«80 %ﬁl s o= 0.1758
0f = 0a28 930 = 020089

which gives W & 0448 and W, = 0«82 and the corresponding
Heflebs 88
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() = Fo0(0.5541) and 2(%p) = 79 (0.3343)

showlng thnt the rolaitive effisfency of umblased, univariate
product md twoevapriate produet estinaber le 100, 104 and 110

regpectivolys I% muy be meded that this exmmple ls boeing glven
here By a way of illumtratiens. ferc the gain in efficiendy is
marginal, due te the fact that Spy end Yup, although
noegasive a0 gquite saadl in negud tude.

Twesphinae patpling scheme ia aepylied when the information
on the resievaluved guprlementary dharasterisiics is not avallable
v advanecs A lsrzes initisd soasple uemindly known ag firsi~phase
soaple io omelesded ho ohserve the values of the supplemoentary
gharastoristics snd in the secendephame sampleo, which omn be
either s subesamsic of thia lLavse semple or an indepondent
pample of mmeller pize data on both the gharacteristic under study
and the pupplenmeniary charseteristies ave collecteds I% ip
further assuncd that eosd ¢f esllecting dats on Inltlial semple
ig very sudll compassd Yo that for the ssecond-phase samples

28 shell further assune, for the sake of simplleity, that
sinmple random sarpling withous-replacenent hac been applied at
bhoth the phhses and shat the parsmoter under consideration la the
population mean ?, [Mowover, some gomalen twoephase schomos
have boon sonaldarad ir the Jeess ohapbermof this thesis.]
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& oW
iE : : e
mn&-%f— (844e1)

wheve ﬁi#;%g ¥ and ;; being she sample mesns besed en
the second~phase sanple of sise n, and X} denote the mean
far the i»th supplomentary dheracteristie based en the firet
phuse smple of slge Ngs We got tho Mestes as

gﬁm) . o FIwm gov (5. »y)/P4F}

ﬂ:§$E§:§:ﬂiﬂgi$$
- T wtw (Bedod)
wharo
4 ”‘k‘“ﬁgmg* é‘l" £5) (040495 4+ 959004 + 9540504)

(B.443)

Du () e P =Tl ma - G

Optinum values of wy's em ba deinod in a wWinllear woy
W roplaving natrix A with De

Myl tiveriste ratio eotinator for this scheme van be
dofinod fren (Ge2el) 8o
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%m - § Wl_ﬂ' 4] (Buded)
g5 "N £y sde
ghore T, w§/ % wad wo get
&:{%ﬁi} s ?g i; ;.a "y fov “’sﬂ’ fﬁias

= 7% woven

{re 2,005+ é&i@z}(agé&“# ©41%6%1-901%%3) 1
b 4 (%}‘ 'ﬁi ﬁ?/ 'ﬁ‘i; {694.8)

Optimim wolghlsn ﬁi*# are obtalned by vepleoing the

modrix A% Wy 1P
Tho Reded a7 univeriate predust end ratie sotinator
whon the wedghts soe uniform are glven By

m%’ﬁ) . gauga. 2,)08 (Lo £)(c%+ 20,0,0)]  (Beds6)

[ 2p)05+ (3= £)(0%- 23,00)]  (Gade?)

whare ﬁ#’% and !g"%ﬁ

Tonoring the terns of o(u"dy,
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By ens g 8200~

ﬂ(%ﬂ} - T8 iw +

Sase XL Indepondent sub-ssmplet -

W & %
The fers of the estlmnfera Yo, mud Y, will ressin
the manoe a8 (Gedal) and (Eaéed) rompectivelys The mesee in
ke cnss La glvon W

ok (Seds10)

\Mﬁ ﬁ#i%a)@xg and ﬁ**f@ﬁn:ck
and

gi J(&* ﬁg) {Gg'l- ?a&@ ﬁi*&' !E;Q Gj*b giaaﬁ-ﬂz) +
. %(1.- ?}ﬁueiez
&y = 5%-(1» 20 (02w 94,000, 9450,04+ 9440,00) +

é ?‘% (1~ ?}Qﬁﬂiﬁag
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Agadn thoe mnemee of ratlo and preduct setinatora (naguning
welghts %0 be wnifern) and eonsidering term upte O(X™L), are
#ivan by

; ,
2 0% » 29 0.0 + ¢°
g(‘gpt) - %&3 {---.g B, w4 -ni;]

Ry (Ba4.11)
and
2 2
& wy 05 » 28.0.0 4 0° 8
WE,,) = TH -2 :n:ﬂ? e *%J. CRTY

I% nay be notod that the expressions (644e9) and (8e4,12)
~ the same as givea by Cochran {1863) snd o comparison detwoen
(844418} and (644431} will load to the mwme preforence rexiong
montiomed 4n Theoren (BeRd)s

K4
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CHAPIER ¥IZ
SOME RATIO CUR PRODUDT BBTTHATORD

psres GeBlnation ol a nenslinear parameivie
funetion (nlf) of the psraneters, along with the
parsmcters themsslves, have been sonsideyed in thda
Shaphbse, Sectlen Tl dcals with estination of a
nif and in desdlon 7.2 sens estinsiors for the
vatis and produste (opocisl eanes of the nlf) ef the
perametor have been propesvd. Reablens 743 and 74
gives esmparisen of these estisaters with the usuad
ratis and product estinsberas. Az $hese estluntors
are biased sems almost wnblased eoltlustors ars
gugzostod in Seofion 78 and in Sestlon 7.6 two con-
vnations of the satinators, sugseshed above, have
woon preposed md cemparads Illustratiorns for the
gain in efftsicncy of theso cetlaasiors are sloo given
on the basis 27 a live dalce

.

fastly those ssiimators have boen senpidered fer
epiinating the paraseters bhengelveg and sonecompari-
mangs with other polevani esSinalors are wlse made

in fSooetlions 767 and Tebs

Rgtinmation of a non<dinear funetion {n1f) &f the wnarameters,

gpart frem the parauvters thougelves, ars pf epnsiderable intorest

in practises Lot we demete n{#) a= a nlf of the parameters

00y savey O vhare @, s a funetion 8f the oharaster y and

#y's avo fumctions defined for the oharseters %y (1= 1,:25000 k)e
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Thon we esn exprees »{8) an

n(®) = 2(6,y Oy gusey Sle

fwo Limportmnt examples of w(8); for kal, are the popula.
thom patdln R and the product P, given Wy

Rom by fiy and T =08 (7s141)

Prepectivelys The cotinaiion of ratls of ratlele, that is
@) = Rl / ’f”ﬁ

whers Ry m’ﬁﬁfﬂi and Ry m-ﬂg/bs are slose of eonsiderable
intereat in seme situations(Zevfitn, see Yotes 1960 Xish 1980Rar/%)

These nif bealdes 6;'nm themmilves are often required so
bz catinuteds Por instance, it is often required to estinmpte the
proporiion of population under differeny means of livelihoed or
the tobal arepn produsitiong whioch is product ef eultivated area
snd the yield rsie, bosldes the total pepulation or the total
euliivatod areds

vor astinmating such nlf of the pmfimigters, each of whieh
esn be waasedly estinmated; Whually the same function of the
unblasad estinators of the paracetors is taken as mn estimators
for inghames in esilnating the waties B and the preduet P of
two paramobors O, md 8y #he cormenlyr adovied praotice is %o
$oko the vatio and préduet respeotivelys sf the unblaned estinators
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af the poraneterss av s estlnators Hewever, in this camse,
whenevery the true wulue of euz of the parametorp iz aveilable

one nay feel thet it iz suffielent 4o ¢stlnnte the ether parameter
oxly and shiain egn epiinater of the trus ratie or product by using
she known value of Hhe peramcters I% 4im interesting teo noto that
oven 4 true valus oF eithor ef the paymueter ias knowng the yatie
ar product of unblussd estinstbrs proveas o be better, in many
gason, Shan the estinagtor obfuined by usiap the actusl value of
the paraneier, nainly decause of the serrelation bebween the
gatinasors. That is, for iunstanes 1f the ratio 1B 1o of interenst
and 4t 1o belleved thad the ratde ef y to x 13 less variable
than y's themsclves them 1% would be botser to estinate R from
the sample $3selfy instead of estinmating @, from the sample and
then dividing 1t by the known paramoter & Blnilarly 1f the
product P 418 %o he eptinabed end 1% is believed that the produst
of y and x Ain less variable thon 1% 4p bether to estimate P
on the hasis of gemplc cotimates bl &, mud &l as sompared %o
estimaving sivply @, ond mdliiplying 4% by knmowm paremetor @ye

Lot us demate G{T) &o mn estimator of w(8), then usually
G{3) 48 a funotism of ?egi'ig*g-ng Tfki whore 'f?i’§ (4 l;ﬂg;c;;k)
are unblased eatimators of &;'s for suy dosisn NGB oP)o

Jext, let us suppose thnt inforaatlon on e supplenentery
sheraster %, 5 Tolsted to y and 3y {1 = Lyeees X} 48 available
in the mwrvey and we are intorested 4in ueing this infermation 4F
it 1 found to boe henofieials Lot us dencte the parsmeter
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rolating %o x4 by @ ., and suppeso that 1¢ is known and let
$k+1 bo ito unblased getinater fpon the sample. Then an estimator
5%(7), whioh uiilises supplementsary inforuation, ie given by

®
() = ﬁ(@}(ﬁ)? o (7e108)

whers ¥ is a censtont and 1%s wvniue mey bo obiained by minimiasing
the mesn gguave erver of *(%)s Obvisusly ¢ will be a function

af the opeffivient of vafiastiong of ’Z‘g and the correlatisn ceef~
fieiomt of alynen %2 “and ?fﬁ for ) =,0plpeney E4lo

In ease Oy 4 18 mot known 4n advanee and 1f it 4a found

ar to chosyve X4 than ¥ aend xi'\s than a
Ywo=phase somple nay W nsod, This preecdure has already been
dipouaped in a onrlioy chapter honce this dinoucsion 3s omitted

hore.

I% s wellelmomn that 1f #{#) 18 a linear funetlon of & 's
then o(?) A1)l bo unbiascd, for instance, if =n(B) = 6,« & then
6{2) = 2, « % 1is unbinced for #{8}s But an #{8) iz nlf, the
corremponding egtimater G{T) end aloe the propoped estimator
(%) will be biaseds The approximate expressions for the bias
and mesn squars error 5f these eatlmaters ean be abtdned by ualng
Tayloy's seriess In this ehoplter we consider the estination prob-
loms in relasion o the satic 7 =ad profust P given in (76l.l)

a5 a spoeinl damo of wie)s
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The gummily adopied methed of estinating the ratie R and
the produst g ae indidefrd cariier, is to find the ratlo

ol % (74241

P #ﬁ‘l (7.2.@)

and ths preoduct

Turthory i% 4s well-imown fhat r and 3, respeotively,
aplidtinte the wrue vatis N and sreduct P effislently only 4r the
gtudy eharasiers y and ¥ ooave highly positively eorrelated
in the former sape snd Meshly negatively corvelated fn the latter,
Ia pragticey however, we come agross severasl sltuations where the
above condition 1s not satiefiod snd the guestion then arises what

agtinator ¢ usc in suoch pasem,

In other words, while estiznting R, we come acrces situstions
4n wMieh the Tatlo of ¥ %o x in helisved te be highly variable
alons with ¥'s  thessalves or en the other hand while ostimaving
Py iho product of y and x 1is belleoved te bo hisily variable
plovg with y'e thomeelvesme In puch giituations both the eastinctore
r mad ‘1‘@; /@1 af B azve likely o hszawﬁ}emgﬁs errors and similarly
the entimsters p and Iy are likely te lurge error for eéstls
nation of Ps We surges® bolow an estinator, on tho basis of the
gatimaior O%{2) for siptinating u{#), which may be efficiently
wtitined for e aboeve siduations for cstimeting ® and Fe For
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satimating tho ratis ef ratles, 2y /Rﬁ* Feyfite (see Yates
198C), Rac (1987) snd Eish (1960) have considered double ratio
enbinaiors, The eptimafors susgeated hore utilise the knowledge
6f a supnlomenteary charafber asnd sre given by

1% g g{%}xg (?.2;3)
. Y
i P* P(gi-) < (74244)

Pespaotively, wiwre &, 1v ssswied to bo knowm and ¥, and
by are aongbants and nay be devormined by miainicing the mean
sqiare errer of the esvimators R* and P¥  respeotively.
Tigw writing Ty = 0(1 + €) fer 1 = 0,1,2 suoh that

#(gy) = 0 wnd assuming j€g) <1 tho meses of E* and P
sve given Wy

#{a*) = B(R# - 0)°

, s ‘
= 7%(e? + 6 « ghehm2e,0) + Beptobo 26,0180 weo)

$uiw) + RP(gE0S + 2r Coge 2y0r0) ees (74245)

and u(P*) = E(pre2)?
® ?23(63 & 2 3%"? agﬁgi* 33031** 23'25@52"9 2329182 e )

& ulp) « PE(aD0F + 2ag0,p+ 20,0950 (74246)

Winimising M{R®) and W(P*) for valuen of ¥, mnd Bp
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vogpeetively, wt get Shelr opimum value az

4]
K% = (%}gm » (ag}gﬁﬁ | {?*2.?}
ond s
:e% - u(%’)am - (5%)%@ {7.248)
Yoaspeeiivalye

hus Yhose seagbents invelve the vsluep of coeffiecients of variablon
of Moy ¥y mnd Ty ond the eorrelation aceffioients %ﬁ%wéen thom,
end sometimes 1% nay be difficult 4n praciiee to suesc the value

of tp wnd dge For the gke of simelieity let us ooneider the
volue of Fg wmd 8 ar 1,0 and «l. Then for ¥, and By to be
gore R* and M gre pame ap r o and P regpeativoly and for the

valuos 1 and =L, wo get,
R} = (rZp)fep md Rg = (r 85)/27p (74248)
as the two estimators af B aond

Pl ow (p %p)/e, and Ty = (p 9)/Ty {7+2410)

an the two estimmbtore off Fs

e obbals in the following, amroximatc expressions {0 the
pooond dopgree) For the biss snd use  of those eatingtorpm. Writing
o= 0y (1 4 B}y 1 m0,L,2 where E(gy) =0 for all i and
l@ii ¢ 1 for large samvles (whonever the aséinater is in the de
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dominator] se as to make Wirenpansion valids W shuil denote
B(r), Birg), MR B(Rg), B(F}t 3(2}) and B(Y}) oo the bimses '
md u(x)y M(R]), M2E) s ulp)s H(2) ane M(2]) oo the mean
squerd srrard Hf the derospanding setinmotorss Then the Wasee
are

B{r) = Blrer)
w BB+ g (1060 & eee)w1}
w REL{g, e B) + (6] = 858 ) ans]
B (e - 0g) (7ese11)

WQI = RE{{3 4 %3{1* %’(3‘* €+ q ees) = 1)

w RE[{G, + Cp « ¥))s(Co8p= Byl = €8s+ @)ﬂ-n ]
# 3r) = nioyy = Ogp) | (7s2a12)

B(RG) = HE[(L + 6,)(1= 6y & €5ese)(2o 8y + € s0s) = 1)
- mi;@w L% e§~ €8 > 8, G @1%’* ses]
# Blr) + M@ = Ggq = Oy + Oyp) (7e2413)

5lp) = ¥Bl(e, + &) » €8]

2T Oyye {7eReld)
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B(r3) = PRI(1+ 8001+ 8y ){2e 8y) = 1)
= ¥BL(Gy + 6y + Coleley8y + 5,8q ¢ gy60)]
# B(p) + P{0pg + Gyg) {7+2418)
BEg) = P20 4+ €,)(2+ gy )28, + 8 + soo ) = 1]
= 78l(g, + & ~ 6g)e(c,8; = €8~ £16p + )4 eor)
% By) + ﬁﬁ% - ﬁw @ %34 , (7.2,18)
Simfilarly the moon Bguare errors sve
¥fe) = 2lr - r)®

s 8¥(e? & of - 205 )0 (7:2.17)

- u(EE) = Hﬁﬁkﬁ* efﬁﬁséﬁé o + REy8p= 88,8y + o400 )

§ ulx) « 235§ » 20,y = 20,,) (7e8418)
ﬁ%ﬂ%} " ﬁagﬁeg@ é# éﬁ %e%.’“ Eeﬂggq- B8y Cot one )
& 56+ 2%(6] - 80, 4+ 20,,). (7e2420)

Hip) = B(p » 2)®

& ?gﬁﬁ;?g - f + 20,) | {7e2420)
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w(2}) = 27u(ed 4 of+ ef+ 28,0y + 2egee ZoyE, 0es )

$ Hp) » PH(C] « 2Oy + 20,), (742421)

w(Pg} = P%(eﬁ* gf* s§+ BCoBy = 2EoEa = 26,64 ees)
2 Hlp) + ] - 20,y = 200) (7+2422)

where O = ¥{24)/8, and gy = 630,84 for 4,5 =0,1,2 and
%34 (L £ 3) are the correlation epeffielonts botween 7y and Ty

Emtdmators of ¥he nmae's wmay be sbéained by substitusing the
gsiinates of Of and ﬁié in the eorremponding exovodaiong.

7«3 fompurison of “silnstorat

In thda scotion we shell commare the provesed eatinmatorns
with those of the usus)l oatizasors for thelr nac's and got the
following $w Thooronss

theoram Tedels Por » given fesizan {U,5,7), the oatimators
Ry and E§ will be more efffciont then the usual Ssitimetor ¥
for satinaiing the radds E 47 ihs conditions

% 0 (‘g;l) - By g (%) £ -§ (7o5e1)
and
Qm {%g} - ?xz (%) » % {748¢2)

regpoctively, wro setialliod.
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Froof: Comparing M(r) in (7+2.17) with thoge of M(Ri) and
J.\T(R’g) in (7e2418) and (7e2.19) respectively, it is observed that
R] and R %o b more offfelent, the terms in the Wracket should
be lope than mere, which on rearvangement gives the ecorvespending
sonditions piated in the above Thoorem.

Bnoren Tedels Tor g glven fesisn {(7,3,P) the estinmators
?;' and :@z will be more effieiont then the usual estimator p
for setinaiing the produet ¥ 417 the conditiona

L é—%} + Yy {-%) < ﬁb‘é (74343)

ki ,
gg@ g‘ﬁg) + g&g (%) }% (?:5;4)

rogooetively,; arc satlafisd,
Prout of the tiworom followe by comparing (7.2420) to (7.2.28)
snd rearranging the Svrnne

it Telel) In the sheve somnavisons the LHE of equations
(h:hl) and €‘?u3cﬁ) $6 Banc as = r"‘ snd the LHE of equation
{Tede3) and (7eBed) ia ax;gmmsime a8 = dge

Padell: Tt may bo mentionad that the conditions for effie
clonoy of ¥w setinators have baon dorived under the assunption
that all the porametors B, Gl amd 8y are positive or all are
nogatives Uflwrwise; the conditiens will gzot interchanzoed.
Those chamges are ghowe in the fellowing table.
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Pablot Showing the inberehanse ¢f condlitions 42 the

Theorens ?n:S-I snd Tedef depending on the
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eonditions lor am?&ﬁﬂm af
, ] 2

A

.+ {Tedal)  (7a3e2)  (76343)  {7e344)

- - - (7aiiel) {7a322) (7e5e3) (7+344)

+ - = (7e3e2)  {7e34L) (7e3e4] {723.3)

- ® & (7e3s2)  (7e3al} (7eBad)  (743.3)

4 = 4 (7e3e3)  (TeB3a8) {7+301) (7432)

- 4 (7e343) (ToBsd) (7e331) (7:342)

- 4 4 (PeBed)  (7TaSaB) (TaBeR)  (V3.2)

+ = = (7e3a8)  (7e343) (74342)  (7e341)
Remark Tellaf The eendisions for officisney of thoe estinmators

are valid vopardlogs of the value of the correlation cooffioient

Betweon T,
more officient than ¥ {or p) even &£ T,
(or negatively for »)
a ralue ¢k, he ususl ratio csiimntor r 1s the only oatimator

snd Ty (857 Nemes those estimabors nay be
and Ty are poaitively
sovrolatods Howover, in gase 9 tekes

0 he used nrevided the epeffieisnt of variablons are equel.

7 ad %}f : P ¥, AEAERI

%he pitrpose of thip section in to wovide better aepprecia-
tion of the prefercnes rogions obbained in the previous soction.
o ghall apoung

lg = 04 = O = @ (7.441)
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in which 6ass the conditioms for B} and Ey %o be more effiw
glent than ¥ will twen out be

(‘?g% - ?m} 4 m%
ond (g = 919) > %

regpectivelyy These condltlons siay be represcnted with the help
af the sonfipuration 3“3 given dnlode mext papes

A 230

E‘l,fthf"'\-.\ N “.\ N v {I'j)
N & q_ R S
< g " 1 Ny
[ ~ LY
PO TR NS =
i \|\
A Lk .-
N ui T
~ ~
AN S “ \
s .t :
N B ~
.
~ N 3 4
\‘.\
por Ly
P S I
\\\ el
\\ \\ i )
S S
A TNy YN
. AR LN
“-9 PERNE N TR
] PRI SN
‘\\\\ “\\\\\ \.\\\«\
L NN
NS Ay o
LTINS

i) ty0

Tima vhonever 4t 12 vossibie to $hoose a supplementery
charagter x, such that the paly (%400 Pyg) liem 1in either of
the reglons .E%i ead ’ﬁg, ¥hen undor the assunption (Vedel)y the
sorvesponding ostimater 1z an inprovomeny ever the usual ratio
eotimators 1% may be mentioned thet the relative inerease in
officioncy is higher when y and X, are negatively cerrelated.
Por illustration let us sonsider two extrenc situationa

L) 9 = =405 Upp = = Ae0 and 835 = + 140

i) Pp1 ™+ 10y gp = v 140 and 9m w v LaOw
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In e case (1) thuo poink (¢pr 9387 lice 4n the region of
Rg whoreas in gase (ii) 4t 1lem in the region Ry and wo get

Hr) « 280" and  W(r) = @52

in both the sasen, while

3a3) = 0 and W(RY) = (r0)*
in the first oase adl
B(Rg) = B(r)/2 and nug) « (ze)?

in the mooond am; =

Siailexly, the mot of conditions obtained in Thoorem 7e302
cmt aloo be givon a configurationsl representations Under the
asmunption (7edel), ¥he conditions (7e3¢3) and (7.3.4) toke the
farn

(993 + 99) ¢ =§
. (Pgg + %39} > + §

rogpeetively end wo get the fellowing confizuration i‘”g


http://www.cvisiontech.com

155

(- )] o

(-\'Q

\\‘. k)
o
7
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N

RSN A
S
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¢

E i ) - ) lf‘”
X o1 J
Fp tC

Thue when the supplementary eharascler Xg is such that

the pein (%45s 93p) es in elther of the regiona of P} and Pg
then the cgrropponding ostinater is an lmprovement over the ueusl
product egtinator provided (7e4el) 3o satiefieds I% 1p again soon
that the goin in effiedceney is hicher 1£ ¥y ond Xy are found
%o have positive egrrilsmtiens For illustration 1f (1) 95, = + 1e0y
Sop = + 1e0 and B30 % # 1e0 mnd H1) $ = 4 1405 Tgp = = 140
and 9yp = = 1404 Then undor the assumption (Tsdsl) B(p) = 0%,
(p) = 4226% 4in both the oasos ond M(Ph) = M(p)/4 with

B(PE) = 0 4n the fivet casey and W(P]) = M(p}/4 with B(F])= 0

in $he soecef @aa0e

drieal Oludyi

ths date for all 81 Wlooks of Ahemedabad olty ¥Ward Hoe 1
(Khadla T) Swren from 1961 Population Uensgus have boen oonsidered
for the purpose of the peownt wiudys I8 ip dntended to find
She patic B of total Pomale workers (Y} to tho totel female
population {xl}a. The supplementary chormoters chosen for this
purpene are (1) eduestsd fomele { %) end (11) female population
in sorviess { X, )} {mroup IX of the Population Census)s
For this popiiation wo gol,
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T = 7. 03% w 04806 94 = 040388
%y = 265,84 Q® = oav379 9 gp = =082070
Yo = 179400 Gg° = 0.0633 Sog = 007731
Bgm  Bedm 632 = 0usvIY 930 = 047573
and fy5 = = 040474

e ﬂ ?#%_, ?x; and % fenvte nomm for the oorresponding
agraoters, A1° (1 = 0, 1, 2, 3) stand for the mguerc of their
eoeffieiant of varistions of the churactora and qij
{4 £ =0y &y 24 3) for the corresponding correlation cuoffie
oicenine

Lot ug assuns that a almelo randon gample of n  Hlooks
i¢ seleotnd Lrom thie populstion o vetinsto the ratio R,

in which Sane cﬁ = f;a,ﬁig whore Q = {Hen)/{Nel)n.

Tor this popiiation 4t is obaorved that we can use the
charnctars Xe mad Zg in emmebtrueting the mroposcd ontingtor

SRS SYR. TP RS Sy
B e 2 0%

roopoetivelys Purihor, we £ind from (7e2.7) the optimunm valuwo
of g (using %) end gy (wsing =) es

Ty = 178 Ly = = (737

The effisiency of tho catimators is given in the following table.
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Bhowiapz effioloncey of estimatersd.

T %7+ Relative
‘_ 7 'ﬁgg effioloney
5318 100
By (xy) 4491 118
Re(xp) Py 119
Rg(xg) «2593 208
®*{x5)

« 2191 242

B s ey - i

The upsiemontary sharasbar used in s papbioular Ygtinne
tor iy inddgeted in the Wrockety I i observed that xy 1s
wore suitalle than Xpe Purthery the gedn in using the exast
velut of €, and Ty iz not meeh and therefore B} mad Ry
whioh dova not vegqulre thon =y salely be useds

%o hove poen in Spetion 7«2 that the proposed estinators,
1ike the nael watio and produst sstimators, are blaeod to
ovaer u‘a‘g whews B 4o the gigd of tho sanple, for ¢stimeting
the raties R and produet Pe In this socltion some omdinators
aorreapondisg t6 R* agnd P gre obtainsd followling
suensutlle®s {1988) mnd arthy md Henjarma®s (1989) teomiquos
of Biss redustione

memsuilic's mothod 6f Wias reductiong frem erder n*> to
:ﬁ’gg oonsiots in &ividing the amaple in to g random groups cach
of sius ug gush thot mg = n, and thus the estiastore
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tyw g =& pr) - (70561
tyugywﬁﬁxpz e (74842)
tye = g = B2h puye noe (7eBa3)
tye = gp* = 83h 3 #* (habudd (7eBed)

panding Py Py B* and P heve Wlos of order n™e slmoals
whers ®5, »}s Ry' md P*' are the corrosponding oatimators
gonputed from the sample enmitting the ﬁh grouss Durbin (195¢)
wnd Je Mo Es Ruo (1965) havo studied some propertics of 4,
ansiing 4ifforont mcdels for the variatess

iy md NHonfamen have sugeested u technigque for getting
alsgns unblased (unblasnd o sder n"%) estimators on the basis
of interponctrating aubsdpnplsss The tecimique comsiste in
drawing $he somple in the form of g indepondont {nterponetra-
tiny sub-gmmples, smd using the yelotion botuwoon the Mascs of
the votinators compuited from the pubesanpleos and that from the
pmaple as & whele, %o god almost umbliased estinatorse Accordingl)
the astinalors

4= T-mhn £ ¥ebski

g

%ﬂ&p “w m 1}}’93 (’?oﬁca)
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Yo = R
the =g - qaS

arc aimost wibiased covrenponding %0 ¥y Py BF and P¢, wheve

{7e3s7)

Mﬂﬂ ww@z

?3 {TeBe8)

Pyv By R‘; and P§  ave he eorrosponding estinmstors eomputed
from the subegssmpless The estimator %) 1s glven by Murthy mmd
Banjomae (1989) end ‘ké by Muwthy (1964)s T4 nmay de montionod

that ‘kg, and % are wnhlasode

Theao ostinators ¢ plec e obisined wlith the help of
the teohnique developsd Wy Te J. Ruo {1966)s Tetimators
corresponding %o E§, Rp emd PI, Fg nmey be obdained from the
above exprepsionss Such estinators wmsy alse e oblsined by
susstracting an unblaesed entimstor of the blas for the corrog~
ponding ostinatorss 2fisienciees of those cetinatore are not
beling atudied heres

T8 Use of Twn or Meve Supplemeriory Charssterss

In the previous sogtions of this ohaptor we have considered
the eatimgier 2% and P for estimaiting R and Py ond $wo
important spoolsl forms of R%, namely R} mnd Rg in (7.248),
and that 0f D+, momely By and P§  in (74248}, end compared
$hom in dotadl. These eotimators, as mentioned earlier, utilised
only ome supplementary Sharmeter iy, (82 =Zyls In thie sootion
we songlder more penersl cstinstors uelns two or more such sharage
Sorps For the sahn of sinplicity, we fivet consider the ease of
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two characsors widol suggeets en inmediate exbonsions

Let us oonsldéer two supnlemontery charasotors Xp end Xy,
inforuation on which is availalle, and dewto the corresponding
eatinators of the paraenoeters ng and 33 By Ty and 1‘3
rosprotivelys Zhen the proposcd estimmtors is the lincar sembie
nstion of R*%y and P*'s obiadaed by using T, @nd Tye Thus
mn eatinmator for R inm

e ¥ Ty 7
Ry = wrlgl) 4 m(—%&gﬁ (74641)

whore W and Wy arc welghts swoh thad Wy + W m 1, and ¥y
mad gy wre consbants 0 be suitebly choson,

Nex®, writting Ty = ‘9{2+4¢)) for 4 =0,1,2,3 ana
asruming !31‘ <1 for Yhvrge
willi bo given By

atulos; the bdlas aad mee of R

B(1g) = RR[w (14g,) il*el}ﬁ(xwggng&wﬁ) (1-»@1}'3’(1%)&5
= RB({(6,00; 4¢) =60 ) 4w ¥y iy £5054m, (B38o8p = Xl g
DD )+ welrgpatsrgtnty « LF o]
% 3rdeitlm (£a000mp0y 0 Eég‘%:l" ARENCR IS ¥

+ gﬁ%'{'}")' QE}] {7.0.4)
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and  M(RE) § RUE(egwey +¥gCowpZyls]”
' RS TRUE S X Y PRt
42wy (156 €41 381 85) +2Wy Mol T 580051
= U(r) 4 (e OGengr3ogem (p0ggmratys)
AR (1 el (O o 80, ol o ¥ o Uy ] ~ (7eBeB)

The eptimun yvalucn of W and Wy may ve dotermined, in
the nmmal way by minimising (7.045) undor the comdition wy + Wpud,
and we get,

2
w = I3 “2' £5{Cep = Cyp)+ Lglloy= Gya)w Eoty Opy
g% + 43 Oz = 250

wm Yl - Woe (7:5¢68)

The optimun veluos of Ly @ad gy in (7e6el) may be
o¥isined by minimieing M(R%) using optimum welghtss But aince
they will bo complisated, in genersl, wo shall consider the simple
sase 6f ¥y = 1 and gLy = =1 as in the cerlier easc. Then
the estinaver RE nay be writien se linesr combination of R§

and R’éi Thnt in

Rgs = MRY + WoRpe {74847)
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The binem of this sotinadtr may be direetly obtiained from
B(x%) fn (7e6ad)s Sinllerly

H(Rgy) = 1ilr) + R WYCG+ W05 Bw (Ogp=0yp)= 2Wp(045-0yg)
- 2y Walpe] (7+848)
1% is interesting to mote that W = wy = 1/2 whon
g =0y %gpmyy and Quu = Sy

in whieh dane

2 .

A dirent somporiacsn of RE with R* or R,
with 'Rz and Rga will not land to any usable oonclusmions.
Howavery in zenerel the welghted sstimgiors are 1ikely to fare
bester thun the iweishded onoge  But, the najor draweback with
the wrighted ostinatora is that of doternination of optimum
welehise 1% mmy haprenm that in seme situations the veluos of
the optimun wolights are knews i1 sfvense from gome source smd
thon no 4iffioulty sriscn, however in sueh eases ene has Yo be
gquite sertain that the woights used erc ailean’t nesr optimum as
othorwign tlepe satinators nay fare wores than the uawoighted
onsess On the othor hard; 1f the woights arc not known and they
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mre to be eztinated from the sample dada 1teolf, then the total
mee gots wmionatleally inercascd.

Wey therrfore, sugsent bolew sn estimator, frec fr¥om tho
wolghts (w,'8), wnd which utilies information on both the supple-
nentary charsoteor X, md ﬁ:sg. for estinating the ratlic Ra
The ostinator ia

Ta s T
Y = rleg) Pgh) S (748420)

whore fp and gy oo songtants simllar %o Lo dn (74247}
e Weas and wee of this estinmaior is

B(rg?) % B(r) +R {24 (05505 o )48 g{ Gty £ ) 9T 500y

' ml, -l
+ Eﬁ%}@l ag - L (Eg ) ﬁg] {7.8411)

ad  M(RED) = ()BT (LoCp+r505+ 205 (040~Cy ) +0E5(0gs0y y)

+ REo¥alan]le (7+6.12)

Again the optimum veluos of £ and ¥y mayuobbained by
pmininieing ‘iﬂ:(?ﬁg*} ut B in the oarlier opse thoso opdimm
voluoy gre somplieanted te use in ywractlieces VWe therefore conmi-
dop fg w i mud Fy = -1 which gives ihe entingtor

Ta, @y
Y 7e8213)
i il
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$he =mse of vhish 4

M(RE) = Hr) 7 [05+0508(0 g0y 5 In2( 0y~ 5 R0y ],
(746414)

1% may be mentioned that 1%} 4o tho ususl double ratie
entinators Seeause of the ressens pointed eut in the renmark
TeSsl we 4o not compuwre "83' gl Rgt direotly for Stheir mec.
Howover, ix the empiriszl atudy givem lator both the estinators
pre songldervde In ¥he fellowing we shall compare RES 4in
(7e6413) with that of ®f osnd RE uslng X, and xy Tespos-
tively and get the Zollowinge

Thooren Telel: Por o dveizn {U,3,P} the estinator Re}
will be mors afflelont then £ wsnd RE reopeetivaly for
eatimnting the ratio R 47 the conditions

@76 = (05 + (oDt > } (7.6415)
and
(R0 = (Ri0yg = (eing; < - § (7e6028)

regvaotively, are sadisficds
Trsof 4o omlitod.

Thare are verious situantions in which the above conditiona
gre satbafieds Broadly spesking, 1f 9., 1is positive and ’aﬂ
nugntive, oonditions will hold,
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In easc, however, good guees values of f£g and Ky
(defined ue ¢} for sharaster ”5) are aveilable they nay be used
in getting R%'e In that oame 1% 1 obgerved that RY' de move
effictony than R {rh) if

£y ©
AT n b

and that 1% is more effieient then m(gg) i

%‘Z %03 <}

whorr Re(g}) demotos the estimator W uelng X with ¥ end
Re(r}) demotes tho estimator R* uelng Xy with g3e Thuo 1t
is oxpeated that Ry’ will be merc affieient thab me(rg) and
re{ey) 4if the magaitude of 8p im quite pmalle

Boforc ziving the empiriesl study, we ponaidor bolow the
estinators of sroducte, which utilise informabion on both X5
and  Xge Theso ostimators, similar to NG end %%, ave given
by

W ’s 748417
&; = W - @Q‘?;) {7.¢417)
and
1y 3g T
e PEh (746410)

whore wi psd wé are wolghts gush thot wi«ywﬁui and
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tg ané @5 ars consbants to be detormined as By in (7.2.8),

The approzinato blas and mee of theoo estiuators are given by

B(rg) = B(p) + P 85(Conely ) +wh05(Cpotly o)
%(3 1) o Bl Byl )
+ ) Efe 6f 4wy e of),
B(Fgh = B(P)+ PLog(0gp40y 0) 405(0 g0y ) 49505005+

“gé?a'&) @§ & # ( “l) J

2

W(EE) = M(p)*?gfai 52 4*%@ 3 Gﬁ + 2w 35(C p+ Oy p)
+ 2wh0y(Cog+ Uy 5) ¢ 2wIWAD,8,00,],
H(PE?) = u(p)+ B (05054 0505+ 20,0 pt Oya)s Rog(Conelyg)
+ dgdglns1v

Furthor the optimwm welghts wi and W wsed n P; are
glven by

G: 5538‘3825

ﬂzi&ﬁ'é._

Conmidering 8, = 1 ond g = = 1, wo got the mso of
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PRl = #(Tp/ T) (04 /8,) as

H(PE]) = B(p) + PRL05 + OF+ 2(0 900y o) -2(Cpq40y 5) = 205 ).

Again due %o romapk Ve84l we do not dompare FPE with
othor ostinabers, howovar, & sonmparigon of 1’;! with thoase of
P; ond Py yiclds the fellowing Thooroms

Mingrom TeSsfs  For any deelsm  B{U,8,P), the estimator I*°,
in (746418) with 8y = =1, dg= 1y will T more efficiont than
P} mmd ¥y Zfor eetimating the produst P 4if the eonditions

(%}Qaa + %}?13 + (-%}Qm 5 é

(%)sw . {%mm - (Sﬁae%; -}

reapactivelyy ave patialieds

Proof 1o ptraisht forward mnd hones ¢ is omitvode

An iepiries) #iudy

Hore apadn we vefer to the sune data cbngldercd in Seotlon
7e4 and conplder the fsme scheme of sample selection which has
hoon used %o compare tThe efficiencles of ddffercnt estluators
{(shiown in Table 7edel) using single supplomeniory eharacter X
or  Rye The four astinaters 5E, WRgs Rg’ and Rg: using both
X, and ey devoloped in Seotli~n 7e6 will o oenpared with that
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of ¥e Using the vilues of ¥, snd %y glven Wy
Zo = Lel78 and ¥y = = 04737,

obtained carlieor, we got $he optismm weighta W aad Was for
the estimetor REy from (7e6.6) as

W = 08157  and Wy i 047863,

Bimilerly the optisum weights for the estimeter R3s
(ﬁﬁh ?8‘*1 and ggﬁﬁl)fm

w = 0«3508 and We = 0464594,

Thas using these values of Eyvg and Wirgr WO got the following
btable giving the offioloncy of different estinmators.

TeBals E:hcmln% afficiency of differen
osting

ors using both (X,)and &3)'
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Thio study roveals thet Rg* which docs not use W,
is mont aflisionts However, in sosz sitwations RY is oxpueted
to fare Yettors Mut the estimator RE] which does not use
elthor w, o ¥; soons to be guite ussble in prastiee and ite
songiruction ig slso mimpleost az 4% requires only a rough knowleds
of %o and L P

In $he following for the sske of complebencaa, we consider
the esiimntors Rﬁﬂ and Rﬁ a8 an exbension R; and 'Rg*,
usinz R sultable supplomontary eharasotorse Yo Gafine

.5 X B,
= 5 Wbt (re8.29)
kel
whare 13:3 wo=ly Wi, Wolng weights to be obtained by minle
X

miging za(z:%) and

RE) = rﬁ @%ﬁ" (748420)

whore f4,, are constmnts (as in ToBe7)s Similar estimator for
ggdinating P will beo given W

kel
where 2 ml mnd B3,, sdailar to F,, s
wﬂi 1% ite
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¥or oWtaining the mse wo consider the eage where for g
charsotorswhich are positively relaicd with  y'sy ¥y » 8 =3
snd for the remaining Ieq oharacters negatively eorrolated with
bad 1 Bg = 8y = 4, Wo get

L R g kal
ond  H(PE) = M(ple P2 T 60,9, = J N 8,049 41
where

AT,

st <%
20, ¥ 08,20 “w
* 20 5 W% 2, O™ ff § A0ty

Exprefnions for the genersl estinsiors may bo obtained in a sini-
lar wayes Comparison of theee tstingtors is not attempited here.
n the noxd gention we »receed i extond these omstimators for
satingting the parasetors thonselvess

In tidg section wo conaider some estimators obiained as
soriination of well Imown ratio aad product estinaters for estins~
ting the parsadirie funetlon @, 1tselfs Tor this purpose loy
ug suppose that infornetien on two or more supplomentary oharasters
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S8 availeble in the purysy and for simplicity wo decide to uso
By 4wo of them in the sntluabion vrocedurs. %o immediately
mct with the problem £ cholee nfiscen the two end how te
utilise thea as te yield more effleiont estinators of &, than
those which de not usp Information 92 any such character or
utilige enly one of theme ot x end X, b two such chosen
charasters, Yhon we nay have tho folleowing situations

(A) ® and x, ave such that ome of them, say ¢ is
highly positvively sorrelated with § =nd x, 1s negatively
gprrelated swoh that ¥ end X, omn b0 used in construoting
ratio and produst esiimators respoctivelys

() ® and X, both are not highly correlated (positive
or negative) with ¥ suoh thai usual wnbiaged ostinator To
in guite efficlonte

(¢) Hoth ¥ and x are either highly positively or
nogatively eorrelated with ¥y in whioh cape we uno two variate

retio or product esiinafor as the case may boe

(p) omiy x (or xp) could bo effiefently used in ratio
{or vrodunt) nethod of estimstions

We consider below throe cetinators tl,kz and  Gyy which
ave dirent omtonsions of the estinators considered in Zeetion
Tells and compmre thon with other Imown ¢atimetors for the
situations montioned in 4 to Dy The ostimptors considored

sra


http://www.cvisiontech.com

172

7
L ('q %3(%)# {74741)
, 4
o =% & = (gl ion (7e742)

- %“1{’%“% {74745)

It any Yo peinted out bere that the parametor &, ocorrese
ponds te the ehovaoter = hich de the mupplementary charaofsy
in the prosm$ osses The Was and mae of these estingtore
nuy o direoily obtained frem the correspording estimators of
Sention 7e2 by multiplying them with s Wo give bolow theno
expresgions ind compare them for thely msols M, M, and ¥,
respootivelys Wo goty

By = O5(05 4 O+ G4 20,5m 20, = BOy)  (Fe¥ed)
1® = 05(02 4 6+ G RO g R0, + 20yy) (74748)
ny = 0502 + 05+ 0B+ 20+ 20,0+ 20y9) (74746)
whave 0 = V(Z)/®;  wnd 0y = 00,8 .

Za8 ao@gjﬁimn of Batinastors:

Hoye we compare unblased, railo, produst end multiveriate
rakio end product stinators with the estlmators suggested in the
grevious uedition under the pitustions La.} 0 (D), nentioned
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thpraine W& have the followling thoorous.

Thoorom TeSel: For ey sazbling design D(V,8,7), tho estina-
tors % omd %, wader the situstion (4) of Seotion Va7, will
be more efficient then the ratle eetimater 2., whieh utilize
information en X9 for ostinating O, if the comditione
{7eB91l) md (7e3e8) wempootivelyy montRened in Theorom 7e3sl,
are satisfiede

Proof {s onihbede

Shooron Talefs Fer muy dosiom (U847}, the eatinators %,
and gy undor the eituation {A) In Seetion 747, will be more
afPieient than the produst estinafor % whaich utilizes infor~
astion on Xy, for uskimuting 8, 42 the conditions (7e3.3)

and (7.3+4) woopootively, mentloned in Thooren 7e3e2, are satis-
fiede we omdt the mroelse

1% mey be noted that for
G =0g =0, = ¢ {7e8e1)

wo et the smus oconfigurstionsl representabion ¥, and Fp as
givon in Bestion Tede lHowever, in the premont situation %44,
e correlailon cooffieient betwsen T, ond Ty is supposed
%6 e greater then holf wheress in the comparisons of Ry end
}s‘tg with » n6 such restriction was impoped on %45+ Due %o
skie restrictien, wo Pind thet some pointe in tho reglon of &)
(wiloh 47 the present Sase will meap the prefercnse reglon for
%4) oan mot be roslisad due do regérietion of the positivity of
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the carrelailan matriz of 9,4 %, and % oe

Similerly, undor the conditiom {A) +he correlation
soeffiolent 9., should %e less than minue helf, whoreas no such
acudition wao imposed on 85 (which mow sorresponds to %,) for
the configuration Pps Owing to this condition we mgain find that
porio of the points, specially towmerds the cormer of the region
for I’i {wivioh corveapond $o the vroglon of t3) and Pg (which
correspond to the reglom of %) 4Po not vealisod in practice due
%o posditivity reetrlctien of '&'iﬁs corralation matrix,

Howaveor, 4t can aanily he shown thet there 4o oxist o
nunber of oases where ths »oint %eaﬁad by the paly 1li0s in the
preferonce rezlons of the proposed eatimstors satisfying the
condition of the positivity of the edrroelation matrix. For exanmple,
eousider the fallowing pair of vulues of 9&. ?“E and Ew in
the table boleowe

Pable Pebelde
% > (el - (148 - OaR
2 + 087 » Dol = (g8
3 Ogtd w ¥ w Og%7
4 “ fiof - Dad - ﬁo‘?
§ + O + Ood = 0¥
8 + Dpd + Ouk + Oa8
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It may be moted that the nadyr gal and ?gﬁ. in the above
takile sre a6 chomon that they satiefy the 4ifferent situetions
montdoned in Seetion Ve¥s For instance in gazne I situation (A)
e satiefied ond in this ease %y 1a boiter than both T, mad
B¢ Blailayly, dn enpos 448 and € undlasged egtinntor in pro-

»

ferred bult from confipuration 7

> (to follow) we got movre

effioiont vstingtors and 50 one
How we consider the aitupiion (B) and cempare the preposed
oatinators with thet of the ususl unbiasod estinator T, Which
happens t0 be more efficient them gg and ﬁpu Boting that
v(z,) = o° oF, (7+842)
we have the following
Taporon 7TeBed: For smy design BU,54P), under the situation

(3)y the provosed cstinaters e % and b, will bo more effie
odont than the ususl unbizsed cotinatoy %e if the oonditions

408 ¢ e '
L a(gf;gﬂga- B(g 2y = 2970 0 (748.3)

+ ol g C,
(=)= () 0 gq 222 + 2935 € O (74Be4)

¢ = ¢
(-%-) +{€)* 2(%)?&4* ﬁigg)?& + 28,5 <0 (74845)
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wre vyospootivaly sadisticds

Proof follows It comparing (7.8e8) with (7e7e4) to {Fe¥eb)e
Undor the condidion of squality of the coeffielent of variatione,
we got the respootive senditiona (7.03) ta (7.048) ss

(25 = %p) > 3 =%y, (74848)
(B = %gn) > 2+ 7%y (7eB47)
a0 (‘gﬁ + ?ﬁ) ¢ «(1 4 Qm}# (74348)

Assisdne difforont plansibie veluecs b0 Qﬂ, %0 ond
9300 With the condition (B), that foy 2y, and 9, lies botween
=8 0 448, wo get the following senfiguration Iy

VI;S’) 90'& ?ol 8'
//} £,-%) '.:‘ 8,
o v PB}
' 4 34 .
. o o /
Qub) o 9.1_
/_/ / RERUTY
Y
/// -t;.5 ‘ZI
" 'y rd /

1% may P montloned that we have net lmpoao
%ion on ﬂm‘ Tt ia ¢lsur from Obove 51} that '32 will be moro
effiodont tiun T in the trimguler pegion .&13361 for
Bgq £ 0+B and in the peglon ApBpdy if U, £ Ot ond 5o ome
Thea regions of nreference for ‘Bg ané % are slse indloated

aboves
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Hoxt wo démpare thege sotimators with that of Olilkints
milsivariate ratic ogbtinator wideh has boen disenewed in the pree
vious ohapter; n a gonorsl forme The nas of this omtimator
for wndform opiimun woizhis, uader the condition

Gy mty =0 {VeBeB)

for kwg 4= givon By

o®
U(Tpg) = Soly(1 + Typ)s Ggu 0,0 (94 9,0, (748420)

lndor the condition (Te8.8), w¢ got from {(7.7e8)

By =& ﬁg* 02(3 - !‘m)* fao, {?w# 9&«1); (7+8411)

Iheorem Yaledt For any design W VU,2,P), the setimator YR
md "8 wnder the condition (7aBed), Will W more efficient
than 2, whonever the sonditions

(7.8.12)

e T A (#4813)

amd

33%};3 < - HE) (748414)

roapcetively, ave matianllied.
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Lagtly; wo compars those esiinators with the muliiveriate
produet eshiantor ‘Ew p rovosed in the foeiiein chapters Thw
nae  4F Tges Tor k=2 with uniforn woisht undor (748.8), is

H(2yp) = sﬁ{@{l + 9yp) # 04 00 (3 gy 8gg)le  (748428)

Sheoren Talefi Tor any deaign D{(4)5,P) the estiaters
‘R}j @g gaa ‘33; under the conddition {?gﬁgﬁ); wilil be move
efftoiont thun ﬁw the oondidions

K. 3
’“““g‘ﬁ S M;'} {78418)

{78417)

and
g"’!%’ “‘“‘“‘%“’"‘I - $E (7+8418)

respestively, are satiafieds

Proots of the theorsns oasily follew by esmparing the mee of
the setinesors undor the sondition (7«8al).

It may be noted, however, that the eatdmator
t,_,g has boen gsugecemted for the situstion where both %y and
Xg ars highly poeitively correlated and ’apg for the situsticn
whore Both 2% and %, @re highly negatively ceorrelated henoo
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1% is ‘%g which is oompareble with %g and 'ka with $had
Sgp aince they satisfy the situatisn mentionsd in  {(C).

Tt iz onglly verificd that these sets of oondltions,
menidoned in Thoorom Teled and 7e8.05, oare mot with in o vardoty
of slitusticnge Further ﬁl wiil in goneral be wore ofton

profepred than suy othor ssiinator consgidered here,; whenever, one
of She eharscior ia moaitively sorrelated snd the other is nega-
sively covrolatod with ye Howover, for thie sltuation, 1t is
worihwhlle %e conaider smether estimator based on the estimator
R*t  gurgested for estlnaiting the Patio R in the previous
chapters. 7The ceotinator in this onso will do of the form

‘B; = Wlf@l & ’ﬂ'}g? Qa (?.8.19)
whore Wy and Wg av maighte suchk thnt
%‘ +* wg =1 aid ¥= (TQ /@1)! B oo tgﬁ ’23}0

This eatinahor like the sarlior ones le blased., Dias mud nee

are oasily seen to be (frem RE)
M) = w B(r) + wy 3(p)

whors B(r) mma B(p} are Was of ratie and produet ostinstors

Ty mnd &‘5 roePpootivelys
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H(8) = o® {Gﬁ* {%* 'gﬁ‘“ 2 901,00, + B%p%92000p
LA UPC LD (7484+20)

The optimmm woights w aad W, are

O 48 0.0, + 9.0 0, ¢ 94000
ﬂi n'ng ;%— QZQQ* gg«EJ%—mﬁléﬁimgh‘ 1,'ﬁ§,

* & 29 é
2 * Fa%% (7e8421)

oty comparing & with , wo find € will bo mewo efficlont,
14

(7.8.82)

It 12 ohsorvod dhat this condition is encountered in many
Gastss For ingtsnoe, under the sondition (A)y 9, = 9, will
always bo positive and greater than unity malding the rhe
groator them half whish is the yequkroment whonever O = C,e
Hence ¢, 1 %o be proforred t¢ 4§ in oush eases from the
view point of its mae an wll s {te simplicity.
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OHAPTER VIIX

BOME GETERALISED RATIO BSPDuaomg

8e0 Bummary: In this chapter wo conslder mome esatinaters which
are gonerallsations of the ususl ratic osticator,
frivestava (1967) censidertd mm estinpter
?;- = F(X/ 8)% ma noo (19680 has suggested
bl a¥, + {1 ~ 9)F =5 an alternative to §5 where
@ is sone sonetant to be sultadly ehostne Thege jeneabied
astinators arc biased md have moan square srror equal
e that of the ususl regression eatinmater for optdmm
value of oe W0 suggest in scotion 842 an astinator
'?‘“ @/‘&3% whare & =g X+ (1 a)Xy whieh 1g afmast

Inblaged and has semto moan aguare errer for larze
mlam in seetion Be3 two tynem of oxtonsions of
?* are sugrested and comparisons aro made with other

Inown estdnators which use the same amount af information,.

8s1 Ingredugiions
Lot (Yye Xy) denote tho value of the 1% unit (4 w 1,2,e..1)

in the poplation gonaiating of I distinet units for the sharaoter
under gtudy {y) amd the mmlamm‘&m eharacter {x) respectivelye
de sholl congddor in ihis chepiory for t&m sa&r- of oinpliplity,

astination of the pepulation moasn ¥ = ﬁ - 3. on the basie of a

slmples random semplo ofmumlts soloeted without replocenont, and
aseurte Shat X 's are kuown conmtanbss Lot ¥ and ¥ dencte the
ugual wmblaged estimgtors (the sample moans) of the population
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nesn Y and 3? yeepuotivoly whowo X ig the population moan
of x and is knowns The dnfamation en 2 may now be uged in
gotving the retio estmator F, = G/DX or the product

?g = (F /X on the basis of prefevence rezions given in an
exrlier chapiers Srivastsva (1907) has suggosted an eatimater,
which 4o o goneralisation of ¥, given Wy

FiaF 6-%-—*3“ CREY)

whore o %6 a oonsban® %o be sultekly chowons ZRvidontly, fer
& w4l ond =l the estimater ¥. is same ac ¥, and ?y rogpeo=
tlrdys The Spilmm velus of « obtained by mininleing the neen

Bguape of %g 0 ordor n'a*, ig given by

4

-
WY ﬁom?- md fam%

are the ceoificliont of vovdiations for 3 mnd x resncobivoly,
aﬁ ot é‘z arc the verdmces of y and X and 9, is the
sorzolation sceffioiunt bobwoon y and e

The ostinator ?;,; 1ike usunl ratlo eatinater, is blased and
hae the nesn sauarey te ordor 21*3‘; agqual %o that e¢f ususl rezros~
slon esWnaior when epilmm value of « 18 usods YHonecs in ocuse
a Zo0d puess value of w 1o avallalle fron sonw provioug oensus

&y surveyn, the use of catimabon ?;, w1} improve ever F, (er %"
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I% may be noted here that the eomputation of Fl, in genoraly will
bo somplicabod in the somse that 4t will weguire computation of
log nd sntislog of the estinatorsy Reo (1908} has, however,

whwehes
sugposted o ostinntor, as an alicrnative o ?{.. L given By

?-;;’ = U §3‘-‘ . {1 b ﬁ) ‘-5-;- (3.113)

i e egtinadtor boing e linesr conbination of the ususl wbblaned
outinator snd the ratic estinaior, is quito aimple %o computo and
utilise exapily tho mume infornatiem as that of Fhe The estlna-
tor Fi's Bilw Fi, ie blased md has the sane noun square errer
%0 ovder ,ﬁ'g'; as that of ?; or thoe upusl resyeassion cgtimator
for tho optimm velue of ge ‘The opiimm velue of o obtained
By miadmiedn: the mes of ?%‘-‘g. to erder nt
tn {Galed)s

s 1s same as glven

In the follewing poetion wo yropose ) ostinmator, as en
altermative to ¥, (o F27)y widch %s ynblaced, vo order n"l,
and hap the same mesn agquere orrobe fxtengions of this estimator
to uiliise information on povercl sharacters have beon conaidercd
4 mootion BeBe Somo comparieons with othor cstimaters are alse
nado 4n this sootions Results of this chapter are kel based m a pe

Stph 4684
Zb,'the author in collaboration with K. B. Pathak,

8e2 Ihe Datlagfor. A4S A

The jropsscd estinator is given Wy

@ w ‘r%} % {BeZol)

whero
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y=ad+ ea b3 {84242)

amd « 4s sooo congbant to bo suitably ehemene The astimator
7o may wloo ke expromoed as

Pe=FOeae)? (84243)

' m~**# ) B = Oa
o C&gﬁ—) ard %ley)

Purtheory writing % ™ (ﬂ-x-fg‘x}, such that E(eg) = Oy, and
anmpdng ot gm %I 3 for J.sa;ga sonyle slmos, tho bims and
mean squerc orrver of ?’g 0 evdor n 1 gre yogpootively glvenm
by

B(Fy) = ELFO ¢ ag) =T

=¥ BlQr + %iﬁ -0y 4 agfﬁf = gus)=d)

=¥ (o = o) « (macf - %@1) 4+ eon J

a‘"@ - a 8,0 %gy) (84244}
md
1‘5(5';) = Bl § + a ‘al)"l - Y
a?‘ [a wﬁ,a&)d}'ﬁm *ﬁagﬁi}%u»]
3 il..(;; ¥ ﬁgt% « Ba 0,0y Fpy) (84245)
whopo

fﬂ%m
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The entimum value uf g vhich minimises the mean aguare error
of ¥4 em b obbained by differcntiating M(J) with respect to
u ad setting the derdvative equal te soro. I% i observoed that
the eotioun veldue of « is samo as plven 4n {(841.2)e Yow mida-
tltutdng tho eptinun volue of g ia the apyroximate exprosasien
for blas snd mesn square eyvor of ?g,, wo got

BeFe) m%ﬁ o5, - oh9h,) = 0 (8.245)

- gz(‘gr’*} M(ﬁ,a }”)

mg o (19, (84248)

Thus it 1 obacrved that ihs preposed estinabor Fr is
uniblased, to erder n“g‘; and hao the some nGanR square ervrer as
that of tho ususl resvescion eetinater, when the ontimmm value
of o 45 usode But tho blos of P to order A", in easily

somn 5o be
R{i?;,} o éﬁ‘- ¥§%€3l§1 - ‘Jgggl)g (3;2.?3

Remmpic Selel The estinator ﬁ‘. is wblased, to ordor n‘“‘-,
only if tho optimm value of g is used in the eatioator. In
astindl proaotios, howovers thio opidoun value will not bo avallaeble
in most situniions and henee this cstinator »All alzo be blased to
that axtente The bias is ¢xpesfiad 4o b nofllizible 10 the guessed
value upged io vory nesr o the true optinum velue of ae The

opfdmator ¥ 4e howover prefernble to other estimators in practice
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sinoc 1t ig quito slmple %o compubc ald 4a expected %o b almoat
mwnblased for a good pguess of e It nay howover be montioned that
any of thesme gonoralised estineiors should be used in practioce
only 4f wery spod gucse of a is avallable as otherwise they

nay ilead % loss in efficliency.

In this sootion wo shell aspune that the infermation is
avediable on k  puprlenontary chovnedors Xyo Kpswesy X% SORO
of wilch ore nopltively correlnted with ¥y ond others neghblvely
sorrelateds Yok X, donote the usual unbiased estinator of the
popiation noan g{i”&%@m@eﬁw to the variable %y and we
mssuno that X, ie lmowie o phull corsider the following two

eptinators as oxtenslong of ?‘%, given by

Proo=F 2w+ a8) (8a3e1)
S = 1
and
. - Hk . -l
Fol = § ;gﬁ + ayfy) (84362)

¥
were W;'s in (8+3e1) are woights, suoh tnab igl W, =1,
=,

ai’r& are conpbints to bo suitnlly choson and

- Ay
% * ﬁ’“gw‘ig", f wClolloees &

{4 = ¢ sbtands for thoe csharaobor ¥l
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%o sholl gow obiadn the blas and meon sguare errors of
these estionlora, for larse swwle sise, snd comnare thom with
sone other eptinators Imown in $he litoraturos Assuxing that

log @g) <1 for lmrie semples, the blas of F4, 1o glven By
- - ol :
g = Y2 [ 7wy Qe o)1+ aye) 1]

.Y E_:iwi‘*s-} {éaaw %ﬁi}-@(“ﬁaf - aj‘aiea)hu]

: Ynf 3

= %ﬂw et (84344)
whore W' m (M) g W= (W) 4 ond

l
4
&

Mo O = 00,090 (843.8)
And the neun squere Qwe o
zs(}';g} - 7% u{ g‘jwi(l + %,}Klur ai%)“lw 11*
- g% B é: wi-(la- AL AT sas) = 1]2
§ 7% 8 T w0y ag 0g)1%

- Yo ﬁﬁ L wyw (aﬁa "'.195.)(%' “3"’3)

J
2 ¢
*Sm§E " N

o2
» xfas w forfa)w (Be3.8)
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oy {ofo a,0,0,0, #400%3% 04+ % 85030484 4)
(84347}
ard a{a) i matrix of ordor kX ky 4%(a) w {afy4)s
Stailarly, the Yias md nom squarc error of Fot ave
- gdven By

& K
B(PeL) = TBI{1+ 6y) g (3+ 3@13"3‘* 1]
m'gﬁua w5 a8l X ugazwg 8y0,P.
+ fﬂ% “1“3”&“3 PR |
. X g ,
§ Xz 104~ 5 0070y + & quoafittey)
= yﬁ-(ﬁ** @i gﬁjﬁ;ﬁ&aﬁaﬁjﬂu) (84347)
whore ’k“'m €!§}ﬁg pivani{Be3e8)} and
w(Feg) = Y0l + 8,) H Qs ag0) e 1)?
- % Ho,+ g a,:&&} -&waﬁ
2 . 8 2 | L e

> f;‘ « 2{a) {(Be348)
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where A¥{g) 4o natriz E%a)k wp @ oy 1s given in (Ba308)
@&3 4o the oorvelation oooffloiont between =y and x‘sﬁ

Hexs, wo shall compare the proposcd estinators ?x'k and
$& within thonselves and with wome other eptimators lnown in the
1itorature uning exacily tho smie amount of infermation. In this
oannoation Wo congidcr the follewing twe types of catinaters glven

by
- ¥ .. &% ,
Vmﬂgii%(%} v Fwg =3 (84349)
and
‘ ¥ L. iﬁ—)m‘ (84341.0)
T = éﬁ %

winreo “f g =ve congtmnbtp to bo sultably chostn.

T4 15 portinent to note that the estinator i;}k with o= +1
1 the multiveriaste ratie cetinmator whioch was muggestod by O1lkin
{1988) for pitustions whero %, 1o positive and high for all 4
and this egtimater with aq = -3 1a the mildiverdato produet
aatinater {Gdnsh, 1967d) sonsidered earlier in Chepter VI for the
situnifens vhore ¥, s negetive mnd hizhe 7The othor csiinatior
F4. is tho ratlo oun produet catlantor sonpidored in Chepter VIT
(Sdnche 10870 for the sliimations where 9., 1o positive for seme
z&*a and nogative for othors with oy = + 1 in the formor oaae
md el 4n tho latters This eséinator may bo conpidered as a
generalisntion of the ususl doubils ratio cotinmater given by
zoyfity {(svoy Yoton, 1060).
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Noting thati %& and ?;k mgy be exprogmod as
o i
§¥§ = ¥ i'ﬂi& * ﬁi')‘ai

and .
?;kﬁiﬁ(i #93}%

wedr Mok W order z&*ﬁf’g v sasily aeon %o be
- - ; &, ( y+%} o
B(Fe) » YEL f nzggm 8y (1w ago,+ J--?»—-— 8+ vee)* 1]

- Loy +)
=Y g wﬂﬁ‘@ﬁ"# %ﬁi) Q{asg‘.) Qg" ai‘i?ﬁ‘) * mﬂr]

p ¢ g (843411)

whove B0 = (B, ¢Dprens B) md
by = (&‘-?ﬂ 0§ = 2,0,0%4)s {B43418)
(L= aqey + &E-?:i—) uf eoe)=1]

= ¥ Sllaye 2 agog)s ;{-’ﬁ‘%‘?‘ %

R e BT P r Ba ]

ma B(FY) = T (s o,)
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As regerds the peon sguwe error of theao satinators, 1t le

ohmervod thate S0 ovder HTY,

ﬁ&?ﬁi 2 ﬁ(&)

() = 1) «

(Be3414)

T4 nay 0 momilonsd that Srivasitave {1987, 1989) hes consifderod
$hw upe of spdimum velue of a:g_j"a in the estinator ¥, ead
§Flue The optimm velues of ag's  avey however, quite eomplisa-

%ed o uso in praction an thoy invelve rony wiknown paranoterss

n eago good guoss velvos of the seofficlont of vardiationsand
sorvolation apofiiclends aro avediabdle frem previous conpus or
gurvoys thon n sultable cholas of dge baged on u Iin (841.8),

ia
¢
ty = (ﬁ)?m .

(Be3a18)

gubstitating thie value of oy in the expregeion for the

pas of the above estinabore, wo Fiag !
3%?;:62) w
M) o £y & 3 taner’ss

HF ) » % o, §f %3954 { 0y ~CpTay )

3@’;3&3 - B@:*;:)“‘;"%%% gf 901(8s ¥ Oofet)

(B43.18)

{(Be3s17)

{(8e3.18)

(8&3&9)
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arosde Beded, The ostinator ?’;& and §l, utilise the smme
sount of information fiece knowledgo of aqy and '21,5 where as
74 ma F, vequirc in sddition tho eptimm wolghts o 's
and henoe thoy ean be used efficleniy only if w'e are known
boford hands A rogards nee of Hhomc eptimatoBils mo cholee
botwoen Fr, md §F, end betwen Fep ena ?;,k on the basls
of the approzinstion gonpidarods

Gemparicon botween F%, md F,, shows that the former
45 on obvious choloo over the latior for the roacong that
(%) P&, , the suggeoted cstinster %o tho ¥atlc of linear egtinme-
tors of § end X and henoe quite simple to coppute whoroas
¥ would in gemeral bo complicaCted since it will require osl-
eulation of log oné emtileg of tho estimate, (1) ¥, s
wibiased, to order WL, when u, in {(BaB410) is used whore Fo
o blasgods

Comparing Fiy with Fly 4% 1o soon from (842.21) that
Both are sauslly preforelle as yegards their mscs However, the
muzzested optinater S 4s much simplex to compute then that
of ¥y vidoh sgain roquires saloulation of log end entilog of
$he eatinatos And 10 faot this will tholwimplest of all the four
estinntorg in genoral as it doos not use wﬁ"m Purther, 1% s
cacdly obsorved fron {Bs3,17) md {B4348) that the blas of
§o. would bo grte mwll for large Semple oise and 15 will be
anellor then the blas of ¥, for tho situations where the second
te:m in vhe of (Ba3s19) i posgdtive (913 woing groater thon
goroy Whst io,whon g <1 for lmest all 1 (1 = 1y2yeesy K)
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the Bles of Fii will be loss than the Was of §l ¢ Aseuming
Fhiat this sondition i satisfiod thon the olwice rests between
the two osrtinators ?g;}g nd ?ﬁ} sugzestod din thie ecotion.
Ap pointed out earlier ?;; will o simpler to compute and
sinee At doon Not requive any weights w,%s thie cstinator is
an obvisus gholee whom wﬂ‘"g gre not svallsble, BSinoe 4in suoh
enses dotérrdnaiion of wi"a fran the ssemle will be complie
antod and thatlostinabor nay not roetain its efficioney with
thaepe estinabed woighies In oase howovoer wi%' are avallable
whioh ie vory Paroly tho situation %, Ray %o a boyter oholee
since 1% is alnost unbdaned eatinator whon a in {8.3.15) 1o
uacile


http://www.cvisiontech.com

el

184

CHAPTER IX

O A HETHOD 0P UBING A7 APRIORY VALIM OF THE
PARAMTTER IN THHE BETTHARION PROCEINME

Sexuply

In this chapter sn estimation precodure is
pucoested vhich utiliscs the kmowlodge of an
gpriort value ef $he population paramotor @.
The epriori volue may boe availadble to the
oxporinentor from previous gehpus o surveys
or ovan gxpert guosses, The proposed ostime-
tor t, is easentially a wolghted average of

€, the usual wablased estinator of &, and
the epriordi value 6, of 6. That is,

‘ﬁ m kb 4 (Lelt) ﬂi@g where Xk 45 some constant.

1o he midahly ohosegens The optimum volue of
k which minimigos the mes of ta ia found

to bo ¥, = 0 /(07 + %), where 3] = |1-8,/0

and o 1is the relative standard erver of <€

In may dasce 8 ey be nmown in practico,
oapeolinily whon the murvyoy han been plamned te
achicvo a speolfied procision Wt 3 is alwaye Yn.
ncwie  Por such situatione, using & as an
apriori value of 3 an approximately optisun
satinglor thy is obtained vhere ¥y =

gi /iaf + aﬁ)m i()l 1s then compored with 1

for cosimating ® and & table showing the s8ffie
slency of %5y &8 compared % t has been

given for verdous vsluoe of 3, ¢ and 3y »in
section 93, e aliuation where sprroxinate
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valucs 6f Yoth 3 and e are used has aleo
veon disocunsede OSome spoolal osses of tg
have boen mentionedd hewbBulsthee ¢ 18
blascd estinator of © Lhap been discussed
prioflys Lastly, sn estinmator of & which
utilime information on a supplesontary chorac-

tor hogidos % is also ouzzeadeds

inWeodIgeion
Beveral motheda by widoh supplementary dnfarmation nay be
utiiised have slrondy been mentioned in s earlier chsptor and it
§p wolleknewa 47 this comnpetion that the use of supplementery
fnfornation in n sultabie manner ginerdlly improves the catinator
af tnc pepulatien paremetorss The ususl tockmiquos of using the
pupplomentary dinformation sweume that values of ong or mere
or Polatocd te the cheracter of interest are
v @nok unit of the pepulations A varisnt of the progedure
4a thet of twowphast sempling &lsoussed earlier where the dats on
gupplonentary eharseter nay bo oolleeted frem s large first-phase
pampley 42 foumd econoriosl, md ubiligod in Gliswhilie vrmemndyy’ 2

m&mmﬂtm Sy

In muny sascs, howover, such dotalled spriori infermation
ney not be avellablo oy nay be qite eastly to opllects On the
othor hond, sdme sumasry infermation, for ingtanoo, an spriori
value of the pavemotor O, quite close to it nay be kmown to tho
oxporimenters Knovledgs of thia apriori value may 0 available
from provicus ¢misus Gr Mmrvoys Or oven from experd guesaes by the
spoolalists in the concorned Fields IV may glao happen that the
upper and lowor 1imite of the parometer nay be lmowm { Dalensuss 1965
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and in thot esse & simplc or medifisd average dopending on the
expeoted akewneas of the &etribution of @& ngy provide a good
asoproxination of @

1% secop worthwidlo, therceforo, to dovelop an estinator
which utiligeo this apriori value of @ and ashicves a momn sguare
errvor gonsidorably gmallor than the variance of the usuasl unbiased
ootingter of the parawters In sootion $.8 o7 this chaptor we
proposc such an cstimators This ostimator utilige en apriori wvalue
of & mnd o eptinmater of the etyrection Lactor which lavolves
the ugual esiumbte of # as woll an the relative &iffercnoe fron
its apriori wvalue and tho velative standerd orror (rse) of the
ususl eatinntors Ae the oxaet valuo of the rolative difference
is not dikely %0 be avallable in prastice, the sugrested estinator
is podifted s0 as Yo wse thw approxinate vialue of the relative
e forenoe and hon the modified cobtinmator ia etmpared with the
ususl unblased optluetor 4n seetion P43, A tablo ip ales given
ghowing She offigienay of this eatinatoy for differcmt walges of
approxinate rolative ddfforence mad Teoe The veluo of reo nay
e Inpwn in meny seses oppoeiolly vhon the survey is planned to
nehticove 8 prompeeified proelsions. However, the effect of using an
sporoxinate value 4z alno considored. Some gpoelsl eases of the
suscosted eotingbor ave thon podnted eute

In seotion 9.4 tho ease whom s unbliased eotinator of & s

jabie {such ap rates, products etos) is considoreds DLastly

M% g
a ratic sstinnter whioh whilises “he gprdori value and the detalled

infornation on o supplomondary shavaster is briefly discusseds Rewlb
of Yhis chebler are based on 2 pahoy L? e audhy en ellabsalion ooh A.rﬁﬂy.
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Ps2  The Aptimater; ite Hlas and Hean Bquare Errows

Let &, be sn mpriori veluo of the parsmoter O, which
tho wtatistlicimn beliovos 1o be gquite clese to & and lot D
be the ddfforence bobwoen € ond 8,9 that ig

D slewod)e

Them wo prosced to estimate B 4in fwo step prevesst In stop 1,
@ unbiasod ealdpate & of U ip obbtained on tho basis of a
rondon pample o from tho population Uy followinz n design P,
md 4% e wolghted W 5 faetor & sultably chosens In gtep 2,
the weightod eotinate k@' is appiiod as & corredtion faotor to
fmprove upon the apriovd walue é,+ The proposed spbimator of
& thus booonos

ty =By + e {De241)

whore 4 5 {% = 9,09 t bolng on unblasoed @ﬂ%i&am of @
A ternatively, %, gy

&, and &, that ip

998 looked upon an a woighted estimate of

tymkt e Q@k)%a . {PaReB)

Thoe fanter k nay b obbained Ly mindlmising the mean sguare error
LA witoh will give 1ts optinun valuee T4 may also be shosen
%o matiefy efrtain othor ordteriay For instance & may be taken
aa o randon variable; instead of a fized constant, mand if its

axpootation Ea unity thon the eptimator %y will renain vadlased
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Low &y
The eatiamator %m in generol, is Masedy We havo
B(t,) = k8 + (A=k)o,
hance tho blas of t, 4ip
B(ty) = B{g,) =0

= (k= 3){0e8,) = (kel) B (94203)

$ling verisnce of ¢, 1is given Yy
V(%) = 2(¢f) « 28(s,)
v(6) = 5(4%) « B3(x)

iz the varimce of the unblased catimator ¢

The mesn square grrer (mae) of t, thus bocomes
#(,) w 7(8,) + B(8,)
= V(1) + (ed)®2f, (9e244)

The eptioun value of % which mininisos tits mpe ocan de
ohisined by 4ifferontisting ﬁ{t@) with yespeect to &k ond sétving
the Gorivative egual 4o moaros Thies glves

% L & ?Kf} g (3.3.5)
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guppose B (i%&} is the volative Aifference between
& md O, end ols) = S (5)/ &, denpted by simly ¢, lo
the relative gtondardd Syrec (rac) of the estimator %y Thenm the
optimun weisht Xk, oeun B¢ oxpressod Ba

i, = -Y-Q-ﬂﬂg" - {FeReB)

8 + o

Stnes oF 2 03 we havé O Lk, §1e Now putting thio value of
X, ¢ the minimm valus of m{4,) 1o seon Yo beo

10 = et v« (it

po e {20 {e &
2 oty La0i8) 0 )

= kg Vit)s (9:247)
alnop V(H) =0% amd I = o" 6%,

The velative officieney of % as compared to the usual
wnbiased estinator $ 48 given Wy

Bt (%) = %
-3 “%— % (De2e8)

[}
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Bvidently *‘EQ will bo more efflicient than t eines kﬂ is
loss than uwndtye Bub the alffieuity in construction of the
estinator %, using endioun woight kﬁ , in that ka involves
the paramotee: © Ltscl? and henge in praocticc we ean ume only the
approximate optimum welghts Wext section 4s dovgied to usesmuch
approxinatc woights

- Pada }Fm of Approxinato Optimum Weight

Sphivmm valvg Jg, Tegiires an oxadh knowledge of e
gnd  Be Gﬁ these two quantitiony the value of € may be knowmn
in nemy omsop especislly when the survey 4s plammed %o achdeve
o prospecificd degres of peoisions The value ¢f ¢ is neoded
aloo at othor pisgos of savple solection, for inghance in deter-
nination of the sample size otoe But the ¢maet value of 2 s
glweys unknown in practiess Honou we ¢an ebiain only an approe
xinato valus of the opilmm woight X,y using some idea mbout
the nognitude of 34 and aloo of 0y 1f 4% 1o knowne In thiag
ﬁmﬂnﬁm wo disouss Wlidw two poseiltle ocmses viae

Sgse 33 An epproximate valuo of B 48 used in place of the
oxact valus 24 nd oxn ot value of o 1. Enown,

Sago 23 ' Approximate waluog & ond e arc usod in plocoythe
unlngwm velues 3 and Ow

fage 13 The proposed estinator in this ease becones

Gy = Fybe =) @ (9:341)
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whore &

koy = ';3";0: * (94342)

ﬁl«bﬁ

The mse of fg; Doy be oblained by substituting the value
of Iy for k in the expression for ¥{t) 41n (9.244)¢ This

glvesn

1ty ¥ 28 , 8 2.
—}-(ﬁ)u“*{w}a

(53_ + a
£ 2,.R %
= mfé-zm (84343)
(a? + ag%
wiore o =83 / 3,0

How %@l wlll be more offisient than *b{, £

%Qgi

that fs, 4F
o () +0*®) < (af + &9®
ov (® - 0% < 24}

R : 8
or 5§ > .{@...i’.ﬁ...l . (90‘304)
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Thue if

which implicn

zﬁ‘)‘k&a

for any volue of lall # O, the condition (B.3+4) is satisficd
and in which osme the ostinator %5, bocomes more efficiont
than ts Puribor, since e 2 0 always, a slightly atrdnger aone
dttion for tyy Yo ko more efflciont tham % nmoy o weitten ao

i3] 2 ~lal. , {9+348)
ST

Thue even 1f 3, differs from 3, P35y will be more offi-
alond than $  as long ag (Pe3+44) 18 satiofiedy however, too much
doparture of &y from 3 will roduee the zain in effictiency of
the esatinstor, Svidently a emall valuc of [3y| which violates
(Pe3e4) will moke %,y less efffoiont than tye The expression

for the efficlcney of t@:?. with rospoct 0 ¢ is ziven by

| (a% + 6B (8% + &)
37 (%) = " : " (0e348)
o (31 + o7}

which 4a zreatoer than
£ £

Oy + €
6155 ) §

12 o > e', thot 18, if |3] > laf.


http://www.cvisiontech.com

283

Thus 4% 4» interosbing to note that in case |ay]| > |o],
1M effieioney of %, %o more than what 1t would have been
if [a;| wero the true velue and the optimum value k,; 1in
that easo, wae useds The values of ROE (%1} have been
given in the $adlesin the end of this Ghapliviie

Oage 8: In this ease the proposed estinsbor booonea
= Koot 4 {1 = Xo5) 6,

whemty

ﬁﬁmﬂgnﬁnsagmm
-‘-%-M s ﬁﬁaﬁ 'y @gﬁﬁ—g-i-g A ) o
¢ - LR
'”"ﬁ"z %*%—5

+ el) &
& s(a + & 2 gt
. 2
581 + Oy

whore o' w( (*'g")%
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The eondltion for %pe $o ho more officient Shan €t  hecomos

ﬁ:" ) ¢ oty Mot 1e
o (o 0 on®) ¢ (o] @{)2
or afﬁ”g*af eaaf
oy B§

The above eonditdon will be satiafiod 12 o > (o%- o%)/2
provided ¢, {es Tms vhen antielpated velues of {3 and @
aro to bo uged in dotenination of Xy 4t would bo safer to take
6 slighily hisher vaiue for 3| ond ssallor welue for e for
galoulation of Xege I€ may bo mentioned, howover, that ae the
dlstanos bobreon the saticipated voluece end the ¥ruo valuey inoree
apos the gein in offielconcy of the proposed estinator deorcases.
Balew wo give $wo ppacizl cemos of €@ and Bye

1) @ . As goror Thie implies that kK, =1 and thet the
propomsed egtinator and the usunl unbiased catinator % are

4dcntioals It 18 quite logloal, a@ince @ wmore maans v{8) 4is
gore which ip the mintmum value that an ostinator can attalnoand
heomoe S g ‘kﬁb

i1) B is undty: This dmplics ghat 1 ﬁ—;?-) =1 that
is O, = Os In thin casoy we got
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oy = ""L'g (9434%)

i+8

and the estinador %; lbeconos

| -2
By = (2 4+ &) u, (9e348)

Tho mean square error of too them beecoumes

Eﬁﬁ%} n"{—% « (8e349)

1+ 0

The reladive eflflolimoy of to, 88 compared to the usual
astinptor % 4g thus given W

BEL () = (1 + &) (9e3.10)

ohdch 4o groabor than wnitye However, the rolative efficionoy
of %yp as comparod Yo 45 i given Wy

+ O
EEE (4} = gwm% (943,12
tﬁ(} &2’5- &
Bt The berm in second brackot is less than unity eince
{3y} ¢ 3 mad o suffiolont condition for %o to bo loss effieient
thom tyy 4o that o' <o  that dn [3,] > |3

Boniaxk:  Although 4n the nbove diascussion we have asssumed thet
thoe value of ¥y ogn aph be mown exeoily in practdec, but
shtuations Hdet whire we om gt the velue of Xk, even though
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& mé ¢ nagy not be Imown sepuratelys For ingtance, since
ky omn also Be expressed as

Ky = ;-&72 (843418)

)

whore £ = 9/, and 4n dage the value of £ im known we ocon got
value of kge In pome eanes, however, the upper or lower bound
of A nmay be specified which hoipa in detormining the valuo of
kbo

Simple rendon sampling: Let us coneldor the paramoter to be
ootinated is Y, the population mean and let § denoto the upual
unbiased catinator, the pample mbax,; when samplo im polacted withe
roplegenent and with oqual probabllity, then %,, in (De348),
whore & 2o assumed tobunity, bwocnmos

f@g'kgg

* * % /n
" by § (De3.13)
"+

wharo "% 4a tho population ecaffficiont of vaviation. Thie
ostinator was suggesbed by Sewds §1964)s Bfficioncy of thle
sutinntor 4s given by tho entry corresponding to (3| & |8, « M0

in tobles Palel = Belells
The ostimateor ¢, for pampling without-weplacoment wiith

v, proMaNlLa by biuaus
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?’ - 3 L I 2™
o s e P (9.3.14)

- 4
wheyo fagﬁs'?g

However, when the apriori value fe of ¥ 4s not taken
an nero (is0e whon By i3 not unity) the estinators eorreapon~
dinz %0 Yy for the pempling with and without replancement with
equAl probabiiities will be glven by

: - n -

§€51 Jo ¥ 5 xg $7 3”@) (943,185)
gl

Fp =7 m (F =~ F,) (943.186)

rogpootively vhere ﬁa e @? F4 aiu How, aﬁmnem an approxinmate

velue of [ 4o knom thege eatliators nay de utilised efficlently.
4 lower bound of £ vhieh 48 usunlly esouwned to be the population
simo % ibencl?, may nlso be umed in milding up thesc cabimatoss

1 Zatingtor:

So far we hevo asoumed € o be unbiased estimator of Se

Hewmvery in nony eituations, o cinmple unblased eatinator of @
may not bo avatlable in genorale For insbance, the peramoter

& nay bo Mrth rate, death rete, por capita consumer expendi-
ture, Sotol erop produciion etae, when the usunl estimator of @
45 blasede In suoh casss the sugrosted eatimator, dencied by
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t} o &s of the sane formoef,  Yhat ie

=9, + k(4 = 59_) (9e441)

Wt 2¢s Maos and mesn mouare errir are vospeetlvely given by

B(t2) = (k + 1)D + kB (944e2)
ma  H(eg) = KV(E) « fx « 15 4 2y - 2)8D ($ets3)
whero

Bowm E(S) » &

i1 the Moo 4n  Ue

pifforentiating H(t}) with rospoot o k and equating
$he derdivative to sord, wo got opltimum k as

B

7 »

kf) . {Paded)

(s

which on substitution in M(4Y) gives the eptimn moan aquare

arcor 88

WP N |

Tias the proposod estluntor will be more efficient tham ¢ 1if
(%) 4o Less tham H(s) = V(%) » 3% That 1s 1f
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2y T8 i .5
vt} (1 TR ?mz >0 (94448)

whieh 1z alwys Trude

Hero mgain the Dunst value of Ik, will not be Jmown in
practicos The efficiency of iis estinator using approximato
opitiogin wodshd may Be ob%alned as in the earlior sections It 1a
expectod that with rossonebly good aspproxination of the optimunm
wolsht the mwposed osbinator will W move officient than €
as in wnidascd cames

Yexty o mmﬁ% sltuation where Bth the type of
infornation nemely, the sprioyl value @a and detall informaw
$ion on the supplemeniary gharactor =X are avallable and we are
intomented in using those informpdions Lot &y denobe the
paremeter based on the eharacter x then assuming that & is
Imown, ac ueusly we miggest s yeilo eatinator of @, given by

- e-%) o (9edo?)

whare tﬁ 4o the esbinator susgosted in {PeRe2) for € and "1

ie an eptimabar of & eimilar Yo € given by

G ot + (1 eally {De448)

eslimaldy
whore %' #p the ususl whiamémf & md a ie a constant
4o be pudtably ehosane A sultobie choloe of gy Be In the
shonter VIIE; 1s
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& = {‘;?} 9@1 (Pese8)

whore e, ad € are the oseffiolont of variabion of y and
x and 9, 4o the corvelation betwsen thone

If n donote the gise of the sample selooted from the
W@*&im thom writdng €t o= 8{1 < e@) md ' = (1 » al)
whare E@%} = B{g;) » 0 ond assuming n 1o large oo that

taﬂliﬂfl&mmgﬁmﬁw ﬁ;ﬂ%*% ovdex aﬁlim
ghvem by
Bﬁr“%*{lwki%ﬁaﬁ-mmwﬂ*a@%)
(9e4el0)
end

Hoe = B + (1w X)%050%07 « 20(1 X)a0,8(00; = « o))

@ %ﬁﬁ(cg* 6%%.. Reae 0903 ) (Badall)
where 3B, ds8 the blao of T
Subgtifrtien of he value of g wo gob

Byp = By + (1 = k)aoaﬁeﬁa (9ede12)

Hop = Bo + (1 = k)%ﬁaﬁgﬁi +» 16%00 - 9F))
{9444138)
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I% nay be mentionod that the esiimater F% sugzosted
in the pyovious chepbor turns out to bo a spoelal case of
gy for ko= 3, singe in thet oapo

gy = 1 = (-%} % (Fedeld)

g for 63_ = %,« % in pome as ﬁ. #1820,
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Table (1)@

Bhowing the effiociency ef

o3,

&g

compared W ot for dlifferont values

of 3, 8 md o

porocntsse).

Table {1.1):

{211 expressed in

2 = 18 por ocont

3 100 80 20 18 10 B

7)) [69) &Y 3. Y4 (8] 18)
160 1088 10440 104a4 10445 10445 10445
50 87«4 pRe}: 1171 1178 118e4 11847
8o 16«2 541 1562 18844 B1l4.0 238.8
15 B48 3340 14440 B0 o0 27849 3800
0 407 1844 1058 1742 32B4C 87840
8 28 1ied 85«0 12240  B7043 10000

Table (1.2)2

¢ = 12 por acnt

100 i 4 20 15 10 8
E%ﬁl_ &N K 4D T (4) K¢ HRN )
100 L0LeB 10248 1030 10301l  103.1 1032
BO 8843 1058 110,% 12,1 11241 113540
20 1844 56 o8t 13041 10848 189.,8 184,09
18 Dal Sdel 12848 188,58 208,22 2462,1
10 5P 1742 1022 15142 24440 437.8
5 2+8 Bad 4841 10Ba8 1903 87640

212
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Pable (1e3)3

© = 10 por eent

213

o

8o

B, 100 a0 15 io 5
' ) 25 %ﬁ ) (4} (5} (&6
00 101G 1018 10840 10240 1020 102,0
BO P82 10440 10¥ed 10748 10840 108.1
g 148 5140 12640 13740 147G 18348
18 1040 3542 11668 144ed 17442 190848
1o 440 1544 80  123a1 2000 32040
B 1.8 Ba2 3868 878 14740 B00CLD

fable {led}t © = B poer oont

e - R .

8 100 80 20 is 16 5

53] & 3 I € ) G | DY () e _

200 1G0T 2 100e4 10085 100 4B Y00 B 100,58
8O 601 10240  10Le8 10148 10260 10240
a0 Abe) BleZ 10842 1094¥% 11842 112,58
15 208 B8l 10367  1llel 1176 18le9
10 B0 £1.8 VT6el 10040 120540 14740
B 10 &ald E3a0 40 «0 BOS £00,0
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