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1. IsTropucTioN

In a previous paper, (Seal, 1951) the author has discussed the accuracics of
estimates correaponding to different situations of double sampling. In all types of
doubdle sampling, whether with one or many auxiliary varinblea thero are two indo-
pendent samplea in which the variables be chosen according to any desired method
of sampling such as randowm, systematio, fixed cte.  The present paper is devoted mainly
to the study of an extended case of double snmpling in which besides tho two inde-
pendent samples, an additional third samplo for the main character is alwo available,
Such a sct of samples occurs in practice, as for instance when a samplo for the main
character has been already taken, during somo preliminary investigations or before
suitable correlated auxiliary variates could be found out. Estimation of parameters
from such a system of samples then becomes similar to estimation from fragmentary
duta considered by Witks (1932) or from matched samples discuxsed by Jessen (1942).
Under certain conditions of sampling according to tho usual doublo sampling set-up,
it may be possible to combino obscrvations of theauxiltinry variablesin the two samples
to got pooled estimates of their means, 80 as to obtain a more accurato estimato of the
main characters. This problem is investigated in this paper for an auxiliary sct of
many variables,

2, NORMALLY DISTRIBUTED VARIABLES—MULTIVARIATE
AUXNILTARY SET

Let the threo independent les be aa foll

Sample (A) consisting of y only and of size ny=pn

Samplo (/) consisting of xy,....x; and y, of wizo n

Sample (C) consisting of z,,...,r, only, of sizo wy;=pym
Assuming »’s in aample (A) to follow a univariate normal distribution with mean y
and known varinnce o,%; x,,...,x, and y's in sample (B) to follow a multivarinio normal
distribution with menns §,, &,. ..., & and 7 and known covariance )i, j =1, 2,....,k)
betweon z, and x; respectively; and a, g.....x, in saple (C) to follow another
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multivariate normal distribuation with the sama means and dispersions, the maximum
likelihood estinate of y will be given by
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where {{o)) (i j=y.1.....k} and ({(¢'))(i,j=1, 2,...,k) represent the reciprocals to popu-
Iation dispersion matrices for the samples (B) and (C) respectively; §,7,, (i=1,2,...,k)
denote the enmple means of ¥ and z,(i=),2,...,k) from the sample (B); 7, denote the
mean of y's from sample (A) and 2, (i=1,...,k) denote the mean of z,’s for sample (C).
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The large sample variance of 7 will be given by
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In particular, if there is only one auxiliary variable 2, the formmlae (2.1) and

(2.2) reduce to
Ty =

(i +p+pdl =P N Pep - B —F)

14py+patpy psl1—pY)
a1 pdl—pY)]
a{l+ptpetpfl—pY)
where p denotes the corrclation between z and y in sample (B). It is interesting to
note that the equations (2.11) and (2.21) are thoso given by Wilks (1032) and (2.2)

(2.11)

»
7=

and V(p= (2.21)
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will agree with the result given by Matthiai (1049) when rome of the fragmentary
samples are nssumed to bo absent.
3. WERIGNTED LEAYT SQUARE ESTIMATEN—ONE AUXILIARY VARIABLE

In the previous section, it was assumed that tho distributions of y's and

z's were known to be normal in each of the following three independent ramples:
Sample (4), y only, of size n,
Sample (B), both z and y, of rizo n
Samplo (C), = only, of size n,.

Here without assuming any explicit distribution, the estimate of 7 and its
variance, as also the relativo loas in efficicncy when the distribution ia known to be
normal are derived.

To derive ‘r; in such a situation, the method of weighted lenat squares is employed.
Tho merit of thia metliod is that it nlways gives the best linear unbinsed estimate
and resolves itself into the maximum likelihood estimate when the distributions of
the initial variates are assunicd to be normal.

For usual double sampling the estimate of 3 based on samples (B) and (C)
is given by

¥, = j+8z,—~3) (3
—pt

and l’(}’,)a-a,'(l-;'P- +z—') in large aamples . (32

Another estimate of 7 will be !
Yi=4 v (33)

ot
and V(Y,)-:—"l . 34

1

Hence the best pooled estimate of y will bo given by
5 L 5tiE—2)
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a formula nrn\ed at by Jesson (1942) while ntudymg a very similar problem. Also the
variance V(q) of the maximum likelibood (»sllmnler] asauming normal distributions is
given by (2.21), i.e.,

and

A oagnfl-pl) ’
Vi = nl+m:,+nn|-}-n,n,(l—p’) - (@0
A A
V) —vem _ npt R e 37
Hence V(;) —[n+n,(l—-p‘)][un,+nn,p'+nln,(l-p‘)] a0

>0 when p30
=0 when p=0

Now tho function, Z= ["+"'_""P'] 3 (_n}:-n)_—(n_!—_ﬂ)p_']
=M_M (say)
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(where a,, a, and by > 0.and by % 0 acconling as ny % n)
_‘llbl_ — (a,b +a,b,) +agb :
=p 1T D 2
1t is found to be a minimum when pl'=
Henco from (3.7) the maximum relative gain in efficiency of r; over 7;‘ will be
obtained when p=+1and is gi\'(-n by
|('I )— X (71)
[ o ]M_ e . (3.9)
Thus if n,%ny is large compared with n, which is very often tho ease, the gain in
eflicieney when the distribution is known to be normal will be negligibly small.
The above weighted lenst square method can be applied for deriving :] when
k auxilinry variates aro present in samples (B) and (). This method can also be applied
to all the different types of sampling of x's and y's considered previously by tho
author (Seal, 1951) when an additional indepemlent sample of y's is also present.
4. ALLOCATION OF SAMPLE SIZES
The variance of the maximum likelihood estimato of p in the double sampling
procedure with one auxiliary variate when another random sample of y's (size »,) had
alrendy been taken is given by
l'(:]) "y’[""‘"x(l—l”)l_w
nin+ng)+ny[ntn,(t—p?))
nn-+n
7'-‘("1—(4;—2:’2-) + 7y . {41
If the problem ia to choose n and », in such a manner as to maximise (4.1) for
a given cost T, where

rlop=l, =

T = Cy+(C;+Cy)n+Cyny . (42)
C, being the overhead cost, € and C; denoting the cost of taking one unit of y nnd of
x respectively, the following solutions are obtained:

ny_ [C el ]
= Z;'"l \/F:,T'—I e (43)
T-C  Vi=p
and n=——2 Ve, \/cl\/l‘/‘“'\/cnlld o (34)

The expression {4.3) will ordinarily bo positive, but in the exceptional cases
when it is negative the best choice acems to bo to take tho samplo of y's only, without
considering z's at all.

Tt was shown in sce. 3 that another alternative estimate of 7 without any ex-
plicit assumption of the normal distribution will be usually quite eflicient.

Here
T : = ’["P’+7'_7“_—P_')l -
o B =]
Ilot=I\ = 1'_/l'+_n,( =+ e (ID
and T =Co+(C,+0Cy )n+C.n,
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The optimum solutions of n,y and n will then be given by
e _ ?x+§: _"il
=/

o Vi e (431
and tho uptimum & for a given T would be
T—C, Vi

P e L N T W1
VO HCy VO T,V 1-pt /0 pf (41

We may make here certain vbxervations in this connection:

(1) Comparing the equations (4.3) and (4.4) with the equations (4.31) and
(4.41) it is evident that the latter alternative method will tend to give somewhat lower
values for n.  But since in usual double sampling procedure »n will bo very largo com-
pared to ny, the discrepancy between (4.3) and (4.31) will not be much.

(2) The optimum allocations of a and n, as given in (4.3), (4.4), (4.31) oand
(4.41) would bo unaltered for any sample sizo n,(;>0) of 3. Thus for ordinary double

sampling method where the varianco of the estimate 7[ is given approximately by (4.11)
with n,=0, the solutions(4.31) and (4.41) are identical with those given by Ghosh (1949).
(3) The eatimate of y in the double sampling procedure when ny=0is not the
maximum likelihood estimate when the distributions are considered to be normal.
(4) The above comparisons between (4.3), (4.4), (4.31) and (4.41) would also
hold good between the allocations for corresponding ordinary double sampling and
maximum likelihood estimate (2.11) with p, =0,

5. POSSIBILITY OF IMPROVED ESTIMATE FROM DOUBLE SAMILING XET-UP

In the usual double sampling procedure with one auxiliary variate the estimate
Y of the main character y where
Y =40 (2 —2,) e (50)
is not the sane as the maximum likelihood estimate Y. The estimate ¥’ can be
written in the form (5.1) if it is assumed that the large sample mean g of tho auxiliary
variate z containg the small sample of x's of size » a3 a part of it, {c.f. two-phase
sampling) i.e. here 7y is not independent of 7, and can bo written as
N—n _ n

= x— Fu-at N 7

whero ¥, is independent of 7. In such a caso

(5.2)

It ia well known that Y’ is moro accurate than }. Y’ is equivalent to tho usual csti-
mate used in two-phase sampling.  Now if in double sampling tho z's in the small and
tho large samplo aro taken from the same population in such a way ns to ensuro homo-
geneity ete, the x's in the small sample can bo nsedalong with the x’sin the largesamplo
to get a more preciso estimate of population mean of z%s. The estimation in doublo
sampling and two-phase sampling, then, becomeo tho samo.
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In this section, wo xhall derive the varinncoe of such an estimatoe when there
ure k auxiliary variables. Thus wo would consitler two independent snmples as follows:

«, of size n.
, of size N—n.

() y a7
D x5 20 .
and the estimato ¥ of y ns

x
Y = j.+ Elb...(?m—?m) e (5.3)

Pt
Obviously E(Y")=7% and henco the estimate is unbinsed, Now (5.3) can be wrilten as

N —n

gt 30 b= e (530

¥

a—k—2\n "]
where R,.,,..., denotes the multiple correlation of y on x,, ey 7
In the above derivation &,, has been assumed to be distributed independently of
7, which is true for the normal distribution; otherwise it will bo valid only in large
samples. This formula (5.4) ean now be compared with the formula for double sampling
with kauxiliary varinbles (Seal, 1951). 1t is found that the forms are remarkably similar
and (5.4) is always less than the corresponding double sampling variance. Moreover,
the cost incurred in this method will be less, as only (N —n) observations, instead of
N, of 2;,25....,27, need be taken in the second sample. ) ,
Theo situations in which the z's in the two samples are not to be combined and
the usual double sampling estimation has to bo adhered to are obious. Combining
of z's is obviously not justificd when the expectation of the z's in the two samples are
different. Attention may also be drawn to the particular case in which the linear
regressions of ¥ on the two aets work out to be the rame but the expectations of the
two sets of x remain different (Vide C. Bose, 1051). Also when x's in the small sample
are assumed to be fixed, combining z's will not always be justified.
I am gratefil to Dr. C. R. Rao for his guidance in tho course of my investi-
gation; I have also to thank Mr. A, Matthai for suggesting some improvements in the
presentation.
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