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the medigecsnoatl Tueidicaays anice,
Tosr v mXn plirdc 4 ovey the Tield of ro2l numboers,

a zoncrulised loverse {or g-dmvoroo) of o, J.ce any
pabrix satisfying Ad7 4 = 4.
the rank of A,
the vector space gpanned by the columns of 4,
the null space of 4, d.c., tho set of wectors x sutis-
Pying ix = (.
8 matrin ol rmaxinum roank satislying A A = 0.
¢ - 3 . .

AfA MA)T A M, Lhe orthegonal projoction vperabor omto
WM(4), whon “he inmer product in T®  is induced by M.
PA 75+ belns bhe Identity matrix.

o
Pnon-negative delinidc” and ‘pusitive delfinitc' will be
abbreviatod dn "naned.’ And "pad,t respectiively.
Far aun Neilsds mairix 0,
the migue n.n.ds square root of M.
G 111 denobe ihe diveet sum of vector spacem,  ior
gencralised imverscs, the notativns of Rao cud Mitra

(1971 wiill be followed,
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LHMROTUCTI L

We ronmider tho goneral linowr roadel YV o= &f v e, where X

s R y . . D m a e
ig an nXT randor vootor haldng valnes in 27, X ds an nxXo
nétrix  (Ehoe donign reatrdx), ¥ ods an X1 vectur of unkmown

parans teres varylog in A and e is an nx1 voeton of errors
with Efe) = 0 and Tee') = UEU“, a* being a positive scalar
(known or onkrown) and ¥V is an nXn non-negative definite
ratrix, It is assmed that n £ n. Such a nedel (aloo known a8
{he Gouss-Markov model) i3 usually dencted by (Y, XP, o°V). The
definitions of én estinable lincar paranctric fﬁnctian, sinple
least squdres estimator (SLSE), best linear unbizsed estinator
(BLUE }, linear ninirom bias estinater (IIMIE) and best Iinear

. wwn oy
ninlia bias estinalor (BLIMBE) under the model (Y, X8, ¢7V) arc

El

well known and we refor teo Rao and Mitra (1971, Chaplers 7 and B8)
for the dotails.

garly contributions touards estimating linear fTunctionals
of P are due to Degendre (i8G6), CGauss (1809) and Markov (1912),
where attenticn was coucentrated on the case where R} =n and
V = I, the identity matrix. iitken (1934) considercd the problen
of begt linecar unbiased cotiration ander the setup where R{X)=n
and V is any positive definite ratrix. Tose (1944) considered
the case where R(X) < n and V = I, while 2ac¢ (1945) generaliscd
this to any positive definite V. Beal (1967} gives & good histo-
rical account of the Iinedr model upto 1935 and Plackett (1949
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gives a ghorl historical note oz the nmothod of Joudt agueros,

Whiols tha oovarilanns natold L iz nenalngnlar il 7
Enown wnd tho nxrm wateix 40 s of 1l rumk, L.0. of vank n
and whon furthor the coliang of the retrix & e 01) crthonor-
nal sigenvecters of TV, thon 1t Is oaar asily vordiTiladbls Pact that
bhe BLURW o7 & o ddentieal sdbh Lte B13d, This Moot was fivst
polated outl by Anderoon (1948) and notice o it was Llokon Soon
alter by Durbin und Watsen (195957. Fropm this tice cowards, the
problen of deviving nevessary and sufficient conditions undor
which the SL8T': are 2lgo covresponGing ELUEYa hae recaived con-
siderable attontion, mainly due to the agppotational advantage of

the S1LEW gver the TLIM.

The present work is devoted to the stuedy of the robustness
of catimation and testiaey procodarcs in livesr podels with in-
correcth design and dispersion amwbrices, Detfore giving 3 swnary
of the problens considered we shull present o4 bried roview of the

literature in this area.

A statement on warious necesoary and ouflicient conditions
Tar the equalily of the SiSR'a sud correspomiing BLUR's wes mada
by Zyslkind (159620 One of the conditiong otated here 1s thot
there exists a oubeet of 2 wijgonvectors of Vo that forosa basis
of the vector spuce opaaned by the columns of the design metrix X,
A proct that the cigenvestor condition is bolh necessary and sul- |

3

ficdent for the corrvespundins BIUE anmd SISE lu huve tho sane
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oyyarlance ndfrin lo oregcoted with X0 ool Jall moak and Y
nonaingular by Moymoss and MeGadlre (19631, Chougsh nwt polnted
cut by Magpess s MoGuire, dhis in Swob cobeblishes thet lhe

cigemvostor asntition Lo noocgsaury and salPiciend Yopr the S1EE

Lo ba corruupoalion DD ondor (Y, AP, =:r:)"‘u'} with W neneingular
and A of full rogk, since, 1f L, T is Lo wibiesed cglinator of
% and T, Y is BIE of Xp ander (Y, %P, a7}, then Iy ¥ and
Lo ¥ coincide with probablility one If and only if thelr covariance
natrices 2roe the suarc. In 2yskind (1967) the walidity of the
cigemwrector condition for the cquality of the 3L8E and the corres-
ponding ITUE in established for an arbitrary design matrix £ and
covariance natrix V. 1n the sane paper, variows egquldvalent con-
ditiong are proved and an explicit represcentation of dispersion
mtrices ¥ for which the corregponding BIUE and 3I3E coincide

ig alac pivon. An cquivalent sharacterisati-= of 7 is given by
Rao (1967) which is proved in the conbext of & known snd nonsingu-
lar Vo oand a known tall rank aoctzdx X, Bag adds that the condi-
tion holds even if the ratrix X ig deficiont in rank ané V is
singular, This stutesont is justified in Ruc (1368), Yatzon
(1967) pives anclher necessary and sulficienl condition for the
SLSE +o be correspending BLIUEH. Eruskal (1968) adopts a coordinatc-
Lree approach and sghowo thut the BILSK i1s wleo RIOE i1 and only i
Vi = ¥B for some matrix  B. Thonas (1968) states that the BLUE

s its BLUE uwnder (Y, %, ug?} if

s

of KB under (Y, %, ”2?1}
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"’ T . R < . P PR T L 2 va I
and onldy o0 VFH s &R Tor v muwhrdz Be o Lere WV, and Y
i
T3 Ay o S 3 N e Al =TS A A .t . .. P P P T ey O w1 -y
arg positive defivise sgtricen s thio couddbron L2 248lly oo

to follow Froc Wouskalis romnli.  Syshking (1069} copmnidem o oliss

x - - .k . w, . . . Lo o . - - ol
ot desismn retrices o 4 sawhloolar Toms buden m, farther
ghlislying Ahe condilticn Ll the Shmll GE WOy o8ueh

design natric oonalng a particokis weolor awsapsce und glren &
nacesary ard sufticiont condition on the feom of Vo v that 3he
SISE's are <lso correspoading BLUR g under (Y, X0, o E"ﬂ, for
cvery ouch desiesn natrix XK. Zyokdnd®s vesult i1s o generalisatlo
of an earlicr result of MceBRlrey (1967). Mitrs und Ruo (1969)
consifder altornctive linesr models whick ditter in the ciapeciailo
of the observabions or bolh bhe cxpectotion and dispernlon ol
vhaervations ond evordine to what extort the csllinalors based on
aae nodel are wolid with roespect bo the other. Ras (1971) gives
oy

an explicit reprosentation of @ disporoion melrix -:s“i’..-" such Thet

BLIIH of  EE O onder voOED

Lomw . . . L -y L
¢ ¢ V,) is its PIUVE waer (Y ,EB, oW
h i

¥
zloo. llere ¥y, 1s any non-negative detintte netrix and £ oy
ve deficient ian rank. Aoderson (99727 glwves s rank eriterdon [or
the SLOSE tu be sinaditansounly SUE feor the case of Vo nunsingulus
ant X of [all rank which Las beon oxtended by Styan (1973) to

the naoe of arbitrary ¥ and by Baksalary aad Kala (1977) to the

case of arbilrary & apd V.
Mitra and Meoore (1973) rovive the problen of optimulity of
BIUE'2 conpated under o singuluar dispersion wotrixz consldered

provionsly by Rac (1968, 1977}, Thoy obacrve that if ¥y 19


http://www.cvisiontech.com

slwprular the BLUE o Zr 0 ey et Love & aniou: 1inodr represon-
. N o _ _ L . .
tation wnder (¥ ,78 o Tpd o oand procecd te nharcoloriac Vo sueh

that o glven liscar ropresentaticidoone linedsrs representotion/

[

T

every lincsy revrosotution of AITE of B8 urder (7, %R 277}
is its BLUR omder (T, 53, =77V} ilsu.

’
flaborman (1975) piwas o bownd Fov obhe sosn of tho diffor-
encoe botweesn the SLES and the correspondiag DIUS in the case of a
nonalngular covariancs sirocture. This givoes on idow 35 to how
large is the differcnce botween the SLEE and the corresponding
BLUE, when they do not coinceide, lmberman®s approsch 13 coordi-
nate free axd his result hos been extended by Buksalary and Eala

(1978, 1980,

How consider the linear nedel (¥, X#, o°7) vhere V iag
pooitive dofirdte and ¥ has naltiveriate neorral distribuation.
Iet AR Le estinable wnder i.is model. Tor tosting the hypothosis

H 1 4B = o

. , the likclihood ratio test (IRT) is known to have sone

optinal properties (soe c.ge Schellfe (T1959)). lowevey, the IRT
gtatistic wader (Y, xR ,uﬁv) for besting M Juvoelyes the pro-

jection operator ?K te be conpated under the hypothesis and

*

1‘;'-‘;
otherwiac. IHence it is naboral do éask for conditions on ¥ ander
which the IRT statistic has the sone form as conpoted ader

* [ 2 . 4 Ny E . T H
(Y,ZB, o 1), Ghosh and Sinha (1980) tock V o be the intra-
eldss covariance netrix and derived nocessary cnd seflicient cone

“ ,
ditiens for the IRT stutistics mder (¥, X§, o"V) axd (E‘,.}(jﬁ,ﬁ?'l)
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to be the aooe for toesting V. an albornet. woe pruot of thedlr

result is given by Binha and Muchepodbyiy (1o90{ad).  Biah und

Mulchopadhyuy (1980(h1) alsp considered the covarinned ahruoture

Towoal ot ol oen, whore 2 is @ poditive real mpmber, ¢ 18 &
Toohor and 1. iz a wvector wiih edoh cunpunwnl uvd iy sl oblained

cunditiona wder whieh the IRT statigtic Tor teoling 10, cenpuwbed
Wi

n

" . . o » n e -
under (T,XP,s"VI  cuineides wiih that eomputed areler (¥, %i,a%1).
Tater, ¥hatri (1980) developed A poneral solution to this problem,
applicable to any form of W

, Pooltive defizite.

The problen of robustness of BUIE's when there are spoci-
Ticatien errors in the disporsion matrix has received considerabls

axtention in thoe literaturc. Howcver, the problom of robustness
of BLUN's whem we heve an incorreclly specifiod desien malrix has
not received ruch attention cxcept for Mitra znd Zoo (1969) whore
the dispersicn nebrix cansidercd 1s w?l. If we have o linear

nodel (Y,%8,0°V) with rcstriciions of the type 1B = C, then dn

the restricted nodel, the expoctntion of the obaerveliicns is given

vy rz] [ q )
B =1 @
L o}

whereas 1n the wnrestriciod noedel, the expeotation ean be writien

r‘g“\ X
@ "o,
]_u N O

Thus, wo have two lincar noflels which differ in thelr desig

ag

ratrices and it ic of irportance to charscterise R zuch that
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the BITE of X5 in the wireotricted rmodel condinmes bo be ita
BLUE in the resirictod oolcl also, ancther sitoaaticn where wo
npor: aorygs lincur models which Aiffer in thelr dosipgn ratricgs

i when wo colsidor porcootric sugmcniistiona to 4 given linear

=

codel. Lo Bhe orisimsl neded,

we have 9(Y) = 4By, whereus in
tho augrented uedel we have EB(Y) = Xy¥, « Kb, . Hore, it is of
interast lo churccterise X, oo that the BLUE of 4,F, in tke
original ncdol continues to be its BLIF in the augnented nodel
130 .

Motivatod Ly thes above considerations, we devote the first
chapier to the problun of optindlity of BLUE's in a lincar nedel
with incorrect design ratrix. Woe consider altornative lincar
nodels (Y, X4¢,¥)} and (Y,X6,7) which differ in the expeotation
of the randcon vector Y. Hore V  (wo omit the scalar nultiplisr
o° gince the estinator doesr't imvelve the wealar ooltiplier) is
a kmown non-nogative defindite natriz and since we allow the dis-
persion natrix tc b mingular, the ILE of any cotinable pera-
netric functionzl under (V,X%48,V) nay not have a unique linear
represemiation. 4lsa, since the models differ in their design
matrices, paranctyic functionals cobinable wder one nodel nccd
not be so wder bthe cther. We characterisc Jdesipn natrices X
such that a givon Jinewr reprosontallion/scie lincay repregenta-
tien/every lineor reproscntation of BLIW of cwery cstinable parg-
netric fanctionwl wader (Y,%,8,V)  is its unbiuged cstimater,

BLUE, LIMIE or BLIMEE under {¥,X3 V)., when we want the BLUE's
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wuler (Y,I.! B,7Y Lo be corrospending BIIMEE s weder (Y,48,Y),
what is csscemtially decansd is the Yollswime T et p' 8 he
aotinabls under (E}E ELV. AT it is wlse cstlisable wder
(¢,5B, V3, its BITF wnler the flrst nedol shoeal? «les e ids TIUE
andoer the sccond madel, IF o v i3 not cotioble unler the
aocond mofel, wo wanl its HTUE mder the fivst nedel to be an
optinal cstinmator wader the second rodel, nancly its DLLIMBE. The
problen of robustness of BLUE's of & subclass of cwtimable para-—
:ietric funﬂtidnalf iz alse amalysed whon we have an lncorvectly
speciflied desiqm natriz. The results are illvotrated using

oxarples.

In chapier o, we consider & jore gonerdl detups. We con-
sider altcrnative linear motols (¥,%X,8,¥,) and (Y,XB,¥) which
differ in the cxpeciation as well ws the disparsicn ol the obaer-
vations, Such a getup was cousiésred by Mitra and Rae (1969)
with V, = I. UWe proceed to characterise natrices X and V
(non-negative definite) such that a glven linedr reprogentation/
sorie lincar representationfevery linear representation of BLIE
of every estinable parémetric fenetlional onder (Y,Kji,ﬁ1) is
its BLUE or BLIMEE under (¥Y,X3,V}, Here we den't leck for con-
ditions under which the BLUE*a under (Y,K1ﬁ,?1} iz an unbiased.
estirator or a TIWHE for the corresponcCing poranciric Tunetlonal
under (Y,X5,7), since these involve conditions en X only and

have been investigated in chapter 1. In the lust secetion of
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f
tad
i

chapler 2, we derive conditions for the oplinallity of BLLMBE's
Wwhon we have o Iinedar mofel with opecificution srvyors an the

e AL

6e3lpn natriy or dlspersion matrix or Wolll.
in ehaptor 3, we study the robustinacs of the TRT statlstic,
Mawo we Sosuws bhat bhe vonlon wvertor ¥ hag noliivarisic aorual

fistribotion. Tet 7 ho o pooitive detinite —adric and 4P be

w

vartor of estinable paranetric funetionals wnder (Y,Xﬁ,JE?J.
Suppose L and LV regpoctively denote the LET otatistics -under
(¥,%B,0°I) and (7,%P,0"¥) lor testing B, : af=0. In
sootion 2.7 we oblain several equivalent receusary and pulficlent
conditions for the cquality of the BLUE‘s of Al uonder
(‘Y,Z}'LB,:FEEL} ani (Y,Kﬁ,{f‘?v) zrd alse prove the ianteresting fact
that the equality of I, and L dmplies the equality of the
BITE's of &fF under buth the nodels. Chosh and Sinha {1980),
Sinha and Mukhopadhyay (1980(s) and (b)) and Khatri (1980) have
furnished neeessary and sufficicnt conditions under vhich the

IAT statigtic retains the same forn under varicus siructural
forms of V¥, posilbive definite. However, It is eaay Lo cbascrve
that even if I and L, are cifferent, but io mown that

Ly-L 2 ¢ (or £ U}, then the rejection (or a2oceplance) of Hj

"

uder  (V,XF, 07T) will inply its rojeetion (respectively

acegptance) undor (Y,Kﬁ,wgv} algo. In seciion 3.7 we derive
necessary and sufficicnt comiitiom:under which L, - L > G or
Ly = L & 0o The result derived by Fhatri (1980) follows as

corollary. We @lso provide & asinmple preoct to the rcoult obtained
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by Ghonh an? Sinha (1900). Illugstratirze exerples ere uloo glven.
In ssetion 3.3 wo give o ersur boanl for the IRV slutistie Ly,
legs we give an upper bownd Sor EI@»-IJ. "hig pives an 1ded 43
to how much the  TET  statisiics cin dilfure when thoey ars nuot
equels In scetion 3.4 we comsldsr the vodols (¥,K43,973) and
(Y;Kﬁ,wzi) and in seotion 3.4 wo conaider {T,K1$,d“1) 27l
(E,Xﬁ,ap?). In both ecases, we obbsin necessary wnd suificlent
conditions wnder whiclh tihce IAT statiotic for testing H, MERER Y
vhder the alternative wodel is the sane wo the WRT statistic
for touting H  under {2511¥,ﬂ21}. love 4P is estinable unier

both the relels and TV dio a positive doefinitc natrix.

The lagt chupter iz devothaed bto the study of the rovbustness
ol sotimators and btests whon we have a clacs of lincar nodels.
We coneider linear models whose deoign watricss are such that the
vector space spannhed by the colwms of the design matrix contains
a particular wvector subspaac ﬂ(ﬁ} whooe dlnonsion is less than
R{I)., BSuch nodels wers censidered by Zyskind (1969). We proceed
to chardcterise n.ukd.mutrices ¥ such thot overy linear repre-
senlation/sone lincar repregamtation of BLUE of X widar
(¥, %F,V¢) comtinues e be its BIUE under (V,XZF,V) for every I
of a gpecified rank satisfying W) C MED. Iln seelion 4.3, we
congider design natrices X of a specified rank whoze column
space comteing M(T)  and whosc row spuce contains ﬁ(ﬂ‘), whers
4 is a pgiven non-null natrix. We charactoriss n.n.d. natrices

V  aach that for every sueh X, every linsor represenbtation cor
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some lincar represcntation of BLUR o a4 11,11&(:I*I (E’,I{E,‘!.H}
condinues o be ite LT weor (F,NEVT 0 uitc.  Suetlon 4.4
deals 13t the voeriance conponanbs Tolll wnd the cowerianec
compononts netel, YW Jblein condillions wiflor whick X adeits

s BLUD awler sush & podel for cwory 4 oY o opecdiiod runk with
L (m - MO or aP o zdedits o BIUE andor sueh oa nodel Tor overy
X of & spreificd rerk with MUY C MOO amd M) CME ).
In the lagt nzetion we consicder thoe sctup dogeribed in accticn 4.3
antd study the robustness of the T9T stotistic for Lesting & hypo-
thesis H ¢ Af = U. Here we aussizie nosmality of the rindon
wettor Y and the prohlonz considered are sinilar to those taken

up in seetlon 2.2 of clapter 3,

}E&i- ';"sTu*r
'ﬁ:"\ﬁkb"[’ﬂﬁg <7 ;\
%
,fb

L,P -4, APR. .l.sa
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CIADTER

SIMCTTICADICH VERIRS 1T DI Tw'8] oW MaThRiX

1.7 Statonent of thoe preblesa,

Mitra oowl Puo (9964) hove Lgvestisdiod the probloo of
robustnesse of BITFE g coppuwdbod mosr o dAncst mocol wdliho an
incoryeet Sonilen wohrix woswming that the dispersion wotrix ia
s°1, Here wo considor uliormetive Lincar redels (7,Z4F, 72 and
(Y,X3,V} which diffor in the oxpoctation of the rardon veetor ¥,
where Vols 2 Imown nan.d . wateix, Since wo don't inpese the
cocrdition of noneingelarity on WV, the BLUE of X,PF  under
(Y,X48,7) will not have u wnique lincar representailon, excepd
when R(?K?} = R(Ei), an poimted owb by Mitre and Moore (1973).
Rao (1971} and Mitre and Moorc (1973) hawve estiblished that every
lingar representation of BIUE of ¥, P wnder (Y,X,3,¥) can be
cxpressed as Xy {K,; By 37 X.;{“?“_‘L', where 0 is a g-inverc of
Vi ETTf; . Mitra and Moere (1977) hawe also observed ihat 6
could be choscn to be NeNeds. withoub loss of gonerclity. Hemee,a
specific lnear representalion of BIUE of X8 under (T,X48,V)
is FX1,G T where O iz & speelitfic, n.n.d.,  g-invorse of
¥+ XXy . In the suns spirit as in Mitra and Mcore (1373), but by
differcernt mothods, we obisln conplete soluticns to the following

problems 2

CProblem (1). What is the class of all medela (¥,X3,7) such

that a gpecific lincar represcniatiocn of BIUB of every wstinable
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pararctric functlorel "0 andar (Y fiﬁ,?E in {w) oo unblased

.A.!!"m- Gaun i
sativator (T (b)Y w #1ix (o) o LIMED e (1) o WLIMEE of o8

1130 e (Y’IL’ ,";_r) 7

frobles {2}, wWhat io fne clses of all nedels (7, X6V} such
thet 2t least one dinedr menresentation of 2WE of wrory ostinoble
piranctric Tuncticomid p'F umdcr (Y,X,8,7) iz (&) wn UE ()

a BOE (c) o LIMEE and (d) a BLIMEE of »'# under (Y,XB,V) 7

Problem (33, wWhai is the elaszs of all wodels (Y,XB,V) such
that every linedr reprosentution of BLUT  of every cstinable
perdrietric Tunetional p'F under (Y,%,B,V) is (&) =n UE (b)
a BIVE (¢) & LIMBE and (d) &« BLIMER of p'P undexr (¥,%3,7) 7

Ecfore pracceding Turther, we prove

leoms 1.1,1, The BLIE of X has a wdgue ilinear repreoscentation

under (Y,Kﬁ,?) if and only it T+ XX is positive delinite.
¥ 1
Proof I Supposc 14 and L.T are twe Mnear representations
for the BLIL of XP unler (¥,X#,V). %e shall show that Ly =L,
: ¥ ¥ i
T and omly Af Y+ XX is p.2.  Sitce L?Y‘ and  1,Y  are
AE's of KB under (Y,i3,V), we have

v . ma . T -
LJI'};L -k 1 ]J::‘}{. = J{ ¥
1 1
X Tfln.,izf_”l ant & VIha= 0.

From the above relations we gob
L 1 ' i
ITCIH > b SIS AYG S o ee(101.1)
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[
Mow 1T 7T+ XX 1o vede thel cloozrly,

H y

KR MO+ 230y = MGII T = MO )

and fron (1e1.7) 4t now 720 10ows that l.1 = Lo, whieh proves the
*ifY part.
!

i —in.
JIEL T A T

Conversely, il V+ 4o iz nwt pade, then HEITVE ) is
not the whele opuec and henee, we oo ©ind & nene-mdl ondrir X
auch that E{T (Z 2 ?T{l) = e Ghooge LE‘ = L1 + K. Then L"E #LE
snd LY is BIE of XP undor (V,X6,V), whenever LY is so.
Thns, the BLUE of X} doesn't hove a unigue Iinear representi.
tion if V< XX is nut Pels and thino prowves the *ornly it part.
Ropark Jel.1s Mitra and Moore (19/3) howe observed that if
E(TFK'L) = H(IJ'), then the BLUE .f ZP has o unique linear ropro-
gentation under (¥,X8,V). Fron the proof of leonma T.1.1, it is
clear that V+X¥  ig Pele if and only il & ('?.F‘?i*L'} = PL(K-L).

From lemma. 1.7.7 it 1o clear that if ‘?.ff?;I:?i% is pede,
then the three problons stoted above norge intc one. We also
observe that the three problens nerge into one provided it is
lknown that MOD (C M(VIZ).

The need for obtadning conditicns an’sr which the BIUE of
every estinable puranctrie functional »'f under (T,4,B,V) is
its DLIMEE wnder (Y,XB,V) arises because of the [act that para-
metrie funetionuls cetimeble wnder (¥,%F,7) nocd not be so

wnder  (Y,XP, 7). TDut #till, wo wunt the BLUE of p' B computed
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&

wder  (T,540,Y) o be an opiisel cetinator ¥ o FBoomdcr

»oTE W [ . E T T L e B ppmd e ariT i oy e Y 3
(F,5%8,7), nwwly, ata SIUE if '8 is cetiocble under (T,XR,7)

Senetines one it hoe intorooto’ only in Lnfoveonces
regparding o Tow estioable erfcolerdls Sumetiontls s not @dle.
TR

The problen of robustness oF 271" of o 2ubact of cobinableo paora~

rotric funeoticrnslo is studies in the luaot scehiomn.

we Wwill Jonote

I'or motrices Kﬁ and X,

D=¥,-%, % =X and %=X .

Te2 Soluticn to problern (1),

We first prove on @lgebraic lerma which we nced in the

goguel,

Leswa 1.2.3. Iet 7 be an nanule natrix of crder nXn, Xy
be @ nmotrix of order nXn <cnd G, 3 Specilic Nel.Ce geinveroe

1
of V+i%; . Then there oxists & nomeingular natrix T ol order

nxn ond an crthogonel rotrix @ of urder nXan  such thot

o
+!
—r
~
-
!
Lgu}
,‘t.
=
>
o
[
;1
H
H

i 9] {3
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g\:l“ L L £
c=1"1 )¢ An G| o7
¥ 0 3

i

wvhore g and Ay, are lagoned Dale matricon, S 18 Il
and Avgooand Iooawe of the sime omiels

§ 1 .
Propf T Sincc 1{1}’21 ord Ve }{“'1“‘"‘1 are both nen.d. and sinec

ﬂ(}f_.]}{,;) C ﬁ{"iﬁ'-r}i,{;}(;;}, there oxists a nonginguluy notrix  f 0 such

that
1 0 0
i
K1K; . o o ol T am

{ i o

r'11-1 D D—l

T
v+xix; =n 1o fp 0] T
| i T ¥

oL

where g and A, o dingonnl pld. natrices {suc Ruo and
Mitra, 1971, vage 121}, Conoaler the sbowe represcutation for
V«—}L!}E; » Then € ip an n.hed. g-inverse of V+}£1?~T; iT en
only if

”1_1 0 Ry
-1 . -7
=7 {1 4\2-1 Ry, i 1
¥ 1y R
_F1 RE 3

T . e .
whara R1’E2 axnc Rj CAN L E S’LlGh that R3 - Ha; AN -:EH-I “ﬂ,—;; LAY :’Ri e s

L. e
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0 ¥
I 0
L
3131 =T ¥ s
o o
T.T*X.E}:.i = ¥ O _,‘.'-2
o0
.‘ =1
3 =7

where. 3 ia n.n.d.
Wow
¢
K1l1 = I i} {3
O ]

- 17 -

e o] 1
\_:1 O i
.] V d
=] g s1 1o
.? g
R R
N
-ty
- Molis | and check that
1
0
¥
(} T
¥
¢
. T .
0 P and
()
0 0
LIS -l
() 5
appP =

]

o

#i ":.i

Fiqt

i ,«’H o

K

~1
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there exlstg an orthogonal noiriz  of oreer mXn  guach thad

{Sce Rag and ¥itrs, 1971, page 17).

Thias conpletes the prood of lemg T.2.7.

Remark 1,2.1. T -in lema 1.2,1 can be chosen such that A -1

ig of the fomm [?' “] , whcre /A is a diagonal p.d. nairix.
SR

The tollowing theorem gives a solution to the problen (1)
(a) and (b).

Thegren 1,2,1. Comsider the linear nodels (¥,X,#,V) and

(Y,:{B'T\r) &nﬂ 1@1: G be & given nqﬂiﬂ-- {*,‘—J.IIEF@X‘SE of "I+X.§K1 »

Phén

{a}) +the linear representation By oY of BLUE o7 X8 under
-l ] ¥

(Y,X48,V) die unbiascd for ¥, under (v,XB,7) if and only if

41'{-} }JJL 111(1'§2l1)

whore A iz arbitrary and

(n) F

ia given by (1.2.1), where A satisficg the condition

TGL _ ] X
¥ 1 C e 1 ‘
= . - .
i) (1“311 ,G- YA

or equivalently, & eatisfics

Y io BLW® of X;P under (Y,XF,V) il and only if X
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= 0 for sore B, *)

~ Py o RUETTGA TR
arbitrary bul fixed g-inversos of Xy .
=, where D =Xy;-L.

i k)
< == 4 1{- f:' E iy

o -[, 7

o ==> - = (:1 - ) A SRy Felrals
.-’-..l’ﬂ ] e

This conpletes the proct of {a).

Now’
PR1;G'Y is BWE of X0 under (Y,#P,V) i2f % 1s

given by (T.2.1) and further

V7 =0, where % =X

T
Yy
We observe that M(VEL,) (C M&y3, sincs,

- (LY | IR I . v o
VGK, = (m.,lx,liuﬁj - RyXqGXy =1y XK Gy s

How,
™ rE o= O
%06 Y s
¢ w= :{;mrz = 0

Premaltiplying bath sides by (I - 3’?1 o Y and using the fact
h 5 )

M(vex,y C My), we see that the above equation holds for some

¢ if and only if
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Py
e
|

v (,Q-ZT = }{_1 ¢ and
0 ={I-% , 3 Tfor sore C
J:‘:i.vi » L"
ki e )
¢a=> M . ;.
R (- O SR A

Forther, VGay = i,C
=y O = XLVEG (lui"f??iq}lﬁ , where B is arbitrary.
Substituting this expregeion for C in
0 = {I-PKT,G YAC, we got
(I- %{1 G )i (XJvedy + (T-XE0B) = 0.
This conpletces the proof of (b).

Remark T.2.2, The equation

(I-F

X0 Ya (:ﬁ;,l-"-mx] + ﬂ-—-ﬁ{lﬂlﬂﬂ) = 0

is consistont in A Tfor every B. Conoider the sot of solutiona
for A in the above egnation for overy fixed D. With A
obtaincd like this, the class of design matrices X for which
x

?,GI iz BLUE of A,F wunder (Y, X#,V) io given by

X =}Z1+(I—I?K1 }FP

'Y

Corollary 1,2,1 (Mitra and Ras, 1969).

1t in theorem T.2.17 V=1, thon the BLUE ot Z,P under
(v,2,F,I) dis its BLE wnder (Y,ZF,.) if and only if
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X =¥, {I-5, 14 whure A satlisfics
; JA L 2
i A9
Py i . - o
B A’ (L - _ka}f1>} =0
- ' . ..,.i — -
Prgef 4 10 Y=, then 0 = (T WyE,) and . . o= P,
P 8 e 51 ¥ 1 1 sg...j ¥ rl ‘jfln-l:l

In this cuse, the conditions in thecren 1.7.7 roeduce to

o= Kjﬂ-{1-P? YA, where 4 gatiafies
..";1

rex Tk
M Nocwu !
= Lod ~=La-ra

- 4 bl . g W
<s=> (X flua (I-Fp 3 =105
(use the faet that 2'Ey =0 D a’GK1==O);
The corcllary is thus establiched.
We shall now obtain solutions to previen (1) {e) and (d).
We sltate |

Lerma 1.2,2, Fey any vector =cRD, let |lz HE = z'M=z, where

¥
| ]
M is an n.n.d. metrix. Then a linear estinmator £ Y is LIMBR
of a paramctric funotional p*f wwder (Y,XP,V) if and only if
KK A = Bp
and £ Y is BLIMIE of p'F i7 and unly if
R L = WD
and VAL ¢ E‘E{}U
The proof of the lenma, being straightforward, is omitted.
From lewma 1.2.7, 1t is clear that if M is p.d., then
£A'Y is LIMIE (or BIIMBD) of p'® umder (V,XP,V) with respect
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i
v}
(g ]
i

7 ¥
to tho norn defined as || z|]” = g,“{;“ if and only if A Y is
3 i
1.7 o

WHBE (respoctively DLV of 378 anier (4,0070,7) wath

)

respect to the norm defincd as |z Ii2 = g'z. leneo, from now
onwarcs, whenover wo cpsak aboub IlffL:r or HLIMIE, we will be
considering only the case where the norn delining the bias 1ls the
Buclidean norn, since it the norm is defined threngh a pooltfive
definite matrix M, we can bring it down to the ense of the
Tnelidean norn by means of @ non-singulusr transforration ag

described above. We now prove

Theorem 142,2. Consider the linear medels (Y,X,#,7) and
(Y,X2,7) and let © be & given n.nad. geinverse of V= XK .
Congider the represcatations of Xy, TF+K1K; and ¢ as specificd
in lerma 1.2,1. Then (a) $he roprescmbation p*(X,G%,) X0 of
BLUE of every estimable parumetric functional p'd  ander

(¥,%48,V) is its LIMFE wnder (Y,XP,V) if und only if

) Gy e,
D=1 |7 3, Eg o ed1.2.2)
FE £, IF'_-,SJ

where, I 1s an arbitrary n.n.d. matrix with cigonvalues in
[o,1], ©y and C, arc arbitrary matrices satiufyling

0104+ CoCy = D-B° and By,Hy,T5, 48,7, amd ¥y are arbitrery
matrices satisfying M(RyEgE,) C N(B ! Cy I C,) and

M(PyF5¥=)  (C a(B 204 £ 0y) and (B) the representation
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PN RN ST . . : — ;

> (31511} X% of DUE of every cotimable paranctric Tunctional
§oa L I T . = 3 - et ] TV 3 .

pld ander  (T,%.8,¥) is ilbs BIIMIE uwnder (Y,%#,V) if and only

it B ia as given in part (1), whevre T  is chosen &g in

Cromzik 1.2.1, D ois piven by

- F“H Byo
Lo Byo

with (I-Dy)~B, (1-3B,,07 By, b.de, By, being the top left
hand corner submatrix of B having the same order ag that of A
in remark 1.2,1 and M(R,IE,1E;) and M(F,iF,iF;)  are also
gubspacea of ﬁ{ﬂ;:ﬂéiﬂé)‘! Uy,yli; and Tz belng arbitrary

watrices satisfying (I-3)0y-0C40;~ Collz = 1= ;1“'

Proof ¢ (2) Trom lemma 1.2,2 it follows that for every estima-
ble p'F under (Y,X;2,V), its BIUE p*(}ic;;;ux,]}“ %=:1 GY ie its
IIMBE under (Y,XP,V) if and only if

¥

1::@:'@:@:1 {I{;rﬂii_"lij - :{:»:.;

<=> ¥ g, = 0
. | K 0 .
{== 2{1 {EDXJ] = }3-1 G'w]]‘ lum(1 iEiB}

wrdte  TTRQ =T e [Ty Ty T, wheTe the
31

rartitioning is olcar from the context. Using the above parbti-

k|
tioning of T 'DQ and lerma 1.Z2.1, wo sec that (1.2.3) holds if
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and only i¥

al T * NE r:1v o )
T'l'f = T"}‘IT'H * ['1E’T‘]E' ¥ !“‘?3"‘13 wee(Toled)
[ T k .
o % ' ¥
sl 0 o= TeaTan e Taatan 1 DT 246
;...ETII}L E' Asa T.I-ga_jai v .i 124_32 t qujjjj iii(14w.ﬁ)

(1e244) holds iT and cily i¥ Tgqg = B, Tqp =0y and T4z =Gy,
where D is nenede with eigenvelucs in [0,1] and € = (C,IC,)
is such that OC = B-T°. (1.2.5) and (1.2.6) hold if and only
if Tgi = Ei and 1{131 = F‘i 1 =1,72,3 uhere Ei and E'i are ag
apecified in the statenment of part (&) of the theoren. The proof

of (a) is now conplcte.

(b) For every estimable p'f wunder (Y,%,8,V), its BUE
p' (L;¢®,)” X,6Y is its BLIMIE under (Y,X3,¥) if and only if

T

1

¥

7 I
1 DD

L]
ard z'vsx1 =

==> MVOX,) C M(Xy ~D), where D is given by part {(u)

{amay U g G = - 'F.'-LI -E5 —-wE-_ﬁ_ 3] enal1e2aT)
O O o - F1 _FE —:l.‘t;c’,

bl
for some matriz U, Iet (U;U,lli) denote the first x
columns of U, where =z = R{X;) is the order of 5. Then (1.2.7)
holds  if and only il

. S -1
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Ry T . -+ T'-‘-. T1.- =
-LHE-[]‘JI 4 _1-2,_:'3 H}Uj

and U, + B0, + .0, =
i i R

“hoe cguation (1.2.8) in

E‘(;}; “.,sx..j'q 3 MY

f 1 ?E Y
Let A = 1
B i f\lz _,.J
| [ B11 3Byo
I = ; .
L P2 Bop |
whore x’\ﬁn and

in remark 1,.,72.7. Then we have

I-—-r'\..E_T = {"\.T—I)J\;‘} =

':j “ -4(1 ")-L‘j}
1:' -v:{-lrgi‘lu)

sea{1.2,11)

- and

Dyq  8re of the sane order-eqnal to that of A

Sa O "I o T;:{I o :!
oo 0 ;\ 5;,
A
My 0
L0 0

AATY 1s @ ped. metrixoand (1.2,11) holds if amd only if
Mo Cu k “ eee{142412)
0 - By I-3g
o (I-Byy -Byp | [I-Bgy <Dy R 0
UW, E q - ﬂ i y - ¥ i
~Brp 1-Bps | =Byp L-Bgp 1] (T-Bppd™ Byp 1
- . ) - - ' -
G Bg) = Bya(I-Byp)” By By
=< 0 I-BEE
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Henco it follown that (1.2.17) holda if and oniy if

- i - - . - = ~
{I-—D11) - ﬂ12(1"ﬂgg) 34 iy pel, From (1.2.%) and (1.2.10),
1t follows thut =g, Ho, bg, i,y wnd Fg satiofy the conditions
gtated In the theoren and this conplstes tihie vroot of thooren

TaZals

menarl: 142,73, In thooron 1.2,2, we have encouwnferud a matrix

| .. B
Hp DBpp U

with the propertice 3 and I-13 are .i.d. and
(I -Bﬂ)- E‘IE{I - 3322)" B“IE i3 pled. We 3hall give boelow & class

of matrices which satisfy the above properties.

Since we want (I-Byq) = ETE(I—EEE}' N2 to be pad.,
I-~044 1itself should be p.d. and since I-3 ia n,ned., I-Do,
i3 3loo  n.n.d. Honee wo can write

“:!r : G q
B,o =1 i k
11 o o

and B, =T [0 T 0T

Ke o 0
where R and T are orthogongl matriccs and Ay and & 5, are

diagonal natrices whose diagonal elenents lie in (0,1}, If R =
(R-] :HE} and T = (I?I»i . rrg M T5}, thon we can write B'IE = Ri;ﬁT; .,
gince E{DTE} is a subspace of M(3,,) and MO - B'H) and

g(n;;_)} is a subspace of M(D,,) ard M(I~-D,,). Since we have
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chosan  siss  to be Mend., 3 i n.nld. If and only if

5
E-]T - D?E;.E'r-)-;,]j ) QR ll-h*ﬁﬁ

£l S “1 i e
T B - o o 5 15 faTielia
3 l
T ] il
&= I -y 86 5 5 i;a-_I“ 18 netlsila

(1 -0y Pyl ~ 12.22-)’1313_, is p.ds if and only i

-8y 07, 5(1-5,)0718 o] .
R R - R 2 R iz peds
G L { 0

-¥

(== 1 - {I*&?) S{lm&e)ﬂsnfilmﬁ?l‘-—% ig pade

Thus we want to characterise S5 so that

-1 1
I~ /gug;f"'“ f1‘~1 '/2 iz n.n.d.

1 1A
and I-({I- eia} /ﬁ%(I- )'1 {-w.&T) /"" iz pede

Iet &, and A, dencte the niminan and oavimurm of the diagenal
oloments of n4 o and 5y and A, denote those of A 5. TFrom the
choice of A& ;7 and g, it is clear that 0 < 3; < 1 and

0< A €1 for 1=1,2, Then,

1 A .

a7 Psazis ] P ¢ ategt s n@,

where for any matriz M, M1 z1a {?ea?im:-& ag  |IB]] = | qtﬁp ilMsHP,
2

T p €=, Hense M we chowse || S H < 8;5,, then.

I'-L";,;}%S&E‘Tc«um ﬂ}/‘?

P S 1 iz Naliall &

9 . -1/ 5
H{I-ﬁk.!)*/?' S(I- ,.-{}.2)'“15 (I-047 % I € (1Hh1)‘1(1_x2}*1 (8 [|2.
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3

Hemee if we choasc {} 3}1" < (T- ) (1-35), %hen

14,
=7

A
) /ci'i(lw.;‘_'f.z}_j

T
1~ tbwéq 5 (1_a$1‘ 13 Talle
Thus, & class of mitrices ©  with the desired propertics is

obtained by cheouvsing & ooach that

|

¥ .
BT <nin (558, (120 (1= a0,

_ £ 0 v .
Corollary 1.,2,2. Iet ;5{1 = R [G G :l ¢ bhe the simmdar value
decompooition of X;. Then,

{(a) the ELUE of evory cstimable paranetric funntional uander

oo
(¥,X43,0°I) is its LIMIE under (Y,X$,o°1) if and only if

aAn L0 ‘ _
o =H ) Q :v&(Ti‘?lj'ﬁ}
Eq P

where B 13 an arbitrery nen.d. natrix with elgenvaluveg in

, . - eqs o v 2 . .

L0,1], ¢ io any malrix salisiying 0C = B-3°, anl E; and
L]

E, are arbitrary matrices satisfying M{#y :EE.} C N(p o).

(v} the BLUE of every cstimable parcnetrie funotional under

2
(¥,i4F,0"I) 1is its BLIMEE under (Y,KB,GEM if and only if D
ig as given in part (1), whore the eigenvolues of B 1lie in

1 v -
s alzv @ subspace of W(Uy UL}, U,

o

[0,1) und M(¥, 1E,)
ard U, being arbitrary nutrices satisfying

3 o
T-BIU{I-a")-CU(1+27)=1.
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| B FL 0

Trout & Write =W o  Thon, }Li = T ' e}
1 L

and part {(a) of the coroliary foliovws Lrun part (&) of theorem

Te2e2s  Wo can write

BT E T s : .
1+348 = F i © which is 2 ped. mutrix, where

o~
H B

Ap= A7°0 % and A, = 1. From part () of thooron 1.2,2,

it follows that T -B ohovld be p.ds or in other words the eigen-
values of B should Jfe in [0,1) and U, and U, should
gatisTy

-1 . .
(I~BU,-0CU, =1 =A== L1 N)
¢ (T-B (T n™) - T A% =1,
Thiz preves part (b) of the corollsary.

Remark 1.2.4. Theoron 1.2.7 gives an oXplicit characterisation
of design natrices X for which & given linesar rupresewtation of
BLUE of every estimable paramctric {unctiomel under (V,X;8,V)
is'dorfcspanding-LlMBE {or BLIMER} under (Y;Kﬂ,v). Howewvear,
given twe linear nodela (¥,X, 8,¥) and (T,40,V), in cvrder to
verify whother the linear represcmtation P§§K;Gﬁ1)- X;GY of
BIUE of every cstimable p'fF undor (¥,%,3,7) is BLIMEE under
(Y,X5,V) one nesd only voritfy the cénditious

T o #
}{_I GIIT.:{1 X GDn

and 2 VGX, = 0,

Ti


http://www.cvisiontech.com

- 50 -

1.5 Selution o »reblonm {(2).

The elass of 211 linotwy swedels (0,48 ,¥)  which scatisfy
the conditions fven in nroblon (2) is precisely the union of
linesr nodels  (Y,7R,7)  whieck astiofy the condilions in problem (1)
the wnion keins tallen over all nened, g-ioverzes of H*Fﬁjﬁii
Hewever, given X, one duos not know from the above whether there
is atleast one lincoer represewtation of ILIE of avery cotinable
p'# under (Y,%,8,V) with the desired optinality condition. We
give below several methods for finding this and alsce obtalning
gne such lincar representation whoenever it oxioto.

We state a result of Mitra (1973) which we need in the
sequcl.

Lopma Ta3.1 (Mitra). fet 44,45,8;,B, be n.n.d, matrices. &
neeeasary and axfficient condition for the c-naistent couations
H1WE1 = G1 and A,WB, = G, to have a common solution 1s
Aiiﬁ1tﬁ2)” CE{B1+32}— Ly = i;(i1wig}* C1(E1+EE}_ B, in which

casc, & general solution is
W= (Aqe4,)" (c;ﬁ*aﬂ.s«ungj {?51;;-12)

v U (A edn)T (g +as) T3, +35) (By+Bo)~

where U dp arbitrary, R and 5 are crbitrary matrices
satisfying the equationa
Ao(agedo)™ Ro= Ay (ageindT Gy,

R(By+D,)" Ty = Cq(By+3,)7 Dy
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and ;l.i (;11 +h,)7 B

k-
poct
-
-
™
!
—
LER
e
[
L
i
ha
b
b

S(B4+D,37 By = OLBywig)T By

At least one linear roproscatetion of the HLIE of X0
ander  (¥,2,0,V)  is unbissed for Xy R wnder (Y,3°,7) 1Y and
orly 17 there sxiots o, & g=irmverags of ?*rﬁqﬁ% satisiving

h

K1GD w {3, which ig egwivalent to demsnding that the cguations

K,.l:{; @D = o
[ ] t(‘l l3 .1)

R 8 .
and (V+K111)G{?«£1X1) = v+x1£1'

should have & cormen solution in G, which cun be verilied using

lezma 1,347

Similarly, in crder to wverify il every estinmuble parametric
functional under {?;XTB,?) has ot least ogne linear representation
for its BIUE under (¥,XyP,V), a LIMBE under (¥,XP,V), one need
only cxamine the consistency of the equations

i i 'ws“i-':vm .
}'i.,if.!{}_[}h X & 0

i‘l«»‘.(d} -&3:2)

ard (VXX GV K) = Ve Xy o
Ta exanine if at least gne ldnear roprescotaticon of the
PLIE of every cobimable parfmetric funetional under (Y, X4F,V)
ig also its BLUE (or BLIMIE) wder (Y,XF,V), in addition to
extmining the conaistency of (1.%.1) (respectively (1.3.72)), it
is enough tu check the condition X,6VZ = 0. Iere & is any
a

¥
g-imverse of ¥+ i,¥,, since X, ,(77 1o imvardiant under the cholce

of g~imrerse ol ver1K; .


http://www.cvisiontech.com

The procceding dizcussion suggests o nothed of yorifying
whothey the requirsmomis stoted ia probler (2) are saticfioed for

two given lincsr modcelo.  In whet follows, ws mhcll nregeilt

.....

et T be an nX¥n wedasinguotar metrix oand 0 be an

nXn orthogonsl matrix such thai

I 0
¥
o o o
nq GD 1
E.I'id 1}*‘]{1 K; = Ij Ei _!'\‘\, r:-f C) Ei -k W {1 -3 04‘)

where M g and 5 2rc disgonal pe.d. matrices., We now prove,
Thoorerl 1e3ele Gonsider the partitioned fernms of Xy and Vi, ;
given by (1,3.3) and (1,%.4). Then,

(2) at least one lincar represcentation of SLIE of }{15 under
(v,%40,7V) is unbiseed for X4 under (¥,%,7) if wnd only if

"1 Tez T3

:D - P TE‘I TEE J‘[“IE,% Qr‘ tti(1 03'5)
T31 T3z T3

(p) at lcast one linear reupregentation of BLUE of }i.iﬁ ander

(Y,X;#,V) is aloo DLW of X4F under (Y, %f,7} if =nd orly if
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I is given by (1.2.5) cud (1.5.6) with the fuwrther condition

aq L7 T, Toe |
¥ !— i Jc f 27 oo (1.3.7)
i—-)’] (k‘]'l} '3?1 T";;;J
Pruut o _ ’
BRI
Let T7DG L

1t
=
!
3
0
Py
3
£
i
=3 =
Tl
o of WH bkl
L

~1
and =2 (o A7 B, | P

T

,
R, o
_‘I 2 at

B

where S—H;;"\1R1 =-R;-3 foRs  is men.d,, be any n.n.d. g-imverse of
Ve K,I'XZ; . We want conditions on D such that }E:FGD = 0 for some.

n..d. g-imverse € of V+ XX,

& S f\?ll T‘l‘l + }"11 T,},? = .
-1 o n ‘
:““31 Tyo + R“i Tgo = O
and f\§1 Tys = Ry Tyy = {, for some R4

(= Mgy Ty iTy5) O MlTsg 805500550
‘witich proves pert (u).
Now wo want te obbain conditions on "D such that
R(VZ = 0 or equivalently
M(Vex,) C MKy -D), where D is given by {1.3.5)
and {1.3.6)
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«-r(j ,3;"3)

argl G = Doty ¢ e v Tgsitg see (14700

Tor some Kq,X, &nd @s. Usirg (1,3.6) and (1.3.10} in (1.3.8)

we get (Mg =104 ;1 = ¥, . funce (1.3.8), (1.7.9) cnd (1.5.10)

held if and only if

? Tog (g =1 y [Top To3
T4 (Aq=-1) - LTB:;_ T=s,

which pruvbs part (b).

Theoren 1.3.2(2)The conditions (1.3.5) and (1.3.6) are equivalent

to anyone of the following i
(1) ME :0:0) CHE, VA iD)

o) uaE) ez im =io”

"5, V1 i
iy V] Vi Vi
(1i1) M[1.J=i+1l:f "jl.
R [ T 2y
(b} The conditions (1.3.5), (1.5.6) and (1.3.7) are cgouivalent
to anyorne of the following .
. % . 1)
(1) M, 101010 (CME VA IVEID)
(ii) g(:-tﬂﬂyg(%,i IVZ D) = %M—
£ 1
LR
7.V 44 V2,
]
(iid) M {2 V)] = M |Z Vi,
LD D 7,
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Progf ¢ I+ de foisly otey to esteblish the equivalence of (1),

- A"

(1i} emd (G31) iz theoros 1.7.0 10 o {0).  We 2holl prove (@)
by cetabliching the cgulvalence of {(1.7.5) ard (1.20.6) with con-

ditien (ii) in (a).

i

et L, and VXA, be ghven by (1.0.3) and (1.5.4).

Ther onse cheloo of 21 in

] & 0 ')
7y = P S '
¥ G 1
and then we have
0 O !

Vig = P |0 Ay O
G0 0
et T bo glven by (1.3.5) -3 1ot a = (a{ 35 ﬁ%)?e b =‘(b% b; b%)'
and ¢ = {c; 02 cé}g be any three vectors. Then
¥ Mz, 1 9) = {0} A0 and aaly 15 ¥ X2+ 74,b+ Do = O ==

Xye = 0Y vhich iz equivalent to requiring that

i
LR I s ©o S b LF31 T2 Y33l %3

]

=> a, = 0,"which happens if and only if
1 . . u

™is completes the proof of (a).
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Next we shall show the equivalence of (1.3.5), (1.3.6)
and (1.3.7) with conditicn (1) in theorem 3.2 (b). Zondition (i)
. - if _ :
in theoren 3.2 (b} holds/znd only it there cxlsts a rotrvia L

guanh that

L b )
L= X eaet 1311
E;I*ﬁ, s e {123212)
'L = 0 vee{T.3,13)
and VL = O evell.3e14})

(which 1s cquivalent to suying that 1LY is DIUW of X8 under
(T,%0,7) and  (T,%P, V). (1,591}, (1.3,12) and (1.3.,1%) hold
if and only if L'Y is a TWE of Xy¢ under (¥,X,6,V) ond is
unbizsed for X4f under (Y,%5,V), which, in vicw of theorenm

3.2 {a) is eguivalent to the corditions (1.3.49) and (1.3.6),

I o 0] o o

{(1,3.11) helds <=y |0 © CGlPL= |0 0 O L E . (123495
Lo o 0 G0
r*G ¥ {

(1 13‘12) hf}lds {m‘> o f:"\? O : P1 I = i n-:{1 03.15
¢ 00

(1.3.14)  holds <= MOVL) (C ME,~D)

A Y !_“-'11“I Tho Tz

for gome natrix T,
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[pg-T 0 ¢ (W11'1 he Tyz ]
¥
¢=> Iz ST Ioe Ty Dyy Iay | U,
L“ v 1 Ts1 Tza T3z
using (1.5.16)
If‘\.!—I i r_}_ I [W] L l_r'n..-] .E-—.I ’Y.] ;? TT 3
E
{ﬁ [-} { WA '.\:! {: {_} P L = TET TEE Tg'z} TJ
O 0 0] 0o Tsg  Dsp T3z
AL G O] Tyq-l- Tyn Tyyg
] 0} ) o = T;}T T?? TEE U--T ¥ uﬁirlg (1-3!15}
¢ ¢ Gl Y31 Tz Ts3
’ w1
wvhere U, = UD'
. CAL-D) _ Ty T
(=> M =1 1 - [ oz Moy » 171 view of (1.3.6).
P21 (Ag=D) ] | T3z T3]
The proof of (B} is now comploto.
. k
Tet V=« 11}{1 = ‘i E'i , L &N
i=1 :
3 i '
and ID = & & iEi , be & specliral represcntation of I
i=]

relative tog V- }1‘1-; ug defined by Mitra and Moore (1973), Let

G, be 4 p.d. m&trix cuch that e ig a ped. g-inverse of

. .0, a 10T I
i3 We now prove

t

- ¥ N ; -
TeXiXy Bnd E;GE,

Theorerl Tadasz. L&) At least one linear representation of BLUE |
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of Xy F under  (Y,Z,8,V) is wiblasced for X.p under (T,AE,7)
if and only il

K - .}‘i.! + {I - b I:,} }-:i » 'l,(.i -’3!17}

.ma.E’
where A isg arbitrhry and (b at lcast opne linesnr resroccentation
of BIUE of Kq doendery Y s V} Is alooe RLUZ of X“EE nreler
(7,23,V) if apd ondy iT X i given by (1.3.17), whore A4

satisfies

Vi X ' Z
0 L(I I":{1 .G YA
or equivatently 4 satisflies
(T.p, JALXT v39314‘(1ﬁx;x1)33 @ O

K10,

where B is arbitréry and X, is an arbitrary bot fixed g-inverse

of K1.

Pruof ¢ In vicw of theorenm 1.7.1, sufficicney is obvious. To
prove the necessity of (1,3.17), aszawe that there cxigis a

7 ¥ ]
g-inverse G of Vi X,X; such that X, (X,0())7 X6 is unbiased

Tor X4¢ under (Y,70,V), “hen it is pecessary and safticicrdh

that
}:; G = ] %
==> 1§;1R1K1 Ghi; = 0 canl1a3,18)
N’ hix"‘lﬁji = U (i’-—’?,z,,..,n), **t(-l-?’n?g}
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In view of (1.3.08), (1.3.79) and the tact that

LT T M % T"_r H o g I 1= kS ) ST = ‘
(B ) (O MOT w5 X)) oy 3 s 12 0.k and dgG 0 = O for

1>k, we gt

2

il i Ik i
DOoR,ELOE, a1 i oA, HECTEEIY
i.,_“] i{ 107 ¥ 1*_?}1:{1( Uli ]

(= I D =0 <= (1.3.07) holds.
This proves the necessity of the condition given in (8). The
necessity of the conditicn given in part (b) of the theoren is
girdlariy proved.
We statc the following lomma duc to Bhimasankeram (1976)
which we noed in the seguel,
Lemma 1,3.2  (Bhimasankaram) .

Iet A and B be matrices such that ﬂ(ﬁp) (:_ﬂiﬁi)-

individeally consistent
Then the/matrix equations 4W = € and BWk = F have & common
polution il and only if 4B  F= CE for some g-imverse B3 of B,
in which cass the general common solution is

Wa A" 0 (I-A74) B™ HE™ +{I-07 BIR +{I-A7 A) B(4~EE™)
where R and 3 are arbltrary.

We now prove
Thaoren 1.le4 (2) 4t least one linear roprecentaticn of BLUE
of X,F wunder (Y,XF,V} is umbiased for ¥4f under (Y, ZP,V)
if and only ifT

M) C HETe 23T - 207 )
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{(b) At lnast ove linenr represemiaticn of BLIE of ¥.3  wider

(1,£,8,7) is slso its BLUE wder (Y,%3,7) it and only if
MO (CHT - XX T - 1))
where M o= (L7 )ve,

Eroof 1 (a) ue waat toc obtain conditians under which the

eqiuationg

t

and  (V+ XXV X)) = 7+ X Ty
have a common svlution In G. Fow
-ZK.;(}'JJ = O L= K;G = K(I-DD') tor some K. MHence we want condi-
tions under which

I{;G = (I -DD")

and (7 + XX 0+ Ky 7)) = Ve ::;11{;
have a coprion solution, Using lemma 1.3.2, we sec that the
required condition is

Xy = K -DD")(V+X,%.), for some K

<==> M(Zy) C M7+ L (T - DD)),

This proves ().
(b} Here we wont conditions wnder which the equations
X0 = K(I-3D%) e ea(1.3.20)

}{flf:-vz e ceo(1.3.21)
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t w3 ! .y N !
and  (V+ EE 000V X)) = T ity cee{1.3.22)
nave @ cowmon solublon. Uning (1.3.°0) and criting (I-ID7)7Z =3,

we got from (1.7.21),

o= T{I-T).
Herice 80 = TEARCE -7
= T(T-ifo TDTY . cee{1.3.23)

Applying lemma 1.3.2, we soe thet (1.3.22) and (1.3.23) huave a

common solution if and omly il
MKy ) C BT+ X,Z) (T -1 - Dp7)),
This cempletes the proof of theoren 1.3.4.

Remarikt 1.3.1s The g-inverses G of VwVK1K; , Tor which the BLUE
K1EE;GX1)” X;GY of X,f under (V,%,8,¥) is an unbiased egtira-
tor (or « BLUE) of X4f umderw (7,%6,7) cun slsce be obtéined
woing lomma 1.3.7,  In fact theorems 1.3.1, 1.3.2, 1.3,5 and 1.3.4
not only provde & method of verilying whother there exigts &
linear representution Tor BIUD of K¢ under (¥,%;8,¥) which

is an unbissed cobimater (or a BLUE} of ¥4F under  (Y,XB,V), but
also ouggests & procedurc Tor construeting such a lirnear represail

tation whenovor ane sxisis.
Romark 1.7.2. The conditions given in theorcom 1.5.2 and 1.343

are analogous to those given in theorem 3.2 and 3.1 respectively

in Mitra and MHoorse (14973},
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Rerark 1.3.2. The cornfifians slated in thoecren 1.3.7 or ihe

ogadvalent condifione states In thoerens 7,707, 4.
Five necessery and sufficiont conditions for the oxigtence of a
g-inverse G of ?4—H1K; such that tor every estinoble pura-
metric functional p'd, its DITAM pi(E;ﬁK1)_ K;SI upd or

(T,Z48,7V) is wn unmbiusged cstinator or o PIUE of 2'8 under

(Y, X8, 7). It is imberzating to uoto that the same conditions are
dlso necesgury and sufilicient for overy estinable paranetric func-
tional p'fF  mnder (Y,%;8,7) tou have a linear representuatian for
its BLUE under (Y,X8,V) ({(not noccasurily cevined throogh the
gapne g-imvorse G of Vs K.I,K.;) an unblianed estinmotcr or a BLUR
of p'BF under (Y,ZE, V). To prove this, observe thut every p'F
cstimable under (Y,%,8,V) has 4 linear repressutabion for its
BWE under (¥,X4#,¥) which is an unbiused cetimator fur p'F
under (Y,XR,V) 4f and only 1T for cvery g::ﬁix;}, thare exisls
a vector [ ouch that X;f = p, Z;V€ = O and D[ = G, which is
equivalort o the conditions given in thecren 1.3,2 {(a). A
sinilar argument applisa to the comditiona given in theorem 1.3.72(0
8lsu. The sana observaticen helds good Tor the sclubivns obiained
by Mitra ard Yoore (1973) in thelr theorem 3.1 and theorem 3,2,

though this fact is not stated in their papor.
Wext, we shall obtain golubions to problem (2) () and {d4).

Thegren 1.3.5. (&) At lcuast ecne lincar representation for BLUE

of every estimable paramwetric functiomal wnder (¥,%,3,V)} is its

LIMEE under (Y,XB,V) 4if and only if any one of the Tfollowing
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. A3

equivalent conditions holdo I

(1) SO0 Toto) (MO TRy L)

(11) MMz, 1y = io!

E2kS N _.]]

(1i1) Ml = s
- L - |xo'z,

and (b} @t ledot one lincur represewituaticn Tor BLUE of every
estimable parameiric functionsl under (¥, %,3,V) 1is its BLIMBD
wder (Y,X8,V? if and cnly if any cne of the following equiva-

lend conditions holds &
(L)  M@Eyto0r0i0y (M, VI IVEILE)

(18)  eE(Mvz, rveim ) =4o;

1 o -
(11) M2 T|=M |2 VI,
{xn’ KDiﬁiJ

Theoren 1.5#5 iz proved in a stroight forward nanner applying

lenmg T .27,

How let  VeX Xy = 5 %, kKEn
11 . ¥ =
i=1
L] 11
ard X = = _?LifEZ be 2 spectral reprosontation of
i=1

[ L] 7
DX XD relative to ¥+ IL,K . . Tet G, be pogitive definite
g-imverse of V+ XX, satisfying %, G I, = 6;4E; » The folloving

theoren gives an alternate solution to problem (2) (c) and (4).


http://www.cvisiontech.com

- AL -

Theorenm 1e7.0. At Icast ome lineur representution for BLUE of
e G e o . T . PO A SR LI LT oW :
every estimable popdnebyic Junctionsd o/ unler {£;ﬁ19,¥3 is
a4 IIMIE (or BLIMIZ) for '3 uamlor {Y,KE,?) iF and only i its
¥

BLLUE p’(¥2G0K1}"‘X?GGY wnder  (Y,08,¥)  in a LLMGEE (respectivel
BLIMIBY for p'F wder (V,X0,V).

The procl ol thoorerm 1.3.6 io sinilor to thoat of theoren
1347,

We give yet another solution to problem () (e) and (d},
similar 3o theorom 1.5.4. The proof proceeds along the same lines

28 that of thesrem 1.7.4 and henee, is wnitied.

Theoren 1.3.7. (&) At lezot one lineur representoiion of BLUE

of every esbinable paramctric functional under (Y,K15,?} is its
LIMBE under (V,%R,V) it and only if
. o LN
M(Z,) CH@ Xy @~ @Ox X))
and (b} et least onc linear repreasatatlon of DIUE of ovory egti-.

mable parapetric functional wnder (Y,X8,V) is its DLIMIE under:
(Y,XB,7) if and only if

M) (C MO s X)) (E~ ' - (DX DX 7))
where M = (1-—(311)(3ﬁi}+)?E .

Remark 1.3.4. Theorens T.3.5, 1.3.6 and 1.3.7 also provide a

method of constructing & linezr representation for DLUE of every
eatinable parumetric functicnal under (Y,Z;F,V) which satlefy
the conditions in prublen (2), (o) and {d) whenever cne such

linear represontation exiszto.
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Remarl 1e3e2- The crgauents given in ronurl T.2.7 apply to the

results given dn thecrena 1.7.5, 1.2.6 wnd T.5.7 2lsc.

1.4, Seglution to problom $3).

VI oprevo

Theorom 1.4.1 (2) The DR of Xq¥ wnder (Y,X,8,V)  drrcspective
of its linear represcotation is nmbiased tor I,F  wder (Y,X3,V)
if and only if

Xoe Nq o+ VIah cee{1adel)
where A is arbitrary and (b) the BIUE of X,F under (Y,K1ﬂ,?)
irrespectivé of its linear repropontation ia its DBIUE under

(Y,XP,¥) il and only if X is as in {1.4,1), where « satipfies

M T , or gquivalently & ocatisfles

i - L73h
VE A Ve, + (T -X5 X0D) = 0, vhere G is any g-inverse of
V+X,X;, 3 is arbitrary und X is an arbitrary but fixed
g-inverge of L.
Proof ! (a) Every linear representation of BLUE of X.P uonder
(Y,%,?,V} is nmblased for X,f under (Y,X5,V) if and omdy if
K 6D = € vra(10442)
for cevery g-imverse O of ?4*K1K;, which hippeng if and only if

-0 = (T+X%)K Tor some K.

Hence, from (1.4.2), we gmet K = Zq4 Tor some 4 and thus
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£ = Ay v VE;4, vinlch completes the prool of (s). Proot of (b) is
ginilar fto thet of theors: 2.1 (1),
Now consider the repvesentations (1.3.3) ard {(1.3.4) for

5
7y and Ve XgXy respectlvely and let T be chosen in such 2

way that
ANy -1= | can(Tedst)
' fo o

where /N i3 a diagorzl positive definite natrix. We now prove
Theoren 1.4,2.8)The BLIE of every estinable parcretric funetional
~under (Y, X4,B,V), irrespective of ite linear representation is
its LIMBEE uonder (Y,XB,V) 4i7 amd only if
1: S R
D =P E

|

7 B, Eg|Q eealToded)

{ Y/ i

where B 1ie an arbitrary n.n.d,. matrix with eigenvalues in
Co,1], €4 and ©C, are arbitrary matrices satisPying
Glﬂi* GHD; =D-3 and By, By, By are arbitrary mutrices

satiafyling
1
M{By T, E5) (L H(BICyi0,) and

{b) The BUWE of every ecstinable paranetric functional under

(Y,X48,7) dirrcspective of its lincar ropresentation is ite
ag
BLIMEE under (¥Y,X8,V) if and ovdy if D is/given %1 parts (a),
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[3.. By
where B is given by B | swith
L31; Aua
(I-By ) = 3,5 (32,07 35, posltive definite, B,y Deing of

- N - L - u - ' =
the game ordox 2s that of A In {1.4.3) and M(uy 1E;1E;)  is

A1 5 _— -
Also & subupacn of :{UT: G?:.UE}, iy, Us i Uz heling 2rbi-
trury natricos satlelying

.. L -1
(J— "B)Uai bl CAIT_.E - I::EUﬁ — I_A“I »

Troof ¢ The BLIE of avery estizmable parasetrie functional p' P
wder (Y,%,P,7V), irrespcctive of ita linear representation is

a LIMBE of p'# under (Y,XF,V) il and orly il
Ky ODEy = X, (DD eeo(1.4.5)

for every n.n.d. g-inverae G ol T+ I{TK; « Using (1.3.3),

IDQ and G ag given

(1.3,4) and the partitiomed forms of T = P~
in the proof of theoren 1.3.7, we zee that (1.4.5) holds for
EVETY NeNed, g-1owverse G of TI+}:.§K:I if and only i1 the

following cguations hold for orery. By .

—1 - \ ""1 ! ! ¥ r'lIz " y !
A1 Tt BTy = 2 g (BgqTyq v TyoTyn + Tyslys)
T ] Ll 2
+ H-I (TJ’"IT-I‘I + T?ET E ¥ TEEHTEJ -iil'{-I ft'qwlﬁ)
0 ST 4 oy + T T+ Ty T )
[ B s =t B Beib il & b
) ) i ¥ ¥ .
4 . 1 _1 i r1t . al r"|i. r !

Iy q
Ry fT51T31 + My ota g+ ffﬁﬁfgf:ﬁ) enelTadleB)
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Eguaticn (1,4,8) helds for cvery Hy 1if und only if

i

m — ]
- 3"_3 -— R |

;11 - g

. = m .
51 A
Fauationg (1.1.6) and (1,4.7) now redoce Lo

H T v
T, = Ta.m T T e T LT
e I R R T R E e R D

¥ ki ¥

&1l B Ty e Ty a o + 'T‘*13=_i.'33

i

[

The proot of theoren 1.4.2 can now be conploted swlong the sare

1ines uz that of theoren T.7.4.

Henarik 1.4e1,  ‘Thooren 1.41.2 pives an oxplicit characterisation

of design Rivices X for which BLID of X,# nnder (T,%48,7)
irrgspective of its lineor represeptation is its LIMBE (or
BLIMBE) under (Y4B 7). The condition (1.4.5) holds for every
G, & g~imwerase of ?w-X1E; LT ol ondy AT % = Véq4 for oome
Ao Thus, given two lincar models (Y, X3,V) amd (Y, XB,V)

in arder to verify if BLiE of 44F wunder (Y,%;P,V) irrespectiw
of its linear represerdation iz its LIMBE (or BLIMEE) under
(Y,28,V) one need only verify if @(EK‘) C M{vz,) (respectivel]
MK ) C M(V2y) and X6V = 0, ¢ being any g-inverse of
VXX,

1.7 Exanples.
Fxanple 1, The restricted gencral linesr nodcl.

Consider the linear model (¥,Xf,¥), whore ¥ satisfics

the consigbent equation RP = a, @ beolng a known watrix and s

t

is a kmown vonter, We will denote such a linesr nwdel by
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(6,5,0, VIR = n). This nwiel cwn be eguivalontly wwitten as
(7-52" s, ;;_-TU_GS;), viicre U= I-RTFE (aoc Rao wnd Mitra, 1971,

-
1443 Then it is eesy to see thatl any limedr ropresentation

ol

3 - [t ™ T i s - R, L A s . - 1
.*‘-.-i- ‘:_E‘L.-F G:‘B.‘; ) J{,i s For DLUTE '1' i g P 1.11'1{1;:_1_ {1]_,x’-15-, ".) ' 13 L.I]bimﬂ:’jd
for Xgd wnder (F,XE0,V[RS = s)  and hence is 1is 3LUS under
(7,88, 7108 = 2) if wnd only if
N R 3 _

=y MV (O KT

= MO (k) C Ml T -kTR)) ese(125.1)
sinee E(?{I}%} = E(TJ{L‘HME} “ "M(';r) ﬂlf(}w nging & reandt of

inderson 4nd Duffin (1969) (sce Rao and Mitra, 1971, section
10.1.6)e IT M) (C MM, then (1.5.1) reduces to

I~E{K. Y = M, (X -~R7H)}
> M{K @R ) = tok cea{1.5.2)
Thus we have proved

Theoren 1.5.,1. The DICE of X3 under (Y,X3,V) continues to

be its BLUE under (¥,%,¢,VIR3 = &) if and only il
M(V) ﬂi‘vI(I{,] y M{X.I (I-R7L}) ., This condition reducos do
MEDMERY = S0t i K CHen .,

Recontly, Baknalary and Tala (1979) have ststed that the
ILUE of X.P under (Y,X8,V) is elso its BIVE under
(T, %,8,VIRF = 8) 1if and only if M(XD[IME) =30} . But this


http://www.cvisiontech.com

- 50 -

reault is not troe anless flags (C M(V). The errer in their
proaf is that they covate the BIUE's of X,F  ueder (¥,5,F,V)
and  (Y,%48,7RY = 5) and clalm that the eguality should hold
Tor every ¥ o ¥{¥; V). Houwever, mder (¥,7;8,7{58 = 8),
E(Y) = ¥4F where F iz subjecl Lo the reslriction ) = s and
hance it is nol truoc that ¥ = fi(fé{-l : V) with rrebablility one
urder (Y,X,P,7V|RI = s).

If we have vegirictions of the type RE = 0 then
theorem 1.7,7 can be used to obtain the above resulis. The

regtricted model can be written as

SRS

vherean the wrrestricted model iz

f .:f 1{-1 1 - _1.]1-- U m ?J"‘E
z ] 7 N P? Lrw 3 j !
T LY 4 4

Thus eaaeniiallﬁ'we have *wo linear medels whileh differ in their
design matrices, Applying theorem 1.2.1, we sec that any linear
representation Kjfi;ﬁKT)“ K;GY for BIUE of X,;# wiwler the
unrestricted nodel continigs to boe its BLUE urnder the resiricted
model 1f and only if

e LT
[=]e 1]

Co=> Vi =}%C and LC = 0 for sone ©

1


http://www.cvisiontech.com

-~ 51 -

= T‘}‘Eﬁiq = Xy {(I~-R7R) Cp for sone Oy wlidch is conivelient to

the condition (T.5.1).

Ixannle 2, Taranetric aupgientationn to & plven Iinear nodel.

We consider the Lirvear anodel (7,2.0,,V), buspose we

include a few rore peavanslers to ot bhe linedr rodel

(T,X%, By EoPo, e 1L P o= L‘:'I , Lhen the original nodel is
v

(€, &y 0¥, V) and the new nodel is (¥, (Hy 2¥)8,V. Our
purpose is to obtain conditions on X, 8O that RLUN of X‘EB"I
ander the first nodel is an optiaazl estimator of ETB‘I under the
second riodel, First we shall preve thut it any linesr representa-
tion of BIUE of evory uatinublo p’ﬂ_i nnder {1",.31!;31,?} is its
IMEE ander (Y, (X; $X,)8,V), them it is infact an onbiased
sstinator of p"ﬁ;[ under {¥,(Xy 1X.08,V). If D= (01~ X%,),
then Dk, $0) = 0 and henoe from (1,2.3) it Tollows that any
linear representation p' (KyGX)7XK,GY of BIVE of p'E, under
(Y,X:8,,¥V} is its LEMBE wader (¥, (Xy 24,08, V) il and only if
.}{; GD = 0, leCe }L; @, = 0, which is equivalent to sayling that
%,(Kq6X, )" %67 is unbiased for X8, umier (¥,(X, :X,)P,7).
If 2y = '{i' and 7 = (X, 1X,)7, then, since M(2) (_ U(Z;) &and
. _ . . ;

L,GV2y = 0, we see thay X GVZ = . Thas iF X (X807 X,67 is
wnbdased for X, P, under (7, (4 TX0, V), then it is infact s
BIIE of X,7, under (¥,(Xy1X,)F,V). applying theoren 142.1,
theoren 1.3.2 (ii) sand theoren 1.4.1, we soe that

14
(a) if N is an nened. g-inverse of T+ 5,5y, then
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! i 1 * ey - - “ T =F g1 T = o
\é"i-? (}':1 Gi_-i ) :{.T 0Y im BRUIE o .&.I a“l.l atter 0¥ v‘ﬁ*i ,31 | 4;25:' L J AT

and only irf Lo = (T-F 2 vhere A ig arbitoary
i -] . s

(b) at leact one Iinesr revrescrbation of BLIE of gy wnder

(T,%404,V)  1s its BLUE wnder (¥,%,f,+ X,0,,7} if and only if

T

MY (MGrz, 17,0 = d0b and
(¢} the DIE of X b, under (Y g By, VY Arrespective of its
Lincar representatlon io its BLUE under (¥,X4R, +X.0,,V) if and
only if X, = V444, where A is arbitrary.
Exagple 3. ILincar nedels with M(V) (C M(X;).

Here we comsider & limear model (Y, %,0,7) whoere

= (1,1,00e,1)

MO (CMX). T2 MGG eontains the veetor 1

r}
and if GDV‘(yi, yj} = o for all § and j, ¥y being the ith
coordinate of ¥, then V = '21r1n and we hove 2 situation where

MW CEED. IE MW C L), then Ve Xy 1is not p.d. and
the BLUE of X437 does nol have a unique lincar representation
urder  (Y,X,7,¥), e shall chiracterise design motrices X such
that BLUE of AX,f under (¥,X,7,V) is an optimal cstinator of
L X,P uxder (V,X5,V) in the sense of being its SLUE op SLIMIE
under  (Y,XP, V). Since M(V) C ML), MV-XX) = M(x). If
G = (?4-K1 ;)+, then applylng theorem 1.72.7 () we sce that

Xy (:{1 &xy)" }:.I GY i3 unbiased for X;¢ under (Y,XE,V) i&Ff and
only if

G = 0

l
1
.0 = 0

=" 1
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(x> T o= {I-P},. Ya, where A& Lu arbiirary. Since

Mery C M(x, ), E{’JG‘E.,I) = A0V wnd wpplying thecren T.7.1 (L), wo
? i . e e e .

get X G{’E {l?lq} XqGY 1s DIUE of 447 under (V,E0,%)  iF znd

only it

X = I‘{.] - 1?2: bao, whome A satisTies

[’v‘] __ Xy 7
up T, -
|_U_J —li1)ﬁa_; .

Using part (iii) of thooren 1.3.2 (a), we get, &t lsast one linear

1

representation for SIUX of X,/ wyer (Y,X;f,V) is unbiased
for Xi# under (Y,X0,V) if amd only if M(X)[]M(D) =jol
(eince VZ; = O owing to the tdet that M(V) (C M{Xy)). Condition
(i1} of theorem 1.%.7 (b} simplifies to
MEO MGz D) =200
= e [y = ot
and Va4 o= O

which &re the necessary and gufficient conditions for at least
ene linear representation of BT of X4F under (Y,X0,V) to
be its BLUE under (Y,X3,V). Prom theoren 1.4.1, it follows that
every linecar reprusentation of BIUE of X5 under (Y, 4,0,7Y is
wbizsed for X,F under (Y,XF,7) if and omly if X = Xy .
L7 G = {V*.}iﬁ;)*, then i‘uf every estinable p'P under (¥,X8,V)
P (6,07 X;GY is LIMSE of p'¢ under {¥,X7,V) if and only if

¥ 1 1
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{m} I{,‘;TJR; - K.}I}BE -.a{j .553}

and is DIIMER ¢f p'"% ander (Y, X0,VY AT und only 17 in additicn
to (1.5.3) the-comditicn ‘1% GVZ = U0 or coudvalombly Vi = O holds
At Jedst one lincar reyresentation of  BLUE of ewery ootivable
paramatric functionsl andor {7, K-* LA At LIMED weler

(LR, VY i and only it Mimljiln(%a }o=0owt wnd dis ils DLEIME
wder  (Y,E),T) it wnd omly it M(n1}[hftﬁ') =30} and VE=0.
Since M(V) ( M{X,}, from rensrk T.4.1 we sco that the TILUE of
every estirmable poranctric Tuncliconal under (Y,KTS,?), irrespec-
tive of its lincar representation is itso LIMIT under (v, %5 ,V) if
and only if DX, = DD and is its BLIMBY under (Y,X,V) if and
only if DXy = D &nd VZ = 0.

1.6 Qptirality of BUE's of o aubelogg of parenstric functionals.

in practice 1t happens that ome nay not be Ianterssted in
inferences on all catirable purunmetric functicnels, bub nay be
interested in only a gubsel of ther, say, for cxanple, the treat.
ment conmtrasts in deasipn of cxperivents. In this section we shall
study the robuniness regarding the BLUA'S of a subelass of para-

netric functionals,

et 4 be o sgpecificed kXn (1{51”11] rakrix such that
%I(A Yy C %i(x1}. We shall cbtain donditions on X such that a
gpecific linsar repressntation/eone lincar yepresentation/every
linear representsation of 3IIUE of 4l onder (¥ gl ,7) is ito

IIUE wnder {(Y,X},V)} also.
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Coroider the BUID i:;(_:{;fr‘fxf__ij“‘ ; GY ot ad wder (T,E,0,V),
vhere ¢ is a Spaeified g-inverog of Vo }I_f.]}:jl . Lo
3= Ay tey)” V; G. BY g clgo DITE of 4f  under (7,540,7) if.
and pnly 1f "2 - 0 (D = }'-.':.t -4} ung ::v.z_z O whkich oro gooivi-

lont +o the conditionn

De (I-1"m)T enollefral)
:'}.11[1 B7 = u{;i.; - T‘ {I - ‘ﬁi :ﬁ_? } ] - (1 16 02}

fer sorte T and W. It i9 easily werificd that, for any fixed
W, (1.6.2} is consistent in T il ard only if

M@V C MW) e 14630

R

&Ild HW k=3 H.{la.‘ - ﬁai(’I ﬁﬁvd’}

Otice we obtain ratrices W satisfying (1.6.3) and (1.6.4), T
can be solved for frum (1.6.2). The following lerma gives &

characterisation of matrices W salisfying (1.6,3) und (1.644).

Lerma 1,61. W satisfies (1.6.3) ond (1.6.4) 3% and only 3L

5
W (Iy 25, s |7

where (L, 1 L,) is an orthegonol matriz auch thut the colwans of
Ly forn & basis tor M(DV), S; is any svlviion (of full row rank)
of the couation L;Bm}' = 8y 4 omd 5. is uny solution of the
squations SEA' = 0, 82 = 0, R baing on arbitrary right inverae
of 51 s

argof 3 1L (Iy f %) is as epecified in the lerma, then the

Atrix W can be writton as
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R
il

1

o= (Iﬁ :L?) ‘ for soe 51 awd S

.
G

L

(1.6.3) holds if and only if {there exights a matrix B satisfying

- 541
=

e

and 5.8 = O .

(1.6.4) holds il and only if

3

BU3' = (Iy 11, [51] A
2 |

Q= L%BVB'.: S1ﬂ1
li!{1 iscfj)

and ¥ = Bad .
Since R{L;E‘JZB') = R(BV¥} = R.,'E»]} = number os celumng of Ly, 8,
gatiefying (1.6.5) is of full row rark. This completes the proof
of lerma 1.6.7.
', -
If V=1, then B e a(X3%)” X; sud the equations

(Tef41) and (1.6.2) pan be written as
D= (I-Fp )0 v e (146.6)
and B = WL KBy v (X =7 )T = Pp)0] cee(1.647)
Tor sorie T and W, (1.6.7) holds if and only if
B = WEyPy,

i i
and O = Tff(}{-!ﬂ I’i'l }(1 e TBI ) ¥y
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o
Yor avne W, which/eeuwlvslent o the condiiiun

(iY - P, m
i Cu B veo(146.48)
=L (T = Ty ) (T

T gﬁx;r.:,a,bI‘f:;('{zf{-u?’)(n?gt)) =16 I )

Hence D is given by (1.6.6), where T satisfics (1 5.8} or
equivalently (1.6,9). Matrices T satisfying (1.6.3) or (1.6,9)

are alag gelutions of the equation

(1= 2y 0%y -0 [ (o)) 31 (™ (2o Xy0] = 0,

yvhere O 1a arbitrary. The soluticn obtained horoe in sndlogous
to that given in corollary 1.2.7. 4n alternate necessary and

sulficient condition for the BIUE of &¢ under {Y,-}i-ii?-*,crzi} to
be ita DLUE wmnder ‘(T&?’,}ZL‘JIGEI) agmirning that & is of Tull ramk

has been given by Mitra cnd Fzo (T4969).

How consider the positive definite g-inverse G, of

T+ }LI.}{.; introduced in Lhecren TW.3.7. srgwients siaillar to those
given in tho proof of theorcen 12307 lead s to the conclusiaon
that at least one linenr representation of ILUB of AF  under
(1,%7,7) is an unbizsed cstinator (or a 3IUE) of AP under
(Y,XB,V} if und only if leK—; G Xq07 K; 6.Y is &n unbiased esti-
nator (respectively DLUE) of & under (Y,XP,V). Analogous to
theoren 1e342 we can show that st least one linesar representotion
of BLUE of AF under (Y,X,F,V) is umbiased for 4AF under
{LEE, V) if and only if
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and is TIUE ol «@  wwox (v W5 W) LD wrnt OBy i

5 .
MG ros ot oy C aly TV 2 )

-

Corre spording o theoren TJed, we 8w aupg thot ot ledsd ond
linear repressuhation of TR ol ar wnder (7,3 A,y ds

£y \ el

PR S ¢ S g Foyn ! S el I
mmbiaged Lor al  ander (T,ak,v0 2 ard ooy AT

MO LR ) T A (C BT 43X L= TDT))

and is BLUE of &F umier (v,xi,v) it aod onty iY

1O G, T Y C M By T I ))

whoere M = (I~ ImTIVE and G is any g-dnvoerse of T+ }Lﬁi; .
How, 1ot G he &y c-invernc ot Vo }1.1'}{..; arid 1ot

C =4 (K% GH 4 - Y. . Fwery lincar poprosentation of TLUE of o

wnder  (Y,%q5,V) is its BE quder  (v,%3, V) if and oy if

b= (Ve }{T‘;{_‘;)EI _CT )T

and  CQV = 1,-;(1'.; R G A T ,]'1 13 o (1.6410)

-

for gome W oand T et K be @ patrix of naxira rank such
r_ _® L 'i . . e
that (I -0 C7 XV XXy Y = G . Ohserve thot K aatisfics
q o ) ] . . .
MY+ Xq%9 JK) = M(C Yo Then Tor evedy Cixed W, (1.6410) ig
congistent in T il and omly il
neeovy BN oo (10611

and  COVE = VE K . veel146412)

Tt io foirly easy to observe that
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ﬁ{}{vv&c?} C ;:g(;l_{?}::.!} voa{Te6,13)
and KOOV = Dioavy., cen{Ta6aT4)

Using (1.6,13), (1.5.14) anc srgments siszdlar to those gaven in
the prool of lerma 1.6,7, one can easily arrive ot the lacl that

Y satisties (1.6,11) and (1.6.,12)} 17 arnd owly if

| s,
W= (I 7 Ly) LS '
o

where U‘-Ll 3 Lz?) is an ¢orthogonal matrix such that the columng of
Ly form a basis for M{CCV), Sy 48 any solution (of full row
rank) of L:‘CGW = S,I*';K and 5, 1s any solution of the equa-
tions SEK;K = G, B3t = 0, B being an arbitrary right inversc
of Sy. After solving for ¥, T could be obtained from (1.6.10).
We thus have a characterigztion of the class ¢f desipgn natrices
¥ such that every lineur representation of BLUE of AP under

(Y,448,V) renains its BIUE uader (¥,X3,V) olso.
48 an exanple, zonsider the nmedel

Feg T At byress . 1= L2 00b, d = 1,200k

vhers the eij‘s are weorrelated random wvariables with mero
o ) ‘
nean and cormern vardance o . The dbove model can &lsa be
cwritten as
E(Y) = xqﬂ

<X

and ™YY = oI whore

1
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T

[

{:’ri.! F‘E aoe » ;}'11{ BT:LI :li“;, o - d 321{ ") Hb1 :_,f'hr; ¥ :}rb].{.)

A = “b & 11{ : =‘E‘iz ® I'lr)

¥

and 'ﬁ“i = (a‘-‘-,tﬂ.”;b%} , Ty aatt 1. beling Bwt  and 1wl vector
| i i HIN -
itk each comporsnt andly cnd () domoles Boo Keonecter prodoct.

Gonmider the esticuble naars ATk e Tantion
y
Ay = (=T, ‘br"t'ﬁs-":t‘i“tk) .

(1f 'tj , Tor J = 1,2, e,k lenate treatrnont effects thon Ay 18
)

the vector uf treatnent combrasts). Than & = {02 11“*1 . - I’kﬁ:ﬂ

4and the BLID of idy ig pdven by 3Y, where
I P . . Cwe
B=g iy & U q 5= Teq? - cee{1.6.15)

we shall characterise design natrices % of the Comm X = (Xq 1%y
such that ©IY conlinues +n be the BIUR of APy under

(T, %y0q + Spb gy Do Bimec L) CHED, 1038 sloar that if

v is wbiased for A%, wnder (T,%40 %Py, 1), then it will
bve the BB of APy undeT (1, %7 +}i;}ﬁ2,n?‘1}. Honce we nced
only charecterise X, S0 tpat  BY  is unblased Tor iy UNGET
(T, %qbq v X0 ;;,U;%I). oo ecguaticn (1.6.1), we see that DY is
abiaced Tor Ahy  under (¥,Xqiq 7 XPy,01)  1F wnd only 3

1 .
]{? = BT where © 12 srbitrary and I is givon by (1.6.153,

L

o y ©
tow BT o= \:% T & [ 1{'1]]
-1 '
o1
1] 15 g > o
= [110 €] [T ] Py €5 HA N ) f*"’J L L (1.6
"= ~Ly =y

b
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Thus matricos X, for which the BLIUZ ol sy ey (¥, %4Fq,0712
. - - ;
continues to be itz FLUE ander  (Y,X, N 1Y are given by
E A

Ty

_ . U S . .
I = 3" T, whers T do cpebitrozry and B 1o riwen by (JeBa167.

In partiewlar, ¥, = I, €Y 1, setisfics W, = U and honee
M) C zg(iafl) . "he Couign vatrin coveesponding o i,=I1, @ L
s K= (Eg 165) = (T (@) 4 07y (B) I 0Ly, (B 1) which is

the design matrix corresponding te the nodel

:r‘ria PR qi+tJ1 eij* i:'I,E,'i',h, .'j::'I’E‘..”};

and V5, 1in this case is the veclor {ﬂ.i,rlg,...,cth)' . Thus wo

hawve proved

Theoren 1.6.7. Lot % 3 'g (121,240, 351,7, ean,k} Dbe un-
a
porrelated roxdonm variusblos with zerc mean and comnon variance o

" Then thoe BLUOR of the estirable parunetric function

(t1“t2, tT-t'§1‘ -cr’tthlt) wider the rmodol F’ij =M I1i | tj ¥ E.‘:lj
(1=1,2,000,b 5=1,2,...,%) is same os its BLUE under the nodel

Vg = A bty (21,2000 7§10, 0000,

Reﬂ&r}f 115 Q-1_. II‘ ) g = {_l’,_}_l 1 ’612\, . .,911{,@?7,&22' ‘..'821{, .;.a,qu,

k] - -
E'hg,-u,ﬂhk} , then we hawve assumed that Die) = »"1 in
theoren lofat. We wonld like tu mention that thooren 1,.6.,1 remains
s 2 i 1
frog 3£ D{c) = o ]::(‘I--.c).l + f'l)ll'lill'lj’ whore - T Lp g,
F
1, = (1,1, 02,1} @nd n = Bk« This happens becacse every BLUE
wder any of the models considered in theoren 1.6.1 with
) o
Ble) = ¥l is also BLUE wnder the corresponding nodel with
o7 _ !
Me) = o [mp;.i. , p1n1n:i .
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SPRCIWIZATICN TRRORS 1T THE LRIELLE
AWD BLIBTHESLCH MATRICIS

2l Stalerent of the nroblomp

We now consider the root ceneral sotan dwre we nave Swo
linesy rodole which dilfer in tho expoctotions as well as the
dispersions of the rundu: wootur Te Tortherswore, wo 2llow th
dagign and dispersion watrices t¢ be doficicnt in runk. Lot the
two lincur niodels he  (7,% yHg ¥ 3’1} and  {(¥,X5,V). Our first objee-

tive is to obiain soluticns to the following problous o

Problen (1), What ig the class of all moedels  (Y,E3,V) such thad
g specific limear represcntation of ILUE of every sstinsble pard-
netric fwietional p'F  under (Y,%,5,Vq) io (&) a DLUE and (b)

a BLIMPE of p'f wder (¥,X8,7)7

Problem (2). What is the ol ss of all nedel: (Y,XE,V) onch that
at lcagt onc linear repregentation of ILUE of every cotimable para
metric functional ¢'P wunder (¥,%6,v) is (a) & DIUE and (W)

a TLIMER of p'd wander (¥,XF,7) 7

Droblen (3). wWhat is the class of 2ll nodela (¥, X¢,V) such that
every linear representation of BIIE of overy estinmable paranctric
funetionzl p'f  ander (‘f,]{qﬁ,'ﬁ_"ﬁi) iz {(a) a 3UE and (b} a BLIM
of p'F under (Y, X5,V)7

Here, we arc. not looking fur conditions under which BLE of

every estimable paranetric funciicnal wnder (Y,X48,7) 1s its

anbilased estirator or LIMEE uwer (Y, XR,V) since, thene imvolwe
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copditicong on X ondy sand hove baen Lovoeotisatod In chepter 1.
g waw the case in chanfer i, vwhowcower wo apedls ahoxt DLIVHE in

thia charter we will be considordns ondy the cdtwelion wiwre the

blas of the ootiindor ig defined through the Boeliacon noym siace,

i1f the norm iz defined threusgh a positdve dolfinite cedrlx) we acan
bring it downm to ihe case of the Duedidesn nors by meons of & non-

singalar tranaformation, @as peinted cub in chantor ie.
v I

In the next three zoetions, wo provide soluwtions te the
thres problens statoed above. The lust sootion is deveobed Lo the
stody of robustnesa of BLIMIE' @ when we hawe linear modcels with
gpecification errors. 1o thds seotlon, we also charnoisrisc
paranetric funcetionals which adoit 2 coomon BLIMIEE onder two given

linear pedels., Wo dozloto

= s 3 _ <r’i' J - . -+
2’ = .&.T --.}':, 'Z1 - ._1 d.]f'l'd. Z‘ o }E »

" 2,2 Splution to problen (1),
]
Lk G4 be 4& specitic g-irwversc of "-‘E'ZF +I~:I,}}{_? » We now
rove

Theorer 2.2.31. Lol E»f.l be such that E_’I{WJ’} = I_*T(J'f; G.[). Then,
the DLW X, (x;GT}:,E " .‘;{;Gq‘f of X,P under (¥,%,;P,7;) 4is also

its DLUE wder (Y,XE,Y¥)  af ond omly iF
D = 1*!1C
and ¥V = Xy K‘I + Wy :1.1.»;1 .&D - _;JH_:(.! ,

where C is arbitrary apd 4o and B are darbiirary subjoeet to
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the condi ion that ¥ iz n. .

: LS Ll q.? - ot - : o TN G
Troof Ly (}1_%{?.'-1 g7 B4 T is A T8 ol Kyp  nndow (y,48,V) it

1;1 {":_1 E = ‘:: - m {:—-:I '2'1 :]
anc 4?:1 rq .IE ] ':J l"i-i-l;liz)
(#.2.1) holds if and only i T = W0 Tor oune -gheix O Dangce
MWy) () M) is the whole apuec (see Mitra and Moeovo, 1973}
3 1- 1
wa can wriie
B T SRR SR AR VLNV
A S PART TR DAL I EAT 1 B -
Tor some g, Ao and /Ao . Then, (2.2,7) holdo 17 and only 1if
2 13 2
) S e {}:1 7 qEg + Ty Ay Y2 = 0
<==> }i‘i .l;h"n,-]:{dl G‘I}{LI 3 FTJL ) 1‘_‘[ 1’“"11!--] = l:JL — :I- J.:., ?‘G? SQL].LE I{
¥
= p A . = Al
SadEEERETAT R IR £48

and Wa 74 F§K1G1}L1 = .1

LY

since, by (2.2.1), H(D) C"Igiifﬁf and  M{W,) Hﬂinq =1 of

L) ] i

£ K1fx1ﬁ1 = K1K{31G1K1)' X

y 1 rt — v;. R - ¥
mﬂ 1;[1 f‘.., 3}’&1 — i {.J:L-] {‘1 11 } E..i -

i

L
Dubting A o= KO GE )7 axd D =i., wo got tho regult.
1 1 ‘E o b [

Rerark 2.7.1. Matrices &,3 and D = W0 which noke
L ¥ T Y
V = Kqhaiy + WDl ~ ZyAD - DAKy  an N.n.Ge nstriz could be

cHaracterizsed as followd o
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bo & nrmasinguliar natrixz ond 0 b sr orbhcgonsl

k]

I

Lot
matrix such Lhat 'K‘T hoes the rastdtlioned Yoy oiven In oo 1.2,7
el e K.}K; and 0 REve rerhationed Jorns corits segiiing: o
thooe of T }i.-»[}l; ol 0 megipestively pdovorn 1o Leomdy T.Y.7. fhen,

sre choloe of W, iz

I R By Bz B3
1ot Q- Al Aoa fhys Ay , Q30 = | D

1

Doa Boxw

]
-

{
e
"
—
o
[
=
w4
'
|
—
o
LA
-
3
=
Y
W

Y

and QCQ = |0

Gy Cup Cam
L3 Yae 33 -

¥

Thenm V = 1{1;'5{1

+v%3w;dﬁﬁgm;_JmX;

i'fri‘t"é‘ A--i = {HJI.J : -'rl!s.-r ;2 : ‘%13)
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s W £
a11d 5y = ] == =
Fsz S
_:-l- = I:.-.d' 1
Thon Vow [ ﬁ1?; : et
-y 1 iy \.1 H

Mt ricos .AT, G1 and Hﬂ which make V n.n.t, cculd be chosen

g fellows I

Tet ﬂ11 be any n.m.d. matrix, For T to be n.m.d.,
h y 1 s
we should have M{44Cq) (C M{4qq) or equivalently, &40, = apq?
for some T. Since M(4yq) C M(44), the equation & 05 = &0

is comsistent in ¢4 for any T. Hsnce four overy fiXxcd W, we

can solve for OC, from this tquation. To hove an mwnd. ¥,

9 — L .
we now have o chooge %1 guch that Bq-ﬂii1ﬂ11i1ﬂq i en.d.
b T N
Aenee By = C1A1ﬁ;qﬁ131-akl, viicre E is an arbitrary n.n.d.

m*tl'ix *

Corollary 2,2,1 (Mitra aad Rao, 1969).

The BUE of ¥f under (¥,%,%,0°I) is its BI0E under
(Y,%p,v) if ond enly if

o= 7.0
i

H t i
and V= KqAXg ¢ ByBhq - KqaD - DAy

"

vhere € ig arbitrary and 4 and B are arbitrary sabjeet to
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the canditicn that T 15 Sl.ilel s

e - - "’"-? "“‘i . = -rr A L -~ » R
Proyt Gy o= (I - Eaiy) el LT sdidelles MO = 0040,
: o I
then hqilﬁ ﬁ?*i} Hi = [
..i
== doaq vl s
1) i
3 = Py -J"J- am  FT .- o - - ot
anid. henee Wy = Gy o= 4y . Corollery 20701 now 00 Llows ror

theorer £.7.1.

et T be o nonsingular patrix and Q be an orthogonal
ratrix such thut X, has the partitioned form given in lerna Te2e1
arnd VH-*Xqﬂg and 0y have partiticned forms ccrresponding to
those of - Vr }21:{; and & respectivoely given in lemng 1.2.71. Wo
now prove
Theoronm 2,2.2. The BLE p' (&%,)7 X 6,Y of cvory ceiinable
peragetric funetionad »'" under (Y, X.8,V) is its DLIMEE under
(V,%3,¥) il aad only it

R0, C. 1
Dw?|B, Iy B |0

W1 P2 Wy
Wos W, J
LWy oy Wes |

where B is an arbitrary n.al.l. matrix with clgonvaluesz in

[0,1], ©q and C, are arbibrury netrices satisfying
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L] H Vi )
i v ] x4 o PRI o T ECE B B 1 . e S s B N (L
G1C.] -+ GELE =N and o= Lotg w L e :13} o il == k.,.] * Fl??_ - Ilj)
sre arbitrory vatrices sutistying
M(By 3B, Thgd (D EMIC)I05)
7
and  M(Wy 1F, IR} (T HEIC, IG5

and 1 &L o= (I-7 3 'ST s -05), then

—_ M

- ];':11 = rLiil 3
| o . e :
Wao = (B=8 (1B} &)HIL - Tl
¥ ¥
and W,z = {(F-I(I-D)" A4)ITh ~ Fla
13 1
vhere H is an arbitrary netrix and T is cn arlitoury nen.d.
natrix, WFor 1,3 = 2,3, W, are srbiirury subjeed to the condd-

L | la
tion thot 7 iﬂ I‘L.n.ll-

Procf & The ecxpressicn for D given in the thecron is derdved
in the sane wey as in the preoof of thecresm 1.2.2.  4ll thot
renaing now is to characterise m.n.d. vatrices T salislying
1
LyHTE = 0.
Izt ¥V have the partitioned fore given in the gtatecont of the
thoorem, Then, X6V = O if and only if

M{VG,X,) C MGy - D)

{awy ‘.=jfﬂ (T - B, = C4Kp = Uik, v f2.2.3)

.hT;E = - T‘;»‘i-iivi — -}1:?1{2 - E'ﬁﬁ'ﬁ o {2‘2.4}

I

. . N w1 S F iy :_r_'}-r'.
and 'Ia"jr—ia - I‘-]I{:I s IL}IL{__) o F5§13 , . --l{’:- J}
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for soue Ky, Koooand Ky . Sinewe Heg is maved., 1% Tollows
oo - LB . iy ¥ ¥ - s
from (247033 that (0 TR A 1{..;;}} = Do+ {1~ 2700, wore

for-

- T STy - o P s 3 - P T - K] -
=l - D00y V0L o T fo oan arbilrory  deddds matrix and

R is arbitrary oo Shal

[ [} T
1-.?.}2 w=ET8 - F{I - A {i-"9" 4B

¥

2-Ra - (B-E{I-D) 4R
.3 T L . 2
wing the fact that M3 ) ( F(RIc,1C,). ilso, saimcc V is
Bllate, M(Wqo) C M) = M), ond ve get from (2.2.4)

T ] - '

1%"12 = — EML o« (E~E1 (I-R)Y" aipva
$inilarly 1*!13 = - WA (- By (-7 AYHTa
Tho proof of theoren 2.2.2 is now camplotc.

femark 2,2,1. In theoren 2.2.1 and theorex 7.2.7, the cquation
¥ - Il ‘ -
which characteriscs V  is X,0,V% = 0. Hence, once D is known,

?
f ie known und n.n.d. solutions to }:1 (4V2 = O rcan 2lso be
ehtained using the results of Kuatri and Mitra (1676),
N u

Lorollayy 2,2,2. Iet %, = R Q be the singular value
: G &

%&émp-nsi‘hicn of Xy o Then, the BLUE of every estinuble pars-
$ R ] T o - -

g@atrm functional vnder (Y,X3,5°1) is ite DLIMIF under

i%?ﬁ?,v} if apd cnly if
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and Y o= R SR

; i

17 oz

Wwiere 3 ds Ln oarbitrory Leueds natrix with clgocwedoss in
Ll .

(0,77, ¢ is any metrix sueislying OC = T-3T |, F = {Fq 1Hy)

1s an arbitrary natrixz satdsfying M(E, ZEF)EQZ (D iC), cnd if

T
L]
—r

A=(I-E1:!.0C), then
.I;"fal_! - -HL':{'.;!L N T‘}-TE - (-F;:_“;‘J-; {I _E)“ E!i}}':lIlH‘*"‘ -!?TT-EJ‘?

H Dbeing an arbitrury natrix and ® is 2z arbitrory nen.de
nabrix and Wos 1is arbitrary subject to the condition that V

is mn.n.d.

Brect | The e¥rnrussion for D in derived in a oonner asinilar
to the proof of corellary 1.¥.7 (u). We have o chorunterise

-

N.1.d. natrices ¥ satisTying

1 ] _ v oy
411"31"-?'3 = O, where G'T = {1 +3{11’£1}‘

r
K==> X,VZ = {
<> MOTXq) C MK, -D), vhere P oas us given in the state-

neib of the corcllary

T
and ww - By Ky =B K,
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- T1 =

fom sone TT1 sl hee Mhe pesl L the rrolt io zisllor 4o the

bru st of theoranm 2,2.2,

The eliseg ol all finear wcldols  (7,EP,v) uhich catisfy
tre conditiong stased v prodlen (8) ig obt-ined by daking the
wion of linouy medols {¥,%% V) whick saticty the conditions
in preblem (1), the union being tulen over a1l  nen.d, g;inverses
ot Vﬁ-hKIK; » Henee, cur objectiwe in this ascetion iz to provide
nethods of verilying whether bwo given lincuar nodsls setisfy the

requavanetts in orobler (23,

At loust one lincur representation of TIUR of every
estinable paranctric funetiunel under (,E40,7) 1s its BLUE
wder  (V,XF,7) il and only i7 the ecguaticus

¥

5 {7y = : -— i

a0 () 3 VE) G

b [ ]

1 ) ' T © - 2 R

Ellﬂ ('I14K14\1)’G,-F(T,E+};..TX.I) pes T;!rq 'l'_u_.]}&.,]
are jointly econsistent in €y wnd i3 its DIIMDD under (Y,%F,V)
if and orly T (he cauations

£i6(D 272 = ¢

L r ¥

S T m= . T 2w

are Juintly consistent in Gye  The Joint consiotency ol any of
the above aystcus of couations can be checked nsing lemma 1.3.7.
fThgoren 2.5.1. ot loust ¢ne linear roprescentation of BLUE of
b ander (T,X0,7,) iz its BID under (¥,XP,V) if and only
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L)

if unypone of the following ecydviloml conditioie holda
1

(1) MO soior0) (C Ay t¥%, tVa: ny

(11) MO (T8, $T21D) = <o

Progf §  We want conditiono under which there enldsis wan L

satisfying
! ' ¥ T - ¥ N - ° |
X‘{ L = K—] 1 21 T‘:r-_l L= 4O . DT =0 and & VL o=

which is cquivalent tu {L). The cquivalence of (1), (i) and (iii)
1s eusily eotabliched.

We shall now stote o few nore theorens which gilwe sclutions
to probien (2}, The procfs, being sivdilar to those of the corres-

pondi reaults in sceticn 1.3, arc omitted.
»

Thogrop 2.3.2. 4% least one linesr reprosemtation of BUD of
X498 under (¥,X40,V4) ds its PIIE under (Y,XB,V) if and only i
M) C My + X%, 0 (I ~TR* - TD))

whore R = (I-IDV)VE.

At least one lincar representation of BT of

every estimable paranctric functional unter (¥,%4P,V4) ie its
BLIMEE . under (¥,#8,V) AT ond only if anyonc of the Tollowlng

eguivalent conditicns helds 2
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- T3 -

P i B
) = e + - L e T LI SIS - -
(L) L, roroiolb (Mo TV TTE L)

(311 MO (MO Gy D2 STE ) =L o

Z 1 11;'1-7 . z 1 ‘I'f:""i! ..T ”“

= M El . -I.I'F.Z‘] b

(11i) ¥

i
(v)  MED CMOW - 5Z 0@ -85 - () D
where 8 = (I - (DX (o Y v .

- Remark Z,3,1., “Yho theorens stated in this scetion not only pro-

vide & pethod of werdifying whether there exists 2 linesr repre-
gentetion of 3ITUW ol every cstinable puranetric funetlonsl undsy
ﬁY}Kﬁﬁt?T} which is its ITUE (cr BLIMIER) wander (Y,38,7), butb
also snggestn o procedure for construciing such o linecar represcn-

tation whernover orwe oxlota.

Boparl 2.3,2, The observalion rade in remar: 1.%.% holds good for

the resnlits in this oeotion also,

2.4  Sulution in orablem (3).

Let ¥ be o neonalngular matrix and O an orthogonal

natrix suach thill

(I G0
¥,.=Plo o 010 csel2,4,1)

and V1+11ﬁ;": Tlo A, 0 |71 e (2.4.2)
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.
- T -

“E oW pProve

Thoomer 2.4.1.  Coneider She worlilicned Terrms of 2. and

L

7 v R 3 - \ T s Fiys T v s S Y ¥LELT
Voor TqEy ghven above, Thga, Ghe DUE ol g e (Y, %q9F,V90,

irrespective of its Iinewy ropruscniailon i Lho VI ool

Yy o¥E ¥y AT aad only AT

¥ r
£, "
[ LA vt
=3y m Er] e :"} ﬂil{f}l‘g'-:ﬁ}
JE [ Hf} H
"- P
MU W [ _’

Wyq Wy O ‘l
Hyp Wip o

t
Lo o J

where Dy, E;, By are arbitrery, Wyq is arbitrary flaltels

1!
]

Sl T

7 = -
Wyp = (<By + EpSy + EgBo)Vyq, §,, 85 belng arbitrary and  Wop 38
crbitrary subjeet to lhe conéiticn thet ¥ is n.mld,

Proof & Write-

T1r M2 T
D=TD[Ta Top Tps | o
L5y Tzp U373
Vg My Wz |
and Y ow P Usy (o u??; »
Hgq W52 M35 -

We want Xy6,D = 0 omd X GVE = 0 or equivalently

1

M(VGyX,) C H(Ey - D) for every Helled. g-Luvorse G, of LPES P

&1 con bae wrltton as
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e ':T ; T
P "1
-1 =1 =1
GT = T o M H o &0,
- . - 4 - -~ o . \ ._I%‘ -
for some Ri, Lo oot &0 svklelyam b =lig o gilg msn Tt pls 18
q

LeNa® e ning bhc puridiicncd forme ol R 1r e +Ll wq o fnd o G, we

get the conditicns ghivesn in thoe dheoren,

Benark 2.4.1. V  obteined in theorom P.8.1 satislfics
ey (C MOry s XXy 0. Honee, iF Vyov RXy is not nele, then ¥

parmiot bo pad.

Coratlary 2,4,1. I anfl ¥V obtained in thecran Ze4e7 can be

raprescnted couivalently as
. o § I Lt ' Y 1.9
Cwhere © is arbitrary snd s and B oare arbitrory subjeet to

the comdition Hhat T is nen.d.

Proof i Sinec Xy is given by (2.0.1), we cun writc

Foo o 0

f_;-n]=1w‘"i G I Gl
c o I

Now it is susy o sce that D = Vy240 fLor some O 4f amnd only

if D is given by (Z.4.7). Pron lheoren <.3.7, we get

)

My Ky +I{1}i;}. Bance ;-j(?.-i*‘}i.i}i.;) = MV 3, P4}, we can

write V= Xy 4 K3+ TqBq8 A1V » Aq A sy Yy ¢ VyByAgly  for sone
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Agy D and 4 7+ Ay Vo= o s
K ! G T, T ' "f‘. . (¥ IR Cow oanrws 1
L»i ﬁ .1.:,.»..: 4—1 —«.1 E % ._!-% LY ‘:‘1 “']-.-1 == '\,-*-‘--; = AR ¥ Lok Liwnt i85 9
 — R j . = Lk
\P‘"—F} 4L1 iy ‘T‘Aul {-:l.] A .; } _,] .L,_
v
ard VLD, 0 i 0, = o T
B R '

(Bince H{D) (:_ s f vy ff"!,g}. aad M f:}f;.t )} ”E (1,}-1 Z_} 1 o= Sy
¢ S
<m> }L_i ,'_"}-, -Jn(.\'ka] - .{‘:.,I_h, E'.:q-...} [_114‘;,]‘ ) K,}
T o o -
and V Z4A 311 = e LY (,zs,,] G4 Xy ) Ky

Putting 4 = 12(:{; GX)7 e B =A, the reswlt follaws.

Repark 2.4.2. ot X, and v1+311; be 28 given in (2.4.1)
and (2.4.2) respectively. Then matrices C, & and B vhich
pake the natrizx T in coroliary “.4.71 an n.n.d. retriz could be
characterissd in a namner sinilar te the charactsrisation pruce-

dure constdered in recarlk 2.2 .7.

Theoren Z.%.¢. Consider the partitioned forus of X, and

Ty+X, Xy given by (2.4.1) and (:.4.2). Then the SIUE of every
egtinable paranetric functlomal under (Y,X,8,7;) irrcapective
of its ligeir representsticn is its BLIMIE under (Y,X3,V) if

and only if

.
(L[ “2

= F 33_ '&-.‘3 i
i [
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[-“1 ; Wi ::.‘]
1
T

ar&(l ".::P' o ‘P\ TT-I; 1}. }.r*,. CI
" o o
wherg B is an arbitrery nen.d. natrix with eigenvalues in
[o,11, 31 and O, are srbiirary natrices satisliying
0;Cq+ Colp = BoB  and B=(8 1E,1B;) is an arbitrary
matrix satisfying
]
M(E ) (C H(B:Cy1C,)
and if &4 =(I1-D3 - C"E a — Czi‘, then
4 — L *
Wiy = AT4, Wi, = (E-By(I-B) A)HT4 - ETA
where T iz an arbitrary n.n.d. natrix and H is &n arbitrary

natrix. W,, is arbitrury subject to the condition that V 1is

flallail s

Progf ! The theoren is proved in a nmamner sinilar o theoren

1.242 and theoren 2,2,2 and hence we onit the proof.

2,5 Beat lincar nininun biap cstination.

First, we shzll prove an alpebraic lerma which we need
in the sequel. Fven though the lemnd 15 stated and proved for
natrices over the field of real nunbcrs fhclds guod Tor natricen

over the field of complex mmbers &as well.

Lernd ?.3.7. Tet A and B be two oXn patrices and I
an nXn positive definite matrix. Write B = 4+C and let

t

U= 'Y men A = B!, it and omly if
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and

where E  is arbitrary and A

- 78 -

(L) C = AFD

n

(11) N=a'r a+U A0+ A A Cee A

to the condition that W is p.d.

Progf & 'Only if* part.

+

A BA

-+

+ )
11 * Thcn,

, 1 _
BA'D = B, A'BA" = 4", (MA'B) = ma'B and (ma") = B4",

The last equation inplies
ca*y = cat .
Ba'B = B <=>

MO « caT A CATC = O

+

a ¥
s AT e AT0AY = 0 <o ATAT O

¢=3 AC = O

(2.5.2) and (2.5.3) together inply

=3

Fron (2.5.3) and (2,5.4) it now fellows that

C = AEU, E ’being arbitrary.

L]
14

0,

and N, arc arbitrary subject

+

eent2.5.1)

enal?.52)

using (E-BuT}

.l‘(2i5'3}

‘ii(215'4)

] ” T
Since M{4 ) M{1 ) is the whole space, we can write

L 1 :fuil U U'ﬁ
=24 N‘TE{MU f‘xEUﬂ-ﬁL EUA Mg

¥

A

Then (MA'BY = NA™B <==> ATAN+C AT W = NA™A+ WA'C
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L] L] [ y . 9 .
C==> A MTH+A R3L+ﬁ M1A¢G ujU

¥ % T i i
-— .lllL _;’.*‘; ,,i-i'!.. + U N 31’"& + A Iﬂ\ 10 + Tj ,:’H’- 3{:

1 L]
==> A gl = & A0, using the fact that M(C ) C M(U)
and ﬂ(ﬂf)f}gtni} =:0% , This nompletes the procl of the 'unly

if* part. The "if’ part ig easily wverificd.

Regurl Z.5.7. IT ¥ is not p.d., but only n.n.d, then AY is BEH

i t
Aif and only i B4R =B, HaA'BA" = wa', (MA"B) = NA'B ani

¥
(BA*) = RA*. (oee Mitra and Reo, 1974, theoren 2.4). 1t is
gagy to wverify that if an n.n.d. matrix ¥ and the patrix B

“F

have the forn specified in lemma 2.5.1, then A7 is Byy.

1t is casy to sco that the BLIMBE of every paraunetric
functional under (Y,Kﬁ,agl} ig its BLIMEE under (Y,}{ﬁ,a‘;fl)
if and only if X = X;. We ghall now consider linesr nodels
which differ in the dispersion patrices or beoth in the design

amd digpersion —atricen.

Theorern 2.,5.1. The BLIMEE of every parcnetric functional under
(Y,X#,v,) 1is its BLIMER wnder (Y,XP,V) if and only if 7V
setisfies M(Vz)y (C M{V4Z).

In view of lerma 1.2.2, the proef of theoren 2.5.1 is
similar to that of thooren 5.2 in Rao {(1971) and hence is omitted.
Benark 2,5.2. Raco (1971} has proved that BIUE of every estinable

paranetric functional under (Y;KE,W&) {irrespective of its

linear representation) is its BLIE under (¥,X8,V) il and only if
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Mvz) C #(7y%). Hemce frum theorven 2,5,1 we oue thai, BLIME
of every varametrin functional under (Y;}IE,E’Z‘) ie its BLIMIEE
under {Y,%#,V) if and only if BLUE of every cstimable para-
netric functional under (Y,XP,V,) is its BLUE wnder (Y,X#,V).
This resvlt is expected, since any BLIMEE is a BLUE of its expeo
tation. In thecorem 7.5.7 we consider every possible linear
repregertation of ELIMBE of a paranetric functional. The goners
linear rcpresentation of BLIMER of a paranetric Tunctional is

given in Rao (1978).

Theorer 2.5.,3. If V is pesitive definlte, then the BLIMEE of

every paramctric functional umder (¥,X,B,0°I) is its BLIMER
under (Y, %8,V) if and only if
I = }{1'+ z'lEj{']
_ . . v N _ N ux!
where A4, Ao and E arc arbitrary subject to ths condition
that T is pooiilve ¢dolinite, If ¥V is non-negative definite

then the gbove comditions are sufficient.

Proogf : The BLIMEE of every paranetric functional under
(Y,K1§,GJI) ig corresponding BLIMIE under (¥,X§,V) if and onl

+

if (K;)+ is (K“)I?" Theoren 2,5.3 follows from lemma 2.5.1

ard remark 2.%.7.

Remark 2.5+3. Matrices A 4, N, and E which make
1

) ) Ly . T " L] i‘|’._ ¥ 5 L] . )
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coculd be characterined as fullows ©

L 0
iet Xy =T [é DJ ¢ be the singular value deconmposition

of 11 « Then

- -
' My A By, D
Write QA TQ’ = 1 1= Ly ;"\2 = J: 11 12]
LAz Ags o Byy Dyp
- _
and B2 o= | 0 1 pnan
“C21 Cop
V-"—:I{1 :‘{14-31 +K1 J”\.’}(.IE 31*31]@[15‘\ }r1
. ! . | .
= ' F =P \ P
Coq A .:'11 1 & }322 ﬂ21*5-1 B,

where A4 = L Aqq4 o Choose any peds matrix &y and an arbd-

trary matrix Cpqe Then V is ped. if and only if EWE-GE1ﬁ1CE1
~ L]

is p.ds Hence choose Byn so that B,, - CoqétqCpq is pede The

other natrices in the partitioned forms of Q'ﬁkiQ,fKE gnd EF

eould be chosen arbitrarily.

If we arc given two linear nodels there way exlst para-
netric Tunctlonals which adnit cormon BIIMEE under both the moedels
though every paranctric functional meay not be se. Our next aktonpd

is to characterise such paranctric functionals.
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Tucoren 2.5,4. Consider the linear nedels (Y,X43,V) and

(Y¥,X8,7)s Tet the vatrices W, ,2,,W and 2 be zuch that
H(E) = MO0, N(E)) = 10(3,), HE) = M) and H(X) = (D).
Then the mranctrie Sunctional p'#  has 3 cormon BIAMIE undor

both thoe medels i and only if p adnits the represonbotion

? 7 v 1
D = XyX, 8, » Wylty = X X8+ W £, where ¢y und #

-are arbitrary and &, and & satisly

£ _ D4 -z
' 9 ‘
z‘lﬁ:i D g E Iﬂ Z1V21 id »
O 7V 0 AN

Proof I let ,E'Y. be o comron BLIMER of p'f  under beth the

nodels end let
Then Xqi;f = Xyp and XX £ = Xp <=
D= X4K(0; #Wyidy = X' K@+ W@ | for some 4y and .

since £ ¥ is BIIMZE wnder both the models

E;?(KTGI - ZTG_I} = 0 lal(ROSOSJ
7 V(X6 - %) =0 . ree{24546)
ﬂ-lsﬂ :{1G.T — 31':11 = }:G - ZK‘I iin(;}CBIT)

(24545}, (2.5.6) and (2.5.7) hold if and only if the conditicn

given in tho thcoren holdz.
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Corollury 2.5.1., Using the nctations of theoren 2.5.4, p'f  has

a common BLIMAE urder the nodels {Y,xfﬁ,ﬂzl) and (E,Kﬁ,ﬁgl)

if and only if p ad=its the representation

k i L) ¥
c o = DS
XiXqby + Wty = X XG4+ W 12,

by
n

whore g and /4 are srbitrery and K191 = A0 .

Proof & Fronm the proof of thoovem 2.5.4, we see thot when
¥ = o1, (2.5.5) and (2.5.6) hold if and only if Zynq = 0 and
ta = 0 and henee (2.5.7) holds if and only if X6y = X6 which
rroves the corcllary.
Corellary 2.5,2, (a) p'R hag a common BLE under (Y,XE,V)
and  (Y,XE,7) if and only il p is of the form p=X,K,8, =X X6,
where 8y and 4 gatisty the conditlion stated in theoorem 2e45.4.

(p) p'B has a conmon BIUE under (Y,X1$,GEI) and (¥, X8 ,0°I)
if and only if p dis of the forn

p = XqE,8, = X X@ whore X,8, = Xé.

Thoorerl 2,5.5. ILet matrices W and Z  be such that
N(X) = M(¥ ) amd N(X' ) = M(Z). Then the parenctric functional
p'f haso a comuon BIIMIE under (Y,XP,V,} and (Y,XP,V) if and

orly i p = X'Xe + W #, where # ig arbitrary wd Ao satisfics

% v XG:I [z'v z
1 1
' = I‘_i ot
72 VEe % V3

Proof ¢ If £ Y is o BLIMEE of p'P under (Y,XP,V,), then by
letma 142,2, XX £ = Xp amd Z VA = 0. Write £ =X& + Zu ,
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Then }CKT,E = Ap <= ]{I{p}ie = Xp 4= p = ¥ Ke 4 wigu’e,. o being
arbitrary. If X'Y ig a compon BLIMEE of p'f  wder both the
models, then § V4l = 0 and Z'VA = 0 <=
7'V, (xe + Z8) = 0
and % V(Xe + ZaY = 0
[’5'*&1}1@:] ]:z'v1 z.] | . | o
C==D . s M ] , whilch completes the proof of
2 Vie 2 V2
theooren 2,5,.5.
Corollary Z.5.3. If V, =1, then p'f has comnon BLIMBE under
(Y,Xf,c°I) and (¥,X6,7) if and only 4f p = X X6 « W 4, where

# is arbitrory and Xe satisfies the condition VX8 = M(X),

Qorollsry 2,5,4. If p e M(X ), then p'} has o cornon BLUE
under (Y,¥P,7V,) and (V,ZB V) 4if awmd only if p = X X8, where
Z8 sgatisfiesn

v - 1 _
?TKH | & ?12
v £ E ' "
4 Visg a2 Tz

Theorem 23546+ Consifer the lincar noedels {Y,%4P,Vy) and
(Y,%0,V). let the rutrices Wy,%,,% @nd Z be ouch that
NGE,) = MQWy), BOG) = M(3y3, NGO = MGe) and B = MG
Then the paranetric functicmnl p'f hos a connon BLIMBE under
both the motels if and only if p adnits the represcotation
p = X X;8 + My, = X X6+ WH, where #y and M are arbitrary
end &, and & satialy
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, 5 ,
a3 Z VE ] LAY

Iroof ¢+ The proolf of theorem 2,5.6 is sinilar to that of

theoren 2,5,41 and in gnitted,

Remark 2.5.4. Theorems 2.9.4, 2,55 and 2.5,6 not only charac-

- terise perarmgtric functionals which admit a common BLIMEE under
both the medels, but algs provide & mothod of cobtaining the

cormon BLIMBE, whenover it exists.
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CHARTIR 3

THE IJ¥HIIHOOD HRATIO TEST

Zal Introduction.

Consider the linear ncdel {Y&XE,GEI} zad & hywothsels
B, + 4} = 0, wheve A} 1s a set of estimable parcpstyic Tunes
tionels. In this chapter, we assume that Y has a nwlbtivariate
normal distriboation and ouwr purpoese ia o study the robustness
of the likelihood ratic test (JRT) procedure for testing H_.
Recently, Ghosh and Sinha (1980) and Sinha and Mukhopadhyay
{1980(a) and (b)) underiock this problen and obtained conditions
onder which the IRT statistic retains the same form under variow
structural forms of the dispersion malrix of Y. Khetrd (1980}
undertook this problen and gave 4 characterisation of positive
definitc natrices 7V such that the IAT atatistic for testing
H, under (Y,X8,c°V) as sum ag the IAT statistic for testing
H, under (Y,Kﬁ,wel). Here we consider alternative linear
nodels which differ fron (Y,Xﬁ,ﬁgl) in the dispersion of the
observations or expectation or both ard derive conditions for the
AT stoetistie under (Y,KE,SEI) for testing H  to be valid
under the alternative nmodel alsv. Our aftention will be concen-

trated only on the situaticn where Y has a4 poaltive delfinite

vovariance gtruciurc.
If we have a hypothesis Hn v AF = b to be tested under

: 2 cn s . . , R
(T,XP,o"V), where AP is a vecltor of estimable parumetric func.

ticnals and b io & vechor which makea A3 =D consistent, the
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wder Ha we can write

3
d =4 B+
and AP = XA” b+ X7

where T is an arbitrary vector which satisflesan = O . Thus,
testing fhe hypothesis #H - 4P = n under (Y,Xﬁ,ugﬂ') is
equivalent %o testing the hypothesis N  : 4% = O under

(Y- XA™ b,Xn, o°T). Hemce we will be considering only hypotheses

of the form Hﬂ + AP = 0.

2.2  Specification errors in the dispversion uatrix.

Let 1y and 1 denote the IRT sbatistics for testing
H, * Al = 0 uonder {‘af,.'.{ﬁ,crg?)‘ and (Y,XE,UEI) respectively,
where Vo ig a positive definite matrix. TUnder H , the nodel

2 . X i 2 . -
(Y,XP,o"V) can be rowritten sz (Y,X B ,0"7), where X =X{1-:74)
is an nXn patrix, and B dis an mX1 wvestor. IT RX) =» ¢
and R(4) =k, then it can be shown that R(X ) = r-k. II L

A
and XP denote the BLUL'g of IGEQ and XP respectively under

(Y,X P ,0V) amd (Y,XB,s°V), then Iy is given by

A1 A
L - (X-% B ) VTP )
(YT Ty -

which, after simplificaticns, ecun he written as

T
¥V '{Il-Fy 1T
{ KG.V )

LV = e -

T
YTV II-2 L)Y
X,
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We notice that Iy can be defined since P(YeM(X)) = 0. Under

o, &k - g I iistribution and the TRT is )i
ot o (Ly-1) o By oy O sbributicn ang the TRT is glven
by the critical reglon Iy > ¢ wiere ¢ is chesen go 4o to

satiafy the level condition.

Owr nain ghjective in this scetion Ls tou derive condition
on V wunder vhich I, - L ¢ (or ¢ ()  with probability 1.
If Iy - L2 0 (or ¢ 0), then the rejection (or acceptance) of
H ~ under (Y,}Eﬁ,uzl) will imply its rejection (respectively
acccptance) under {Y,}{ﬁ?agv] also. Thus we are consldering a
situation where Ty and L nay be different, bul still, LT ¢
be used to tead HU nd ey (Yi-}iﬁ’gg‘f} . Ve achicvo this by cube
gidering two separate cancs., In cdase (1), we assme TV Lo
satisfy the condition that the BIUE of 4F under (¥,XB,o°1) iy
its BLUE under {Y,:{.E,UEV} also. In czse (!), we consider an

arbitr&ry Pn‘l. Ve

Now let 7 be & metrix of order nx{n-r} and

Z2, = (7 : 51} be a natrix of order nX(n.r+«k) satisfying

% L ] L | ¢
. — T . s = T .
2X=0,3X =0,2%=1 _ &and 22, Iy~ We now sta

Lomna 3.2.7. E{j{') = ;;1(}{!20) = I*__EE‘XTEAIJ .

The lemna can be essily established by showlng that 4
and E;I have the same null Spaces.

It is known that the BLUR of 4P under (Y,XB,0"1} is
algo its DIUE ander (Y,XB,0°V) if and only if
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L

Vo [+ XA .1;*' 4 N 22' XA 421 47 4}{ ,

where A4, A, and A, are arbilrary exceot that A A 4Z‘= 0
and V ig peds (poe Ruag and Mitra, 1971 p.159). 7 can be

equivalently represented as

q . P ‘ 3 s i )
V=I+Xp X+ 200 - XQ;\az s z;‘xsxu C eeel3.2,41)

where Mg, A, and /v 5 are arbitrary subject to the condition
that ¥ is p.d. It can be verified that if a pe.d. (or @ nened)
natrix ¥V adnits the representation (3.2,1), then the natrices

¥
KA and »p, are symnetric and unique.

- The following lemma gives farther necessary and suffieclext
conditions for the representation (3.2.1) to holds

8 3.2.2. The DIUE of A% under (V,X8,a°1) is its BLUB

under (Y,Kﬁ,ag?_}, or equivalently, the representation (3.2.1)
holds if and only if anyone of the following equivalent condi-
tions holds ! |

= "’1 —_ 3 -
{ii) P, 7 (I .T Y is symmetric
X 1 -
KD’ V

(iii1) (I-7 1P ) is symmetric
XCJTT K,Tfuj e :
(iv}) Therc cxisbts an orthogonal natrix T such that
T (I-Tg)P, T (T-F )T, TV (I-F )T and TV (I-P_ )T
: X,V X,
“ ’ o*’

&re diagonal matrices,
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In order to prove lemna 3.2.7, we necd

Lermé 3.2,3. let ¥V be & ped. matrix and ick 2 = X" Then

vla-2 Yy =zvRTz .
X,V |

Progf ¢ It is easily veritied thut

via_ep DT 20z’ v 7 (X @ va),
%

which provca the lemna, since, M{X: ¥Z2) iz the wholc Spacc.

Progf of lemna 3.2.2, A(X'X)” X' ¥ 4is the BIUE of &F under
(¥,%8,0°7) if and omly if A K™ X'VZ = 0 <=
Z;X(ITX}“ X'VZ = 0, (ueing lorma 3.2.1.) vhich is cquivalent to
the condition 3;?3 = 0, since M(Z;) (C M(X), using the fact
that Eiﬁq = 0, Thisg shows that the condition (i) is nccesgary
and suffit:iﬂnt for the BLUE of AF under (Y,KE,@ZI) to be its
BRILUE urder (Y,Kﬁ,cgvﬁ als0.

PV (1P

KO’

1) is symmetric

(s (T DV I-P } iz syinetric
X Kr}v—'?

. [ Lot “1’_! B T q-‘ I_ ] . . . .
{=D 27 EQ(E{JVEO) ":'c':- = ZU(ED?'EG} 30’.?55 , using lemm& Belerd

Al T ' LI
== ZD'EFEE Ly = % 2% TIEQ

oA Y A z'$21}
£ == =
L ]
ZT’EE {1 0 £

r
=) ETIZ-] = .
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' This proves the equivalence of (i) oand (Gi).

(I-T _13{1 -I __1)' is syimetric

X&Tur X,V
— tr -] _F % -] 1“ |I__ =1 1. ‘I __1 PE
¢=> B (5 Va )Tz Az V)T 3 =12Z(z v2) Iz, (2VI) Zg
L - q 7 -1
A= T =
L==> G(ZQIEQJ 4,2 rAVARIVS
]

o 1
(=> B3Z = 5 VI(Z V2)

3 74V2 ;
(=) = (z'va)y~!
ol Legvel

= 2V = 0.
‘The equivalence of (i) and {iii) is thns cstablished.

The equivalent conditions (ii) and (1ii) hold if and only

1f the matriecs 1-By,I~T; ¥V (I~ .} and VT (G-P_
< o :{,Tf— X

comnute pairwisc, which is nwcegsary and sufficlent for the
exigtence of an orthogonal natrix which diagonaliscs them,
sinultancously (oce Hace and Mitra, 1971, p. 124). The proof of

lenma 3.2.2 12 now completes

forgllary 5.,2,1» The BIE of svery estinable paravelric fune-

tional under (Y,XP,5°1) ie its BTUE under (¥,%8,0°V) il and
oy if anyone of the following equivalent conditions helds 3
(i) X'V =0 (Rao, 1967)
(11} vP, is syometrie (Zyskdnd, 1967)

{1ii) ¥ « ila syrpetric,
X, 7 -

L
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Hepark 3.72,1. Tet &y = I-B , 4L, = 1-D Ay = v“T(I-v }
1 PR X % : ﬁr.u‘_!
2 ‘ . .«.G X
g " T 1 i - 1 Tu s ’ o = L - .
and dy = L G 1}. Mhomn condition (iv) in looma 3.2.2 1z

R

eguivalsnt to ﬂema;ﬂiﬂg that there oxists w nensingular nodrix T
satisfying T ;T is diagonal for 1=1,2,3,4. %o justify this
clair, we appeal to a theoren duc to Bhinwsunkarcs (15771), whick
status that if M(4, ) ( M(4,), then therc exists & nonaingulor
mutrix T with the desired proporty Lf and ondly i€ for some

g-inverss A? of &g, (2) iiﬂ¥ iz senioinple with real cigen-
valoes for all 1 and (b) Aiﬁ; Hj is syrretric foyr 4ll 1 &

Jo Chooning A7 = (I-Fy ) = &y, we sve that (a) ie satisficd anl
y ‘

(b) is patisfied ¥ i and J it ond omly il the couivalent com

tiong (ii) and {iii) in looma 3.2.2 holde.

Hext we shall prove

Lempa 3,2,4. If the IHT sta.istics for testing H [ 4F = 0 a
the samc with probability onc under {Y,Kﬁ,ﬁEI) and  (¥,XB,a"V)
then the BIUB of 4if under (Y,KB,SEI) is its BLIE undex
{Y,KE,UE?) alzo.

Proot
vrlaee Y viaepg )Y
L. G -
— - 5 -, F T LMD
Y v (I-F 2T ¥ (I-BdY
X,

>y Yo Gvr) e vaer'y s Ya vy 2 vy 2 2 Y, WY A
] L 5 o o0 -

Putting Y = Vig, we get


http://www.cvisiontech.com

- 93 -

o' n'van'vee = 8’2 v 2 VA6 ¥ @
¢<=> I VI = 0.
lemma 3.2.4 stands proved, in view of lemma 3.2.2 (1),

Remark 3,2,2, The imteresting cbeervation nade in lerma 3.2.4 is

inplicit in the rain result derived by Fhotri (1980), bub this
fact is not stated in his paper.

We now procecd to derive the rnecessary and sufficient con-

ditiens for Jy-L> 0 with probability onc.

Cape 1 1 Herc we asawe that V  bolongs to the class of p.de
natricos for which the sinple least sguares sstinator of 4P cone
tinues to be its BLUE under (Y,XB,0°V). In other words, ¢ han

the represemtation (5.7.7).

Since V admite the representation (3,.,2.1), the corditinos
(iv) in Jemna 3.2,2 is satisTied. Let T Dbe the orthogonal

natrix which reduces I-P,, 1Py | v-p ) and
X }{G X V"‘I
LY

v 1(1.p 1) sinultaneously to diagenal formm. The coluuns of

Xy
T are ‘tge cormon elgenvactora of these fowr matrices. 1+t can be
shown that each colmn of T belongs te M{(Z), M(Z{) or M{X ).
Pearrange the colurms of T go that the Tirst n-r columns
belong to M(2Z), the next k colwms belong to M(Z4) and the
last r-k columns belong to M(X ). (Recall that =» = R{X),
¥ =R(A) and r-k = R(}CG)}‘ Iet A and .:\Oi(::,:']

F?'-' L] q,l]."‘"r\

denote the nonzcro cigenvalucs of 1 (1—1’:{ _q} and
r

1 ¥
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v"T{I—P 1} rospectively <orveapending tu the samc sigonvoreio

r g
X0

belonging to M{Z} nnd 1ok }‘g-i{i = n-ril, ..., nerel)  donotc thy

[

nonzero clgonvaluss of "I"i (I-,Pﬂ ._._-}} corresponding to the
}loif .‘
glpenvectars bolovghdng io ﬂ(?}a}), Mote that the nomber of honzers

eigenvalues of v’“’ {(I-7 1} and V'{I-¥ M13’ HIE regpen
X,?" : Euiv

]
tively n-r ond n.r+k, their rasks. Lot T T=1= {'t1't2..;tﬂ) .
Then, recalling the maxner in which the coluins of T hawve boon

arranged, we get

-1+

ot | 2
' (T-p, )T 5 4
L - o A=
T (TR ner o
i; +
Simdilarly
by P ol 2
ii hmitl
Ty = -
Il 2
n L
sa1 31

Thua we have proved

lemnz 3.2,5. Tet Ly, b, A, A and t. be ne lolfiped ahers

i
Then
n-r+k HN-p
TR (O - ;x)t.gtg
i=1 =1 oL 7%
o L = — L]
Lv Y- Ii-7 &

n B £ t'g
i=1 §=1 MO
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Frorm lenmna 3.2,0, one can ea2sily conclude that L..-D0 > ¢ with

probability one if and cnly i3

L > ?‘u fGT i - 1 E,!il,n-_r

ml = 4 '
iil’llﬂ. }"C‘ri Eﬂ }kj fUJ{' i = ﬂﬂI‘*'T-l.*q,l’i—-I‘*'k
4 oa i
J = 1,4-,1--.,“—1‘ -

Since V is amswied to hoave the ropresentaticn (3.72.7), the

condition (1} in lerma 3.7.7 holds and honce we have
t o =l L -1
T By = 7 T
Z2 (2 v 37 % vz = 02 V3) 7

or equivalently,

VIR R = V=R )
X, v X, 7"
U
<:} :"n.ﬂi = :ﬁ.i ‘E'Clr i - 1,:.;-3-1,.--,11-1“ -

Taing this chacrvallon and lerma 3.-7.5, we have
oz 3428« Ly-L 2 ¢ with probability one i and only if

e+ T, wea, n=r+k

H

i

J

ll:li n:‘:‘n ?\ﬂ;j ¥ ¥

%

il

1,2'ﬂll,n‘”"r -

Mext, we shall derive conditicns ocn % such that the
) ™ ; ?rﬁ - ! ded oyl
sigenwalues A ;(1 = 1,7, 400 u=r-k) af zﬁ{zﬂaao} 130 satisly
the condition stated in lorma 342.6. TUnoing thoe reproscotation
(3.2.1) for V and recalling that Z_ = (212} satisfies

' '
b a, = 4y we get

; Lo 0
FVZ_ = W .
G o i I+ﬁ;1.ﬂ1xizf
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Hence

. ¢ _1Tr _ - -1, L I S U

EQ(ZD‘VZO) By = E(I+f~2) AR Z.l{lfz_TA.sn,I;{. 231} Zy

,;.{3.3..?).
For 1=1,",.e0,0or, % ; &are the eigenvalues of
T ] X

ZO(EGTIED)"TZG correspording to elgenvectors belonging to HM(Z)
and for 1s=n-r+l ...,nr+k, X . correspond fo cigenvectors
belonging to }M(Z4). Using this, end the fact that 2 and 2,

and Z4Z4 =1, L, it follows

k=T ¥ —le ?
from (3.2.2) that #_; (1=1,2,,.s,n-1r) are the eigenvalues of

arce chosen to satisfy Z‘Z =1

(L+ 2 E_:‘)_-i and A, (A=n-r+l, ..., n-r+k) are the cigenvalues of

) LI _-‘l —1 3 2 i J \
(I+Z4X "X 24)7°, Hence, it follows that Moy & Koy ToT

iznr+l e, ter+l @nd j=1,2,.0e,n-r 1if and only if the
pininun eigenvalue of I+N, 1o greater than or equal to the
marinm elgenvalue of 1+ Zj{}i :"x.}}’fL‘ET. Since ¥V is gven by

3 1 L]
(3.2.1), we see that I+/, = Z'VZ and I+24X X 8y = 2,75,
T

and the eigemvalues of I+A, and I+Z,XA ,{}{'51 are reapoctively

P

the non-null eigenvalues of 22 VZ8 and 1,3;VE;3; . But

727 =1 - Py and Z.IZ_; = Py-Py + Thus ve hdve proved
0

Theoren 3.2.1. Iet T and I, respectively denote the IRT

statistics for testing H_ : 4% = 0 under (¥,XB,0°1) and
(Y,K?,GETI), vhere V is a pogitive definite matrix adnitting
the representation (3.2,1) amd M(4 ) C M(X j. Then

Ly-L 2 0 (or £ 0) with probability ome if und only if the
mininun non-null elgervaloe {or the naxinuw eigenvelus) of

(I-Py)7(1-Fy) is greater than or egual to (or loss than or
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cgual to) the nexinm cigenviluo (respectively the nininium
non-null eigenvalue? of (P, - By V(¥ - b, ). Under this con-

o ILU - U :J
dition, the rejectlon (or aecceplurce) of E_  wwler (Y,XF,s"1)
will inply its rejection (vespectively acceptance) unfder

2
(4B ,=“V) also,

In theoren 3.2,.1, we have asswred that VvV adeits the
ropresentation (3.2.1) or eqnivalently Zi?zl = u. Howewer, if
we are intercsted in conditicns under ifilch e = L with proba-
bility one, then this assuption always holds, iIn view of

lezw@d 3.24.4. 'Mhus we have silsa proved

Thoorerl 3.2+2, Consider the 1linear nodels (?,Xﬂ,sgi) and
{Y,Kﬁ,ﬂgV), wvhere TV is positive definite. For testliug

Bt ab =0, the IRT stotistic under (7,X0,0°V) is the swe

as the IRT statistic under (¥,5F,s°I) 4% and unly iT ¥ satinfies

i} (I~ :‘X)V(?}: - F}:é} = 0,

(1) (- pdT(I - Ey) = s(I-py)

S

and  (11i) (B =Py V(P -Fy ) = 5Py -ry ),
G 5] a
wiere $ 1s a positive redil nuber, or egquivalently

o 1 - ) v L
Ve T o K » (813 {I-P Y% A~ 0% o 2 i
1 X o LNV

wiere oo, dnd fg o Are arbitrary and = 10 an orbiweary poadtive
re2l number subject to tho conditions (i) ¥V ds positive deflnite

" . - -
am (ii} {P:{ - P}io }“x. f“"\ Jr:{ {:F:}: — F},:U} - {S"'I } (J:‘;‘},—- il lj‘:;:_ﬂ) L]
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Corollary 2472,2, Thae condilion on ¥V given in theorsn J.4.2 ia

gardvalent Lo fayont of the Jullowing equivalont condidions 3

(i) (IA—P{ }?(i«-?ﬁ Yy =alI~F. ) fur some a»
“o U e

{ii) ?'1(1-P 13 « afl - T, ) for sone &>

- .
X,V "3

{ w T .
(113 [? h} (V-al){I-Fp 'P4L ) = 0, for socue a> 0, vherc
n -

I 39 such that LE = 4.

¥ - _m -
Froof © (i} im couivalent to the condition EO”ZD = al For scoe
L]

a» ¢ <= Z1?E = al, 2,¥34 = al and 21?21 « (0 which dre ggul-

» 29
valent to the conditions on ¥V given in thecrer 3.2,2. Conditio
{11i) in the corollary holds if and only if

2 (3 V2710 = ud 4 <=y Z.¥E. =11 <= (1) holds.

o o] o ¥ Qo C} L (5]

Since I ig such that JX = &, Tron lemma 3.2.1 it follows that
LTy = %y . Fonce the conlition (1i1) in the corollary can bo

uritien as

72 i 7z’ o7

which is equivalent 4o (). Tho proof of corcllary 272 1o new

conpleto.

Vote 3.2,1. Corollary 3.2,2 (iil) is the result obbained by

Ihatri (19803,

From corolinpy 3.7.2 (il), wo have
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Corgllary 2.2,3. by = L with probability one I+ and only ¥ the

mmerator ol L-.J, is provorticnal to the mwmoerator of L.

He have derdvad conditions for In.-L 2 O with probabliity
ove assuning that Vo has the represemtation (3.2.1). Wow uwe

shall conzsider
Case 2 * ¥ ias an arbitrary positive definite watrix,
Wa prove

Theoren 5.7.3. Consider the lincar medel (Y, XB,s°7) and &

i B
hypothesis H_ 7 4B =0, vhore M4 ) (CH(EI ). Iet ¥, 1, and
L be a5 defined beforc. Let & ;(1s71,2, ., n-rvk)  and
Hy {i‘ 1,2, see,ti=r}  respectively denotc the non-null sigomrélues

of {I;FKUW{.T...P:{G} and  (I-BQ)V(I-Py), where r = R(X) and
¥ = R{i). Suppose therc cxists cxactly plU¢pg n-r) cigemvulucs

of (I-Py IV(A-Dy ), say »;(E = 1,2,...,0) corresponding to
o o

eigenvectors belonging to  M(I-Tyde (Then w4  {(1=7,2,.0.,p) are
also eigemvalucs of (L1-F,)V({I-Iy) and we can asswuie without loos

of genorality that i, = (A=1,2,.0.,p)). fThen
G .

(1) L,«L > 0 with probability one il and only if

~in ) e _:z-m i
1¢igner * 7 peTLign-rk '
2 i ra v ., ané
and rin > kil i i

Pty = 7 1 ¢4 n-riks

< ¢ with probability onec if and omly il

(i1) Ty-1

nex L £ Tin fho.
1<idnr * 7 nl1¢i¢nmrek 01
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prigignr * 7 1¢idnrex ©
Frogf + We hove
'z (v gy v'z 'y
In, = o e'nt g and 1 e Reale)
P‘ﬂr - ‘I T —‘{. i . EN i"“ ; '
¥ r(g v2)T'7 ¥ Y E5 %

whore EU and Z arc 48 delined in case 1. Tet
AgW=1,2,00 n-rk) and R (L=1,2,000,0-1) reaspoctively
] ¥
denote the non-nnll sigemnvalucs of ZU(ZUvZG}“sz and EEZFvEB'T
. ) . o . o | o 1.,
It iz easy to see that A ; is an cigenvelue of Z,(2.V2 )72,
corresponding to an eigenvector in M(Z ) it and only il j?: is

vd
an eigenvalue of (I-Fy MV(I-P, ) corresponding to the save
o 0

L]
oigenveotor. The same rolationship exists betwoon 2(Z V2)™)Z

and (I«Px)?{I—PK} also. One cén also verify that if A, iga

[ ] — 4 R . .
eimenvalue of 20(30?30} 150 corresponding to an eipervector in

M(z), then A 1is also an cigenvelue of 2(z'v2)"'2"  comroapund
ing to the sarne cigenvector. Iet T and U be vrihugonal
natrices such that 1 2_(z vz )7'z.r, 15 2., U'2(2'v2)T'3'U
and U 22 U are diagomel matrices, ILet

“E=(t1,1;2,..“,‘tn}v =7 Y apd un = (5_11;1‘?,“.,1,&1}1 =T Y.

3

In view of the above discussion, we can assuc that

th colwmm of T and T arg

rog = N(E=T,2,00.,0) and the i
- e - IR .
identieal for 1=1,2,.,.,p, 1f 2 (2 VZ 3772  has D elgen
values correspendlng to eigenvectors in M(Z). 4ifter sinplifice.

tiens, we can write
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P

Ly N SR W TP U

R T I &
Il-rijr— [I = ) Hoo

duw using tho Pact that ko =Xy amd B o= for L=1,2,.0.,D

wo get
Inp~ L 2> O with probabillity one if and ondly if A, > ?"j far

i=1"2, #q!‘.n“r‘}k, j - !;-_}':'1*4--&’11—1' drel ?"ui l }‘-j Tor

i=ptl,eee,n-rilr, G = 1,2, 0.p-r. Bincc 75 = 1..3.., and =k
s

the theoronm follows,

Renurk 3.2.3. Thecrono 3,2.7, 5.2,2 and 5.7.7 have been proved

vithout assuning thot the matrix o is of full row rank.
Exapples.

Wwe now congifer o fow oxonples to Pllustrate the reselis
3o far obltaincd,

Exepple 1. ot n > 1, and let 7 be the intraclaes covarlshce

s
h

ratrix given by

; ‘ i 1
To= -ty Tnlps - 5g €0 < 1y

wherc 111 ig the nX1 column vector with each clorent equal to

e g 1 . s -
1. The condition - =g < » < 1, guerartoes the pueltive defindte-
ness of V. With ¥, defined like this we consldor tho lingur
2 -

) 7 . . . )
medel (¥,XB,0°V.), whore ¥ Las nudtivordate nermal distribu-

tion. Supposc we want to test the hypothesis 1

L4 O . T
Loe AR = 0 whoro
v .

¥ . ’ v . . -
¥a Yy C ME D). Iet £, be as defined boforc. For dtaeg indtraelass


http://www.cvisiontech.com

covarinneg natrix Tzfrj , Ghosh azd 8ihs {198C) pror.o

Theprem 3.2.4, The IHT statistie L, for fceting I under

(Y,Kﬁ , 7

b
-y

'i.?’lﬁ} has the sie walue for overy fixed o« ;qnw , 1)

if and only if 1, ® ﬂ{?{,ﬁ,.

It iswan nEsy mattor o deduce theoren 2.2l fron conditicn
(1) in corclliary 3.7.7. The procf given by Ghosh and Sinha is
l@xlgthy arnd invelved. Ve present here o aimple altermatlive proo.
of thecrem 3.2.4, which, wo feel, is of indovendent interest.

-t

Froof of theorew 3,2.4, let 7 and Zr:: be as delined in the

begimning of this secticn. Then ws héwve

i T '
7,5,V .0 }”1'30&*

I =
° Tz, e
2 |1 T Ll ],
0 N=r+k 1 “at
L 1+]_p ‘1n?02:n1
= ¥
E:. 1 L] -
" l 7 210 ‘
= nerr - |57
‘i i"ll q
L e 'I—n‘in"f‘z 131 |

apin slmpliticaticon; whore v = RA{E} and )k = H(4),

Lp = LG with probability one for cvory fized o o («E:ar, 13}

ifand oy I WY omwl ¥ oe (;_I'I , 13,

! v
32311;?3--- v ‘_c':f,?i1'| o , . ‘ |
11 - . T EZ T = 0 {’ . e YU ALY NG NAIIE

i E'}' ! . : 1"" 1 £y 1_
1TT-F‘; 13."1"’050111 o =p ‘0™ 'n
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Sufficlency of the condition 111 s HIX_.) is now obvigus. To

H L
prove its necessity, notlce that if 1;$ = (0, then from (3.2.3)
we gel
] ;' 1 i . B
{Y % 2 1 1 & Z Y)u? ZZ Y = O oc1(3-2i4]

o”o'n'n“o”s

for all Y. Pubtting Y =3 8 in (3.7.4), wo got 1£3u = Q and
this proves the theorem. Hencc it is enough to shuw that 1.7 = 0.
Assyme that 1;; £ 0 and let 3 denote the colimna of 3 for
i=1,7¢ie,-r. Then for atleast one 1, 1;331ai # 0, and
putting ¥ = 1; 1n(3.2.3), we get 1.3, 7.1 = 1703 1 <=>

Z;1n = 0, since 3, = (31Z;). TUsing this condition, (3.2.3)

( ) {. } z L] c L] }
2 :J.J In !E £l Y - E a"n'fr In IY Z:. :E L 3 ﬁl.}

T
for all Y, Putting Y = Zb+24b; in (3.2.5), we gt Z 1, = 0.

Thls complctcs the proof of thocorem 3.7.4.

Hext, we shall gramine tho situztion when Lﬂ-# LG» in
this casc cne can think of applying theorem 3.2,3. First, we

shall show that theoren 3.2,7 is applicuble only if T;E =

)
T 1na-=LJ

(iees ByT = 1) or 1%, =0 (l.es Byl = “L}:ec;o‘*n:" It
t L .

ar 1nz? & O we oboerwe that E‘szq = 0 or eguivalently VP

almits thHe representation (3,2,.1) s that theorem 3.2,1 applicsa.

Assume that 1.2 # 0 and 1;131 # 0. Since 2.2 =1

o0 n-r+k
¥ i ‘t i - v w1 ’ 231 ; 3
and 7 VZ = epd T g * PP 1R, , the ﬂmn_ngll cigenvalaos
of  (I-Ty )vp{I_PK Y oare 1-p of multiplicity o-r+k-1 ard

o 0
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1T-p+ vﬁnzazojn of multiplicity one. If 26 13 on clgenvector

of (l—i )J lﬁ;E‘J correapondiing to the eigersralue 1-p, thon

‘ Hearm y I o ) :
we get ¥501111ﬁde 0 K==y 1,78 = 0. Hemee, since 1.7 # 0,

among the multiplicity #n-r+'-1 of T-p auo ua ciﬁeﬂﬁalaa*uf
(I'PX }?p(I“Eg ), nerel ocorrespoid tu elgenvectors In E{?}* Ora
o L M
. 3 3
oarl alsc show that the olgervalus 1=p+p1nguzu1w corresponds to

an elgenvector of (I-Ey Yo Ty }oin M{Z) il and only if
LU F . —
)T . (1-P, )
. o P Ty
hag non-mll cigenvalue 1-p  of molbédplicity n-r-1 CorTsapon-

Zgly = 0. Thus, when 1.3 £ o ard gy A0, (I-By
ing to cigemveceotorsin H(¥) and T-p of multipliclty k- and
1_p+pf;ZG2;1n aof muttiplicity ane correspoendingg to clpenvectord
in ﬂ(zu) that are not in M(K). Une can sce that in this situe
tion, the inmequalitics given in theorem 3.2.3 (1) or (31) lead b
a econtradiction. Thus, when ’I;Z £ 0 and 1_1;21 £ 0, wo cannot

have L -T,2 0 (or ¢ ©) with probobility onc.

Now we procecd under the assmption thit 1,2 = 0 or
T W b
1B;1 = 0, MNoticc thet 1ﬁ5 = (0 implies X ?”Z = U and 1 E1~ﬂ

implies z'v$z1 < 0, Using lemmd 3.2.2 and corollary 5.2.1, wo
ace that if either 241ﬂ.= O or E11n = 0, %*hom the BLL of &
wder (¥,Xp,5°1) is wlso its BIUR under (Y,%8,07 ). [enoo
?p admits the rcpresentatiﬁn (Fefe1). asmsmming that Lle # LU,
or eguivalently, Z;‘EHl £ 0, we shall exanine thoe applicability
of theoorom 342,17 in this sot up. We consider bhe following

aituations &
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£ : = ! 0] T T=Te P W T P =
(e) %1,=0, 2,7 ¥ 0. In this cuse (Py Pimgfv\Lg Hﬁﬁ)

! 134V pz 1%¢  has non-null eigenvaloes  Tep of malil plicity k-1
1 ¥ .
and  T-p+pl 27247, of muliiplicity onc. {T-PK}¥P(I~FX} has

non-mll cipgrvialuses  1T-p of maltiplicity n-r. applying

- @

-

theorom 3.2,1, wo got
IJP“ L, > ¢ with probability one if and cody 11 p< O~
and Lp- L, ¢ ¢ with probability one if wnd only if p> 0 .

Thus when 1 ¢ M(X), hut 1, ¢ E(f}{ﬂ}, we soe that tho rejsetion
{or acceptance} of idu rndoer C‘*sf,;?{ﬁ,ﬂf’fl} implies itg rejocticn
{(respectively acceptance) under (Y,Kﬁ,w’g?p) aloo 1F o < O

{ecr ¢ > O).

_ t T o . : yor £ T3 ‘
(b) & 1n # 0, 291, = 0. In this eane {PX-PKUJJHCEK—lK ) has

o

non-nill eigenvalues 1-p  of maltiplicity k  and {im_%-“j}{)?p(ln?}z)
hts non-null eigenvalunes 1-p  of multiplicily ner-i =nd
W ¥
1a-..p+.p1ﬂzz ‘En of mutinlicity ono,  Applyiing theorem tedet, we
got

L =L, > 0 with probebility one iF und omly 10 o> 0

gnd L -L <0 with nrobability one i and only AT p < O,

"hus when 1. ¢ MCZ), but Byl = P

" ~1,, then the re¢joction or

5 U & = =
weeptance of I, under (Y,80,e¢"I) implies its rejection or
__ | i

apceptance under (Y,I{aﬁ,!:(‘?fﬂ) slse according ag p > T o ol .
It is interesting to observe thal the comclusions in (4] and (b}

abeve do not involve the matrix 4, apurt fron the reguirenents
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= Ho w Pae an? heonee is vedid for osny topting
Pyl = 1, or Pyl = Py T, and hence s veldd tor sny teotiog

N . = g _— "I-" - " ..--,i ™ _Lﬁp' - . —
probien Ho AR = 0 with  His ) CHE ) and sslioiyiag this

regadrenent.

frample 2, We new comsidor the doesr model (7, 4%, +77 ), where

V, 1s given by

5

. | = . E . ) L&) .
Ve Lrel +1T et with 5> 0,
% R
e o= {Cjﬂgntﬁn) iznd 1“ = (‘i'!'i’*!.’}} . )
'y . .. ¥ . Yo
One can show that the cigemvalues of ¥, ware art os(mele)

0 1s. .
a1 e - (nc'e) /2 and afof maitiplicity o-P). The vecitors ©
which make -*--"{’ poaitive dofinitc arc orecisely those widch mike
G+1n + (ne’ G) and c.+‘! - {nﬂ"c‘f}/

gtudied the validity of )ff'" and F—i:'e&tfs for dependent normal

pusitive., Baldgsnari (1068

data and coare wp with 2 modol huving:' thL, d:].-ap;rq.uu mittrin consi.
dered hore. Supposse we have @ tosting problem H:. AP = 1 mnd
let I, and 1} dencte the IRT statistics for testing H, g
(Y,}iﬁ,ﬁz‘fc} cand (Y,KJE,UEI} reapectively. et X B sod 2 e
ag defincd bofore. Fron corollary 3.2.2 (1), we asce that for
cvery fired vectur ¢ (uhich makes 7, p.d.), L, =L, with
probability one if and only if

(1-1“'}: )?ﬂ(I_-E’}z ) = a({I-F .} tor Sume 8

Ll [

oz Z;(ﬂl + ‘Inr.:' ¥ 01;)ZU = al

¥ *
== ZC}(THC& - P1ﬂ}EG = {H—N}I [ : #+i{3v216}
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If n>» 2, then (3.2.6) leuds to a conlradiction if  (a-a) £ O,
since, {a-0}l in such o nuse hag pank preahoer thea 7, whoross

T 1
bhe matrix 3 (7,0'+01 )2 hus rank lass than or cquad to 2.

If n = 2, then writing o, = 20, ond oy, = e, (3.7.6) DBocunes
? ] ; PR - um 1 - L ey £
Ggah rdsdy = {a-c)l., TMerc ag and 2, are X1 veolors and it

can be easily chownt that the aboye relation leads to a cuntradio-
tion if a-n ¥ 0, Thus &-v = 0 4in either case and we got

L, = L{j with prodbability one

[ I 5
« B 'y — 3
o) Zc,}“nL + c,'!n)zu = 0

EES v £
< > ZDTT&C 4, C
3
{d=> Z. 1 = 0ore'd =i or buth ure zeros

¢s> 1, or ¢ or both belong to M(X ).

The above resull wis @loo obtalinsd by Sinha and Mukhopadhyay

{1980 (1)) by a different approuch.

Cur nexdt abienpt iz to wpply theoren 3.2.7% vhen L¢ and Lﬂ
are different, l.c. wen meither 1, mor ¢ helong to H(KQ}.
The non-null cigemvalues of (I-Py)V (I-Fy ) arc precisely the
clgenvalues of Ea?cﬂ = ﬁI*'Zg(1Ifﬂ * cT;)H. 41su, E=E1n;°ve1;}z
and (e=:1n)iZEF(1n:‘c) have the same non—1all elgenvalues.
Mrcet camput&ﬁiun shows that the clgenvalues of (el 1n}.EZk1n: c)
are ?;Zch 4 (f?ézzﬁ1ﬂ}(n“zzic))1fg. Henee, the non~null cigen-
values of  (I-Tp)V (I-ty) are o (of nultiplicity n-r=2),

: 3 ! 1 q . 1 rra \ el
s e 1002 0 v (173810 (022 oV and et gn oo 22" 1) (520 0]/
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of multiplicity ono cach. 14 can be veridicd that the oigon-

vectors of (IdEY VﬁiiﬁPy} sorrespondiag to bhw elgsnvdlucs
T o 1/.%
1y 1/

a2+ ﬁz £ ((1 E” 'R o

1, arc roapootiveis

”‘! - '-‘ii'f‘-*nr‘r " if?*'l 1;"’27,-;?_. o f cama L ve ,
(1,52 TH) 2z cx (e'87 ) 7740 1,. Glndlarly it cun b shown
thot the non-null oigenvaluss of  (I-2 }?cil-Pﬁ } are

Y X,

o' A e LT3 n it i
a4 Z Z KA ((1n oaajn){b 2.8, e of multipldeity one cach

ra

{with Grrquonﬁlﬂ@ plfbﬂVLbbuTh (1HEQZGTH)1K“? 4 ot
(C“EOZGG}1KEZUZu1n raspectively) and ~ {of maltipliecity
n-r+k-2). Asswdng ihait neithor 1, nor ¢ bslong to E{KD},

we now conoit ey

Cage 1. Either 1P gr o o bolh belong to E{K).

+

Ve conasidor ondly tho case 1. = M(X). The other cascs can
be dealt with siwdlurly, Jn this situation, lhe non-null eigen
valucag of (I-I Y)TL{E#dK} arc cach cgnzl o o, e shall show

_ . 3 W '
that, when, 1 ¢ M{X), the cigemvectors (?HEGEGTH) / EQZCGJ.

(c"Z ﬁ 9)110” - 7 ol {I-%, ? (1_1 ) corresponding o the
D ‘o'n L z°
_ Lot L \1,*9 th of 2 1/2 _
2i, 2 2 1 7 > i : & EIG Jil
clgenvalucs ‘+1nfuzﬂLi;(1p4 Z, 1) ('3 c) canct belonyg

to M(Z), For, suppose Eﬂ; QJG1 )1KPZ a‘ + (o ZIG“TKE“ 2.1,

belong to M{4), Then the corvesponding eigenvelue is o (seo
the discussion given at the begivming of the proof of theoren

) L] L] 1 r ¥ % L]
2 Tl ¥ Uil . ! I 1 .!"I":' = = T 1 i{":ﬂ R
3- i3}- GIJ..-J.GE 1n:'r.mz [,;.IC + (11{5{}2{51 21} ( kS aULUG) = i

e 8 3 ot ' I T T
=0 (1nggzg ) = (1H£QZD1H}(G Aﬁﬁﬂc)-”ﬁ} ZDE B déGTE - d(u.inﬁﬂ

y ]
wherg & iz a real nimbsey., The dbove gquation inplics Z o = 0
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] o] .
ard hence (123713779 27 (e'2 2 0) /75 20

a'n T
1/2 172, ! v b e dd o
(1. QTZ1 o 4G 1v. (c'2, 19) Zqfyl, e M(24), 7 contradictlon.

Thus, it (E-Pp )V _{I-¢ ) has an clgomvoctor in M(Z}, then tho
_!.{} Q
corresponding cigomwmlue is o, Apnlying thooren J.2.3, we gol

T, - L{: > 0 with probability eme i7 and only i7

o
) q *..-__. L] 1 fE . ”'t 1}'
1112’.\036.:3; (‘En,«JOZU'in} (e Zﬂaﬂ o) £ 0
] 1
{=> o = a2 an for gome & £ O

{=> (L-Fy Je = all-Py J1. for some a £ 0.
'C.'l ]

 Bimilayly it can be shown that L, ”‘E"o < O with probability ane

if and only if
(I-.:Ej{\)c = a(l-Py )1~ for some & 2 U.
Thus, when 1 {or c or both) belony to M(X), wo get,

Ly=b 2 0 witi probubilily cne 37 and only if

#

(L'?}ED)Q &1.(1-1?},:0)‘Iﬂl for seawe @ g U

and L,-L, £ 0 wilthk prcbability one if and only if

s

a(l-Py 31, for some a2 0.

&

(I—-:E*K Yo

]

CNotice that the conditinns ‘In e M) ard  (5-Py Jo = El(:inl":{ Hn
: o G

irplics c© s M(X). 4lse, fthe inequalities 1,-DL, 20 (or€ 0} und
a¢ 0 (or > 0) canbe replaced by L,-T, > O {or < 0) and
8 ¢ o (er > 0), since, when LG#I:D,{?L—TE‘XG}{: and (I"PEGHII are
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Coge 2. Neltier T, »or o wwelong e BW{E).

In peneral, vhon neither 1 nor o iz in MO0, it is
difficuld te give cenditiona wdar which L,-L 2 ¢ {or € U
WA

with probabilily cnc. In this case, thore dre sitestions ulwre

we camnot have L, - T » 0 {or ¢ ¢} with probability onc, Here
o ¥

¢ o =
we consider the case when Fl o = LPK 111 arnd P,{c: = M, o or

J 4'n e ¥
k] V . s
eguivalently 2,1 n = 0 and Egc o= U Ancthor guy of publing this

cordition is that 51 111 = 0 and the least sgoares gotizator of

AR is its BLUR onder {‘&’T,}if&,uf“fﬂ"c}, sincee the least squarce

egtinater of AP is ito BLUR wader (V,X},077 ) if and only if

[ L]
VA, =7 {1 c:‘+r*1, Y%, = ¢, by lomma 3,7.2. Pron the oxXpressicy
o ¥ E ¥

1
Tor the eigenwalucs and eigenvectors of (I-Fp)V (300 and
(I-Ty IV _(1-P,) given in case 1, 1t cén be secn that when

31111 2 0= Z.icir the non-nnll eigenvalues and coyresponding slgen
vactors of (I-P, )V (1-Py) arc also elgemvaloes and correspond-
ing elgenveetors of (1-Ty )*uf&(l-PK Y. applying theoren 321 o

o] o

thooren .24, wo ge'!; L,-L, 20 (oy € ) with probability om
if and only i 1,27 ox (1,77 1 )1'”(-::?2:?} OV o or (O

== {Iuﬁx)c = a(E—Py}TE for sore a » © {vr £ 0). Thus when

+ ol ] =N i x} Thrmea e = = T
no i ther ‘In nor ¢ in L:{“}, but we havo "‘}LIn J.KU“EH and

Pye = 17}{63, then

L, - L, > 0 with prebability one 17 and ondy 3T
-3 = a(I-P,) for some @ > G
(I-Fyle = a(I-P¥1  for some a3y C
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and T - LU ¢ O with probubility one AF and only AT

(T-Ppde = all-Py)1_ Tur seme & € 0.

L

2 -
Dxumpic 3. Congider the linear model (¥, AR,07v.}, where 7, is

glven by

] -
T+a™ & { G oaas i O
o -
& Teots e ) owaw U ]
p
ET'Q = G & 1+'E' 'E; LI C' i
s LI I R dow m o M d R AR RN R
:}
0 ¥ 0 O oeme B T#ET

# being a real nunmber. Such a variance coveriance natrix ariscs
in tirme series vhon the errors are gencrated by 2 Luving avorage
proceas of order 1, (Ses 0.0, Anderson, 1976, pu32). It can be

showvn that

. g:’-’l‘lﬂj 7
V.l = m:w#ﬂ; if & 1is net saurl to &1
1-9"
= 1+n, gtherwvise.

Thus ?% i9 positive definite for all 6. Consider the hypo-
L — ]
thesls II T AP = 0, where M(& ) CrE ) and leb 1y @nd I
-
dencte the IRT statistics for testing H  under (V,X8,077)
‘ pi) . . .
apd  (Y,XP,s"I) reapectively. We shall obtain conditicus under

wvhich Lg = I, with probobility one, [for every fixed &.

Notice that V, cur be writton as Vg = (1461 - £C, vhore
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001 0 0 wes D0
T O 01 0 eea O 0
=0 1 G 1 .00 0 0
e
LEI VIS S R e

Prom corollary 3.2,2(1), we scu that L, =L, with mrobability
ane for every fixed &
== (I-?X")({1+QE)I+BG)(Iu]-‘k-‘j) = By {luI’EQ) Tor 3one Eiq S 0

Csmed (1-n P )b —— (1-13& YE(I- P =i a(IqPK ), Tur suue 8> 0
1+E" v v
D o £

¢= B (T-By )O{I-F, ) = (a=1)(I<Fy ) Tor seue &> 0
Ty 0 ’

o [

(o> (1-Ty )C(I-P'X ) = b(I-r, ) Tor some b sadisiying -2<DbK
¢ 0 ) :

[
: S 1 ,.8 - y LAt
1n view of the fact thet -7 ¢ L %. Thus Iy = L, with

probability one for evory fixed & i7F ord only if
(I-Py }G(I“T}E )} = h(l-nPK b for some b subisTving -2<b< 2,
e O o : '

Remark 3,2,4. In theorens 3.72,7, J.72.7 and 5.7,7 aald corollary

Ba2ed  we have gbtiined counnitions under which Ly = L, Ly-I}
or In-1L ¢ 0, with probubility one, whore Ly sad L are the
1AT  statistics Tor “ha—:&:“tinr‘ a4 pypothesis H_ 3 A3 = 0 der
(Y,XPB,o"1) and (¥,%B,0°7) rospoctively. These vondibions

£

involve the projectlon operators 7 and ¥y . If ¥ satiofy
any ot these conditions, thon we cun + uwr of usingy L inste
of Ly for tosting H = wcder {Y Xp o ry, Hewwver, if ¥

docsn't satisfy the conditions under which Iy = L, Ly-D2 U
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Ly~L ¢ 0 with prcbability ome, then ong hés to compute Ly o
test H o wnd L, imvolves the projecticsz operators By o1 @xd
() " "..,u

T

e Here wo wounld 13%s Yo venticon bhet A0 OV Iedls do
X o.T
U,

sabisty the comditiona vhich orable us to use L insteald of Iy
to test I, then the projooticn cperaicrs Ty ard EXD direndy
computed to verify theme condificnes can be uzed to compute T 1
X7
and EK N Thig is achieved by waing the relatiocn

u? :

T
x, v

and & ginilar rclaticn for T 1+ Hotice that the cxpresaion
ﬂg,V’ 1
given by (3.2.7) doesn't imvelve V7', whoveus the oxpression

= Py~ By V(L) (TP V(1P )7 (I-Py) ees(3.2.47)

T 1 = K{K‘Vij}q 27 does. {3.2.7) rcan be sgtablished dy
._K’

showing that by postmdltiplying both sides of (3.2.7) by E or
V(I-PK), cquitlity holds and Tvrrther, vaing the fact thet

ME) () M(V(I-Pg)) is the whole apaco.

3.5 An orror bowund for the IRT gtatiglic.

So fur we have cxplored the possibilities of neding T
instoud of Iy o test a hypothesis H . 49 = O under
fI,Kﬁ,aEV}. Our motivation Tor dunaidurinﬁ whia problon has been
the conputatlenal wavantege enjoyed by I uver Ty. Habowman
(1975) and Bakoalory and Kals (71973, 1980) have givon beounds Tur
the norm of the diffcrence botwezen the SLSE and the BLUE of X9

2 . - . .
mder  (¥,48,¢°V), If the differcnee 49 snall, one can ootinato
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X# by its SI8E since the compubation of the 513 is nuch simplor
compared to the BLIE. In this section, wo tuke up the task of
obtaining an upper bound for !LV..LI, We shall obiain a non-.
negative ramdem variable t+ (depending cn the rundom vecter Y)
that satigfies 1LV.-L} £t with probability onc. Once we obserre
Y, we can compute t  and this will give on idew os to how much
Ly and L can @iffer if they are not caual. If t iz small
enough, one can etill think of using T inafead of Iy. The
F-tests under (Y,Kﬁ,w’?I) and (Y,"J{ﬁ,r.;;fvj for testing I, are
given by the critical rogions L > ¢ snd Ly > o respectlvely.
If L>e (ox Tde) and {Ip-Lf £ 1 where 1 is snall enough
80 that L~t 2 ¢ (or L+t ¢ ¢), thon Ly » I~t 2 ¢ (or Iy £ ¢)
and the rejeckion.(or acceptance) of I, wnder (¥,%3,0°1)  will
imply its rojcction (respeetively accepiance) under (¥, %P ,0°V)
al3o. Thus, there is =still the possibility of using L to teot
H, under CY;KB,02¥). llere, since we hewve to computo T, we
nake use of the knowledge of an observed Y. These facts suggest
that thers are situations where the knowledge of an upper bound
for lLV' LI ©&n be of bolp to ovedd the computation of Ty to

o
teet H_ under (Y,X8,«"V). We now prove

Thoopet: 33,1, Conmifier the linear medels (Y,XF,0°1) and
(¥,XP,0°T), where ¥ is positive definite uand a hypothesis
H, tA&F = 0, where M(a') (CM(X), Iot L and Ly donote the
IRT statistics for temting 0, umler (V,XP,¢°I) and (¥, %p o)
respectively. Suppose k = R(L) amd r = R{) ond }i@a:‘{(im&“x{
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It 11*- (L=1,2,s00,n-r+k} and 11— (1=1,2,...,0-r) respoctiroly
i i

b

dencte the non-null cigenvulves of (I-Fp J7T(I-E; ) =2

e

|
by
th

L T
(I-T’K}‘J’(Iai”}i} , then
LR, n-r+k  n-r .
@) Iy~ ¢ =L —— L 275 5 -yl
(¥ (-2 01 i=1 J=1  ~
with prcbability one, where A =mnini,

i

: ey’ =+ (ner) e
and (b) Lo - T LY 0 , lamzid sex (a.b)
R R : ’

with probability ome where 2 = Juax A . -wmin Aa.| and
i N :E ,j
b= |min A, «wnax &
b0 A = DA

.
i j 4

Frgof ©+ Using the notolions and expressicns given in the proct
of theorem 3.2.%, we gat
n-r+lk n-r

z T (A,

- ?\..)uifﬁ

- !i.(3I5i1)

[]
[y ‘:‘:-,-v."*ﬁ
_ e
Since h,'s are eipsmvvaloes of 'i.?'_‘I (I-F 1) = Z{Z V%) 1Ei aynd
e N X
]
A=oain Ay, wo gob
.
vl A= Y202 VYA T 2 N BB Y = AY (L)Y,
vt

¥
Since 1t = (t'ht?_r'”!tp}! and u = {uy,up,een,n,) are

orthogonal trenaforcations of ¥, we sce that cach u% and

1
£ is loss thon or oqual tu ¥ Y. Using these facts, the buwd
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Aven in (a) fellows fron sgnatden (O 3073, The bound odven in

{B) follows from o).

Fonart 2.%.1s  The boond gdven in (D) is looo shorep coupared to

pi}

the bowd in (¢), bwd the bound siven in (W) dwovolven only 3he

neximm and mininue eigopvalnen of  {I-F, IV{I-D, ) and
o o

Remark 3.3.2. Trom the rosulis given in theoven 3.2.7, we pee

that Iy=T with probability one i and only it Ay o= Rj for
51,2, 000, n-rskr and § o=1,7, 000, 0er, dene 3 awd only LT the

bound given in (&) is zero.

%a84  Opocification errors in the dogien nutrix.

In thic section, we conolder twe altermaiive linear models
CY,I{-;ﬁ,UEI} and (‘c’,lﬂﬁ,crgl} which diffor in the design matrices
and not in the disgpersion of oboervatinne ond obinin conditlons
onn X sach that the IRD statistic wunder {Y;Kﬁ,ﬁal} Por testing
a hypothesis Hﬂ s AP = 0 ig sume ag the T statisztic nzder
(Y,K1ﬁ,ugi} fupy teasting Hu' Here, &P iz a parwictric £anetiord

catinable under both the modols. Lot R{A)

[}
o
-
=
T
e
Lo
H
H
ek
E.

BCYY = ro Then the IRY statistics I, @t I Tor foating K

..-E . W i LU
magr CH,K?ﬁ,cRI} and {?,Kﬁ,cglﬁ arc reoncebively delined us

gpl p— 1y "
o TlI=Ey (I_...f‘a-.;’:..))'{

L, = 221 =
L 4 (Tmvy )Y

]
virT o, -
- (& H{T.a a})“

s v T )Y
S

o
g

£
._
[

|
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Ly is ceflned for all Y satialving (-2 XY £ ¢ and L. is
n1 [
defined Zor 21 ¥ sutisfwing (I-I5)Y # G, ilence for the oqua-

B[ty of I oand Iy to be meaningtul, (0-P, ) wid (Tl
i.T L

T

shonid be cqgmul, or ia oilber words, M) = H(aqde W oW prove

Thegren 3.4.1.  Consider the linsdr models {‘1,’*11 a 1) and

. 2.y : . :
(¢, %X2,s71), where M) = Mdq) and let Ly, ond L Dbe us
defined Rbove. Then I = Ly with probability one i¥ and omly it

HOE-AT 42 = MR, (3-47 AN,

Troofs Iet e }:T {I-2£" &) and ?fﬂ = X{l-n" A} and let

%10
= (WIW,) and by = {73 Z,) be matricea satiafying
9 i 3
1 K — - - - om - mew ¥
'nr :{1{:} - D W J.\-sl - D, ECI}LD — D, E K — C}‘ FJGTFJO L I ﬂﬂd EEEG - iy

Since M( 1} _Ej{}:), T r and we hdve

¥

1 r H 1
l [ 3 P
L opr T MY o .- AU
1 i 7 v = TF U D
YWY VoA
nr AN
&nﬂ. L = = ( '*r"""—;—"} &
h- 1'!'? f’JfJ Y

L = 11 with probabdllity ooz 4f and only it

1 1
Y E'-E -1 - Y ia"jr? “‘IY

L] ]
Y EZ T Y Ud ¥

¥ TS 1(“1)

=3 Yy ,:};'f = Y‘w1w;? LERES 160 I eee(3ade1)

"

L] i .
since WW = I-Pp = I-Iy = 2Z . =slco since MGD = M(2),
i1 — -

51.&.'-]. = CIO ilﬁ(?’.q'.?}
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Let W, be suech that (W: Wy :WE) is un orthogonal nebrixs
Patting ¥V = (VIW)e In (3.4.1), we gel z;r.qg = U. 'Chis
together with (3.4.2) implies M(zg) (C H(W,). Sindilerly one
can shoy that M(W) (C M(Z). Hence we get 1i(zy) = MQW))
= 74Ty = WMy = ZyZg ¢ AT = Mgy ¢ W Ce Lebpiq ey =
I'TK1[I*A_A)- Cse> MOU(I-474)) = MO (I+474)). This concludes

the proof of theorenm 5.4.71.

T ®
Suppose X, is a given natrix satisfying M4 ) (C M(Zy).
Our next attenpt is to characlerise matrices X  satlislying

_T‘_-*E(X} = _l“ﬁ(}[.') and E(K{I-E'ﬁ)) = "I‘i(l{j(l-ifﬂ}}. e ncsd

Lerma 3.4.1. Let C be a given matrix and let (%, IR, be an

orthogonal matrix, where the colunns of Ry form wn orthonormsl

bagic for M(0). Then matrices ¥ satisfying M(c) C M(R) ars

Ry
E = (Rq IR,) :
_ K,

where Ky 1s any matrix of full row rank and X. 1 such that

M(K ) M@Y= S0},

given by

Proof : We can always write B = (R, :REF(K; :I{é}! for sarne
angd Ha. }:_ﬂ{&) C E{B} if and only if there existe « natrix °
. . ) rl - Y _ i _ . b . LN | - . 1
satisfying (RBy IR,)(, 1K) D= Ry &= (K4 !X} D = (1:10)
¢=> K, is a matrix of full row ramk and MUK, [N, = 10]

Thiz completes the proof of lemma 3.4.1.
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¥ ¥ L]
How let Gy and E,;  be asuch that the columns of kg

Torm an orthoncrsdd basis vor :I;l{ﬂ‘) axd Bhose of E; Fors an
arthontierizal basis for the orihoegonel canplomond of M{A ). dn
view of lemma Z.4.1 we can writo iy o= {S.H: o {E; :E;ﬁl and
L= (51 :Sg}(E; :E‘é]?, whers Sy 0 io a mebriz of Tull column
ranke and 3(81131"}_&(521} = § 0% and 5, and S, matiafy analogous
conditicng. 1% is easy to see that HM(X,) = }E(EH 1821),
M(X(I-474)) = M(B5), M(X) & M(8y 285) and H(X(1-78)) =M(8,).
Fron the proot of lemma 3.4,7, we ace that in order tu chirac-
terise X with the desircd properties, we have tu characterise
5, and S, savistylng BB =1, SR = 0 for some R,

M(B5) = M(S5,) and M(Sy !8.) = M(8,4 {8,q0. Tet (FqIF,0 )
be an orthogonal matrix such: that lhe columns of F, form an
orthonormal basis for ‘5_*1(521) and those of (17‘1 :T:"_;__«,}  Pomn an
orthonoroal basis for I‘E{Sﬂ : S;_—,lq}k. Chaooooe S‘E' , any natrix
satisPying M(3,) = M(Sy). Then Spi = 0 => S,.R o

=> PR = 0 => R = [y, + PgKs for some K, and. Xy Since
we want M(8,) (T M(8,4 38,0, lot 8 =« ¥My« FoM, for some M,
and ME‘. « Thom S;H =1 = M;K1 = 1 and hence H’i isc a non-
singular matrixe Thus 5, is any matrix sotisfying M(S,) =
E‘:‘;{S;ﬂ) (Lece, MEX(I-£"4)) = ﬂ_{.}f,l{l-ﬁ,'ﬂ})'} ard 8, is any metrix
ol the form Byl + FM, where 1, ig an arbitrary nonsingulsr
natrix and M, is arbitrory. It is casy to see that By and 5,

su chosen satisfy ﬂ(fﬁ.f - SE) = E(Sﬂ :Si’l)’ 1.S, E{K} = ﬂ-{KI)'
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Remerl 3,4.1. It is nét true that under the set up considercd in

thoorens 3edel, the cquuiily of T and Ly dmplies the equality
of the BUUE's of A% uander both the models. However, if the

BIUE of 4P wrler (7,X,6,0°1) is ubiesed fur 48 wnder
(Y}Kﬁ,agl), then the equality of L and I, inplies the cqualify.
of the BIUE's of AR uorder both the models.

3¢5  Bpecification c¢rrors in the design upd dispersion uatrices,

Consider the linear models (¥,X,5,0°1) and (V,X8,0°V),
which differ both in the expectation and in the dispersion of
obscrvationa, Hers T i3 2 p.d. meirix. We are interested in
tenting the hypothesls Hu AP = 0, whore AP is estinable
under both the rodelg. Let 119 z.KT(I—ﬂ“ﬂ) and X = X{I-a"4),
We assupe that E(K)‘= M(X,}. The IRT stutistics Tor testing H
under (Y;K1ﬁ,uglj and (Y,E3,w2?) are reapectively given by j

v (e, T §
— 10
Y'{I~3K1)Y

Y??”iflmF? 117
¥ o

ard va .

YVIiaae, Y
X,V
n-R{X,)}

7 {4)
to both I, and L?)' We now prove

{The scalar multiplisy ig omitted since it is commen

e F P S

Theoren 3.5,1. Consider the linear models (Y,X.P 0T} and |
EY;X?,GEV), where M) = M(X,) and V is pusitive dofinite.


http://www.cvisiontech.com

- 121 -

et L1 and L? e 33 deflined above. Thea Ly = ﬂ1 nopkiy
probability onedf and orly if (1) M{X(T-A"4)) = ﬁ(ilila&_ﬁ)L

und (ii7 (I‘qu V(LT
G

- :{1 (l—‘ﬂ-.ﬂ.) *

) = a(I-Py ) far sorc & > U, where
KTU ?1u '

T
;L1D
Irocl 3 Iet Z, and W bc as defined in the proct of theoren

4'1 4’!1 - Then

v w'y (? v, )‘1 Y
Tig ® =@ apd L = Q.
1 L v =1
Y oUW Y Y z(a v,.«:)

Ly = Iy with prubabilitg one if and only if

L 1
Yz(.avz} T WWY
1 = = ¥ Y/MGEG ). e 3a5.T)
Y 5z VE)" 7Y Y WW Y

' avad  Z Vi
How, ZVZ_ = | , . and the top lelft hand corner
© e 2.v3  Z.TZ

1 179

subratrix in (2.VZ )70 is
-3 “1.1 . L DR ;‘ -—1h:tw: L |
(7 V2 v (3 V2B Vg (g Wy - B4 V28 VBT B BT, vECE T2) T
Putting ¥ = We in (5.5.1) 2nd cobserving that ‘ﬁ;w = 0y Blneo
MO = M(2), wa pot
Z4VZ = O vea(3.5.2)
Using (5,5.2), (3.5.1) simplifics to
N R R

- - - - ...(5.5»25}
Y 2{z Vi)~

Ta'y WY

How using arguwents siniler o thooe gdwen in the proot of

theoren Z.4,1, onc can show fron (3.5.3) that M(%,) = M(W,) and
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E - g

1 T
HENCE 2400 = Wil K== Z.7. ¢ 27 o owir o w MO
’E i 4y £y “321 87 = i l"r'l WY Cmd ii(ji{;j._g‘,_“_ii)} =

L.,

M (Tl To i e - 1 oot
- 1 ( N T A } » T n_fl.n..u.g Glenid OOOTRR L;.(;l"i " 3 .Ea'i :’ S :LE._‘.LQG tG

H ¥
T w {9 T
CI 4] i ¥

- “'[ . T . T .1
YUY vy oy
) i

u”: ey e 1.-31-;1 T
Condition {3 - bRl B -
. . 5 i) é:-i-.?"?ri 11;. T -t,{,\,.u‘r‘f‘f“‘l iS u-l.'i::lli-‘;f -!-J’J ;:\_J,F:I (JOi’Jﬂi'tiun
gIVOL in corollary J,2.2 (1) and the proot con be couplebed &long

the sur
le 1ines as the praof of bheoren 3.2,2 SN0 corollary S.2.2(1)

Renark 3,5.71, Fguivalent conditions onn ¥ eun he dﬂ“* ived &so o in
the caoe of thecrer 3,2.2 and curollary 3,.2,.5,

‘Hemarlk FeDs2s Tha shserration nade in remark A.4.2 ig valid here

alna,
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CHAPTER 4

TIMEAR MODELS wWITH A COMMON
LIWEAR TART

4.7 Introduction.

3o far we have considered twe linesr models which differ
in the expectations or dispersions or both of the random vector
Y and obtained conditions under which the best linear unbiased
estinators and the tests of hypotheses invelving estinmable paraw
netric functionals under one model remain vobust in some suliable
sense under the other model, OQur next attenpt is 1o siudy the
rebugtness of estimators and tests when we have 2 class of liinear
nodels, namely linear models with a common linesy pari. In cother
words, we consider Iinear models whose deslgn matrices are such
that the colurn space gof each of thom cortaina a specified wveclor
subspace, In practical situstions, (for example vhen we have
linear models with a constant terml} we frequently encounter
design matrices whose column spaces contain the vector with every
element wiity. Here 1t is natural to ask for conditions undex
which the sinple least squares eatimators of the lineor parapetric
functionals are also corresponding best lincar wobiased cstimators
fur every such model. This problem hes been considered by
MeElroy (1967) for full rank lincar models with nonsingular
covariance structurcs He proved & neccasary and sufficlent coie
dition on the form of the covariance matrix so that in all wodels

having design nmatrices of a partionlar rark > 1 with every clenent
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of the firaot coluwn of the desipn natrix undty, the siuple leawt
gquarcs catinalers ars dlao bost lincar uwnbiased. This problom
hag koeon cenaidered in o pore goneral and detailad [rshion by
Zyskind (196%). Ho considersd linear medels with desien natrdes
X of a particular Tanmk : such that HUD comtoans & particul
vector subspace M(T) o Jimension < r  and han cxhibited
general conditions on the Turwm ot the covarisnce notrix so that
for all such nedels every SL80 is alue corresponting BLIUR, Zyall
has net nade any assunplion reqaraing the rauk of thco design uet.
or the dispersion natrix. One inportant conscouwnco of Zvalind?
result is that 17 tho covariance patrix gatisfics his conditlcns

then 211 parvengtric awgnentations of the linssr oodcel
=00 + g

wh1l give riseg fo nwdels Tor which all 818K s are alsc correapond
ing BLUR g,2yskind huas siven & ounber of interesting cxapplos of
linear models vhich enjoy this property.

We slart with the set up deseribed by Zysikdind (1969). ik
conodder design matrices X of & specified vark v ¢ 0 such
that M(U} (C M(X), T being & known matrix with R{U) < R(H) =2
The elass of soch matrices X will be denoted by cr(ry. In
seotion 4.2, we characterise dispersion ratrices ¥ such that
avery lincar ropresentation/sone linesr reprosentation of BLUD o
% under (Y,XE,V,) continees to be itc BLUE under (V,X2,V)

Tor cvery % « CT(U). Herc fy 18 @ given n.n.d, nalrix,
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In ceotion 4.3 we congider deglgn natrices X & 05 (M)
further satinfying ﬁ(ﬂé) . H(K'} where, A 19w glven moirix
o rank X(1 ¢ k £ r). The elags of such natrices X will Do
denoted by Cifﬁ? apd we proceed teo chuvictorise dispersion
natrices V such that cvery linedr reprosentation/oons lluear
representation of BLUE of 4B wmder (Y,XF,Vy) corndinms to be
its BLUR wrder (Y, XB,V} for cvery X e Gﬁ(ﬁ}. 1t torna oub,
surprisingly, that if for soent non-null ratrdx 4 overy ldoear
representation of the DIUE of 48 wnder (Y,X8,W,) condinucs.
to be lis DLUE under (¥,XB,V) for cvery X = Ui(ﬁ}, then overy
lirgar representation of the BLUB of XP wunder (¥,XF,V,) con-

tinus to be its BLUE under (T,X8,V) for every ¥ ¢ CY(UJ,.

"In section 4.4 we conslider the variance conponents oedel
and the covariance comporents model. Ue obtoin conditions under
vhich XP adeite & BLUB unde s such a nodcl Jor every X e ce(u)
or 48 adnits a BIUR under ouch a nodeld for every % = OL{D),
when the variunce componenis and covariinne cukpoierig are
unkknown. Por a given linear nodel, i.ce for a {ixed ., this
prablem has boen considered for the variance componzits model by
Seely and Zyskind (1971) and Mitra ond Moure (1073, 1976) and

for the covariancs components rodel by Mitra and FMoore (1973).

The last oection deals with the rohustness of the likeli-
r100d ratioc teosgt statistic for testing & hypothosis HG v AR =0
Jhen we have deaign motrices X s Ci{ﬂ). Hore we Sssuie normality

3 the random vector Y ond take up problons sinilar to those
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conaidercd in sechion 7.2 of chaphter 3.

4.2  BLU estination with an lncorrect &dsperolon uotrix,

e prove
lerna 4.2e1a I V1 and Vo oare noll-negative dofindte netreices,
A i
then MOVEY (C M(UW,E ) for all % e 07(0) if and ordy if
V= a7, for some A O

Progf I The fif' port is obvions. To prove the 'arnly if' par

-
Fy

obacrve that '1:1'(1;}['3' Yy C E(*JTX’J*'} if and only iff “ w'VE =0
==Y W”DCL = 0" which iz cguivalent to denunding thot whenever
Vo & E(X}, Vw e M(X) for all X ¢ ct(my. It is easy to ses
that if Vyw e M(U) and Vu ¢ M(U), then, since 1 < 7, we cun
choose X & CU(U) such that Vyw e M(X) and Vo ¢ M(X). Thus

we necessarily have
. .
uivo™y C Minw) . seal(Aa2.1)

Now, let Wy = ’U'Lz. Lot the columns of € &pan the orthogonal
conplement of M(UIVyw, V) and congider the nmatrlx

X = {U: Vw1 31} where ©4 i3 chosen in such @ way that
M0,y C M(C) and R) = p. For ouch un X, Yiuwq = M(x), and
hence we shoudd have Vwg e M(X). Thus Vwy = U+ AV w+Cqdy
for some veokors a, and o, and scalar F« TFrom the cholee
of €y, it then follows that Vwy = Te, + AW w, == Tuy = AWow,
sineg, from (4.2.1), Vwy = *m"i“z £ EI_E'-JTHL? and

ﬁ(?.]'[,fl_) u) = {0} . Thus, VI gz = ?J..T..!T.Thz Tor avery =z amd
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e
hence VU = hFI1ITJ' Tor sowy Az O
The proof of Jomuk .21 iw zow conmplotes

Note 4.2.7. The proof of lenpa 4.27.1 is sindlar to the prool of
theoren 1 of Zyskind (1969).

Theorort 442,1. FEvery lincar representatiocn of the BLUE ¢f every

agtinagble pararetric functiomal under {_Y,}iﬁ,vﬂ continues to bo
its BLUE under (¥,XB,V) fur every X e CT(U) - if und only if

any onc of the following equivalent conditions holds

: F
(1) v = h?iﬂ* for scome A2 O

(i1) Every vector in I‘ng'L} iz an eigenvector of 7V with

ragpact to v’? .

(1ii) V= AV, + UB0 for somc N O and B such that V 1o

Telleld &

Froof ¢ It is well known that w'Y 1ig BLUE of ils oxpcetation
ander  (Y,XB,V.) il and only if Vyw e M(X). Ilence we want fo
gbtain conditions on V such that “V1w £ ﬂ{:ﬁf) as> Tw c ME)"
for every X ¢ Gr(U}. In othﬂr*wurds we want to characterise

v Bo that X~ Vyw = 0 => x‘ Tw = 0% or cguivalently

M"Y C vaTX“) for every X & C¥(U). DPart (i) of the thooren
now follows from lenma 4.2.1, (i) is 2 restatenent of (i) and

the gquivalence of (i) and (1) is easily vetablishcd.
Corollary 442,T. (Zyskind, 1969).

Consider the linear nodel {Y,X8,V) where X e CT(U).
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Then, in each of these nedels 211 SLSE's arc also correspondlny
BLUE s if and only 1Ff any one of the fullowing equivolent condi-
tions holds 3
(i) VU = AU for soue A > O
(i1} Ewvory vector in M(T ) 1s an cigenveclor of V.
(i1i) V= M+ UBU for some A ¢ and B enck that V is
el .
Putting U = 1n = (1,1, ...ﬁ,‘l)Tr the representation glven
in corpllary 4.2,1 (1ii) heocores V= al+b 1n1;1 whore A g O
and b is a svalar such that T is n.n.d. This reoprescitation
for ¥ has been obtained by Meflroy (1967) wmder full rank of

the design matrix and nonsingularity of the dispersion ratrix.

Theoron 4,2,2. (&) If M(V,) (C M(U), then at lsagt one Lincar

representation of BIVE of evelry estimable pavancizie funectlcusl
under (TR, 7V,) continues to be its BLUE wunder (Y,4B,V) fTor

every X & OT(U) and tor arbitrary non-negetive definite V.

(b) If M(Vy) ('_t M{1T1), then at least cne lineax Yeproswa
tation of BLUE of every estinabhle puraneiric functionsl under
(Y,XB,¥;} continucs fo be its BLUE under (¥,%8,V} for overy

S L
X e C5(0Y if and only if VU = W4T for gome Az Q.

Progof & We want conditions on V  so that for evoery I{Ea o)

P i aka
there exists a matrix I+ which satisfies X L =38 , & VD =\

L)
and X'L VL= 0. These conditions hold if und only if
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MO0t o) C HOCG vET L) e (4,2,2)
for ever€‘ Xz YUY, If M7y ) C HOD, then ﬁ*?j % O and
hence X 7y = 0 for every X e CY(UY. In thio case (4.2.%)
simplifics to MX 210y (C M(X¢ V) and it is casy to sec that
this condition holds for any nen.d. netrix Vo oand any Xe CT (0
Thiz proves part (&) of the thoorem. Now we procecd to prove

part (L),

The 'if* part is clear, since if VU™ = AV,U", then fron
theoren 4.2.1, we see that every linear represcntation of the
BLUE of XP under (Y,XR,V¥,) continues tc be ite BIUE under
{(Y,XF, V). To prove the 'only if' part, we have to show that iz
(44242) holds for every X e CT(J), then it lﬂ}tﬁ' for souw
A 0« He phall first show that for (4.2.2) tc hold, the con-
dition

i . . L .
Ef?}[_) C E{(TLI-I + ?)}{ ) 1--(4-‘?-13)
i3 necessary. BSuppose (4.2.3) doo® not hold. Then we can find
a yeotor a such that

5 l '
ok {?1 + X = ¢ see(4.2,4)

ard a VK~ £ 0. eee(4.2.5)

. . #

Consider the weetor (2’3100 o If {(4.2.2) helds, then .

L 2

there exdsts 2 wootor b such thot

4

}:tb X oa --.(4—-2.5)

7
XV b

11

.i.{¢.2.7}

1
T
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} ¥

&I‘Ld IJ:- T = O o .-¢{4-2a8)

Solving For b FTron (4.7.0) and substituling in (A,2,7) and

(4.2.8), we sce thet for somo wechtor o
K o

X'L Vyu ' “‘J.E.‘e{‘;n:: { vee(4e2.9)

aﬂﬂ XF"‘ Va + :{"‘“ -i-ﬂu;_c .__._. O . T .{¢,2.1ﬂ}

Adﬂing the above +wo ¢ guadions and using (1.7.4), we get

K— {‘JT * V)A'Lc = 0 <= T.F’.;)('Lc- = G and l.i'l"i'c = . Hence, Lfron
(4.2.9) and (4.2,70}, we geb X" Vja = 0 awd ¥ Ve = 0, whlch
contradicts {1,2,5)« Thus the condition (4.2,7) is nocessary for
(4,2.2) 4o hold.  Prop lerma 4.2.1, we see thal (44743) holds for

a1l X e CN(M) if and only if
L A ,
Eis v ﬁ{?-{ *‘?}U o i-i{"l'uglr‘r]}
Tor some o > Q. If g{{hl )3 q: M(U), then ’?,F'.IUJ' # ¢ and fron
(4.2,11) we get
{'1 - B}WT* = ‘anlTJ'L » nll(‘?‘ygi?‘?}
!
Hemee o < 1, since V,U7 # 0 and o> 0. From 1e2412}, we pet
e 4 :
o= AV.T, where A = %E > 0, which cunpletes bhe proof of
part (b) of the theoren .

In view of theoren 42,1 and theoron 4.2.2 (b}, we have
Corollary £.2,2, If M(V,) q: M), then at lcust gne linear
representation of BIUE of every ostinable paranciric functional
under (Y, XB,V() continees to be its BLUE under (Y,X8,v) for

cvery XeOT(UY if and only if every linear representution is s
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Now let Gy Dbe any least squarcs g-inverse uf Vy+ X%
ard consider the lincar repreoscentation K‘{EQ{?};{K}“ X Gy Y oI the
BLUE of XP  ander (Y,K?;?&}. if Ef?1) (i: ﬂfﬁ}g +hon from
corolluxy 442,2 it follows that if X(X G,X)” X Gy¥ ig BLUE of
X uwnder (Y,XB,7) for every X e ¢F(U), then every linsay
representation will bs 3o and V‘U‘J' = 1’;’1U'L Tor sone A 2 O.
Now we assuwie that M(V,) (C M(U) and we shull obtain
conditiona on ¥V so that K(K'GKI{)"' }{'GXY jo BWE of ZF uander
(Y,XB,V) for every X ¢ CT(U).

Iheoren 4.2.3. Suppose M(V,) (C M(U) and let Gy be 8 least
squercs geimverse of V4 + XL, Then K(KgG}:K)" S{.q(}xy is BLE
of XB under (Y¥,X3,V) for every X e C°{U) if and only if

- i

VU = AU for sone A > O.

Broof ¥ Since we have assmed that M7 (C MM C M),

I‘_TWJ;*-H'} = M(X) for every X e« C¢T(U). alsg, siree Oy is &

least squares g-imvorse of V- }LKT, (1,?1 +I~IK'}G1 is aymnoetric.

Woe want conditions on Vo so that

x'@x?x% = 0 for every X s CT(D

{3 (vi+KK‘)GK?Ki = 0 for every X ¢ CY{(U), using the fact
that  M(v,+EX ) = MCO.

oy {};(‘J.; +}C&1}E@I'L = U for every X e {JT{U}, nsing the faet
that (V4 +j{3{'){ﬁ is symetrie.

€ D K?TJ’KJF = U for every X e CY{U} (prenudtiplying by X3,

A,
<=> MK g(}(_L) for every X e CF(U).
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==> T = :'U}J.' Tor sone A 2_ Q, using Qorims LaleT.

Theoren 4.7 .3 1o thus esteblished,.

—— . i b

Gurollory §e2,3. Buppese MV,) (KU and lot G = (V3K ).
Y ¥ .

Then XX G,X)7 X 64¥ ig BIUE of ¥ undor (¥,43,V) Tfor evury

X e ¢Y(U) if and only if VU = lﬂﬂ_ for oone A 2 O.

4.3 Opbinalily of BIUE's of a subslass of paranctric tuncticnals,

tecall that GE(U) donotes the class of natrices KE:GI{UL
vhich furthcr satlisfy E(A’) C E(K'} where 4 12 a given natrix
of rank k{1 ¢ ¥ { r) and RO < r =H(X). In thin sectiun our
purpese is to charactorise V  such that every lincor roprosonbu-
tion or sope lincar represgntaticn of BLUE of o wnder
(Y,XP,Vy} comtinues to be its BIUE under (Y,X},V) for every
X g GE{U); First woe shall prove
Lemma 4.5, Tet AU and CI(0) be a5 defined befure. Then

for non-negative definitc natrices v, end V,

X i AX* L
M L O .| V¥
a4 4 T LI-EX

4 . e 4
for every X e CR(U) if and only if VI = AV,T for sore A}

- . ) . - . o L
Froef - The 'if' purt is obvious, sinee, iFf Vi = AV,U , then

I . i
VE = A?HK*‘ for every X = 02(U) and conscquently

A:{_I_ - rpj{—r N
- ‘V-K-L = A - v-]x -
120 I-Z%
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e snzll now prove the Tonly if° part.

' -
Let (g iE5) be an orthogensd ratrdy such thud bhe

-

8 T .
solirng of E1.' ferm an orthonornml basis for (s )s  Tha neing

E t L3 1 - -
lorma 3.4,1, every X with (s ) C MG ) con bo weitton as
¢

I= {1‘31 : 521 {E1 ...L‘LE} where 5, is an nxk nairix of vank «
and g(%ﬁﬂﬂ(aa) = 106} . Tm,n 1-1(1) = M(8, {S,). Tsing tho

u - "L = & 0 W F P .
facts that (51 . 83) is }[ . = (E1 : EE} (81 ' *‘Ef‘ y E1E,1 = I

. | ) L
by = 0 and M(I-XX') = M(}{"‘} = K((8y 18,)7), w see that

AT Y Ax’ 1
) I %%t i Cu — T& if and omly if
KX Sl s

(T:0)(8, 180" (T:0X(8, 1807
ﬂ[ 192 Mf_ 1+ 93
(8, ¢5,)

_ : R
' V{3 :?:: ) ' T, (84:8,)

- l{ﬂ"‘s IdI}

»

We want conditions under whica (4,3.1) helds for ol)l & and 5,
with M(7) C M(S, 1850, 84 1s of full ecclumn rank o3
. ]
}j(51}ﬂ}£{SEJ = §0! « Choose 8, so that 3,5, = 0. Then
(8, 280" = (571 55)  and (4,3.,1) inplics

1 B; r( 3.)" S; Vy(Sy 18 y* (4.3 2)
TS : - 14 ) ‘ o wl fhed e
”'H*S) 135 Lo (s.,:rj) ; |

where 8y dsm of full eolwwm ramk, By 8, = 0 and M(D
451-1{31 :SE}'. 1f F(ﬂ.) = r = R(X), thw S, = 0 and (raPar)
I

n

eqmvalenﬂy, E(TIS1} - ;ﬁ(m‘sﬂp ¥ 8y e er (T} and the result
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fellowa fron Jorma 2,8.7, In the reat of the proct, wo asouioc

that R{L) ¢ n.

cage 1. RO > 1, 28 » 1.

Tat (Uql'UQ} S {E?1} :U?éy} T si?iurﬁh;%unal'} |
natrices such thut M(GY} « H(Ty SUp)  end H@T) = d(Uqy T—"'-Ez))*
Choose Sy = {1 IU%”'} and M(5,) = M(U52 (Tl partitioning
¢f T and lf'L and the cholce of 3y and Ss are done in such
a way that 8, is of Full columm rarnk, S.;S;}_, = 0 and R(84i8,)=r
With this choice of S, &nd S,, (4.3.2) inplies |

PR S 8 LI _ e e (T L
MUy 20y DT o)) VULy) MOy 2Ty 2Ty Viliny)

] é

or equivaleontly

LA ’ N L )
: E{FU1 L1 TF;TJEE}} . M, 4 ) 1;1?;:{2}} ses(4.3.3)

Tor every senmiorthugensl matrix Uy of approprizte rank st g
fyiag E(LLI) C u{0)« Suppose R(Uy) = g. We shull show that
(443.3) holda for overy U, setisfying R{Uy) = g, UQU1 = Iq
and M{Uy) (C M(U) il apd omly if

MOQw 2 U Ty C KW U Uy, oo (da3ad)

If {4.3.4) does not hold, we car find vectors s and b satiafy-
ing '

@'v ' }WFJ{'E) = Q

\ ! ) v e {Ae3.5)

and  (a'U «'U" )?U?E} £ 0.

e for sone

It

Choose & patrix W sneh that R(UEY = g and &
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vecter e. Let 1y be 4 senicrthogonsd natrix  such thab
M(U,) = MCK) and dot @ be such that UKe = 1,6, Thoen, sincs

4= Xe and Uke = Tyd, frer (4,3.5) we gt

3 L

7 r T " 7 T"L _.n:n (-
O A )f11;ru) =0 and ('K T b7 )W,y # O

1

o L. L
=5 (@'U)ep" 0 )JIU'*{}} =0 wnd  (@'Upen' U T, £ 0

which means, thore exisis a T, for which (4.3.3) dGoes not held.

Thus if (4.3.3) holds for every senicrthogunal natrix u, orf
rank @ with M(uy) (MUY, then (4,3.1) holds and (44344} is

sguivalent 4o the cordition ﬂ(?ﬂ(;J} - FfV&U( J) far evory
L
Ugpy of B specificd runk (less then R(U ))  satisiying

s e £ R 3
MWy MO, Applying lorma 42,7, we got VU = AV, U

V Tor
actle A 2_ Ue

tage 2. R(UY =1, R{a) » 1.

We take U to be & coumn vector and let (U?T):U?E) IU%E})
bs @ seniorthegonal matrix with colunm space sune as thet of
e, Choosing 8y = EH:UJ('”) and M(Sp) = M(U(=zy) in (1.3.2),
e got

ISCRReP z'ﬂtﬂ}‘mjfe)} C ue(v : Ty LB ATV
cenldeleB)

ng arguients sinilar o those given in case 1, we o0 thet
33,6) holds for every semiorthogenal netrix (Ug)y ! Ucny §1(s))

ng the same column space ag that of U* if and only if

s u"‘}"m?z}) C M(u: U”“)'Vﬂfjfz)} or cquivalently
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ECW?;%)} (: ﬂ(v111ﬁ('2)} for gv{:;rg,r U"{?) @E‘ & gpeoiticd rark (less
than R{U ) satialying il (i._J?E)J C E('LT&). Thie rosvlt now ©0llead
by applying lemma 4.7.1.

Capn 5. 2{4) = 1.
Let U; ond U?i) (i = 1,7 be as defined in case 1
. L ok .
vhaere U.1 iz a single Cﬂltﬂ"ﬁ’iﬂ.ﬂu:[‘ﬁhﬁrilu‘t EI_(EJ‘(”) = M(T (1}'1.‘[}“}’2]
o uba _
he u ie a ¢ : colurn T P .y a)
wherg (1,1 Is a gingle colomn and (TJ(.]}!.‘ (1y.2 iz a
L
seniorthogonal pmatrix, Chovsing 8y = Uy umd MN(5,) = ﬁ(il‘QIU(”}
= = ) I . # -'j"' | EY == ¥ 3
11l {4..)42)., W get -?E[(f,f.l * U-Eg)} V'[.!(;;)) (: ﬂ((U'f iU{;:)} Ttrf}u?-:;_)})
Tor every U, e M(U), or equivalently
. L . i ’ s ,
.I'-'I((IT:TI(E}}‘FHI{;}}> Cﬂ{(U : U{E)} Tf-}ﬂ(:__;)} * iﬁt{1I3l?]
1 4
Now chovsing 5, =1 and  ¥(8.,) = M(IF 1T, 4a3a?
_ + sy 1. " T
every vector TFJ‘C-W,‘I £ IE{U—E,] .}}, or E:gu;i.v&]_.ently.
-L T -I... - 1— s 'L ' ':'L i y ]
MOCOCqy F Uy T0Ey) € MUy 1T VqTey) ove (423.8)
{(4.3.7) and (4.3.8) togethor inply

M{(D 2 Uﬁ)ﬁ"’gf‘[}":{'zx} C MU IFJ'}‘V.IL'?E) ond the result follows by

applying lenna 4e2e1s The proof of lerma 41.3.7 1s now conpleie.

Renark 443,1. Iempa 4.%.1 rencing true il we replace the matrix
— ?ﬁ—i !

AXT Y | . |
- by v 1y whore X 1 iz any leaot aquares
I 1-X2y
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3

5 ., " e I o P e .
gelmporse ol &, sinog, ¥ o= Py = aﬁx and AN = ﬁhx 131N

[ [
the fact that 4 satiofice YooY O M(E ),

Theoren 1.2.1. Dvoery linesr vepressialodidlen of BLTES of Af under

R . Er o eeerTer o P L, T _—
(V,%8,vq) iz ite B wder (U,E8,7) for every e Tp(T) df
ond only Af T - AV oromeie Ay U
Progt T The 'if? purt is clcor in wicw of thouron 1eZeTe  We shall
now prove the ‘only i€ part, We went condltions en Vo oso that
the cenditiono

A f( = A u CER {‘1;305})

T

ﬂfld }"-“L V.]f - C 0&1(4‘5;1':‘}

for every veetor 4 and for every X ¢ GE(H). Fromn (4.3.9),

i

¥
we get A =X Tae o+ (I-2¥7)z, for some  z. Hence fran (4.3.10),

and {4.3.11), we sec thut the preblen reduces to characterising

¥ so that

L] . 154:{# A . fﬂf“. &L
Pl ot gl) Ly V4 = 0= U Ig) LI =0
AKX 1%t

which i3 eqguivalent to saying thot

Ax* L AT .
M Lot v (M N 7,5 LTor every X o C3(0).

The theorem now tellows from lemna 1.7.7. Patting U = 0, we get

Corcllary 1.3.1, Tvery lincér represcntation of BIUE of A3 uander

(Y,XP,Vq) is ite BIUE under (Y,X8,7) for every matrix X of
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. . L - e s “ 3 - T
rank r gatisfying )} (CHE ) if and emy 17V - AV,

It ig dirtorosting to note thot the cowlitions on Vo ostated

Im thecrern J.3.1T docsrtt dnvolve the matriz . Thuan we hiove

Corgllary fede- s 17 for soin nol-rpuell ratyiz o ewery linear

reprogontiation ot BLUE o7 aPf mmder (Y;Eﬁ,?T} aontinoes e be
its BIUE under (Y,%0,V) Lfur overy X o Gﬁ(ﬂ), thun every linear
ropresentation of BLUE of XP under (Y,ﬁﬁ,?qj conbinugs Lo bhe

its DIVE under (Y,%P,V) tor svery X » CT{U).

Theoren 4.3.2.  (a) IT M(Vy) (C M(U)  then atleast e lincar
representation of BIUE of f under (Y,KB,?T) in its BLUE under
(Y, ¥#,¥v) for every X = Gﬁ(ﬁ} and fur crbitrary V.

(b} I M(Vy) (i: ¥(0), then ot least one linear represn-
tation of BIUW of AF under (¥,X0,7,) ie its ETUE under
(Y, XB, V) for every X & CL(L) if and umly of Wt = .w.,u‘!“ for

sarc A > Da

Iroof + ¥We want conditions on V  under which therc oxiats a
§ L
. L 4 T 4 _ _ 4
retrix L which salisfics A L =4 , X WL =4 and & Vi=0
Tor cvery X = Ci{ﬂ}, which &re wquivalent to the condition
1 ke 1. .
Mato1oy (CHEITI IV cea(2.3.12)

for evory ¥ = HE(U}. The proot of part {(a) of the thooren is
completed alung the sope lines ao that ol theoren l.C.2(0).
Using avpuents sinilar to those siven 1n the proof of theoren
A4242(b) one can shuw that o neoccasary condition for (A.3.12) ¢

held is
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e

:_.LE{T 1 g. r d'-ﬂ{.{. _
¥ v (M Cr +n)X
ol - e 1
o J Lok
Tae gest T the procl is sicilor toe thaet of theoren 4.2.2(b), in
vicw o, smme 105 .T. DPron theovon 1W5.2(b), theora: T.3.7 and

Y- T T - . ;
2 LJT U‘l rLU!l-:'?:} {rg ot men Y W J]_;__L"l;‘r.':;

=

Corellary 1.5.7. BSopoosc M(Vy) Ci: M{TY and let » bhe a non-

null mpatrix. Then, if sone linear rovrosermbetion of BLUE of  4f
ander (YV,X8,V,) is its BIUE under (Y,%8,T) fFor every

X ¢ Gi(U), thon every linear reprosentution ls su and alse every
linear representation of BLUR of Xi  under (Y,XB,7y) is its’

BLUE under (Y,X3,V) [or evory X ¢ ¢ (),

ded  The varicnce components nodel snd the cgvirisnce componentsg

L‘J.EJdGlt

Frat we shell considor the vardunco conpenents medel |

] o P
ileg. 2 linecasr model with LD(Y) = ¥F and 2(¥) = I T4V 4 where
iz
=
the w; are uwgnewn positive poraceoiera ond V., are KNown Nened.

i

natrices (1 = 1,2,.44,p). Cur parpose is to ohiain conditions con
vi(i = 1,7, 00e,p) 85 that KP wdrndts & BIUE onder the podel

B

7

i=1

p L
Fheorer: duadef. XP  admits o BIE ander the nodel {?}Kﬁ,iﬂ13§vi)

. 2, . ' . . .
(v, XB, ay¥sdy for wwvery Koo et (). We prove

for every X = CT(M) if and only if fnor i = 1,2, sa0,D

L . : 1 %? 1
T — FoT e TR ; I IS NI = =
= NVU forawe A2 wowhore W= 8 Vg
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. : . . . ¥ .
Froef 1OHR adndite o BIOR under (Y43, @ Sy LT and only if
M
oy > e . Er ~r:-».- "-? -"Lv-—-
thore exdsts 1L patielying o L o X sod NV.L s 0 forp
I - Peing argarernis obnd log bo Showo carent in the

vreof of theorer 4.7.2 oY 1t oo be chownthet & necessopy
tion for the above to hoid g 1
The Tenly ifY part of

T¢ prove the Yif* oart, obscrve that if ?EU&.

L =
. b
(Y,Xi, E1

fepork

hi
A
-

MCT, )

every X e CT(UY it TIUT cowdd be compuled as X{X'G X)7 K1GDY
] L")

whoerae GO inm

Gﬁrullﬂry ¢t¢11. If

MOv,) C MO for i
P

2

wmder (1,30, & o2v,)

i=1
We now atote

Theorer 4,4.2, IF

. " LTS L - _— f = 3 3
1,7 see, P thon (X Gﬁi) A G T 1z BIWLE of . A
. . , |
uifi}, whore G

2881 IFf ot loast one ofF the

P
M{T), then & a, =
e . 1
i=1 _
Lol Von YP uduits & PLUW under (Y,%3, x

= ?,ijirp than Xﬁ

A 18 u non-null patrix, then 45

by } C:'if?.ﬁ ), i Eilglsiqsp!

ETe —_— v me in
thi thUuPQH TR0 w.é,?.

il

L 1;.‘_ ey
-..‘a.l W O TI Ao B I'
under

1
is & pg-iaveroe of  ¥V_o~XE
i

]
?i*s satisfies

1.

|
5V.) fur
i=1 4%

¥
v

o e

Gy g-inverso ol R0 N

H(w) TR for io= 1,2 casy, b or if
Slways adnits o BLUE

for evory ¥ & ¢Tam),

imits o

- . 2 2 :
BIUE under (Y,Kﬁ,‘ﬂ?ai'ﬂ‘i for avery X o CL(U)  if and omly if
i=T )

Tor i =

1.’-’—}' ii'*p TfiTT

= A¥ U Tor osone A o
.k o SonE P
it F oIl A,

4 £ U, wnore
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o1 A

B ¥
Yo 1313’1 » Bepoo, 10 a0 ddilis o BELUE andor (Y,a’»e’*vik-:*r :‘[“r.:l_:1

Tor every K o CT(U), bl U8 oo ite o BIITE imder

R .
(7, %P, & o.¥. % lor every X & cEOINY L when  4f wondta o BLAE
i=1 -~ =~
rﬁ -1I L3 ! - ey -
andgr (T XF, O w_;“rl} Tor owerry X o= 0000}, dts RLLE conld oo
Tiat * o

aomputed wa X0 X)T X0 T, G beding in oaviiteooy g-liversc
W wd
1
ol Tfﬂ-r}{?i .
e provt ot the thecron is onitted.

Ve now turn our adteonticn to the covariancs conponents

P
nodel, namely, a Mnear oodel with B(Y} - XF and DY) = 5111" JWLIJ

Ty yila, ”'”P beiug known  sxXn oatricss and W o= ({w. j}} ig an
wlriowll Nellels matrix of ocrder 5xs5. Ve will consider the follow-
inge caponical forn of the govarisnce colponents wedel due o Mitra

tnd Moore L1673

For 1 £ ] = 1,&,*.,,5 1ot thoe colmn vectors eij he
dofined as followd, Gjy4 in u ventor with ifo ith coordinate

cgual to 1 and other 5-1 eccerdinstos equal to moro.

£ = G, . 1. 1 i i Jrite T. . = €. . @ e Thes
855 T €13 ¢y Il 1 € js Write Dy =55 @54 Then the
2 5;1 metrlces Bij provide 2 basis fur the linsor opace

spaumcd by resl gyrobtric vutrices of order aXao and we can

e

write (¥} =j.iljwij vij’ where wi; = “wpg - g Wigoe Vig = Wiy
for 1 <] and vij = DWEijU iz nen.d. for coch ij. 8icdilar

=1
to theoren 4.4,1 and thecoro 4.4.7, wo now have
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Thecren de4e%. Iet V.. be as Jdelined chove. Thun ¥ adnits
- B : -
a4 BLUE urnder  (Y,XE, = ﬁ%MHrJ Tez overy £ ¢ 0F(TY 40 and only
P= !
= e L
At oy caech L £ J = b, e.a,8, Y00 o= ALY T Tor S3wd Rz O
. 'i'"-l;l ""'J.I i l;j

where Vo= E ?ii o Thoe gome codition Lo aloo acessibry and
i¢i =
anfficicnt for 48 o adnlt o BLUE uwndey (0000, ¥ T UNL) for
T_i_':.ai i] it
eine o ner-nell metriz.  dhos X adsits

¥

gvery X e GE{E}, a0
- ! I i . . T 4. _
a IIUR wxler (¥,X0¢, W Eﬂwﬂn) for cvery X e O (T, (or AP
=
_ o B . . .

sdzits @ BIUE nnder (VX85 2 U W) Tor every X o= cL{m) its

=1 ' =t

3 — # o -

BUE could be computed us X(X 6 X7 X 6 Y (respcctively

¥

' d - ! ) = - r e
ML 6 X)X GQY} where G, in eny g-iwwersc of ¥ -IX .

i 7 L
We row consider the generad linesr nodel (?,EB*?)( wharo
Voo ls any nen.d. matrix in ke p-dinensicnul livcar spuace
L(U1,V2,,e.,?P} spammed by the sened. matriess Vi, Vo, ..,V
o

(knownlte Thus V can be ocxpresscd as V= 3@ 7, , whore all

the Gy '3 nuy et be nea-negoilive. Such 4onodel his been cone

sidered by Mites and HMeore (1976). we atuto

TheorTern f.4.4s Lot 7 be any nen.ds matriz in L{?1,?g,...,?p).

Then XB adnits a BIUF under (¥, 40.7) Cor ewvery X o 0T(U) if

: P - o e e .
and only if for 4 = 1,2,...,0 V,U. = KV i1 “or aone A 2 0,
2

whotre ?@ = 'E“?i » The smiz condition ig alse necegonary and
i=1 .
sufficient for AR to adnit a DIUE under (Y,X5,V) for every

X e 03(U), 4 being @ non-null natrix.
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Rorork Alt.Z.  Jusb as in ihe cfse of dhe wwrdidnoco conpononis

vodel or Lhe coverispee conponents noeel, whon X sdndho o

R . e . — R i o
R pndey  (4,E0, ) Tor owery E e T, ¥V boduy taly Don.o
pitrdx in LEV, T, ..n.,"u",p}_, one cheleoe of its BIUH Lo pdven by
T - * . " . - ,"_‘_.* .
A.ff.-‘*‘.» . KITXE e ¥, 0 hneing any g-lmverse o7 T ovEe i tra and
L v :

b s re (1976) nowe poiznbed oot that ovon 10 24 doesatt advit o

. - S — 0 - ‘\ —‘r" N e % r )
BILE uwnder (¥ ST, the ecotinutuer £ XK ﬂr,} 8 ¥ isan
. . . - P . v < - - - : -
adiissiblo estinator of £ X9, l.c. no lincar anbicsed cstinator

of ¢ X con be bebbor then A (X G Ay v 6.

Reworlk 4,4.2. Putting U = 0 in thoore. 4a4.1 - theoron Lol uith,

one eon sce thot XP adoits & BLIUE under tny of the nodels
doseribed in this section Tur every X of o poyileulor pank

v ¢ n {or A4 =2Anits o DLUE wrler any of the medols dgsceribed in
this section Tor evory ¥ of o particular ranke r© < n satisfy-
ing g(:‘.’af‘i C_ tf;i_(}it), 4 beins 6 nonenull nateix) 10 and only 18
‘the dispersion of ¥ is known eithor conpletely or upto & pagi-~

tive scaler nultiplicor

hs an  exunple, consider the dispersion natrix

Vy = al + 1 1.1 whope & and b are any twe recl sumbers which

i, n'n?

make W, 1 17t s and ‘fr ig the colman weoetar with cach elenent
[} 1

bt T o " 5 — i s —_ T T o I T

inity., If U=1,, V4 =1 amd ¥y = 1.1, , then 1% 1 clear that

L " L
’-!‘113'1' = (V4 )T and - VLU = 0. Appliing Lheoron 4.4.4, wa 3¢

that «F  admnits & BLTD wnder the model (0,ER, T ) for every

a,b
X & Cr("i ):mrl the BLUE can be conputed @

¥ (1- .7, }’1? ™ a(1«1 1‘)‘1 Y |
g SO '
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A2

fah Fobtnatnoss o3

« P T [y P T we T rh e T
Here wo considor the Mdnoar rwo8od (v 72 0y inwe T

- R § oo [ R S IR T T . - L R s
has 2 maltisaricone norenl L,.;.-;}'-L‘.-“.LJ“}.LLJ,U}_? Toods u el e mubuedx o}

b J" - . - . = .. . . P 2 S
oo G075, 4 belirg v nor-audl wolzris. (oo oozt 3 obe obtodn
i _

corditions ci 7 oo thol dho TRT O ghotiotio Yow b Fhinyg
Hoooab =0 wmior (0,20 7)) 2 owns g the IBED siotistio for
Losting O ander (V,X8,I} 4or every ¥ ¢ Gi(ﬁ}. We now show
thut T = ﬂﬁl is the only dispersion ratrdix with this property.

e T

Iheorer fed.1. Consiler the limcar nedel (4,57 ,7), whore ¥

hag o multivufiaﬁe roreal distrioution and T iz o vositive
definite rmatriz, Let 2 Do o nen-nnll watrix. Thcn, the IRT
statistic for teoting Bt Al = 0 wnder (V,EP,V) iz sae as
the 1RT  stiddlsiic for togting H, wnder (Y,XB, I} for cvery

X e cE(M it ond orly if ¥ . .a°1.
H

Proof o IFrom covollury 3.7, (i) we oce that we have to charcc-

terice pl.d. nairices Vo owhien =zotisly

<

[;l --?.uG
i ) ¥ i ¥
Jer some A > O, where X = ¥{1-4" )., Tot = {S.T 25,0 {fiq * E2)
*iMi _

whoreo 51,3?,E1 and E? are 38 defined in the proot of lerma
1.1 Then X = HE, and Py = P . Thus (4.5.1) holds if
. : ‘ :

and only if

(IH.F‘Sp}V{I—PS e u(l»i[ﬁs;?} Lor sone 4% 0. weald.549)

(W]

If R{&) = A(X) then 5, = ¢ and the result is inmediate fron
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o

TeerYe IT T = 0, then (1.5.7) shonld hol. Yor every S. 0 wiilh
R(8.) = r 00 cheosing 5. sodtably, we con show toat

i s

{2.5.2) implicn Vo= al. ' now procoad wnder tne cnsw.nllan

. , - -k X
Do 4 = 1,¥ 1ot UGk gy e acmiory 1;1;(;11-»“1!
5 4 - =y S LT A} - & . a - e . r‘h
rtrieces oy that M) = ll:c"'l : L;:,.} and  FT) = LG EH) T u}}‘

By lemma 5.2.4, cqeality of the IED stubistics for weating Ho
implies equality ol the BLIF's of AP und henco Trorn thecren
da341, wo necessurily pave ¥ - ALITRT . Chucsling Ss  with
M(8,) = M(U, $ LT}I:-;;}"J in {'-’?-fi.é}, we gob

1 E F

v i 1, L A o v L L
(1404 + U gy Ur 4 y UBU (T+TeyyTrgy) = (a-n) (U0 Tyegy?

?

) L
=> U ﬂ.iUBTJ U,iLLI = (a-MU, T —; and 0 = (a- ””{1} (1)

=> a-A = 0 and l:';TJBU¥U1 =0 ==> UDT =0 => V=3I for
sore A Y 0.

The proof of the theorer is thus conplete,

fowy lot Le(I)  and L(X) rospoctively donote the IRT.
statistics Tor testing Boovab =0 wder (NEFLV) and
(Y,XB,I), whore ¥ is any rotrix in {Ji(ﬂ). (ur purpese is to
obtudn conditiuns waler whizh XY - LX) 3 0 (ur £ ©) with
probublility one four every K oo Gi{t‘). We hewo bocn Gble to derive
the result only when 7 is o $he furm 7 = M*kU‘EUq, vigre A> O
&nd B is arbitrury subhjoet to lhe condition thet vV is p.d.,
i.e. the BIUE of 4B urder (Y,XB,¥) is samc us its SLSE for every
X oa CE{U). We prowve
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Theoreny 4,.5.2, et {8y oog L{Z)  be uaz qed Pined 2howve wloro

T ds any positive cofinitc HOETEX O the fors T o= TR, Then

(&) LX) - () B0 witn Probdoiidity one foo rory Ko Er (U’
if and only if -V ie A-LGEutlve fofinito, o syudvedently
. - - Y an 1 1 . - - - aom g .
Vo= M0 o y Wiurn 0 in g:;,;:‘l;u_"t:-.:'-z';; aubjoct bo ten condition

it T is nad,

{b) Le(X) - (XY € 0 witk Probhubility une For v vy Ka t’?:{U}
il and only ir v-3] is nen-negative Aotinite, cp cquivalantly

L ¥
Vo= AT+T00 17 y WHCTe O ig arbite APV

k]

) i L9 . ) o
Ireof P oTet X o= (8;05) (B8 where B4,50,4, nnd B, are
25 deftined in the proof of lomi $.3,1.0 "hen P = Feoo ooy and
° -“L (DT - EJ})

" T C LT -1 F
» Whon Vo= ad<UBY

T
o

L X = X{I-A" 4), then P:{.=. = T
(1_1*3-:)?{1_.?}{}‘:. m,(lf-}‘-(% :S:;,)_} and (P}:_p_x };(__; x. Y =

: A ;? i .

s R g
L o -
2 2 o Mz b,

Applying theorsn 3.2.1 we oo Ehat LX) - LG 3 6 foy evuery

X Gi{ﬁ‘} IF and oy 47 +he slgarrridues of

{P(ET :323- PSC JITRU {T(S‘I 18,) - ESE) are £ ¢ Tor overy
(35 185) of razmk v with H(n M(3, 15,0, y;(s?}(];g{aéj ={ox
and R(S)) = R(4)s Pud (s, 15,) - PSQ)UBUF{T(Hj 5 - ry) =
fleSE)UBUF(I-PS?)i Thus we wanl conditions on 730" s tha
{I- S YUBY (I- l—‘r iz non-positive definite fop cvery S, with

H...ri'u,_‘i

M) C M8, 18,) am RE.) = rrla). 1T T(4) - r, then

o
i
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Jao= 0 2 Tho rzguired corvioticn i1a Uhet LB 13 Lwi-positivo
o= - ; , -nu'L L - % | =} o
dofinite, If B(as} ¢ Ty chooao Ui, Sray YR EO,e 0 L W WS
1
in the progf of theeren 4,5 ,1.  ihen {i-}f‘fi HInm (]_1‘3 I o=
3 o

¥ ¥ L]
U TR Usly wfrdel is nod=retitive loting b oo VALY BOLLoThhu-

3

fonal rotrdlx Uy o apirelcivte oy gatisying ;:’{b",i Yy C 1)
7
it and only it URT tec e Lo nutecssitivn Cufiiite. Thus we
S _ 7 l} .
cdn write TUD o= o e g T osore O, This sroves part (g)

of the theorem., Part (D) is preoved si~ilarly,
In chaptcr 3 we vensidered the covarianec v bpdar

Vo= ()1 v p?n1;, - 5%? <n <1,
and wo proved that it Tn ¢ HM{¥)  and Lp # Lﬂ, tiwen L“ > L,
{up L, < L,) with Probubility one iF ungd only if 5 < 0 (respec
tively 5 > 0)  whero We uge the sane netations s in chaptor 3,
In view of the discussion glven in seeticn 3.2 (nno 20.103-106)
It is cloar that LY > LG (or LG < T () with probabi-
11ty one for cvery ¥ . G§(1n} if und oty if [ ¢ 5 {ep eo>ou),
vhere Iﬁ(X) and IU(E) dienote that L“ and L arc conputed
under {Y,Kﬁ,¥p) and (V,X8,1)  respectivaly. Whon p < U
Cor o > a3, V., has the structurc sdven in thecrom 4.5,2 (a)
(respectively thooran TeSed (b)),

In section 3.7 of chupter 3 we alse cunsidercd the 0O
variance natpix v, - aI+Tnc“+cT;, WO ¢ iz 4 vooter and o

is o positive redl mmbor (suo PUe T06-T11 J. o proved that if
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1ﬁ e M) and i,# L), them L, - I > 0 (om ' — I ¢ ) with
i — aa L fr v

Probnbility ene 17 und oy 4T (I-%y Yo = ali-i. Y. for sono
2 ¢ 0 frospoctively &> o). Lot F9482,B, il W, Lo as

dotingd in 4

i

iT

e oot st Teirn 4.3,1. 0 Then in tho werood of
thooren 4u5.7 we shanryed Lt Fi = ?3 Wil e oo
h =P
[

e oo onf{Ted ) hil T ooe fr ’ — T el o=
(1 WEQ}L (I {a}in Tor every 5 (ﬂ(1n} (== (1 SE}L

a(l»Psg}1n for cvory B, with E(5,) = r-H{H)'éf;b ¢ =al, .
Thus 1t L, () amd I_(X) dencho by Gnd I conpuied under
(Y,Xﬁ,?ﬁ), andl  {V,%5,1) reopectively, then lb(K} - Lufi) » O
(v < 0) with probability wne Pow eyory X e Gi(1ﬂ) LT and

only if ¢ = al, whoere o € 0 (vespectively o > 0),
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