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Absiract

We show a general method of g-deforming quasi-enactly solvable problems with underlying Su{Z} symmietry. In some
cases we [ind guasi-exacily solvabls Schriddinger equations {wilh potentiuls depending on the defoanation parameter) which

are Su {2} symmetnic,

In recent years quaniam groups or g-deformed
algebras have been smdied from many points of
view [1]. In particular quantum deformation of guan-
tum mechanics has been studied by many authors
12-10]. Generally there are two approaches to g-de-
formed quantum mechanical problems. In the first
approach, deformation is camied out at the lfevel of
operators [2,3] or symmetry algebra [5.9] while in the
second approach deformation is carried out at the
level of Schriddinger-like equations [4-7,100, In all
these cases deformnation 15 performed in quanium
mechanical systems which are exactly solvahle.

Om the other hand, quasi-cxactly solvghle prob-
iems are a class of probicins which are neither
completely solvable nor unsolvable [11-15]) A part
of the spectmm of guasi-exactly solvable problems

can abways be solved amd in most cases these prote-
lemis have a certain underlying symmetry. Iere our
objective 13 1 sty quanium deformation of guasi-
exactly solvable problems following both the ap-
proaches menticned above.

Let us now consider the Schrixlinger equation

el

H‘F=(—H?+V|{x]1ﬂf=£‘#. {1}

MNow we perform the following mransformation,

Wixy= c.tp( -IW(I} dea.,.:r.: x} {2)

and obtain from Eg. {1}
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Noww putting £= £} in the above equation we find
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We now consider the Sul2} algebra. The genesators
of Lhis algebra (acting in a space of polynmmials of
degree £°F can be realised as

1 TS d ¢ il
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where s lhe spin. 1L cun be casily checked that § .
Joand j. satisfy the melations
{i i 1 =h Qk-gid= 1. (6)
The next task ix to write A, in (4} in teans of a
combination of the generators in (5). To be more
specific. let us now choose the potential to be
1“._.{-1.}=‘;|'.J;:':-_|_I’_‘|“1.‘1-_‘|,_h “_rlr {T}
The function W x) comesponding w (TF s wken o
he

Wix)=vAx +

J,i_=

I
i i
A (¥}
Then froem (30 we find
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Now if we take
E=flxy=x". (10
the equation corresponding o {4) becomes

Py d
Ho b= —4{3{1% [4AEI+E-—2] T

o By |
(—-——- WA - ir)-_%‘lvm- d=Ed.

—(i—hﬂh—p] —1 ~E6. (D)

i

(11}

Mow we have to write /1 in terms of a combination
of the generators f_ and f.. 'To this end we write

Hod = (AL i +Bi_+Cj,~Dji_+K)d=Ed,
(12)

where 4, B O [} and X are constants to be

determined later. Then using the expressions for §

and j, as given in (5} in the form of &, in (121 and
cormparing the resultant expression with (11) we find

24

A=—&2. B= —#Ii, C=——.
YA

- "o
D= —y2(4j+2) K=—=(4j+ 1),
(45 +2) EMLJ )

R {13}

Mowe to determine the spectrum we can procecd as in
Refs. [13.14]. However, a slightly different way is to
reat the gigenvalue problem corresponding to (12)
as & mairix eigenvalue probiem. For this we have w
considler the {2+ 1> {27+ 1) marrix representa-
tion of the operatars 4, and f,. For instance, let us

comsider the case f= |, T this case we bave
o 1 o [ L
fo= 0 0 1} =0 0 0],
00 0 NI U
0 0
=11 u 0j. {14)
o1 N0

Then using {13 and {14} in Eq. (12} we find the
following equation o the eigenvalues,

(C+E-E)(K—EY —C(K—E)
+(BA- BD}| -BD(K E C)=0. (15)

Lg. {157 is a cobic egoation in £ and 25+ 1 =13
roots of this equation give us the eigemvalues. Solv-
ing Eg. {15} we find

L _ W

b,]—F—E cos{£8),

E=— i — 2| —cos(48) + V3 sin(18)].
1Y

E_;--;- 4 [cm( H}+u"_-m|{ ﬂ {16}
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where 7 and & are given by

:=#—,—"[—+ llﬁl-"'_}
fanfime | LAY L I] : (17)
4325

We now consider g-deformavon of guasi-exaciiy
solvable problems and treat the potential in (7). The
method is to replace the generatars j, and f by J_
and J, which generate the Su (2) algebra. However,
among the various realisations of the Su (2) algebra,
the most useful for our purpose is the one considered
by Curtright and Zachos [16,17] In this case the
Su (2} generators are given by [16,17]

S
. i+l _Ju_l]
: bl — k1)
J_={s_", {18}

where [1]={g*— ¢ ") /(g — 4~ ') and the operator
§' is given by

Ui+ 1)=240 +ilh-1} {19)
Also it can be shown that £
refations

[Jl:lr ‘r+] e i.f_,

and JF, sausiy the

[s..7_1=z2{25]  (20)

It is not difficult o show that if j, and j, are given
by {2 % 2) matrices {corresponding to the spin j= 1}
then J, and J, are given by the same matrices
[16,17] and thus for j=1 the deformed and the

undeformed problems are the same. However the

case j=1 (in fact all > % cases) is nontrivial and

we have
2] fo 1 o0
L Se=— 10 0 1],

I 0 0
2 lg o o

f= '[Il CI U'
[2 ﬂ' '[I !]
. (217
Then iTom {IS} we get

Hod=( Al +B +Cl+DI_ +Kyp=E ¢
(22)

and using {21) we obtain
(C+Kx-E)(K-E,) - c(k-E,)

+{BA - 8D)f*| —BDP K- E,— ) =0,

where f s a constant and is given by

Now salving (23) for E| we find
3

E”'c'nlv_ﬁ._ 2z(¢) cos|16{g}].
Er.-.2== .,."_ h{q}{—ms E]'{q]]
+ﬁsin[iﬁ'[f}}”.

E, ,=—— 2'.*'_ +2(g}{cos[6{ )]

+1r"5_{:{15[3'6|[q}]}, {(25)
where z{g) and {4} are now given by
a 142
2 fnt :
z(q)=—ﬁr:i—-(";+|ﬁf2ﬁ] ;

2 NIy 13
WA F L6 VA —I) | (26)

wn #{g) = ( FoYWE

Thus the eigenvalues in £25) are those of the de-
formed sextic anhammonic cscitlator. 1t s clear that
as ¢ -+ | we recover the undeformed eigenvalues.
Evidently, if we proceed in a similar manner, it is
possible o deform any quasi-exactly solvable prob-
lem with Su(2) symmetry and for alt spins ;> 1. It
may be noted that if we take higher valves of § then
we shall obtain more eigenvalues and the eguation
corresponding to {23) will then have terms like
(E,3* "1 (In this context we refer the reader to
Refs. [16,17] for a representation of f_ and J, by
higher order matrices and w Ref. [13] for 2 Jist of
quasi-exactly solvable problems),

Till now we have confined ourselves to the for-
mulation and solution of the problem ar the level of
operators, We do not know  whar potential or
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Schridlinger equanion corresponds to the spectrum
(25). To abtain a Schriddinger equation with a Su {2)
svmmetry we consider the j= 1 case. Next we nole
that the operatars

J_=-431[2¢—§231}

2 dg
AT
J_=[_li]
2 d
d
Sombe (27)

span a rtepresentation of fhe Suq{’z‘.l alpebra in a
space of polynomials of the form @(£h=a + bE +
c£*. We now go back to (22) again. Using Lhe
expressions of S, and J, in (27} in Eg. {22) we
find

A d? " Df ce Bfé:  AFt d
1,."? drf ('."E i V2 V2 | de

$=E, (28)

and on using the values of 4, B, €. D, K {cf. (13)}
Eq. {28} reduces to

2 2 \ d
[—¢ffﬁ+ [—2f+%§+4ﬁf.fz)-—

dz
—&/a gttt — |¢=E 29
A S ,F P {29}
Wi now make the following change of variables,
£=f". {30}

Then Eq. (29} becomes
S PR
—Hﬁf3.1'2+-p— w=E i (31
2h %

Lq. (31} is still nat in the Schrédinger form. To bring
it to the Schridinger form we use the transformation

Wi x) = uxp[fﬂr"{x} d:{)‘?[ 1) (32)

and abtain fram Eq. (31}

” .
(— i ¥i 1‘})T{x}=ﬁq‘¥"[l]~ {33)

where the potential Vi) is given by

A 4 . -2 ‘LL? -2 1
Vixy=aAfix" + 'u_r..x-} 1. (E — “1'."1} _] 41
(34}

Thus the Schriwhinger equarion {33} with the poten-
il [34] reprasents o g-deformed quasi-exactly soly-
able problem with Su q(z} symmetry and ies solutions
are: given by (25} and the comesponding eigenfune-
tions are given by

VA
1p' exp[——j“ 4——'%.5’2]

1] 4\
_— E —Sp/2vA .
B T
E,—9u/24
& WA (/20 - E) ] A3
1= 2, 4.

From the above censiderations 1t i clear thal we can
obtain a Schriddinger equation corresponding to the
number of Su (2} symmerric potentials [13] which
are quasi-exactly solvable,

In this article we have considered a methoed of
deforming  guasi-exactly  solvable  problems  with
8u(2) symmerny, the underlying symmetry of the
deformed problem being Su (2). Also the method is
aeneral enough o be applicable to 4 laree number of
potentials. Farthermore, we have abtained Schrodi-
nger equations which are 5u,(2) symmetic and
guasi-exaclly solvabie. Viewed as just Schrivdinger
equations, the remarkable featre of these problems
is that they cxhibil a nonlincar spectrum (lor o
semniclassical approach to a similar problem we refer
the reader to Ref. [18]3. Finally we note that it would
be interesting to oblain Schridinger {-like) equalions
cortesponding to these potentials tor j = 1.

The authors would Tike to thynk ihe relerees for
Lringing to iheir attention several works cited in
Ref [18]
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