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PATTERN PROPERTIES AND SPECTRAL INEQUALITIES
IN MAX ALGEBRA *

R. B. BAPAT!, DAVID P. STANFORDY, axp P. VAN DEN DRIESSCHE$

Abstract. The max algebra consists of the set of real numbers, along with negative infinity,
equipped with two binary operations, maximization and addition. This algebra is useful in describing
certain conventionally nonlinear systems in a linear fashion. Properties of eigenvalues and eigenvectors
over the max algebra that depend solely on the pattern of finite and infinite entries in the matrix
are studied. Inequalities for the maximal eigenvalue of a matrix over the max algebra, motivated by
those for the Perron root of a nonnegative matrix, are proved.
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1. Introduction. The algebraic system called “max algebra” has been used
to describe, in a linear fashion, phenomena that are nonlinear in the conventional
algebra. Examples include transportation networks, machine scheduling, and parallel
computation. A system in which one component must wait for results from other
components (a “discrete event dynamic system”) can be modeled in max algebra.
See [13, Chap. 1] for a detailed description of such systems. As described there, the
question of regularizing a system, that is, of initiating a system in such a way that all
components begin cycles at the same time, is answered by solving the eigenproblem
in max algebra.

An early exposition of max algebra is the monograph of Cuninghame-Green [13].
Related works are Carré (7, Chap.3] and Gondran and Minoux [19], that discuss
more general “path algebras” and describe Gaussian and related solutions of linear
systems over path algebras. Currently, work on max algebra systems is progressing in
many directions; see [1], [6], [11], [18], [24]. Over the max algebra, eigenproblems for
irreducible matrices were studied in [13] and for reducible matrices in [8] and [18].

The max algebra consists of the set M= R U {—o0}, where R is the set of real
numbers, equipped with two binary operations, addition and multiplication, denoted
by & and ®, respectively. The operations are defined as follows:

a ® b = max(a,b), the maximum of @ and b

and
a®b=a+0b.
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Clearly, —oo and 0 serve as identity elements for the operations @ and ®, respec-
tively. We denote 1 & - - - ® z, by

n
E T,

Di=1

or by Z@ x; when the range of summation of the index ¢ is clear from the context.

We deal with vectors and matrices over the max algebra. Basic operations on
matrices are defined in the natural way. Thus, if A = [ai;], B = [bij] are m X n
matrices over M, then A @ B is the m x n matrix with (i, j)-entry a;; ® bs;. If K € M,
then k® A is the matrix [k ® ai;] = [k + aij]. If Aism xn and B isn x p, then AQ B
is the m X p matrix with (%, j)-entry.

n
E ik ® bij = m,?X(aik + bij)-
k=1

It is easily verified that matrix multiplication is associative and that it distributes over
matrix addition.

The transpose of the matrix A is denoted by AT. The n x n matrix with each
diagonal entry zero and each off-diagonal entry —oo is the identity matrix over the
max algebra. If we permute the rows (and/or columns) of the identity matrix, then
we obtain a permutation matrix over the max algebra. If A, B are m x n matrices over
M, then A > B means that a;; > b;; for all ¢, j. Similarly, A > B means that a;; > b;;
for all 7,j. A column or row vector x over M is said to be finite if each component z;
of the vector is finite. A vector is called partly infinite if it has a finite component as
well as an infinite component. A matrix or vector with each component —oo is called
infinite and we denote it by —oo as well; this should not cause any confusion.

The exponential function provides a natural one-to-one map from M onto the
nonnegative reals. Under this correspondence, matrices over max algebra correspond
to nonnegative matrices over the reals, and much of our work is motivated by the
theory of nonnegative matrices. Techniques of proof for max algebra sometimes reflect
those for conventional algebra. In particular, the directed graph of a matrix, which
provides much information in the study of nonnegative matrices, plays an even more
central role in matrices over max algebra; see the definition of u(A) below.

Let A be an n x n matrix over M. We associate a directed graph (digraph) G(A)
with A as follows. The vertices of G(A) are 1,2,...,n. There is an edge from vertex ¢
to vertex j, denoted by (3, j), if a;; is finite and in that case we say that a;; is the weight
of the edge (i, 7). We use standard terminology from the theory of digraphs. Thus a
path of length [ in a digraph is a sequence of edges (i1,12), (i2,%3), . - ., (%1, %1+1), also
denoted by i3 — %2 — -+ — 4 — 4;41; here the vertices are not necessarily distinct.
The weight of a path is the sum of the weights of the edges in the path. The average
weight of the path 41 — i2 — -+ — 4; — 441 is defined as

Qiyig + Qigig + - + Qi gy

l

A circuit 7 of length [ is a closed path i3 — iz — --- — 4; — 43, where i1,...,%
are distinct. A circuit of length one is a loop. We denote the set of circuits in G(A),
or in A, by C(A). If r € C(A) then the average weight of 7 is called the mean of the
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circuit 7, denoted by M4(7). We define the maximal circuit mean of A, denoted by
u(A), as
n(A) = ax Ma(7)

if C(A) # ¢, and we set u(A) = —oo otherwise. A circuit 7 € C(A) is called a critical
circuit if Ma(7) = u(A). The set of all critical circuits in A is denoted by C(A).
The critical graph of A is a digraph with vertices 1,2,...,n, defined as follows. For
1,7 € {1,2,...,n}, edge (i,7) is in the critical graph of A if and only if it belongs to
a critical circuit in C(A).

A digraph is strongly connected if there exists a path from any vertex to any
other vertex. We say that the matrix A is irreducible if G(A) is strongly connected.
If A is not irreducible then we say that it is reducible. If A is an n X n matrix over M
then clearly A is irreducible if and only if [e%] is a nonnegative, irreducible matrix
in the usual sense (see, e.g., [4]). We also remark that A is reducible if and only if
either A is 1 x 1 containing —oo or there exists a permutation matrix Q1 over the max
algebra such that

A11 —00
A T = ,
GQedod [A21 Azz]
where A11 and Agg are square matrices of order at least one. For A reducible and not
1 x 1 containing —oo, there exist ¢ > 2 and a permutation matrix ) over the max
algebra such that

Ay —o0 - —00

A A ces =00
(1.1) QeAQr=|"" "® :

Agp A -+ Ay

where each A;; is either square and irreducible or is 1 X 1 containing —oo. This is the
Frobenius normal form of A.

In §2 we give the basic definitions and state results for eigenvalues and eigenvec-
tors of general square matrices over the max algebra. Proofs of these results can be
found in the literature. In applications to discrete event dynamic systems such as ma-
chine scheduling or parallel computing, it may be useful to obtain information about
eigenvalues and eigenvectors given only partial information concerning the entries of
the matrix. In particular, it may be known which components of the system must
wait for input from which other components, while the waiting times are unknown. It
will then be known where the finite entries of the matrix of interest occur, but their
magnitudes will be unknown; that is, only the “pattern” of the matrix will be speci-
fied. In §3 we obtain results concerning eigenvalues and eigenvectors that depend only
on the pattern of the given matrix. In §4 we present new inequalities concerning the
maximal circuit mean of a matrix over the max algebra. Most of these are motivated
by known corresponding inequalities for the spectral radius of a nonnegative matrix.

2. Eigenvalues and eigenvectors. Let A be an n X n matrix over M, then
A € M is an eigenvalue of A if there exists a vector £ # —oo such that

ARr=AQ®@zx.

In this case, x is an eigenvector of A corresponding to the eigenvalue A. Furthermore,
we call (A, z) an eigenpair of A. Note that (A, z) is an eigenpair of A if and only if
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z # —oo and max;(a;; + ;) = A+ 23,7 = 1,2,...,n. For example, if
3 —oo
Stk

—00 —00
as ] =1e 7).
thus 4 is an eigenvalue of A. It can be checked that 4 is the only eigenvalue of A. Note
that AT has both 3 and 4 as eigenvalues.

If Q is a permutation matrix over the max algebra and A € M then (A, z) is an
eigenpair of A if and only if (A, Q ® z) is an eigenpair of Q ® A ® QT. In particular,
A and Q ® A ® QT have the same eigenvalues. In view of these observations we often
find it convenient to deal with the Frobenius normal form of A in (1.1) instead of the
matrix A itself. Note that G(A) and G(Q ® A ® QT) are identical except for labeling
of the vertices.

We need the following basic spectral results, which can be found in [1], [8], [10],
[12]-[14], [18]. Detailed proofs are also given in [3]. The first result deals with the
occurrence of —oo as an eigenvalue, the other results deal with p(A) as an eigenvalue,
with A irreducible in the third result.

THEOREM 2.1. Let A be an n X n matrix over M. Then,

(i) —oo is an eigenvalue of A if and only if A has an infinite column, and

(ii) —oo is the only eigenvalue of A if and only if C(A) = ¢.

THEOREM 2.2. Let A be an n x n matriz over M. Then u(A) is an eigenvalue of
A. Moreover, if (A, ) is an eigenpair with x finite, then A = p(A).

THEOREM 2.3. Let A be an n X n irreducible matriz over M. Then,

(i) p(A) is the only eigenvalue of A, and every eigenvector of A is finite,

(ii) A has a unique eigenvector (up to scalar multiple over the maz algebra) if and
only if the critical graph of A is strongly connected.

Now suppose that A is reducible and is in Frobenius normal form (1.1). For
k=1,2,...,q, let Vi denote the set of indices of rows in A that intersect the diagonal
block Agk. The sets Vi, are called the classes of A. If V; and V; are classes, we say Vj
has access to V; provided either ¢ = j or there is a v € V; and a v € V; such that
there is a path from u to v in G(A). Since each Aj; is either irreducible or [—o0], the
relation “has access to” is reflexive and transitive. If u(A;;) > p(Ai) then we say
that class V; dominates class V;. These definitions are used in the following result to
specify the eigenvalues of A, for proofs see [3], [8, Thm. 1], [18, Chap. 4, Coro. 2.2.5].

THEOREM 2.4. Let A be an n X n matriz over M, which is in Frobenius normal
form (1.1), and let A € M. Then X is an eigenvalue of A if and only if there is an i
such that p(Ai;) = A and no class which dominates V; has access to V;.

then

3. Pattern properties in max algebra. In this section we investigate spectral
properties that depend only on the placement of finite and infinite entries in the matrix,
and not on the magnitudes of the finite entries. Such properties are called “pattern
properties” of the matrix.

A (square) pattern is an n x n array P = [p;;] of symbols chosen from {x, —o0}.
If A is an n X n matrix over M, we write A € P provided

a;j € Rif Pij = %, a;; = —00 if Pij = —OQ.

Following [21], a pattern P is said to allow a particular property if there is a matrix
A € P which has the property. P is said to require the property if every matrix A € P
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has the property. We determine which patterns allow, and which patterns require,
various spectral properties in the max algebra.

The digraph G(P) of an n x n pattern P has vertices {1,2,...,n}, and an edge
from 4 to j if and only if p;; = *. We denote the set of circuits in G(P) by C(P). The
concept of reducibility of a square matrix, introduced in §2, extends in an obvious
way to patterns. Pattern P is irreducible if and only if G(P) is strongly connected. It
follows that P is reducible if and only if P is 1 x 1 containing —oo, or if by an identical
permutation of rows and columns P can be brought to the form

e
Py Py |’
where Pj; and P2 are square with order at least one. We will also deal with
the Frobenius normal form of the pattern, defined analogously to that of a matrix;
see (1.1).
We first discuss properties of the eigenvalues of a matrix determined by its pattern.
LEMMA 3.1. Let P be a pattern. The following are equivalent.
(i) P requires a finite eigenvalue.
(ii) P allows a finite eigenvalue.

(iii) €(P) is not empty.

Proof. The proof follows easily from Theorems 2.1 and 2.2. 0

LEMMA 3.2. Let P be a pattern. The following are equivalent.

(i) P requires —oo as an eigenvalue.
(ii) P allows —oo as an eigenvalue.

(iii) P has an infinite column.

Proof. The proof follows immediately from Theorem 2.1. O

The following corollary is an immediate consequence of Lemmas 3.1 and 3.2.

COROLLARY 3.3. Let P be a pattern.

(i) P requires that —oo be the only eigenvalue if and only if P allows the same
property, and this occurs if and only if C(P) is empty. -

(ii) P requires that all eigenvalues be finite if and only if P allows the same
property, and this occurs if and only if P has no infinite column.

THEOREM 3.4. Let P be a pattern.

(i) P requires a unique and finite eigenvalue if and only if P has no infinite
column and the Frobenius normal form of P has exactly one irreducible diagonal block.

(ii) P allows a unique and finite eigenvalue if and only if P has no infinite column.

Proof. (i). We may assume without loss of generality that P is in Frobenius
normal form. Suppose P requires a unique and finite eigenvalue. By Lemma 3.2, P
has no infinite column. If P had a 1 x 1 diagonal block [—o0] in the lower right corner,
P would have an infinite column. Hence the lower right diagonal block is irreducible.
If P had another irreducible diagonal block, a matrix A € P could be constructed with
the lower right diagonal block having eigenvalue 0 and another irreducible diagonal
block having a positive eigenvalue. It follows from Theorem 2.4 that A would have
two eigenvalues, one 0 and one positive, violating the fact that P requires a unique
eigenvalue.

Now suppose that P has no infinite column and exactly one irreducible block,
which then must be Pyq, the lower right block. Let A € P. By Theorem 2.1, —o0 is
not an eigenvalue of A. By Theorem 2.2, A has an eigenvalue which, by Theorem 2.4,
is u(A;;) for some diagonal block A;; in A. Since Agqq is the only irreducible diagonal
block in A, u(Ageq) > —oo is the only eigenvalue of A.
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(i) If P allows a unique and finite eigenvalue, then P does not require —oo as an
eigenvalue, so by Lemma 3.2 P has no infinite column. Conversely, if P has no infinite
column, then the matrix A € P which has 0 in all the * positions has the unique and
finite eigenvalue 0. 0

We now turn to pattern properties concerning the eigenvectors of a matrix. We
obtain necessary and sufficient conditions on a pattern that it allow (or require) all (or
some) eigenvectors to be finite (or partly infinite). Some of the results parallel those
concerning partly zero eigenvectors in the conventional algebra presented in [23]. We
remark that in the context of a discrete event dynamical system, the existence of a
finite eigenvector implies that the system can be regularized. Note that the eigenpairs
of the matrix (pattern) with each entry —oo are of the form (—oo,x) with & # —o0.
We exclude that pattern from consideration in the following,.

THEOREM 3.5. Let P be a pattern with at least one x. Then P requires that all
eigenvectors be partly infinite if and only if P has an infinite row.

Proof. First suppose P has no infinite row. Let A € P be obtained by replacing
all *’s with 0’s. Then the vector of all 0’s is a finite eigenvector of A corresponding to
the eigenvalue 0. Hence P does not require that all eigenvectors be partly infinite.

Now suppose that row ¢ of P is infinite, but that A € P has a finite eigenvector
x corresponding to eigenvalue A. Then entry ¢ of AQ z is —00, 80 A® x; is —00. Since

x; is finite, A\ = —oco. Now if a;y, is finite, then entry j of A® x is finite, whereas entry
jof A®x = —oo0. Hence A = —00, so P = —00, a contradiction. Therefore if P has
an infinite row, then P requires that all eigenvectors be partly infinite. O

COROLLARY 3.6. Let P be a pattern with at least one . Then P allows a finite
eigenvector if and only if P has no infinite row.

THEOREM 3.7. Let P be a pattern with at least one *. The following are equiva-
lent.

(i) P is srreducible.

(ii) P requires that all eigenvectors be finite.

(iii) P allows all eigenvectors to be finite.

Proof. (i) = (ii). If A € P then A is irreducible, so by Theorem 2.3, all eigenvec-
tors of A are finite. Therefore (i) = (ii).

(ii) = (iii) is trivial.

(iii) = (i). Suppose that P is reducible, so that without loss of generality we
may assume P = [g;i ;2":] . Let A = [ﬁ; Z;’:] € P be partitioned as P is. Let
z(2) be an eigenvector of A22 corresponding to u(A22), and let z = [;(‘;‘)’] . Then
A®zx = u(A2)®z, so  is an eigenvector of A which is partly infinite. Hence P does
not allow all eigenvectors to be finite. Therefore (iii) = (i). O

COROLLARY 3.8. Let P be a pattern with at least one x. The following are equiv-
alent.

(i) P is reducible.

(ii) P allows a partly infinite eigenvector.

(iii) P requires a partly infinite eigenvector.

Proof. The equivalence of (i) through (iii) in Theorem 3.7 implies the corol-
lary. 0

THEOREM 3.9. Let P be a pattern with at least one x. Then P requires a finite
eigenvector if and only if P has no infinite row and the Frobenius normal form of P
has exactly one irreducible diagonal block.

Proof. We may assume without loss of generality that P is in Frobenius normal
form. Suppose P requires a finite eigenvector. By Theorem 3.5, P has no infinite
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row. Therefore the upper left diagonal block Pi; in P is irreducible. Suppose there
is a k > 1 such that Py is irreducible. We will construct a matrix A € P with all
eigenvectors partly infinite, contradicting the hypothesis on P. To do this, let

Py —00 —00 - —00

Py P33 —o00 -0 —00
Ur=[Pf;, P --- PHT and Up=| . . : '

P Pp -+ - Py

Then P = [51‘ E;"’] , and Py is one of the diagonal blocks in Us. Since Py is

irreducible, Py has a circuit. Select a circuit in Py and set all its * entries equal to

1. Set the other * entries in U to 0 to create a matrix Ay € Us. Set all x entries in Pi

and U to 0 to complete A = [’211 ;;”] € P with pu(A11) =0 and p(A) = p(42) = 1.

Suppose A has a finite eigenvector = [252] partitioned to conform to the partition

of A above. Since « is finite, the corresponding eigenvalue must be p(A) by Theorem
2.2. But then A1 ® () = 1 ® 2(1), which is impossible because the only eigenvalue
of Aj; is 0. Hence A cannot have a finite eigenvector and the desired contradiction is
reached.

Now suppose P has no infinite row and has exactly one irreducible diagonal block,
which must then be Pi;. If P = P31, that is if P is irreducible, then P requires all
eigenvectors finite and we are through. Otherwise, let ¢ > 2 be the number of diagonal
blocks in P. Let A € P be partitioned as P is. We construct a finite eigenvector of
A inductively as follows. Since A1 is irreducible, A1; has a finite eigenvector z;)
corresponding to its eigenvalue p(A11). Let 2 = A21®x (1) —p(A11), and for 2 < i < g,
let @it1 = [Aiv114i11,2. . Aip1,i] ® [2(3y22 ... 23] — p(A11), a finite member of M.
It then follows that x = [x{l)xz ...zq]T is a finite eigenvector of A corresponding to
1(A11), so P requires a finite eigenvector. 0

COROLLARY 3.10. Let P be a pattern with at least one x. Then P allows all
eigenvectors to be partly infinite if and only if P has an infinite row or the Frobenius
normal form of P has two irreducible diagonal blocks.

Proof. Upon observing that a pattern with no infinite row must have a Frobe-
nius normal form with the upper left diagonal block irreducible, the corollary follows
immediately from Theorem 3.9. O

THEOREM 3.11. Let P be a pattern. Then P allows a unique and finite eigen-
vector if and only if P is irreducible.

Proof. Assume P is irreducible. Let a;; = 0 whenever p;; = *. Then A has a
unique and finite eigenvector by Theorem 2.3. Assume P is reducible, then P requires
a partly infinite eigenvector by Corollary 3.8. Thus P does not allow a unique and
finite eigenvector. 0

THEOREM 3.12. Let P be a pattern. Then P requires a unique and finite eigen-
vector if and only if P is irreducible and the directed graph G = G(P) does not contain
two vertex-disjoint circuits.

Proof. Assume P is irreducible and G does not have two vertex-disjoint circuits.
Let A € P. Then by Theorem 2.3, A has a unique eigenvalue which is u(A), each
eigenvector of A is finite, and A has a unique eigenvector if and only if the critical
graph C of A is strongly connected. Now C is a subgraph of G and is a union of
circuits. Since G does not have two vertex-disjoint circuits, € does not have two
vertex-disjoint circuits. If 4 and j are vertices in C, then ¢ lies on a circuit C; and
J lies on a circuit C;. If C; = C; there are paths from i to j and from j to ¢ in
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C. Otherwise C; and C; share a vertex, and again there are paths from ¢ to j and
from j to i in €. Hence C is strongly connected and the eigenvector of A is unique
up to scalar multiples in the max algebra. Therefore P requires a unique and finite
eigenvector.

Now assume P requires a unique and finite eigenvector. If P were reducible, then
by Corollary 3.8 P would allow a partly infinite eigenvector. Hence P is irreducible.
Suppose G has two vertex-disjoint circuits. Then we may select two vertex disjoint
circuits in G and construct a matrix A € P which has 1 in the positions belonging to
either of the two circuits and 0 and —oo elsewhere. Then the circuit means are 1 on
each of the two circuits and less than 1 on each other circuit, so the critical graph of
A is the union of the two disjoint circuits and is not strongly connected. Hence the
eigenvector of A is not unique, contradicting the assumption on P. Hence G does not
have two vertex-disjoint circuits. 0 '

4. Inequalities. Many of the results in this section are motivated by known
inequalities for the spectral radius (or the Perron root) p(B) of a nonnegative matrix
B. Thus, Lemma 4.1 and Corollary 4.2 are analogs of well-known bounds for the Perron
root; see, for example, [4, p. 28] and [25, p. 31]. Theorem 4.3 is the max algebra
version of a result due to Birkhoff and Varga [5]. The parallels between inequalities
for 4(A), where A is a matrix over M and p(B), where B is a nonnegative matrix, are
quite striking and remain to be fully explored. Theorem 4.9 is yet another result in this
direction. Let A be an n X n matrix over M and let B be the Hadamard exponential
of A, ie., b;j = e%s for all i,j. Then e*(4) is the maximal circuit geometric mean of
the nonnegative matrix B. We remark that the maximal circuit geometric mean of a
nonnegative matrix has been considered in the literature; see, e.g., [15], [17], [22].

The following lemma is stated and proved in [18, Chap. 4, Lemmas 1.3.8, 1.3.9)].

LEMMA 4.1. Let A be an n X n matriz over M and n € M. Then u(A) > n, if
and only if there exists a vector z # —oo such that A® z > n ® z. Furthermore, if A
is irreducible, then p(A) < n, if and only if there exists a vector z # —oo such that
ARz<N® z.

COROLLARY 4.2. Let A be an n x n matriz over M. Then

minmaxai; < p(A4) < maxai;.
2 J %7

Proof. Let o = min; max; a;; and let 0 denote the vector with each component
zero. Then A®0 > a ®0. It follows from Lemma 4.1 that p(A) > a. It is easy to see
that for any o € C(A), Ma(0) < max; j a;j, and hence u(A) < max; ; ai;, giving the
second inequality. o ‘

Let A be an n X n matrix over M. By Theorem 2.2, u(A) is an eigenvalue of
A and there is a vector x # —oo such that A ® z = u(A) ® z. We refer to x as a
right eigenvector of A corresponding to p(A). Since pu(A) = u(AT), there is a vector
y # —oo as a left eigenvector of A corresponding to u(A). We note that (by Theorem
2.3) if A is irreducible, then z and y are finite and u(A) is the only eigenvalue of A.

THEOREM 4.3. Let A be an n x n irreducible matriz over M. Then the following
assertions hold.

(1) M(A) = MaXg>—oo miny>—oo(yT QRAQx — yT ® .’I))
(i) p(A) = mings —co MaXz> 0o (Y’ ® A® z — yT ® ).
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Proof. For any finite vectors z,y, we have
“TR®AQx =rrga}x(ai,~ +yi + ;)
= H%%X(aij + x5 — o +yi +xi)

> minmax(ai; + z; — ;) + yT Q@ .
i

Therefore,
(4.1) YT ® A®z — yT ® x > minmax(a;; + x; — ;).
i g
Suppose
minm]a,x(aij + zj — x;) = max(ak; + T — k).
[ J
Let z be the vector with 2z = —xx, with the remaining components chosen finite and

so that 2T ® z = 0 and satisfying

max(ai; + 2 + x;) Smjax(akj + 2k + z5), i=1,2,...,n.
J

When we set y = z, equality holds in (4.1) and hence we have shown that for any
finite x,

min (YT @ A®z—yT ®@x)

Yy>—00
exists. Thus by (4.1)

min (y7T ® A® z — yT @ x) = minmax(ai; + z; — ;).
Yy>—00 % J

Let S = [aij + z; — z;]. Then u(A) = u(S) and by Corollary 4.2
min max(as; + €5 — xi) < p(S).
i J
Therefore, we conclude that

(4.2) u(A) > sup min (YT AQz —yT ® ).
T >—00 Y>—00

When we set = to be a right eigenvector of A, we see that for any finite y,y7 ®
A®z—yT @x = p(A). Thus, (i) follows from (4.2). The proof of (ii) is similar. 0
We next give an easy inequality, and then characterize the case of equality.

LEMMA 4.4. Let X,Y be n x n matrices over M such that X >Y. Then u(X) >
u(Y).

Proof. The result is obvious if C(Y) = ¢, since in that case, u(Y) = —oc. So
suppose C(Y) # ¢. For any o € C(Y),

w(Y) = My (o) < Mx(o) < p(X)

and the proof is complete. D
Observe that Lemma 4.4 shows that if Z is a principal submatrix of X, then

wX) > u(2).
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To discuss the case of equality in Lemma 4.4, we now introduce some notation.
Suppose o is the circuit (i1 42 -+ ix); in this notation we assume ¢; to be the least
integer among i1, %2, . .., %, and this convention makes the representation of the circuit
uniquely determined. If X is an n X n matrix and if o = (i1 42 --- k) € C(X),
then we define X (o) as the vector

[m":li2 Tizig xikillT'

LEMMA 4.5. Let X,Y be n X n matrices over M such that X > Y and suppose
u(Y) is finite. Then the following conditions are equivalent.
@) w(X) =p(Y). 3
(ii) There exists 0 € C(X) N C(Y) such that Mx (o) = My (o).
(iii) There exists o € C(X) such that Mx (o) = My (o).
(iv) C(Y) C C(X) and for all o € C(Y) X(0) =Y (o).
(v) €(Y) C C(X) and there ezists 0 € C(Y) such that X (o) = Y (o).
Proof. First observe that since p(Y) is finite, and X > Y, p(X) is finite and
C(Y),C(X) are nonempty.
(i) = (ii). Let 0 € C(Y). Then

(4.3) u(Y) = My (o) < Mx(0) < p(X)

and since u(X) = u(Y), equality holds throughout in (4.3). It follows that o €
C(X) N C(Y) and Mx(a) My (o).

(iii) = (i). Let 0 € C(X) such that Mx(c) = My(c). Then u(X) = Mx(o) =
My (o) < u(Y) < p(X), and hence p(X) = u(Y).

(i) = (iv). Let 0 € C(Y'). As in the proof of (i) = (ii), equality holds throughout
in (4.3). It follows that 0 € C(X) and Mx (o) = My(o). Since X > Y, we have
X(0) > Y(0). If X(0) # Y(0), then it will follow, after taking the sum of the entries
in X(o),Y (o), that Mx (o) > My (o), which is a contradiction. Thus X (o) = Y (o).

It is easy to see that (ii) = (iii), (iv) = (v), and (v) = (i). That completes the
proof. o

THEOREM 4.6. Let X1,...,Xm be n X n matrices and let X = Eea X;. Then

(44) w(X) 2 3, (X,

Furthermore, equality holds in (4.4) if and only if one of the following conditions is
satisfied.

(i) p(X) = - ]

(if) w(X) is finite and there exists o0 € C(X) and k € {1,2,...,m} such that
Xk(o) 2 X%(U)’z =1,2,.

Proof. If u(X) = —oo, then u(X;) = —o00,i =1,2,...,m and both sides in (4.4)
are —oo. So we assume that p(X) is finite. Since X > X;,i=1,2,...,m, by Lemma
4.4, we have pu(X) > u(X;),i =1,2,...,m and hence (4.4) holds.

If equality holds in (4.4) then there exists k € {1,2,...,m} such that u(X) =
w(Xg). Thus p(Xk) is finite. By Lemma 4.5 (see (i) = (v)), there exists 0 € C(X)
such that X (o) = Xi(o). It follows that Xi(o) > Xi(0),i =1,2,...,m

Conversely, if (i) holds, then X (o) = Xi(o). Thus p(Xy) is finite. Set ¥ =
X and use implication (iii) = (i) of Lemma 4.5 to conclude that equality holds in
(4.4). 3]
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A square matrix D is a diagonal matrix over the max algebra if d;; = —oo for
all 4 # 5. A well-known result due to Cohen [9] (see also [20, p. 364]) asserts that the
Perron root of a nonnegative matrix B is a convex function of the diagonal entries
of B. In this context the next result is somewhat surprising since it says that u(A),
considered as a function of the diagonal entries of A, is linear over the max algebra.

THEOREM 4.7. Let X be an n X n matrix over Mand let Dy,...,Dp, ben xn
diagonal matrices over the maz algebra. Then

(4.5) u(XeaZBDj) =3 uX®D;).

Proof. Let X; = X ® Dj,5 =1,2,...,m. Then X & E@Dj = ZG)Xj. If wW(X &
> Dj) = —oc, then (4.5) is true by Theorem 4.6. So let pu(X ® >, Dj) be finite. If
there exists 0 € C(X @ Z®Dj) of length more than one, then o € C(X & D;) j =
1,2,...,m and (4.5) is proved, in view of (ii) = (i) of Lemma 4.5. So suppose that
every circuit in C(X & ZGBD,-) is of length one, and let o be one such. Clearly, there
exists k € {1,2,...,m} such that Di(o) > D;(o), and hence Xi(0) > Xi(0),i =
1,2,...,m. Thus (ii), Theorem 4.6 is satisfied, and (4.5) holds. o

Let C # —o0 be an n X n matrix over M and

Q(C) = {(7/,3) F Gy = nllcalxckl} .
Construct a (0,1) matrix ¢ = (&) by setting &; = 1if (i,j) € ©(C) and &; = 0
otherwise. Let v = 2221 S éat, and for i,j =1,2,...,n, let
1< n

a;(C) == és and ﬁj(0)=71y263j.

t=1 s=1

\g

With this notation, we have the following result, which is the max algebra analog of
[2, Thm. 3)].

LEMMA 4.8. Let A be an n X n matriz over M, with A # —oo, let u,v,w,z be
vectors over M with w and z finite, and let C = [ai; ® z; @ wj]. Then

W RAQu-2T@AQw 2 Y ai(C)(vi — =) + ) Bi(C)(u; — w;)-
i=1 Jj=1

Proof. For any i, j, we have
(4.6) i QU; @ Uj — A3 @ 2 @ Wj = V; — 25 + uj — Wj.
If (3,7) € Q(C), then a;; ® z @ w; = 2T ® A® w. Apply (4.6) to each (3,5) € Q(C)
and add the resulting equations to get
(4.7) Z a;; ®v; Quj —Y(2T®AQw) = z (vi —2i) + Z (uj — wj).
(4,5)€Q(C) (,5)€9(C) (4,5)€Q(C)

Now
n

> wi-m)= Z{m—znzcw}—wzaz(m - ),

(4,9)€2(C) =1
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and similarly

ST (g —wy) =7 B(C)(u; —wy).

(:)€(C) i=1

Since }°(; hen(c) i @ Vi ®u; < ¥(vT ® A® u) the result follows from (4.7) after
a trivial simplification. O

Let B be an n x n nonnegative, irreducible matrix. Then it is known, see [16],
that

fTBg > p(B)fTg,

where f and g are right and left Perron eigenvectors of B, respectively. We now obtain
a max algebra analog of this result. In the special case of an irreducible matrix A
with G(A) having a unique critical circuit, a proof based on Lemma 4.8 is contained
in [3]. For the more general result, we give an alternative proof that was suggested by
an anonymous referee.

THEOREM 4.9. Let A be an n X n matriz over M and let x and y be right and
left eigenvectors, respectively, of A corresponding to the eigenvalue u(A). Let u,v be
n-vectors over M such that u;  v; = z; @ y; fori =1,2,...,n. Then vT @ AQu >
w(A) @ yT @ x. In particular, 2T @ AQy > u(A) @ yT @ .

Proof. The result is trivial if u(A) = —oo. Assume then that u(A) is finite, and
so there is a critical circuit in G(A). Let F' = {i: x; is finite} and let H be the digraph
with vertex set F' and edge set E = {(¢,7): ¢,j € F and a;; + zj — z; = p(A)}. Thus,
from the right eigenequation, '

m]ax(aij + ;) = w(A) + zi,

every vertex in H has outdegree at least one in H. Furthermore, for each ¢ € F) there
is a path from 4 to a circuit 7; in H, which must be a critical circuit in G(A). The left
eigenequation gives

aij +yi < w(A) +yj,

for each (¢,5) € E. Hence z; + y; < x; + y; for each (4,7) € E. Thus if 7 is a circuit
of length |7| in H, there is a number k. such that z; + y; = k. for all vertices ¢ lying
along the circuit 7. Also if i € F, the~n z; + ¥ < kr, < max,er kr, where I' denotes
the set of all circuits in H, thus T' C C(A). We have

vT ® A®u = max(v; + ai; + uj) =nz12;X(wi+yi — Ui + aij + uj)
l)] 9,

> max{ max (z; + ¥ + aij — u;i + uj)}

Tel “(i,j)er
1
2 max o Z (%5 + yi + @ij — ui + uy)
(B.9)er

1
= max H(E); (zi + yi + aij) =u(A)+r;1gIgckT
2,7 T

= u(A) + Ipeag(wi +yi) = pu(A) ®yT ®@ .

The second inequality in the theorem follows by setting v = z,u = y. 0
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