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1 Introduction

A Banach space is said to have the Mazur Intersection Property (MIP) if ev-
ery closed bounded convex set is the intersection of closed balls. In a finite-
dimensional space X, this & equivalent to the extreme points of the doal unit
ball B{X*) being norm dense in the dual sphere S{X*). And, in general,

Theorem 1.1 For a Banach space X, the following are equivalent :
{a) The wdenting points of B(X*) are norm dense in S{X*).

(b) X has the MIP.

(c) Every support mapping on X maps norm dense subsets of S(X) to
norm dense subsets of S{X ).

(see [P or @ for detaiks and related results)

Using this characterisation, Ruess and Stegall @ have shown that the injec-
tive tensor product of two Banach spaces of dimension = 2 never has the MIP.
And Sersouri has shown that in fact there is a two-dimensional compact
convex set in X @, ¥ that is not an intersection of balls.

The situation appears to be much more difficult for projective tensor product
spaces, since the extremal structure of the unit ball of the dual of X &, ¥, ie,
LIX. V™) (see eg., @. Chapter VIII]), is known only in some very special cases
and no pattern is discernible even in these cases for a reasonable conjecture to
be made in general. See ﬂ] or for a survey.

The simplest situation arises in a Hilbert space, where the extreme contrac-
tions are characterised as isometries and coisometries, by Kadison in the
complex case (see also @] and by Grzaslewicz @ in the real case. And it
immediately follows that the projective tensor product of two Hilbert spaces
never has the MIP.

Complications already increase sipnificantly if we move on to #-spaces. In
fact. the complete picture eludes us even for two-dimensional #-spaces. Here
we show that the projective tensor product of a two-dimensional £# space with
a two-dimensional £9 space never has the MIP for a large range of values of p
and q. For this purpose, we characterise the extreme contractions from £ to £3
and obtain their closure. Some of the results about extreme contractions were
proved earlier in ﬁ, B. E through different techniques. Our approach is similar
to that of @ for the case p = g with complex scalars. We, however, work only
with real scalars. This technique also lends itself naturally to the computation
of the closure.

A major portion of this work is contained in the first-named author’s Ph.
D. Thesis @ written under the supervision of the second author. We take this
opportunity to thank a referee whose detailed comments on the paper led to
considerable improvement of its exposition.



2 Extreme Contractions in £(/%, (9)

Noramions : For 1 < p< oo, & = (71, 22) € & with ||z|| = 1, define ¥~ =
(sgrn{z)|z [P, sgn(ze)|za|*~Y) and x° = (—z2, 7). Notice that, in general,
27! is the unique norming functional of = and {z, (z°)*7'} is a basis for €4,
and if p= 2, "' = z and {z,2°} is orthonormal. Denote the vectors (1, (1)
and (0, 1) by e; and es respectively.

We will need the following nequality Lemma 1.e.14]

Lemma 2.1 Let l < p<g < oo. Let oo =4+ (p—11/{g—1). Then

1 1fg 1 1jp
§~{_|1+rr.|"|*Jl +|l—m"|”}] = |:§ N+rf + 1 —1"}

for all v € I with strict inequality holding for v 5 0.

Theorem 2.2 For 1< p, g < o0, an operator T : 5 — £ with |T|| =1 s an
extreme contraction
() E] forp=yq=2, if and only if T is an isometry.
() E] Jor p=2+# g, if and only if T' satisfies one of the following
{a) T attains its norm on two linearly independent vectors.

() T is af the form

| ree if g=<2
zRY+sz°@(Y)T f ¢>2

where ® is any unit vector and, in the second case, |7 = % arud

g=+—L ala-2) g
3/ lg—1]

(i) E] for p# 2 =g, if and only if T' satisfies one of the following

{a) T attains its norm on two linearly independent vectors.

(b) T is af the form

T = e EYy if p>2
Tz laytset @y i p<?2

arud

b=

where y s any unit vector and, in the second case, |z;|" =
5= 4./(p— 1)202-plie,
(i) ﬂ Jorp=g +# 2, if and only if T' satisfies one of the following

(a) T attains its norm on two linearly independent vectors.

(b T is of the form

r_f ey if p>2, yyp#0
zFlwe; if p<?, xyxa # 0



(v) for l =g < 2< p < oo, if and only if T' satisfies one of the following
(a) T attains its norm on two linearly independent vectors.

() T =aP '@y with x, y unit vectors and z,701172 = (.

Proor. Let T : £ — £, |T|| = 1. Then there exists & = (z,,x2) € £§ such
that ||z|| = 1= |Tz|. Let Tz =y = (p,y2). Let L, = {T:||T| £1,Tz =
y}. Then for any T € Iy, (T — 2"~! @ y) annihilates & and s0 is of rank < 1,
whence (T —zF~ ' @ y) = " @ u, for some u € £, Further, T*(y? ') = 2!,
that is (T* —y@x" 1) annihilates 9!, whenee (T* —y@zf 1) = (g*)" 1@ v,
for some v € £]. Combining, T must be of the form

T, =z '@y+sz®@(y*)? ", for some s € R

In other words, L.H = {T,‘ s e BT, < ].}. That is, L.E, is a line sepment
(could be degenerate) in the unit ball, and, its end points are extreme.

Az in ‘ pre- or post-multiplying by diag{sgn(z,), sgniza)), diaglsgniy),
sgnya)) and permutation matrices, if necessary — each of which is an Bometry
— we may assume ry = re = 0 = =0

For r € IR, denote by fp{m r:I =x+7rix ”:IP_I and Fplz, v) = || folz, 7|7

Then F,{z,7) = |z, —rzh e 4 |lze + vzt TP, Clearly, if p=2 or 22 = 0,

Fule,r) = 1 4+ |r|'. Otherwise,
Folz,r) = z3"-prxh—mza” + 217 - frzl + zizsft

= z3"Glreh —zi3e) + 27" Glrad + z120)
where ({u) = |u/¥. Thus

%Fp{z,rj = G'(rzf — m132) + G'(raf + 7112) (1)
and G'(0) =0, G'(u) = p-sgnfu) - [ulP~t. Clearly, @] also holds for p = 2 and
Fa =)

Now, G'(u) is an odd function, positive and strictly increasing for v > 0.
Since the two arpuments of 7 in @] add up to r, we have if v > 0 {resp.r < (),
the one larger in absolute valie is positive (resp. negative), and so, %Fp{z, )
is positive (resp. negative), i.e., Fy(®,r) is strictly increasing (resp. decreasing)
inr >0 (resp. r < ).

Further, if p# 2 and x5 # 0

Folz,0) = 1, Fi(z,0) = 0,

Fl{z,0) = plp—1){z1za)" 2, @
EY'(z,0) = plp—1)(p—2)(z1z)? [z} ],

F;"'{:L:J]':I = plp—1)p—2p—3)(z1x2) 4[ HESEI



and so, if 1 < g < oo, for Hyylz, 7) = [Fp{z,r]]”""“‘ we have,

Hpglz, 1) = 1, H., (z.0) = 0

Hi(z,0) = gqlp—1)(z1z2)"2,

Hy(@,0) = a(p —1)(p — 2)(zrz2)P %[z} — 8, (3)
Hi(2,0) = qlp— D{zz2)* " (p— 2)(p — 3)

—3(zz)"{(p—2)(p-3) +(p—q)p— 1)}]

where the derivatives are taken with respect to r.

Now, T.(fulz,7)) = fy(y.rs), and thus for any v # 0, |T(ful(z. 7)) =
Fy{y, vs) is strictly increasing in & > 0 and strictly decreasing in 5 < (), and
Fy(y,rs) & uobounded in 5. Now, if r # (0,

Foy.0) = 1 = [Fy(, 0" < [Py, )"
So, there exdsts unique sy (@, y,r) >0 and unigue s_(z, ¢, 7) < 0 such that
Fy(w72) = (Pl 0o @)

And the quantity on the LHS becomes smaller or larger than the one in the
RHS according as |s| gets smaller or larger. Evidently, such 54 also exist for
(!, which we denote by fu(x,20). In fact, in this case, |sy(z,y, )| =
(=2 /w2~ Y|. Notice that s4 is a continuous function of ¢ # 0 and
elementary examples show that lim, o s+{x, ¥, ) may not even exist. Let

si(zy) =mf{si(z yr):r#£0} &z y)=mp{s_(z,y,7) :7 £0}

Clearly, T, € I, if and only if s* <5< 5% ie, T_.‘-i are end points of I, and
hence are extreme. Also let

sz, y) = Ii:_n_'i:]]f splmoy,r) = *-n;E inf{s; (z,y,7): |r| <2}
s*(w,y) = limsups_(x y,7) & inE sup{s_(z,y,7) :|r| < £}
] 2=l

Note that if we put J,, = {s : T, is contractive in a neighbourhood of 2}, then
5" =infJ,, and 5% = sup J,,, though 51" may not necessarily belong to J.,.
Clearly, s¥* < &% <0 <35} < %"

Now, either s} equaks s+ (&, o, v) for some r # ) {including » = o), in which
case 55 # () and T, attain their norm on two linearly independent vectors, or
5% = 55", :

Note that T attains its norm on two linearly independent vectors if and only
if T attains its norm on two linearly independent vectors. Moreover, any such
T is exposed, and hence strongly exposed.

Thus to complete the proof, the task that remains & to identify all (if any)

extreme contractions that attain their norm in exactly one direction (called ‘of



the desired type’ in the sequel). Then s3] = 55, in which case (i) [s57] < oo,
(if) 85" € Juy, in fact, (iid) Toyr € Ly

Therefore, in different cases, we proceed to successively check these three
conditions and whenever we reach a contradiction, we conclude that 53 # s1°
and T+ iz not of the desired type. And in case all the three conditions are
:iﬂ.ti:iﬁ{-b{:i, we check whether it attains its norm in any direction other than that
of @ and only if it does not, we pet an extreme contraction of the desired type.
This line of reasoning is exemplified in the analysis of cases (11 and (IV) below.
However, in case (1), we can directly calculate 3.

Case(l) : (i) p= 2 and either g = 2 or 2 = 0; (i) g = 2 and either p = 2
or £ = 0; (#Hi) p+# 2 g and 2, =0 = 3.

T, 15 a contraction <= Fy(y,rs) < [F,(=, r]l]""'f"' for all v
= 14|rs|? < [L4|7P]¥" forall v
1+ |-;-|]'-f]*f.l"]'-f =

= &% <
rl?

for all v #0

Note that the RHS = 1 if p = ¢2 and is strictly decreasing (resp. increasing)
in |v| for g = p (resp. q < p).

So, if p = q, 54 = £1, and hence, 55 = 51" = +1 and T,. are isometries.

And, if p # g, the mfimnm of the RHS over » #£ 0 yields

|s% 2 = 1 if qg=>p
+ 0 if g<p

So, if g < p, 51 =10, and T} is an extreme contraction of the desired type.
And if g > p, 55 = s4(o0) = £1 with T}, attaining its norm at both z and
2P~ Tt is interesting to note that if 2 , T in this case 15 the identity
B Iy q L
Operator.
For the remaining cases, we caleulate 557 Let {r,.} be a sequence of real
B + e
numhers such that v, — 0 and s4(r,) — 7. If we assume |57%| < oo, then
ks i
{s+(ru)} is a bounded sequence. Now, by l{H:I

'F:j{y‘ TnS4(ra)) = [FP{I1T":|];”P (5)

Case (II) : g # 2, g2 > 0 and either p = 2 or 75 = (.

In this case, subtracting 1 from hoth side of {ﬁ], dividing by 2 and taking
limit as n — oo, we get by L'Hospital's rule and @ that LHS — %q{q -
1)8%(1, 72192, where 5 = sy and

0 if p>2

RHS —{ = if p<2

q i
2" # p=3
; 0F

So, if p < 2, we have a contradiction, whence T,- is not of the desired type,
and if p > 2, 55 = 55" = 0, and Ty is extreme, and :;]t-‘.-i-l.l’l}’ of the desired type.

G



If p =2, we have
Sg— D) =1 (6)
Now, if the s given by () belongs to J.,, we must have
Foly,rs) < [Fp{z,rj]*""f" for all small » # 0 (7

Comparing the Taylor expansion of the two sides around r = 0 (for the LHS
s {E]:I., we see that the coefficients of 1, r and +° on both sides are equal,
whence the inequality { for amall v implies the corresponding inequality for
the coefficient of v on both sides, which, for v = 0 and v < 0, leads to the
equality

3 F

1 = g
=¥l — (g~ y)" @i -s) =0 (8)

Combining equations lﬂj and {E:I, we havey! = yi = 1/2, 5% = wi—”:l':‘f_glf‘f.
But apgain the equality in {@ pushes the inequality down to the coefficients of

4 -
T, Le.,

sale—2) 2 grstale—Dla—2)(a— @)1 -3(mw)

(g —2)(q—3)
(g—1)

Now for g < 2, this leads to a contradiction, so that T+ & not of the desired
type. On the other hand, by Lemma @ for p= 2 and g > 2, we have that
T, with the above parameters is a contraction that attains its norm only in the
direction of = and hence, & of the desired type.

Case (IIT) : p+# 2, 70 > 0 and either g = 2 or yo = (1.

This situation is dual to case (I1) above.

Case(IV) :p#£ 2 £ g and 22 >0, 0 = 0.

In this case too, subtracting 1 from both side of lﬁj dividing by +2 and
taking limit as n — oo, we get by @ and {ﬁ]

(@ = 1)(ny2)" " = (p — (zaza)”? (9)

or 3g-—21) =

where 5 = s¥.

So, if 5 € Jpy, comparing the Taylor expansion of the two sides of l@j around
r =10 (use @ for the LHS and lﬂ] for the RHS), by arguments similar to Case
(II) (p = 2), we must have

£ g — g — 2(3y2)* 2] —vd) = (p—Dp - (mz:) (=} —5) (10)
and

sg—1)(g — 2)(q — 3w 1 — 3mp)?) £ (p— 1 (z122)"*
[lp—2)(p— 31— Hz1z2)?"} = 3(p— q){p — )(zz2)?]  (11)

=]



Eliminating s from {E:I and :| and wsing the fact that &, ¥ are unit vectors,

we ge t
W‘EV[ L _J__w—gf[ ! _] :
@=1) |Gl = =D [Empr 1 (12)

Also, dividing :| by the square of ﬂL we pet
(g —2)(q —3) [ [ .5] L p=2)(p-3) [ 1
fg—1) (y1y2) p—1) (z122)"

Notice that for p = g, we get from :| that x; = g, i = 1, 2, whence from
{B], 5 = %1, and from ®~ Y1 =1 =1 = 2 for s = —1. Thus,

m_ |1 0 _ a1
Tl_[ﬂ 1] aml T_l—[lu]

- .’i] —3p—q (13)

which, clearly, are isometries.

Now, let p #£ q. From @ and (L), writing { : ] = A, we get
TyTa)P
P=2%a-3) 4 4, 2-D0@=3)  P-200P-3) , 4 a
)1 L A = I e B A

Simplifying we get

p—-1)g-2) ~(p—-1)g—-1)(q—2)

So.iff(a) l<g<2<p<oc,or,(b)lap<g<2oon(e)2<p<qg< oo,
we have

la—plp—2) , _ 29la—pllpg—p—4q

29(pq —p—4q) X 2q—2)(pg—p—q+2)

*o-e-n = ATSETTE awmon

Andif(d)l<p<2<g<oo,orfe)llc<g<p< oo (f)2<qg<p< oo,
we have

2q(pg —p—q) b i~ 2Ag—2)(pg—p—q+2)
Zo-2@-10 = ATZT G oG-

Now, (zpze)? = 1/d and 2f +2f = 1,00 < 1/A < 1/4, je, A =24 or
A—4=10.

But since (pg —p—g+2) = (p—1){g — 1) + 1 is always positive for 1 < p,
g<oo,ifl<g< 2<p<oo,ie, in case (a) above, we reach a contradiction
at this point, whence T, is not of the desired type. |
ReEmark. (a) Forp = q = 2 and 3 = 0, the same result, as in Case (111} above,
has been obtained by Kan Lemma 6.2] for complex scalars too.

{#) Recently we have come to know that P. Scherwentke [1f] has proved a
special case of Theorem E (v), ie, when p > 2 and 1/p+ 1/ = 1, using
technigues similar to B

(14]

(15)



3 Partial Results in Remaining Cases

In the last part of the proof of Theorem E the conditions (b) and (e) are dual
to (¢) and (f) respectively. And in the cases (b) and (¢), the inequality ([L4)
implies

f
o lg—2)pg—p—q+2) (16)
2 2 qpg —p—q)
while in cases (e) and (f), the inequality :| implies
r{ 14, fla=2pa—p—q+2) <<l (17)
2 alpg—p—q)

Now, in cases (b), (¢], {e) and (f), we have from {E] that for 5 < (), both
sides of {:I must be (), ie, we must have 2§ = 25 = 1/2 = y{ = 4. But then
in cases (e) and (f), we have a contradiction. So, in these two cases, s* gives
extreme contractions not of the desired type.

Also in case (d), (1) is always satisfied and @ implies that for 5 > 0,
=z =1/2=y] =yl

Now, from {@ it follows that T.;- is a contraction if and only if

q qy1/e
[y‘f-|1+ﬂ{yw’m]l*”’gf +1:‘z’-|l—rt{1n:’yzll‘f”f ]
§ yi: 2 /2 Lip
< [3:1-|1+{3:2;ij# ».r| +:9;-|1—{3:1;mg)r* r|"] (18)

for all r € IR, where o = £+/(p—1)/{g — 1) with the sign being that of s3°.
Thus for the particular case of 27 = 2§ = 1/2 = 4! = 38, we have by Lemma
that in cases (b)), (¢) and (d) for both 5 = 0 and 5 < 0, we get extreme contrac-
tions of the desired type.

Thus, modulo duality, we are left with the following cases nnsolved -

(1) Case (b) with 2§ = 1/2 satisfying l[ for 5 =0 with 1y given by @
(2) Case (&) with z; satisfying (L7 for & = 0 with 3 given by @I
(3) Case (d) with 2§ > 1/2 and 5 < () with 3, given by :|

In the remaining part of this section, we prove that in case (b), ie. for

lep<g<2 for 1/2 < 2l < 1/q, we get extreme contractions of the desired
type. Specifically, we prove

Lemma 3.1 Letl<p<qg<2 1/2<z! <1/q, then {@] holds for all v € IR,
with equality only for r = 0.

Proor. For notational simplicity, put =} = a;, yf = b, i = 1,2 and as/a; = u,
ba/by = v. Notice that, in this notation, (1) becomes

(2—glar ' 1-v) = (2—puY{1l-u) (19



which implies 0 < v <« < 1. It is also oot difficult to see that

1
ar V2 <y 2 e g, <= (20
iq

Also, in our notation {:I becomes

1/q
1 4 r b
: |1 4 ot 2 -+ ! - |l —av Y
14+ w 14w
1 i 1 . (F1YP
< |mm el + g -] )

Casel:0<r<ul?
Expanding LHS? and RHS" by Binomial series, noting that o = (p—1)/{g—
1) and (14297 =1+ ﬁ;r for all z =0, it suffices to show that

1)kt

14w ]

| e s e
14+ u

1
0 < {Z—Q]---{k—l—q]rxk_zﬂ:_':k_ﬁm[ s

(22)

< (2-p)---(k—1—p)u*-2)/2 [

for all & = 3.
Now,as 0 < v < u< 1, both 14+ (=1 2u*! and 14+ (—1)*%*! are
nonnegative, i.e., the first mequality in @ follows. Also for k= 3, the second

inequality in | s an equality by :| And for k = 4, dividing both sides of
{ by that of (1), it suffices to show
1+ {—l]k_‘zﬂ:k_l]

(3—q)---{k—1—qar 3y k3}2
1 —?

14+ {—ljk_ Euk—l :|

< (B-—p)---{k—1—plu k32 [ ;5

1 —u
But for 8 2 4, (3—q)---{k—1—gq) < (3—p)---(k—1—p), and hy
{EL af Sy k=312 = k=312 Also, it is not difficult to see that for any
k=4, 1+ (=-1)*2251]/(1 — 2?) is strictly increasing for 0 < z < 1. Since
0= v<u<l, Case I follows.
Notice that for r = u2, we get

]' 2 7 i .
. (l + m:”‘zw,lﬂ) Frit (l — m;—lf‘-’-ula’?) < [{1 + ,u:l_r.r—I] q/p
1+ 1+
(23)

Case Il : 7 <0 and 7 > «V/2

]



Notice that if we put + = —u~ Y% /(1 — u~'/25), {@] becomes

1 v gk
[ =1+ ) + 1—={1- r:,-"ﬂ::lf.r"]
14w

1+

1 10 ii»
< 1-11 14 24
< o s (24)

where ¢ = au!/ 2! 2| and the ranges v <0 and v > «'/? become 0 < ¢t < 1 and
t = 1 respectively. Thus, we have to prove {@] for t =0, &+ 1.
Notice that by @ 1, ¢ < vand ¢ < on < w. Put

ot = r 1= {14+e)*+v-|1—(1—c/v) and
., 1 i 1

Put fit) = qlog da(t) —p]{}g¢1 (). We have to show f(#) = 0 for ¢ # 0. Now,
fi(t) = (gor(t)hlt) — poy (Bp2(f))/ (D1 (E)a(t)), so that f'(f) > =, or <0
aceording as gy (Fah(E) — pdl (Hlea(t) =, =, or < 0; or, equivalently,

sgnl — (1 —e/v)t]|1 — (1L —efo)t|9 " - [1 — (uv + €) - g(t)]
<,=,or > sgn[l—(1+c)]-|1—(1+c)f|* -1+ {u—2c)-g(t) (25)

where g(t) = {1 — sgn[l — (1 +u)f] - |1 —( l+uf|*’_1};’r 1+ u).

Notice that g'(t) = e Y{p—1)|1 — (1 +u)#P~2 =0, and hence, g(t) & strictly
increasing with g{{}:l =L

SuBCAsE 1 : 0 <¢<1/(14¢).

Since f(0) = 0, and it suffices to prove f'(f) = 0, or, in , LHS < RHS.
Notice that in this case, every factor on the two sides of (ﬁmmqﬂ. possibly
the third term on the LHS, is nonnegative. And the third term on the LHS is
decreasing, positive at + = 0 and is < 0 at = 1/(1 +u). When thi term is
< (), we have nothing to prove. And thus it ‘il]"ﬁ{.‘f“i to prove

[l —(1 —r.',n"ﬂ::lf]u_l = [1+ (u—c)-gl(t)
1— {1+t T 1 = (uv +c) - g(t)]
for the values of # for which g(#) < 1/{uvr + ), which exclude the walues 1/(1 +
w)=<t<1/{(1+¢)

Apain since in this range all the factors are positive and the two sides are
equal at £ =0, taking loparithm and differentiating, it suffices to show

(g~ Ve ) ug/ (1)
v[l—(L—cfo)t] - [L—(1+c)f] — [14+ (w—c)-g(t)] - [1 — (ur+c)-g(t)]

Simplifying the expressions and putting s = (1 4 u)#, this is equivalent to

A-| +u(l—s)P ' +D- [r.'?'{l —5) +ulv(l— )P+ B- [r:g —uy] =0

2
(1—s)

11



where

A = (wr+el{lu—e) =0
B = (ww+e)l4+el+(v—c)u—-c)
D = (1+e)v—c)=0

Now, in the range (0 < 5 < 1 and s0, we can expand the LHS by Binomial
and geometric series. Note that

A+ D+ B=v(l+u)? and A+ D — uB = —(1 + u)?
whence the constant term on the LHS is
A+ D+ B)+v(A+u’D —uB) =0
On the other hand, we have from ([LH), that

e(l+u)(l —v)(qg—p)

2—p
—11.2 = T =l =g — )| = U —1!.2 L
A D (14 u)(u(l —v) —e(l — u) (1 j{q—lj{?—qj =0

A-—D

(14+u)fe(l —v) —v(l —u)] =

whence the coefficient of 5 on the LHS is

cl—v) wo(l—u)

=0
2—p 2—gq

E(A-—D) = (p—1v(A —u®’D) =21 + u){qg — p) [

Therefore, and since 1 < p < 2, we have the coefficient of *, k> 2, is

A {c* , D —ki!'ﬂ" - (k—p) } + Dyt plp + 1;:2!- e+ k—2)
>4 - 2B B P42
=DR+“PLﬂFDHP—”P’jg_ﬂ;ﬁk_ﬂ]}ﬂ

SuBcase 2 : 1/(14c) <t < vf{v—2c).
Since (|z| + |y])® = |2|* + |y|* for & > 1, we have that in

1 8y i ap
RHSY = ( ) [{l + ujt — l]“' + ( )

14+ u 14+u
1 o
LHSY = ——-[(1+eit—1]"+ -1 = {1 —efu)E]?
1+ v [{ ) ] 1+ v [ ( rh”
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Comparing the first term of the two sides, it suffices to show

1 1 q/p
— {14yt —1]" = 1 t—1]%
14w [(1+¢) I (1+1z) (1 +) ]
s Al
i 14+e)t—1 < (14 )
(1+u)—1 {1+ u)tie

for t = 1/({1 + ¢), the LHS & increasing, and the maximonm valie at “f = 20" is
(14+e) /{1 4+ u). Thus it suffices to show that

(l4+e)<(1+u)2 (1 4u)Vr

but this follows from {@]

And comparing the second term, we need to show

1 oy o
> -1 =1 —efu)ed
(l+u) “ 14w [ ( rh”

For 1/{1 4+¢) < t < v/{v —¢), the RHS is decreasing and it suffices to prove

a4/ ki 1
( in ) wpel B2 [1 ok r:,-"ﬂ:jl] . W [{r -+ r:,l"ﬂ::l]
1+u T l+4w (14 1+w (1+e)

Now, if we consiler the function

) - 1 _[m—c]”+ v [;?:+4’?,"'1I:|q

T l4w 1+ = l+1:- 1+ =

we see that

. =z (l+e)z—e)t + (v —c)z+cfv)?
hiz) =g (1+v)(1 + z)et!

whence h{z) is increasing for © > ¢, and the inequality @] at + = 1/(1 4+ u),

viekls
u \¥E
= =
(l = 1;) = hiu) = hie)

This proves the subease 2.
SUBCASE 3 : t = v/(v — ). Notice that if v = ¢, this case does not arise.
In this case, the LHS of {&{] is = (), while the RHS < 0, whence f'(f) < 0,
and the minimum value of f is attained for *f = o0”. Now that this value is
= () follows from {@ This completes the proof of Case 11, and hence, of the
Lemma. |

In the particular case a; = 1/qg, replacing v/ /g — 1 by £, we get the following
interesting inequality, the case g = 2 being immediate from Lemma
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Corollary 3.2 Let | < p< g< 2. Then

1 % Y n q—1 1%
S = e+ Pt < [2 (g + e
P P q q

for all t € IR with strict inequality holding for & # (.

REMARK. We do not know whether the range 1/2 < z} < 1/q exhausts all
values of i for which we pet a contraction. However, it is not very difficult
to see that we cannot have the entire range in @j Indeed, when z¥ is the
right end point, we do not even get a contractive T', as in that case tracing our
arguments back we find that the coefficients of 7! in the Taylor expansion of the
two sides of @:I must be equal, and hence, as in the case of r*, we must have
equality of the coefficients of 7° as well. But then direct computations reveal a
contradiction.

4 The Closure of Extreme Contractions

We now obtain the closure of the extreme contractions in the cases described in

Theorem @

Theorem 4.1 In all the cases deseribed in Theorem except the case p =
g # 2, the set of extreme contractions is closed.

And in the case p = q # 2, the closure of extreme contractions may have
operators of the form diag(l, =), |8 < 1 [upto isometric foctors of sigmum or
permutation matrices | as additional elements.

Proor. In case (i), the result is obvious. And case (id) is dual to case ().
Now, in the cases (ii) and (v), the set of operators of the form (b) is clearly
closed. And in case (iv), the closure of the set of operators of the form (b)
contains only the operators e; ® ey, 4, § = 1, 2 in addition.

Let uws consider the set of operators of the type (a) in cases (i), (iv) and
{(v). Let {T.,} be a sequence of operators of the type (a). Let T,, — T in
operator norm. Let x, = (1,24 ) be such that |z,.| = 1 = ||Thx.|. Let
Tixw = ¥ = (W1 Yn2). Then T, is of the form

T, = 287 @y, +55(@nya)75 @ (U2)""

where s3(®,,¥,) is as in our earlier discussion. For notational simplicity, write

53 (®n,y,) = £8,. Passing to a subsequence, if necessary, assume x,, — @ =

(z1,72), ¥,, — ¥ = (m.y2) (by compactness of the unit balls of £ and £2),

and all the s,'s have the same sign, without loss of generality, positive.
Clearly, |T|| = 1 and T'x = y, whence T' is of the form

T = Ij-.n—l & y + 52" @ {,yn:lq—l

14



Also, as T, — T, 5, = |Tu—a2- @y, [l/22] -[(12)1~)| — IT-2"'®
ull /=] - g, e, {s.} is convergent. Clearly, s, — =
Now, since T}, is of the type (a), there exists z, = =, + . (z?)" ! with

e # 0 € IR such that |T.z,.]| = ||z.]. Again we may assume all v, s are of the
same sign, in particular positive and v, — v, where 0 < v < 0o, f 0 < r < oo,
zw — z =z +r(x")" ! and |Tz| = | z]. ie. T is also of the type (a). Ako,
if 7, — o0, ket w, = z,./||z.]. Then w,, — u = (=) {z*)" | and
[Tw| = 1, so that T again is of the type (a).
Now, suppose v, — (. Then from ||T,z,.| = ||z we have
'F:j{yrurfls'fl] - [‘E':;-r'["zu1"’\«:]']”".']"r =10 (26

For (i1), if p = 2 and q < 2, since T, is of type (a), we have ¥4 #£ 0
for all n. And if g = 2, we have two possibilities; either there is a subsequence
for which yniyee = 0, or, eventually yeayne # 0. In the first case, we restrict
ourselves only to that subsequence, and we have, by case (1), s, = 1 for all n,
whence s = 1. Also, uye = 0. S0, T =x @ e +x" @ e; (i # ), and it is
clear that T is of type (a) (see case (I)). And in the second case, we assume
Yu1ln2 7 0 for all n. Then dividing by r2 and taking limit as n — oo, we
get by L'Hospitals rule

(g — 1)s*(any2) 2 —1=0 (27)

If g = 2, for yy32 = 0, this leads to a contradiction, whence 332 7 0. Then
{@ and @I coincides, i.e., we have s = 57"z, ). Now, our analysis in case (1)
shows that only for 3] = yf = 1/2, 54" gives a contraction (which is an extreme
contraction of type (b)). And in every other case, we run into a contradiction,
ie, we must have v, 75 0.

And if g < 2, for yyye = 0, @] mikes sense only if 5 = (. In that case,
T = @ @ e;, which, by case (1), is an extreme contraction of the type (b). And
for 3y # 0, we again have s = 51"(@, ¥) and our analysis in case (1I) shows
that this case always leads to a contradiction.

So, in both the cases, the closure of the set of operators of the type (a)
contains at most operators of type (b), and therefore, the set of extreme con-
tractions is closed.

In (iv), i.e, if p = g, by duality, it suffices to consider p > 2. Since T},
is of type (a), we have three possibilities; (1) either there is a subsequence for
which both z, 1740 = 0 and 002 =0, or, (2] there is a subsequence for which
Tu1Tnz # 0 and yaq30 = 0, or, (3) eventually both z,3 7.0 # 0 and y0.0 # 0.

In the first case, we again restrict ourselves only to that subsequence, and we
have, by case (1), 5, = 1 for all n, whence s = 1. Also, zy20 =0 and 392 = 0.
Now apgain by case (1), T is of type (a).

In cases (2) and (3), dividing {%] by r2 and taking limit — through a
subsequence if necessary — as n — oo, we get in the second case

(ziz2)t? =0
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and in the third case

()" = (zyma) ™

So, in case (2), e = 0, and we have a contradiction unless ryzs = (.
And in that case, T is of the form diag(1, ) upto isometric factors of signum or
permutation matrices. Now, T is a contraction for —1 < 5 < 1 and is extreme
(in fact, an isometry) only for s = £1. However, we do not know precisely if
they actually belong to the closure.

In ease (3), if 2322 = 0, we get a contradiction unless gy =D or s =0 If
e # 0,8 =0=s3({x, y), whence T is extreme. And if 332 = 0, we get the
conclusions as in case (2). If zize £ 0, gnye = 0 leads to a contradiction, and if
nyz # 0, 5 = 1%(x,y), so that T is an isometry and hence is of type (a).

In case (v), e, ifl < g< 2 < p < oo, since T}, is of type (a), we must have
1otz 7 0 for all n. And a similar arpument leads to

(g —1){ny2)" 2 = (p— 1) (zyza) 2

If 7,75 # 0 the ooly situation that does not lead to any contradiction —
either immediate or to the fact that T is a contraction — is both 32 = 0 and
5= 0. And in that case, s =0 = 54 (@, y), so that T is extreme. And if 370 =
0, we must have 5 = 0, in which case, by cases (I) and (1I), 5 = 0 = 5% (z, y) and
T is extreme. Thus in this case too, the set of extreme contractions is closed.

Theorem 4.2 fn each of the following cases of 1 < p g < 0o, 5 @, £ lacks
the MIP .

(i) p and g are confugate exponents, e,
(i) Either p or q is equal to 2.
(i) 2 < p, q < oo.

L
+31=1

Al

Proor. The dual of ¢ &, £ is E{E’;._F'{L where i + ;—, =1 and the closure of
extreme contractions in none of the above cases contains norm 1 operators of
the form ! @ y, where & and y are unit vectors with ey ye # 0. |
Remark. The fact that operators of the above form do not belong to the
closure of extreme contractions in any of these cases seems to sugpest that this
is & peneral phenomenon. It is possible that this is happens in higher dimensions
as well Can one give a proof of this without precisely characterising the extreme
contractions? What seems to be required is a more tractable necessary condition

for extremality, or, for belonging to the closure of extreme contractions.
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