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This thesis is cvncerhed with measurement of inequality,
poverty and tax progressivity. We begin in Chapter 1 with a
brief survey of the methodological work available in the
literature on inequality and pove:ty. Chapters 2-4 make di-
fferent approaches to the measurement of poverty and the next
fwo chapters concentrate on the measurement of inequality.
Finally, Chapter 7 is concerned with the measurement of tax
progressivity. Throughout these chaptefs, theiemphasis is on
construction of families of indices possesging different sets
of properties desirable from the point of view of welfare

economicse.

s

I owe debts to many. My greatest debt is to Professor
N. Bhattacharya for his supervisior in preparing the thesis.
To Professor Amartya Sen I owe more than I can pcssibly
express foir his suggestions on certain portions of the thesis.
My sincere thanks go to Prbfessor A.B+ Atkinson for his com-
ments on some parts of my work. Professors Sen and Atkinson
drew my attention %n some important references, e.g., the
papers by Clark et al and Weymark. I am thankful to Professors
J.K« Ghosh, Bhaskar Dutta ;nd D. Coondoo fdr many fruitful dis-
cﬁssions. I thank Mr. M. Pal for allowing me to incorporate in
the thesis two results from our joint work {the theorem in

Section 7.2 and Theorem I in Appendix I), and also for exten-



http://www.cvisiontech.com

(ii)

sivz discussions on various points. I have also’ benefitted
from discussions with Messrs. B.ABagchi and R. Barua of
Stac.-Math. Division; I.S.I., Calcutta-35. The material in-
Chapter 2 was presented at the Fourth wOrld‘COngresé of the
Econometric Society held in Aix-en-Provence, France, during
August 28 - September 2, 1980 ; and the author was benefitted
from ‘discussions with many of the participants including

Drs. G. Pyatt and A.F. Shorrocks. I am grateful to Mr. D.
Thon for sendiné me.some valuable papers znd for Permitting

me to guote from some of his unpublished work.

Thanks are also due to Mr. X.P. Rath who sat through
some sessions of proof reading. Finally,/I thank Mr. Bidhan
‘Chandra Chatterjee for excellent typing and Mr. Dilip Chatberi:
for cyclostyling the thesis.

R


http://www.cvisiontech.com

CONTENT S

CHAPTER O
S U M M .A. R. Y . e e
CHAPI®R 4
SURVEY OF LITERATURE -~ I : MEASUREMENT
OF INEQUALITY » nro L
-;] a/] o’] IntI‘OdUC'tiOn L 3 LI Y

1.1.2. Postulates for the Selection of
Good Measures of Inequality oo

T.1.3 Measures of Inequality and

Their Properties el .o

SURVEY OF LITERATURY - II : MEASUREMENT

OF POVERTY LA 2N 3 * L

1.2¢1 Introduction - b ee il

1:2.2 A Review of Poverty Measures e

CHAPTER 2 7
MEASURES OF POVERTY BASED ON UTILITY
GAPS ‘
2.1 Introduction el Wlee
2.2 ﬁormulation and Definition it

2.3 Desiderata of a Satisfactory
: Measu.re cee » o .@

Page

Ly A et

11 -

11 -
12 -

18 -

50 -

72 -

72

L -

10

L7

12

L7

71
49

7

5

74

75


http://www.cvisiontech.com

, | (iv)

2.4 The Class oif Poverty Measures )
Derived sos . 75 - 78
2.5 Some Remarks on P R cee 78 ~ 83
2.6 Alternative Measures cf Poverty .. 83 - 92
2.7 Conclusion T3 L. a3
CHAPTER 3

REPRESENTATIVE INCOME GAP APPROACH TO THE

MEASUREMENT OF POVERTY S eos oS4 - 105
3.1 Introducti;n ‘ cee - 9L -~ 95

‘3.2 A New Class of Poverty Measures .. 95 - 99
3.3 A More General Approach s (e 99 - 102

3.4 Absolute Measures of Poverty S o 102 - 404

3.5 Conclusion Xels el 104 ~ 105

CHAPTER &4
ETHICALLY FLEXIBLE MEASURES OF POVERTY .. 106 -~ 131
4.1 Introduction PO cee 106 - 107
4.2 Relative Measures of Poverty s 107 -~ 115
4.3 Absolute Measures of Poverty - EX= 115 - 119.

L.l Consistent, Neutral and Ethical
Aggregation ST o = 120 - 125


http://www.cvisiontech.com

(v)

4-5 Axjomatic Derivation of Two Classes

of Poverty Measures orlell oo
4.6 Compromise Indices of Poverty ...
4.7 Conclusion S o s
CHAPTER 5 \
NORMATIVE APPﬁOACHES LEADING 70 THEIL'S
ENTROPY MEASURE O INEQUALITY omerle
5.1 Introduction .oa ves

5.2 A General Normative Index of

Inequality oee .

5¢3 An Altermnative Axiomatisation of
the Entropy Measure o i lexe
5.4 Conclusion el T

CHAPTER 6 -

SOME MODIFICATIONS OF THE GINI MBEASURE OF
INEQUALITY . o ke Sy
6.1 Introduction L. e

6.2 A Parametric Generalisation of fhe
Gini Coefficient o o PO C

6.3 Some Remarks on the Generalised

Coefficient aoc a5
7

6.4 Consequences of an Alternative
Formulation coe  eed

Pag

D

125 - 128
128 -~ 130

130 -~ 131

132 ~ 14b

132
152 - 139

139 ~ 143

3 - 14y

145 ~ 160

45
%5 - 1497
149 - 155

156 - 159


http://www.cvisiontech.com

y (vi)

Fage
6.5 Conclusion ees 159 = 160
CHAPTER 7
. THE EFFECT OF PROGRESSIVE TAXATION AND THE
MEASUREMENT OF TAX PROGRESSIVITY ol 161 - 173
7.1 Introduction cer L ess 169 - 162
‘7.2  Lorenz Comparisons of Pre-and
Post-tax Tucomes el & see 162 = 4656
73 A New Normative Measure of Tax
Progressivity ! X 166 - 172
74 Conclusion : SRt o 172 - 173
APPENDIX I oo  ATL = 175
APPENDIX II : nas, ces 176 - 177
APPENDIX TIII %) o5 oo 178
REFERENCES wite for " PR 179 - 206


http://www.cvisiontech.com

CHAPTER O

SUMMARY

The subject of this thesis is the measurement of income
inequality, poverty and tax progressivity. Here we briefly

summarise the main results presented in tre thegis.

Let us consider a commumity S congisting of n earn-
ing-units, where the ith unit has income y; 2 0 (i =1, 2, ...
n), which indicates its economic position in the society. 4

state of the distribution of income in the society is given by

o ¥
a vector y = (y?, Vos eees yn) « Let A ) O be the mean
A L
alue ;: = e ;e
) n ii’t "1

The term 'inequality', as observed by Bauer and Prest
(1973) is generally applied to cases where incomes {or wealth)
are simply different, just as one might refer to two persons
being of unequal %Weight. Inequality signifies departure from
the state of equality. The tools that an economist employs
for measuring the extent of such departures are known as
measures Of inequality.: The. first chapter in Part I, makes a
brief review of the methodoiogical work available in the liter-
ature on economic inequality. First, we lay down a number of

postulates for selecting a good inequality index. Then we
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discuss the measures of inequality that have been proposed in
the literature. These measures fall iﬁto two categories, viz.,
(1) fhe positive measures which make no explicit use of any
concept of social welfare, and (ii) normative measures which
are based on some explicit formulation 0f the social welfare
function. We also discuss the implications of the positive
measures of inequality in terms of the underlying social wel-
fare functions. Finally, we briefly mention the significance

of Lorenz curve comparisons of income distributions.

Studiés on the incidence of poverty in abhsolute or
relative sense have been very frequentiy carried out during
the last decade of S0« In the second part of Chapter 1 wve
review- the existing measures of poverty in the light of differ-
ent axioms. These measures generally pre—suppose that an
exogenously glven level Of income (called the poverty llne)
represents the minimum norm or standard of 11v1ng and that all
other incomes are to be compared with this norm. 'Suppose that
in a society consisting of n eafning-hﬁits, qéuﬁits are poor
(that is, below the poverty line z). In symbols, let vy, { v,4
ceres § Vg { z é Y1 § eoses & ¥,+ A poverty measure is
reguired to combine the deprivainns of the g poor units

irto one overall indicator.
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Chapter 2 introduces new relative measures of poverty
based on the utility gaps of the poor. In térms of symbols .
already introduced, the utility gap of'unit i istj(z)-U(yi)v
where U{.) is the utility‘fung%ion common for all units.‘ |
U is assumed to be increasirig and strictly concave. For a
given income configuration ¥ s the poverty of Yy 1is measured
by using the normalised sum of the utility gaps of the g poor
units. The unknown form of U(.) is determined by imposing

the restriction that the measure is invariant under affine

transformations of U(.)} and the axiom of scale irrelevance.
The resulting index satisfiss Yen's monotonicity and trarnsfer
axioms [Sen (1976)]. The mezsure attaches greater weight to
transf rs of income lower owa the income scale. In this
respect the new index seems 50 be sullerior to Sen's index
using ordinal rank weights. foreover, if the population is
partiticned into a number of groups according to one or more
attributes; the measure can bs easily decomposed into compo-

nents. that reflect that partition.

We also propose in Chapter 2 a class of relative mea-
sures based on welghted sur of the utility gapé. Here the
utility function has been assumed to be concave. This class
of measures also satisfies the basic postulates of a poverty

neasure.
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The third chapter explores the usefulness cf 'rep;esenﬁ_
tati&e income gaps' in the measurement of poverty. Let gy =
z -y, i=1,2, ...5 g, denote the income gap of the‘ith
poor unit. Suppose that F(gf’ 52’ cees 8y ) is the group
deprivation function of the poor, where - F is contlnuous non4
decreasing in yi's and also S-concave. We define the repre- !
sentative income gap 8 of the poor correspondlng to a given
income proflle as that 1evel of gap whlch11f shared by every
poor unit would make the existing distribution of gaps sociall

indifferent (as measured by F):
F(ges 869 P I ge) = F(g,]g gz, s e gq) s (Oc/i}

Then a-general relative poverty index corresponding to a given

profile is defined as N

P o= "'% . "2 s (O.z)
n z : i

Q = '£ * ge L (003) j

For every homothetic group deprivation function of the poor weg

get a relative poverty index of the fO“m (c. 2), and for every

group deprivation functlon Dosse551ng only the properties
N
mentioned ahove there corresponds an absolute poveriy indext

of the form (C.3).
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We have proposed another class of poverty measures in
Chapter 3 assuming that the group deprivation function is the
sum of identical individual deprivation functicns of the poor
units. In fact, a particular form of these functions is also
assuned. The class of measures can be written ag

1/

: (1 -3,«1)?‘] cee  (0.4)
1 Z

Pla) = [ ==

Il

30

where o ) 1 1is a parame-er.

For a disegualising transfer enabling its recipient +to cross
the poverty line, P(a) ircreases unambiguously, but the gene-
ral measures P and Q wnay idecrease. This might be tszken
as a deficiency of the latter mentioned measures, but Sen
{{1979) p. 3021 has argued thas such behaviour of P wund Q

actually be treated as reasonalble.

The fourth chapter introduces measures of poverty using
Atkinson - Kolm -— Sen representative income [ Atkinson
(1970) ; Koim (1969); Sen (1973)°, of a community corresponding
to the censored income profiie. ’ The representative income

yf* is that level of income whica if enjoyed by every

unit would make the existing censored income profile socially

j»/The censored income profilg corresponding vy is y’* =

b w - LTS
(y/]’ yzg " ow g, y(_}_’ 2, Zg 7'-, Z) = (y’?n’ yg'*" 5, _y_n,\)’-
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or ethically ind fferent. That is,

W (yf*g yf*, S0t yf*) = W (y1*, yé*, ¥a, yn*)
(C.5)
The social welfare functions W(.) that we employ here are
S~concave. This means, if two censored income profiles have
the same mean income and if one is unambigu0u§ly at least as
unequal as the other (by the Lorenz criterionj;‘then the

former is ranked as no worse than the latter by the social

welfare function. We in?rodube relative as well as absolute
measures based on this approach. The general relative measuﬁ

introduced in this chapter is

(- . = | (0.6)

The corresponding absolute measure is defined as
Q = Z"'Yf* 2 P Y (007)

If P is tone scale irrelevaht, the éooial welfare function
W must be homothetic. For Q fo be invariant With réspect
to translation of =z and X*?, W must be translatable. For
every homothetic/translatable social welfare function there
exists a relative/absolute pbverty'index. Further, for e&%ry
relative/absolute poverty index, there exists a family of
homothetic/translatable social welfare finctions. The member

of either family are ordinally equivalent.
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The ehapter also inclﬁdes & discussion of consistent,
neutral aﬁd ethical aggregation. 1I7 a population is parti-
tioned into k groups, then using the notion of group repre-
sentative income, we investigate the rd¢solution of both rela-
tive and absolute indices into group infices. The indices
that do this in an ethically consisten£ way are the measures
underlying the symmetric mean of order 8 (3 { 1) and the
Kolm —w- Pollak social welfare function. These two classes
of measures are axiomalised in Section 5 of the chapter with
a view to bringing out the assumptions implicitly made by
their choices. Section 6 s concerned with the so-called

compromise indices.

Chapter 5 presents two axiomatisations of the Theil
entropy measure of inequality. Firss, we define the noruali-
sed value of the amount by which aggregate welfure of an income
profile y (as measured by _?1 EJ(yi), where U is an in-

i=
creasing, concave utility function) falls short of its maximum
as a measure of inequality. This measure in a limiting situa-
tion is shown to coincide with the entropy measure normali sed
in the interval [0, 1]. We next axiomatise a social welfarée
function, which for a given mean income and a given population

size ranks all possible income profiles in exactly the opposite

way as the Theil entropy measure.
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Chapter 6 suggests two modifications of the Gini
coefficient, each of which ranks income'profi1es in the
- same way as sdme strictly quasi-concave swf. Suppose
h > O is the mean of the income variable y(assumed non-nega-
tive) with distribution function Bz ‘hen the first mwodifica-

tion suggested,is-

- e ) i ‘1 ‘
Ly F ‘f [p - L(p)]“mdp]/a’ : e (0.8)

where L(P) is the ordinate of the Lorenz curve of the distri-
bution against abscissa p. For a') 1 the ranking of income
profiles by tﬁe measure I is'thé same és that baeed on some
strictly concave social welfare functiOnQ For o =1, the

-

_ measure equals a multiple of the Gini coeff101ent and fails

to possess such' property.

~Another modification of the Gini measure proposed for the game

purpose is the following index:

- — /7

" n

- P :

el 1 fi=q P72 ; :

I = 1« - . AL
: A

n |
T )

Lo L e [N (o."9)

This 1nequallty measure corresponds to the homothetlc 5001a1

welfare functlpn having the image

i
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s M1
!
W (y) = | o g ol B (0.10)
G : n-
: ¥ a
T

[

|

7y, and the sequence f{ 815 A,y ece }

~ L

Here y, 2 v, 2 ..
is positive and non~decreasing. The Gini coefficient corres-
ponds to the special case where 1 = 1 and a; = (21 - 1),

i= 1, eaay n. On the other hand, the Atkinson wmeasures cor-

G
¥

ol PEN

respond to the subclass where a; =

In Chapter 7 the attention is focussed on the related
problem of measurement of tax progressivity. First, we prove
the intuitively obvious result that if the post-tax income
profile is an increasing, concave function of the pre~tax
income profile, then the former is Lorenz superior to the
latter. Then we review the available indices of tax progres-
sivity and propose a new index. The +tax progressivity index
is regarded as the ncrmalised value of the Cifference between
the welfare value of the post-tax income profile (as measured

n
by % W(y,), where U is an increasing, concave utility
i=1 -
function) and that of the profile that would result if the
same amouirt of tax were realised through a proportional tax

scheme.
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A form of utility function that enables the measure
to satisfy the axiom of scale irrelevance yields a‘class_of
co?putable measures. “his in a limiting case 1is simply the
proportiohate gap between the Theil inequality measure for

the pre~tax profile and that for the post-tax profile.

et -
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CHAPTER

L

" SURVEY OF LITERATURE - I: MEASUREMENT OF INEQUALITY

1.1.1 Introduction

Kuznets in his pioneering study stated that: ‘When we
say "income inequality”, we mean simply differences in-iﬁcome,
vithout regard to their desirability as a system of reward
or undesirability as a scheme running counter to some ideal of
equality of economic opportunity' [Kuznets (1953), pe XXVII].
Following Kuznets we can say thét'a measuré of inequality:

could roughly be defined as a scalar representationnpﬁj%ntqr—
personal income differences Within & given population. -
Measures of inequality are employed to study and to compare
the‘commonly recognised phenomenon of inequality in personal
Jistribution of income or wealth which exist at different
times and in different places. We chall be &oncerned with

1/
the ineguality of income and not directly with wealth.

Jh&here are several studies based on attributes other than
income or wealith, which provide interesting material for
comparison. A few notable studies may be mentioned here.
Jericks (1975) puts income ineguality in the much wider con-

ext of social ineguality; Addo (1973) considers interna-
tional inequality in such things as school enrolment,
calorie/energy consumption and numbers of Physicians; Alker
1965) discusses a quantification of voting power: Russet
1904 ) relates inequality in land ownership to political

instability. .

GETICAL INSTIF
e "'l_'ﬂ;F' . U‘?‘&.
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This part of the chapter aims at discussing different
measures of income inequality. The next section sets out tne
different postulates by which measures of inequality can be
selected. 1In Section 3 we discuss the different measures of

iaequality that have been proposed in the literature.

Teqe2 Egstulates for the Selection of Good Measures of
Irsquality ' '

We assume that nc ambiguvity arises in connectior. wit:

the definitions of income and of the income earning unit =:d
the choice of the reference period over which income ig
observed. The conceptual problems connected with these defi-
nitions/rhoices have been discussed in Atkinson (1974, 1975)
and in Tinbergen (1975). We consider a community & consis-
ting of n units. An income profile of the community is
given by the vector of incomes of units, denoted by Y s

i

X . (y'|9 y‘?j R yl’l\) *a s ('1.'1)

where y, 2 0 stands for the income of the ith unit and the
prime denotes transposition. L2t A > C he the mean income,

l’e.’

V4 e (1.2)

[l a]

.1
A= -
N j=q

i
Henceforth Y, the set of all possible income profiles will be

) ve
&t
-
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referred to as the income-space. A measure of income inequa-
lity is a scalar function defined on Y. We shall denote this

neasure by I(X)'

We shall now set out the criteria that measures of
inequality may be required to satisfy. Discussions along
these lines have been made by Dalton (1920, 1925), Atkinson
(1970), Sen (1973), Champernowne (1974), Cowel and Kuga (1976,
1977), Kolm-(1976), Cowel (1977), Kurabayashi and Yatsuka
(1977), Fields and Fei (1978). The suggested postulates are

listed below:

(P1) Zero at Equality

This postulate requires that for all admissible A s
I(r1) = 0 (1.3)

1

wvhere 1 = (1, 1, ..., 1) vails (1.4)

(P2) Positivity out of Equality

We write this postulate as

I(y)>o

-

(1.5)
it y # A1
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(P3) Impartiality

I remains unchanged by a permutation of yi's, ie€ey

I(Py) = I (y) . (1.6)

where F is any permutation matrix of order EL;Y

(P4) Principle of Population

Let: B = 41,2, 35 weo ¥ G5

Let 2 stand for an nk dimensional income vector defined

by

Measures of inequality corresponding to y and z are

represented by In(z) and Ink(g) respectively.

1

satisfies Dalton's principle of population [Dalton (1920C)]

if and only if

I(y) = I_(z) (1.8)

for any n, kx € N such thatn 2 2.

-éJk non-negative square matrix B = (b,

Zhve criterion of anonymity proposed by May (1952) is ana-

lj)n + p is said to be

bistochastic if all row and column sums are unity. A bisto-
chastic matrix of order n. is said to be a permulation matrix
if it has one and only one positive element in each row and
in each column.

logous to this criterion. i

TR
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£{p5) Principle of Transfers

Suppose an income profile y is transformed into

another profile by an operation of the form:

X; = Vi * S { Xj
e (109)
. o= . = 8
%3 Y3
where & ) O, X = ¥, ¥ k#1, j. Then the principle of

transfers - also known as Pigou - Dalton criterion [Figou
(1912), Dalton (1920)] and rectifiance [Kolm (1975, 1976a)]
requires that

I (y) > I (x) e (1.10)

Conversely, if some amount of income 1s transferred from a

poor unit to a richer unit then I must increase.

In fact, it has been argued that the impact of each
transfer should be greater if it takes place at lower income
levels {See for example, Dalton (1920), Atkinson (1970), 3en
(1973), Xolm (1976a)]. The point can be made clearer as follows:

Consider a couple of pairs of units (i, 3) and (i*, 3') such
that
t l i L
¥s ? Yj, Yi' b, YJ‘ s Y3 J Y3 and Y; YJ' Y3 YJ'
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The measure of inequality I is said to satisfy the principlg

of diminishing transfers if

T(y) -y (i, 3)) ) Ty =1 TG, 31)) .vi(r.12)

where XT(i, 3) and yT(i', 3') are respectively the income
profiles resulting from y after a transfer of & > O amount

of income from Yj to y; and from yj‘ to yi' respectively,

where & is so small that such transfers donot alter the

ranking of the affected units.

(F6) Scale Invariance

This property requires that

I(y) = 1 (cy) s (1.13)

£ —

for ald & @ This takes care of changes in the unit of

money, and in the general price level.

’

g&aussig (1939) and Blau (1977) feel that a variation of all
incomes in the sume proportion snould not change the measure
of inequality. Kolm {1976), on the other hand, argues that
proportionate increases in income represent increase in
inequality. Taking the opposite point of view, Dalton (1920)
and Sen (1973) suggest that inequality should decrease when
all incomes are increased proportionately.
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(P&t ) Translation Invariance

A3

An inequality measure is said to be translation
invariant if

I(y) = 1 (Z +a 1) T (1.14)

for all real as such that vy + « J is in the domain of

definition of I.

An inequality measure will be called a relative measure

or an absolute measure according as it satisfies (P6) or (P6"),

In addition to above a few authors like Champernowne
(1974) have 1aid down some stipulations regarding the upper
bound of an inequality measure. An inequality measure should
take the maximum value when the fichest unit monopolises the
whole income and all others have zero income. Champernowne
(1974) stipulates that in the limit as the number of incomes
n increases while one unit alwéys gets all the income, the
measure should tend to the value one. But for some of the
widely used measures of inequality the upper bound tend to
infinity igmthe 1imit as n <. However, the upper bound
need not be a criterion for prefgrripg Oone inequality measure
to another, because, simple (non-upique) transformations can
produce any desired upper bound. If we want to make the

upper bound of an inequality measure independent of n, we can

éyWhile,Kolm (1976) argues that an inequality measure should
be invariant under equal absolute changes in its arguments,
Dalton (1920) and Cannan (1930), however, feel that an egual
addition to all incomes decreases inecualitw.
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divide the measure by its maximum attainable value. But it
can be easily shown that such normalization of a rectifiant
inequality measure is obtained at the cost of the principle

of population.

1.1.3 Measures of Inequality and Their Properties

The inequality measures that have been proposed in the
literature fall into two classes, viz., (i) positive measures
which makes no explicit use of any concept uf social welfare
and (ii) normatlive measures which are bhased on explicit con-
sideration of social welfare and loss of welfare incurred
through unequal distribution. Some of these measures have .

been < iscussed by Dalton "1920), Theil (1957), Atkinson (1970)
I

Kuga (1973), Sen (1973}, Champernowne {(1974), Kondor (1975). %
Szal and Lobiunsin (1075}, Maddala and Singh (1977) and Alliso%
{(1978). We shall organise the discussion in several subsec- |

tions- The measures of positive type and normative type will

be discussed in subsections 1 and 2 respectively. In subsec-b
tion 3 we shall discuss normative aspects of different positi
measures of inequality and significance of Lorenz curve compa

rlsons.
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1+1.3.17 Positive Measures of Inequality

(a) The Range
The range, R, the simplest positive measure of
inequality is defined as
Max s == Min tys

R = = LSS (1.15)
A

If vy = M1, R=0 and if one unit receives all the income,
R = n. By concentrating on extreme values only R fails to

possess many desirable properties or an inequaiity measure.

(b) Measures Based on Income Shares of Selected Ordinal Groups

r—_n St

The most widely used measures belonging to this cate--
gory are the ratios of shares of total income held by *wo frac-
tile groups, sucii as the upper and wuwne lower 25 per cent
(quartiles), 20 per cent (quintiles), 10 per cent (deciles)

and 5 per cent [Wiles (1974), Tinbergen {1975 , 1975a)].

Measures of this type and also of type {(c) mentioned
below are advocated by those who argue that measures based on
the entire income profile may not reflect changes in the lower/
upper brackets of the profile which are of bprimary interest for

policy., ©Such measures donot, hcwever, meet the principle of

transfers.
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{c) Measures Based on Fractiles

Slightly different from the approach mentioned in (b)
above is the method of percentiles used, among others, by
Lydall (1959) to look at changes in the pattern of distribu-
tion in its different ranges over years. A formalisation of

this approach for comparative purposes was suggested by

Esberger and Malmquist (1972). Bhattacharyea and Tyengar {1967

used ratios of selected percentiles to the arithmetic mean to

study intertemporal changes in the distribution of ger§0ns hy
g o 1937) Qz-Q
monthly per capita consumer expenditure. Bowely/used Q3+Qj
3

as a measure'of inequa1ity, where Q is the ith quartile.

i

We shall now concentrate on measures based on the eﬁﬁrd
|

income profile. Sometimes measures uf skewness have besn usedl

as measures of inecuality [ Young (1917)], but this is essen-
tislly a confusion of inequality with symmetry. An unskewed
symmetric profile need not be an equal one ' Stark (1372). pp.

139-140].

(4d) The Relative Mean Leviation

This measure discussed by Yntema (1933%; and earlier by

Ricei (1916) is defined as follows:

n
M = L ‘yi'—}\.’/n}\. ¢ v (1-“16)
i=1
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where M is the relative mean deviation. Sometimes referred
to as Kuznets' ratio [Kuznets (1963)] this has often been used
extensively [vide Schutz (1951), Rosenbluth (1951), MMcCabe
(1974), Kondor (1975a)]. The UN Economic Commission for
Europe (1957) called it the "maximum equalisation bercentage'
since, when expressed as a percentage, it gives the percentage
of total income which has to be transferred from earners above
the mean income level to those below it in order to achieve
perfect equality of the incomes. Tt is a member of the family

of ineguality measures proposed by Mehran (1976).

2({n-1)
Clearly M = 0 for perfect eguality and M = ——— if one
n
unit receives all the income. However, M violates the prin-
ciple of transfers — it is not affected at all if income is

transferred between two units on the same side of the mean.

(e) The Elteto & Frigyes Measures

The Elteto & Frigyes measures [Elteto & Frigyes (1968)]

may be defined in terms of three ratios:

A % i
i e h i B e R

ﬁhere hq and A are respectively the means of opservations

2
below the mean income and incomes at or above the mean. Ez is

a measure of inequality for the entire profile. Tt is possible
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to compress the essential informations contained in E?,,E2

end Ex in the following measure [Kondor (1971)]:

T = (B - ?)8?5,“;12

(E2 & L)

li

l] i
5 [Relative Mean Deviation] ...(1.18)

None of Elteto & Frigyes' measures satisfies the principle of

transfers.

(f) The Variance and the Coefficient of Variation

The wvariance V2 of a set of incomes V13 Yo 2ees ¥y is

defined by

- 23 i

= = i§1 (y; ~ ) ke (1.19)
V2 is an absolute measure of inequality. Eut one profile may
show greater relative, variation than another and still end up
having a lower variance if the mean income around which vari-
ations take place is sufficlently smaller in the former pro-
file than in the latter [Sen (1973), p. 27]. A relative
measure 0f inequality that does not suffer from this deficiend
is‘the coefficient of variation, defined %y

v

CV = Co « 5 e (1020)
A
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CV takes the minimum value zero when all the incomes are
equal and its upper bound is /m<] which is attained when
one unit receives all the income. The CV (and hence V2)
satisfies the principle of transfers but not the principle

of diminishing transfers. It has the characteristic of
attaching equgl weightage 10 transfers of income at different

income Jlevels.

(¢) The Standard Deviation of Logarithms

The standard deviation ot logarithms of a set of
incomes Vis Yos sees ¥y 1s defined as
n 1/2
H = [+ £ (log (v, /A))] @7
: o) . 1
i=1
Unlike variance cr i%tz positive squere robt, the standard
deviation of logarithms-is :cale invariant. The mweasure is

more sensitive to tramsfers at lower income levels than to

=z

éﬁ One~parameter family of inequality measures that looks
similar to the coefficient of variation is given by

I(x) = yia ) T S A B .

This family of measures sati.sfies the principle of dimini-
shing transfers if 1 { « ( 2 [ see Kvrabayashi and Yatsuka

(1977} 1.
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transfers at higher income levels. But at very high levels
of income, the measure actually decreases instead of incfea-
sing with a transfer from a relatively poor to a richer unit.
Creedy (1977) argues that the extent to which the standard
deviation of logarithms violate the principle of transfers

is very minor for empirical profiles.

(h) The Relative Mean Difference and the Gini Coefficient

The most frequently used measure of inequality is
perhaps the Gini Coefficient attributed to Gini (1912) ard J
analysed among others by Delton (1920), Atkinson (1970), New-
bery (1570), Sheshinski (1972), Kats (1972), Sen (1973, 1973a,
1974, 1976), Pyatt (1976), Blackorby & Donaldson (1978), |
Michal (1978),"Takayama (1979), Dorfmen (1979), Weymark (1979)
Yitzhaki (1979, 1980), Donaldson & Weymark (1980, 1980a), Hey |
Lambert (1980), Thon (1980). The measure is also known as the

Lorenz ratio [Loienz (1905)].

The Gini coefficient G is defined as

1 .l'l n
n°  i=1 J= i " @
g = ‘ ‘ - (1.22)
2N

The numerator of the expression (1.22) is called the Gini

mean difference (with repetition). If divided by A, this
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gives the relative mean deviation. We can rewrite G as

[Sen (1973)7:

G 14 - = ? i (1.23)
= b o— - 1 y. P -
B n2 A i=1 =

i
-
~
=

where y,; Yo

An illuminating manner of viewing the Gini goefficient
is in terms of the Lorenz curve due to Lorenz (1905). The
construction of the Lorenz curve is explained in many places
[vide Levine and Singer (1970), Sen (1973)]. The Gini coeffi-
cient turns out to be the ratio of the area enclosed between
the egalitarian line of the Lorenz box and the Lorenz curve
to the area of the triangular region underneath the egalita-
rian line. The Gini coefficient is peculiar in that its sen-
sitivity to transfers depends on the difference in size ranks
rather than on the absolute incomes of the units concermed.
For a typical incomé profile the Gini coefficient tends to be
most sensitive to transfers around the middle of the profile
and less to transfers among the very rich or the very poor.
This is clearly undesirable. However, this index is very
firmly established through its long usage. Its relation to

2/
the Lorenz curve adds considerably to it's attraction.

33@ general class of inequality measures that contains the
Gini coefficient and the coefficient of variation as special
- Contd... next page
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(i) Gagtwirth's Measure

Gastwirth (1974) suggested the use of

- Vi o= yi -
G/l = ( n ) E J_“—J:“""‘““"—'l_' ¢ e (1.2[—]-) [
25 adg (yy * v |

as a measure of ineguality. The direct computation of the
measure is complicated since all the (;) pairs must be used.
Gastwirth, however, suggested an approximation of the measure
when the data are arranged in (k+1) groups with n; observa-
tions in proup i and suppose that Ki, the mean of the ith

group is also given. Ther G,l is approximated by

s . - i s I
G, = 2 % 0 g e (1.25)
| 13y a) »oon |

In the ungrouped case the measure meets the principle of
transfers. But in the grouped case the measurc ignores in-

come variations within a group.

{(3) The Theil Entropy lieasure

o
The Theil measure of inequality [ Theil (1967)] deriveq

from the notion of entropy in information theory is given by

-l

= K 1 e o 1/ i
cases is given by IL{a) = e (wmi el ‘yi - ¥3 ! ]
2= i=1 J=1 '

The class of mezsures satisfies the principle of transfers
for « ) 1 [see Allison (1978)].
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n
T = 3 Xy 10g(nxi) @ e (1.26)
1=
‘ ]
wiere X3 = taz s The income share of unit i. T tskes its
n

L : 1
nimum value = = eae = =) | I ;
minim v zero when :x:,| xz X, i and its

maximum value log n when ¥; =1 for some 1 and Xy = 8

for all j # i. While for V2 the effect of a transfer of
income between two units depends on the difference between

the two incomes, for T it depends approximately on the

ratio of these incomes. The measure is thus more sensitive

to transfers at lower income levels than at higher income
levels. However, the Theil formula has been regarded as some-
whatlarbitrary'[x;gg Sen (1973), pp. 35-36]. Therefore it
will be interesting to examine more. carefully the logical
foundations of this measure. An attempt to do this is nmade

“in Chapter 5 of the thesis.

Sometimes it is assumed that some continuous type dis-
tribution fits the personal income distribution. In such cases
some parameter appearing in the density of the fitted distri-
bution is considered as a measure of ineqﬁality. A notable
example of this approach is Pareto's a [Pareto (1897)]. «a is
the slope of the line showing the comulative frequency of per-

sons with incomes above each stated level plotted on a double
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-log scale against the size of income. Samuelson (1965) shou
that within the Pareto —— Levy family [vide Mandelbrot (1560
the coefficient « isg not a valid mensure of inequality in

8
the usual sense of the word. Chipman (1974) confines himseﬂ

|
to the Pareto —— Levy family and shows that for distribution
with the same subgistence level on increase in o actually

decreases social welfare. The result is due to the lowering

of the mean income with increase in o which outwelighs the

effect of the associated reduction of inequality. Chipman Prov

this result assuming that the social welfare function ies in

essence a sum of individual utilities and that common utility
function for all individuazls is swice continuously differen-
tiabl 2, nondecreasing anc concave.Cibrat (1931) demonstroted
that in mony situations income follows three-parameter logror

mal distribution [yide Aitchison and Brown (1957)] and pro-

-éJ%amuelson (1955} considered the class of stable (Pareto —
Levy) distributions, which is a four-paramete. family with
location parameter U, scale parameter 8 , skewness paramet

and kurtosis parameter a . The parameter @ ranges from 2
for the normal distribution to 1 for the Cauchy distributio
It is known [Feller (1971), p. 575] that the stable densiti

-1
have the property f(x I v, B, Y a)= O(x-a ') as x dw

hence if the skewness parameter y is positive and sufficien
large, the stable distributions are well approximated in th
upper tail by the Pareto distributions with Pareto coef{fi-
cient &« , as long as @ is not teoo close to 2 [cf. Mandelbroi
(196017,
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posed standard deviation of log(x - X,) as a measure of
inequality, where X5 is the threshold parameter. This is

clearly a measure of inegquality of the absolute variety.

With this we conclude the review of the wellknown
positive measures of ineguality. In the subsequent discus-
sion, we will take into account on}y the coefficient of
variation, the standard deviation of logarithms, the Gini

10/
coefficient and the Theil measure.

1.7.3.2 The Normative Measures

Dalton (1920) rightly pointed out that the cheoice of
any inequality measure involves an implicit normative judge-
ment as to whether one income profile is to be preferred in
some sense To dLLtﬂEf%l/ He then argued that the normative

criteria concerning measures of inequality should be made

explicit through the use of a social welfare function (swf)

e,

9

wuéome 0f these measures have interesting large sample proper-
ties [Iyengar (1960), Gastwirth (197,a s McDonald and Jensen

10(1979]}.

The estimation problems associated with these nmeasures have
been discussed by different authors [vide CGastwirth (1972,
1975), Kakwani  and Poddar (1973 49769, Mehran (1975),
Gastwirth and Glauberman (1975), Kakwani (1976), Krieger
(1979), Petersen (1979)]. - i

?On the other hand, it has sometimes been argued that normg-
tive exercises involve some ambiguities and answer guestions
different from *he purely descriptive one that was originalivy
asked {vide Bentzel (1970), Esteban (1976), Hansson {(3977) °
and Sen (1978)7.
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which simply ranks all possible states of the society (i.g.,
income profiles) in the order of the socliety's preference?ﬂq
This approach makes the following prescription : From indi-
vidual preferences we should derive a social ranking of

different social states, and hence some implicit measure of

inequality based on social values.

We now discuss the particular measure that Lalton

suggested.

(a) Dalton's Measure

Let us assume that Ui denotes the utility function of
the ith unit amd that it depends only on its income ¥ie Fur
ther assume that Ui(.) = U(.) end also that U is increasing
and concave. Dalton chose the utititarian form of swf in
which the cum of individual utitities is taken as a measure

ié/ln the inequality literature the swf is often called the

social evaluation fuanction [Kolm (19763), Blackorby and
Donaldson (1980, 1980a)].

ié/In contrast to Arrow' s (1951) classzical demonstration of
the non-existence of a swf based on a set of mild-~looking
restrictions, 3ern (1973) states that if the approach of
swi is to give us any substantial help in measuring inequ
lity, then the framework must be broadened to incilude
interpersonal comparisons of welfare. Hamacnd (1975) show
that interpersonzl comparisons allow a very much richer
set of possible social orderings and the construction of
normative measures of inequalitv. Alternative frameworksz
for interpersonal comparability were explored in Sen (1974
Also see Sen (1972).
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of social welfare. Therefore welfare value of an income

'profile y is given by

W (3_5') = U (y;) (1;27)

o

i=1
- n
By Jensen's inequality we have ni({A) ) W (y) for all y ¢ Ynaﬁf$*
£ Y =
Taking the utility levels to be all positive, Dalton's measure

of inequality is given by

U'(yi)

1

et

F
i

=
i
1

E cee (1.28)
The measure tells us by how much (in relative terms) we can
increase social welfare by distributing incomes more equally
among the units. This approach ﬁas largely ignored by later
researchers until Aigner and Heins (1967) proposed some
alternative functions for W and derived corresponding
ﬁ?asures of inegquality. However, many or Dalfon's ideas were

really revived with the publication of the seminal artible by

Atkinson [Atkinson (1970)]7.

Atkinson (1970) pointed out that Dalton's measure is
not invariant under affine transformations of U(.). He modi-

fied Dalton' s measure to remedy this defect.
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(b) Atkinson’ s Measure

Atkinson defined the'equally distributed equivalent
(ede) income'ef a given profile of a total income as that
level of income which if enjoyed by every unit would make tot
welfare exacthAequal to the total welfare generated by the
actual profile.
Following Dalton he restricted his attention to the utilita- |
rian form of swf. Let us denote the ede income correspond ing|

to a given y by Vst Then v

n
Ve = yinu(y) = uly,) (1.29)]

By concavity of W(y), Ve & M-

Atkinson replaced the Dalton measure of inequality by

vV ]
A= 1-“?52 (H a0

iﬁ/Ah earlier use of the concept of 'ede income'! can be found
in Champernowne (1952), where cne of the measures proposed)
was 'the proportion of total income that is absorbed in
compensating for the loss of aggregate satisfaction due toj
inequality®' (op.cit., p. 610). Xolm {1969) callsd'ede
income' the 'equlil equivalent income' , whereas in the |
subsequent literature [ Blackorby and Donaldson {1980,1980a
the ede income of a given profile has been referred to as
the "representative income®. The idea of equating the +tot
welfare of the profile where every unit enjoys a particula
level of income to the total welfare of the given profile
has been called ethical or social indifference. The vectot

ef ede incomes (ye, Voo eees ye)/is considered to be sthi-
cally or socially;indifferent tc the given income vector

kyflv y29 ceey yn)"
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The measure has the convenient property of lying between zero

(complete equality) and unity (complete inequality).

Drawing upon results obtained by Pratt (196%4) and Arrow (1965)
in another context, Atkinson showed that A satisfies the pos-

tulate of scale invariance if and only if U{,) is of the form

e
U(y) = C + Bl = for ¢ # 1
1-£
ooy 16139)
= logy for ¢ =1

where € ) O for concavity. Using the form of U(.) given Tw

(1.31), we get

3
10 1.61-¢
A =7 = . € # 1
A :
, AP (1.32)
i
Tl .
/n
I
i=/i ‘ A
=l = ’ € =1
A

Here ¢ is said to repre‘sent the degree of inequality aver-
sion or the relative sersitivity of 4 to transfers of income
at different income levels. As ¢ rises, greater weight is

attached to transfers at the lower end of the profile and less

min { Vi

weight to transfers at the toD. A5 € =) oo, A =) = —Femalonl
: N
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which corresponds to the Rawlsian maximin rule [Rawls (1958,
1971)], that ranks social states in terms of the welfare of
the worst-off unit 1in thé state. The association of Rawls'
ﬁaximin rule with a swf exhibiting extreme ineguality aversion
is discussed in Arrow (1973), Sen (1974) and Hammond (1975ﬁ?

Atkinson in the same paper made an qxtremely interesting
application of his measure to inter—cduntry comparisons of
income inequality. Atkinson's approach and his measure have
also been used by others to study various problems of. inequa-
lity measurement [Allinghem (1972), Bruno (1974), Muellbauer
(1974), Singh (1974), Harrison (1975), Bartels and Nijkamp
(1976), Bruno aﬁd Habib (1976), Williamson (1977), Shorrocks
(1978), Ulph (1978,, Von Weizsacker (1978), Birchenhall and
Grout (1979) and Kanbur (1979)].

However, the form of swf assumed by Atkinson seems to
be unnecessarily restrictive. It can be substantially genera- |
lised and this would lead ‘to a more general normative measure

of ineguality based on the ede income approach. To see this,

LDftaximin is not, however, the only possible limit as € =)= .
Sen' 5 lexicographic extension of the maximin criterion
[SenA(197Oa, 1977, 1977a)] is also a possible 1limit, as
€ -) =, of a preference ordering represented by the swf
underlying 4. [See Hammond (1975)],
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we come to the formulation adopted by Sen (197’3).

(c) Sen's Approach

¢
Sen (1973) adopted a more general form of gswf W
defined on yi‘ S« He assumed that W satisfies the following

conditions :

1/

(41) W is increasing in individual incomes.

(2) W is symmetric ir Vqs Yos eeey ¥, 5 diee.,

W(Py) = w (y) .. (1.33)

for any permutation matrix P of order N.

(43) W is quasi-concave; i.e.,
WG x+ (1 -0)y] ) Min[¥ (x), ¥ (y)] - (1.7%)
for all x, y € Y and for all @, 0 ( & { 1.

For strict quasi-concavity the sign 2 should be replaced by).
Quasi-concavity is weaker than concavity; - To incorporate the

egalitarian bias into distributional judgements it is sufficient

EA swf W 1is called benevolent or non~malevolent according

S W S W 7
a5 = > 0 or =as=d 1 O for 211 " F = Ay 2, eesy n [Kolm
¥y Vi

(1976a)].
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2/
to consider strict quasi-concavity-.
Sen (1973) defines the generalised ede income Ve @as
that level of income which if enjoyed by every unit would
produce the same level of W as that generated by the actual

profile, that is,
Yf =Y [w(Ys Yy osey Y) =] W(Y—‘Is'YZ’ sy yl’l)}

e (1.35)

Sen then defines a more general meacure of inequality as
S — 1 — ey - & & (1036)

From now on the ede income 1y, will be called the Atkinson
~ Kolm — Sen (AXKS) representative income, and the index S

" will be referred to as the AKS relative inequality index.

The measure S is scale invariant if and only if W
is homothetic [Muellbauer (1974a), Blackorby and Donaldson

(1978); see also Atkinson (1970)]}. This means W should be

1Z&n fact further weakening of the pssumption is possible;
it is sufficient to assume S-concavity of the swf. A swf
W is said to be S-concave if W(Qy) ) ¥W(y) for all y and for
all bistochastic matrices Q of order n. W is strictly
S-concave if the inequality is strict whenever the vector
Qy is not a permutation of y. It can be shown that [ Berge
(7963)] S-concavity implies symmetry; and that quasi-con-
cavity and symmetry imply S-concavity but the converse is
not true.
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of the form

W (y)

i

g [ W (y)] awra gl 012357

where W (y) is positively linearly homogeneous and P is
increasing in its argument. Therefore, to every homothetic
swf of the form (1.37) there corresponds a different relative

inequality index.

(d) Kolm's Absolute Measure

Kolm (1976) supgested the following absolute measure
of inequality :

1 1
R T
K ogl n

= e ] =" (1.38)

no @Ay, )
i=1

where « > O. The index K is increasing in @ . As « in-
creases we attach more weight to income transfers at the lower
end of the income profile and less to transfers at the top.

As @ =) o, K =) A = nmin %yi% . the absolute maximin index.
i 5

Blackorby and Donaldson {1980) investigate the swf

underlying K by the procedure outlined below:

They define a continuous, nondecrecasing, S-concave swf W on
Y. Let ¥e be the AKS representative income corresponding
to a given vy according to W. They define an absolute inequa-~

lity measure analogous to the AKS relative measure by

Aly) = r-y, - (1.39)
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A is translation invariant if and only if W 1is translatable,

l.€ay

W gL W ()] _ (4.40)

where @ is increasing in its argument and W (y) is unit-

translatable, i.e.,
Wiy+e1) = ¥ (y)+8 2ol (1.41)

where € 1s any sc%}ar such that y + @ 1 is in the domain
18

of definition of AT” It is clear that to every translatable

swf of the form (1.40) there corresponds a different absolute

inequality index.

Pollak (1971) »stablished the form of utility functions
that are additively separable and homothetic to minus infinity

The simplest symmetric representation is

rn
WP (X) = - I e - e o (L2

where a ) O.

We can write this function as an increasing transformation of

WK (3_!) where

= V.
Wy (y) = --% logf— 3 e ! = (1.43)

1§&he property of translatability can be thought of as heing
Ehgmoggetic to minus infinity' {Chipman (1965), Pollak
1971 ) 1.
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the translation function in {1.40) associated with K. It can
be seen that the Blackorby -— Donaldson absolute index for

" the particular swf (1.42) is the same as Kolm' s measure. From
now on K will be called the Kolm - Pollak measure of

inequality and the corresponding swf, the Kolm -— Pollak swf.

(e) Van Praasg's Log~Marginal-Welfare Variance

et U (yi) stand for the ith units utility function

and assume U (yi) depenus only on Yy . Van Praag (1977, 1978)

suggests '

—— D
VP = .rll [1og U' (y;) - log U' ] SO & BT

Hos

i=1
as a neasure of we.fare izequality. Here U' (yi) is the mar-
ginal utility of unit i and 1log U' is the mean of log-mar -

ginal-utility. Depending on the form of U{.) the measure is

scale invariant or translation invariant.

Thus, if Uy, = 1 ~exp (- Otyi) m: e TR S))

N

) (y; - A)2 | eee  (1.46)

then VP =

s

i
Again if U (yi) is given by (1.31), then

E2

n i

2

VP = (1log y; - B) e (TtB7)

Bt
-
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where [ = mean log-income.

The merits and demerits of indices in (1.46) and {(1.47) are
wellknown and need not be recapitulated. According to Sen
(1978a), the view of welfare based on comparison of marginal
utilities is rather limited, since it is concerned with con-
cepts of optimality rather than inequality. Anywey, Van
Praag' s formulation throws some light on a number oOf existing

measures of relative and absolute inequality.

We may now consider the normative aspects of diflerent

= i . ' . 1
positive measures of inequality, because 'even 1if we take |
|

inequality as an obJective notion, our interest in its measures

ment must relaté to our normative concern with it' [Sen (1973,

p- 3].

r
1.7.%.3 Positive Measures and their Meaning in terms of Social

Welfare.

A

Blackorby and Donaldson (1978) using the formulation
adopted by Sen (1973) [vide 1.1.3.2c supra ] established con-

tinuous, monotonic, S-concave homothetic swf's that are implief
by a variety of inequality measures which have been used in th
literature. The swf's that correspond to the coefficient of

variation, the Theil index (both appropriately normalised) and

the Gini index have the following images respectively :
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Weyply) = ~ 3 y, =[ = % .= A

cvly e A L= S (y; > ]

(1.48)
= 1 n
W (y) = ————— [nxrlog(ni) -3 y, log el (1.49)
= n 1og n j=q T L

- 4 n

n i=1
where y, 2 Y5 2 eee ) Vg

However, it would perhapé be more interesting to axiomatise
these indices as measures of inequality rather than look at
the existence of swi's that are implied by them. This exis-
tenc. is in fact cbvious from S-convexity of the formulae

1.19, 1.26 and 1.23. The axiomatisation for i1he Theil measure
has been carried out in Chapter 5. The éorresponding work for

the Gini coefficient was done by Sen (1973a; 1974).

Weymark (1979) replaces the coefficients in (1.50) by

general coefficients a?‘, %;1, el aﬁ? where afl bG) Vi and

a? { agls ceey & gg'm, This procedure yields a class of gene-

ralised Gini indices with representative income given by

= s\

n
X a.ny. :
n ' j=1 * 7%
B (y) =& =—— (1.51)
fr‘]' n
o h Zs ai
i=1
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The family of measures based on Eél(g) donot, in
general, satisfy the principle of population. However,
Donaldson and Weymark (1980) demonstrate that in a special
case Eél(z) satisfies the principle of population if and

only if .
' m=1
g(=.) - gl—)

n . . n

- s (1.52)
o , g(%) _

where g 1is defined on non-negative rational numbers with
g(0) = 0 and either (a) g is an arbitrary convex function
with g{x) > 0 for x > 0 or (b) g(x) is an arbitrary concave

function with g{x) ¢ 0 for x ) O.
If in particular»we'writg g(x) = xé, 8 g 7 in (1.52), then

we get the representative income

(18 =% Ty, e (1053)

II.LV.‘.’J

Egly) = —§

n i=1

This defines a single-parameter family of =measures analogous

to the Gini coefficient.

“But Egly) is not strictly quasi-conéave on indivi-
dual incomes and the fanking of income profiles by the AKS
relative inequality index corresponding to Eg(y) cannot be
reflected by any swf/(additive or not) if the latter is

strictly gquasi-concave on individual incomes. This is a

-
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generalisaii/on of what is known about ranking based on the
19 ' :
Gini index which is a special case 0f the AXS index corres--

ponding to E{S( Z) 2

Finally, we may mention that the standard deviation
of logarithms, a commonly used measure of inequality, is not

S~-COnvex.

1.1.3.4  Significance of Lorenz Curve Comparisons

To discuss the significance of comparisons of Lorencz
curves of different income profiles, let xLy stand for the

relation between the two profiles ¥ and y when the Lorenz

- curve of X is nowhere cutside that of y and at some places

(at least) strictly inside the latter. Sometimes this .s
mentioned as x strictly Lorenz dominates y , while X Lorenz

dominates y means Lorenz curve of X is nowhere outside that

-

¢ of v+ A remarkable consequence of such a relation was proved

F
I
5

by Atkinson (1970). The result says: |

If we have two income profiles x and y over the same

number of units with the same mean income, then xLy implies

that the X- profile gives a higher social welfare level (as

n
measured by W()_g) = 1 U(Xi) where U is any strictly
i=1

:1—9-/See Dasgupta, Sen and Starrett (1973) and Rothschild and
i

E

Stiglitz (197%).
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concave utility function) than the v- profile without knowing
which precise U function is used. The converse is also
true, i.e., if we have W(x) > W(y) irrespective of w%%ch U
function is chosen (U is strictly concave), then XL;%“/'Bpt
if the two curves intersect we can find twq strictly concave
U functions that will rank x and y differently in regard to

the level of social welfare.

Atkinson's choice of the form of W may seem to be
quite restrictive. However, the above result has been consi-
derably generalised by Dasgupta, Sen and Starrett (1973) and
by Rothschildland Stiglitz (1973). The'géhefaiised versions
donot require W to be a sum of individual U functions.

W may be defined dire.tly on the income profile. Dasgupta,
Sen and Starrett (1973) take swf F +to be any strictly
S-concave function, and prove that, if for two different pro-
files X and y over the same number of units and with the same

mean income we have xLy, then F(x) ) F(y). The converse is

: 21
also true. And if not xLy, then for some ¥, F(x) { F(y)7

20/, . _ . . . .

—d&hls condition of Lorenz domination is als¢ equivalent to
the condition that x is obtained from y by a finite sequence
of transformations where each transformation transfers some
income from a richer unit to a poorer unit.

21 - . .

«J&his result will be referred to as Lorenz quasi-ordering
and the corresponding weak version as weak Loreanz quasi-
ordering.
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So far the results mentioned apply to comparisons 0f income
profiles over the same number of units. To compare income
profiles with different population sizes, Dasgupta, Sen and

Starrett (1973) propose the following axiom :

If r communities with the same number 0f units and identical
income profiles are considered together, then the mean welfare
of the whole must be equal t¢ the mean welfare of each part.
With this axiom they prove that, given the level of mean income,
Lorenz domination implies a higher mean welfare level even For

variable population sizes.

Rothschild and Stigiitz (1973) demonstrate that for two

income profiles x and y over the same number of units and with

the same mean income x Lorenz dominates y is equivalent to

saying that ¥ i1s preferable to y und-r all real-valued, locally

equality preferring monotonic functions W whi;:h satisfy
22 :
W(z) ) Wln (2)) for m any permutation of gz

22/ 4 sunction W(x) is locally equality preferring if for every
vector x € Y

Wwix) ( wla y+ (1 -=a)x) for O a{ 1

where y, = x , i#k, %
X, + X
¥i = Y = ...lf_..._..ﬁ..é .
k £ R

It is clear that locally equality preferring is a weaker
concept than quasi-concavity, for while every guasi-concave

function is locally equality preferring the converse is not
true.
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Therefore from the above results we can say that given
the mean income, if x Lorenz dominates Y% we can be sure that:
x 1s preferable to y under a broad class of social welfare
functions. But if the two Lorenz curves intersect, then the
welfare-ranking of the two profiles is no longer unambiguous.

e

In this sense, the Lorenz curve comparisons lead to a partial

ordering of income profiles. These theorems provide the theo-
retical foundation for the Lorenz curve and the associated

measures of inequality.

Before concluding this brief review, we may mention
that some of the measures discussed above have been used by
different authors interested in decomposition of the overall
degree of inequalityr In this context, two particular appli-
cations stand out. The first conceryns a partition of the
population into disjoint subsets, such as groups by age, sew
raée, region, etc., and the researcher is interested in exami
ning how thé ovérall degree‘of inequallty can be appropriately

resolved into contributions due to (i) inequaliiy within each

of the groups and (ii) inequality betiween groups, that is, dus

éé/Actually, these measures computed from empirical data tend
to overestimate the actual inequality of income profiles.
This is because the cbserved incomes deviate from true
incomes due to the presence of errors in observations. Thi
is demonstrated in Appendix I, under certain realistic ass
mptions regarding the errors.



http://www.cvisiontech.com

W7 =

to variation in average levels of income across these groups
[Soltow (1960), Bhattacharya and Mahalanobis (1967), Theil
(1967, 1972), Love and Wolfson {1970), Mehran (1974, 1975a),
Mangahas (1975), Paglin (1975), Pyatt (41975), Blackorby,
Donaldson and Auersperg (1978}, Handerson and Rowley (1978), Bour-
guignon (1979), Murray (1979), Cowel (1980), Shorrocks (1980)]
The other main application disaggregates total income of each
unit into amounts earned from different sources (or factor
components) and examines “he impact of each of these sources
on the overall degree of inequality [Mahalanotis (1960), Rao
(1969), Kakwani (1977), Fei et al (1978, 1979), Fields (1979,
1979a), Layard and Zabalza (1980), Pyatt, Chen and Fei (19807},
Shorrocks (1980a)].

J90444447 G0 aa g0
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CHAPTER 1

SURVEY OF LITERATURE - II ¢ MEASUREMENT OF PCVERTY

1.2.1 Introduction

In the decades since the end of World War JI, lot of
attention has been paid by economists to the prohblem of develop-
ment of the third world countries and the associated problens
of poverty. Even in the developed.countries poverty remains
one of the major issues of current economic and social volicy.
.To understand the threat that the probtlem of poverty poses,

‘it is necessary to know its dimensions and the process through
which it seems to be perpetrated. In the present d%ssertation
we are interested solely in the quantificatibn of poverty, and
this part of this chapter makes a review of lexisting methodo-~

logical work in this area.

The quantification or the measurement cf poverty
requires the solution of two distinct problems, viz., (a) the
problem of identification of the poor among the total popula-
tion and (b} the problem of aggregation which requires some
method of .combining the degrees of deprivation of different
poor units into an overall indicator. The problem of identi-
fication involves the selection of an appropriate poverty line.

In the literature on poverty, broadly, there are two approaches
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regarding definition of a poverty line. The first approach
makes an attempt to define a poverty line in terms of an '
absolute standard that represents a minimum standard of living
Many experts, however, doubt the possibility of one's being
able fo define a poverty 1ine'(representing Subsistenée leVeli
in this .absolute sense. They hold the view that the only
meaningful concept of a poverty 1ineiié"arreietivé‘ohe, where
the line is defined in relation to social conventions and
contemporary living standards of a society%&/ In either
approach a unit is said to be poor if its income is below the:
poverty line. The second problem, the problem of aggregation
is the main issue of 6ur discussion. There are various methoi
for combining the deprivations of the poor units into a single
indicator. In the next section we shall briefiy discuss thess

25/
procedures.

2t/ . . - E
The problems regarding determination of an a propriate
overty line are discussed in Rowntree (1901), Orshansk '
?1965), Rein (1968), Atkinson (1969, 1975), Kilpatrick (197
Rainwater (1974), Rudra (1974), Goedhart, Halberstadt, ;
Kapteyn and Van Praag (1977), Riffault and Rabier (1977), |
Srinivasan (1977), Sen (1979} and Van Praag, Goedhart and |
Kaptewn (1980). : ' ' :

25 ' : -
“‘/Discussions along these lines can also be found in Sen (197¢
Chakravarty (1980), Thon (1980a, 1980b).

|
|
E
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1.2.2 A Review of Poverty Measures

To discuss various pove%‘ty measures proposed in the
literature, let us assume that the poverty line 2z > O is
given exogenously. We further -assume that out of n units in
'the society q units are poor (g { n). For convenience, we
-assume that the incomes are arranged in non-decreasing order,

i-‘eo ]

Y1&Y2£ LR qu< Z&Yqﬂg LR g.yn

e (1a34)

1.2.2.1 The Standard Measures

The simplest and mcst widely used measure of poverty
is given by the proportion of the total population that hap-
Pens to fall below the specified poverty line z. This index,

knovn as the "head-count ratio', is written

H o X . e (1.55)
n

Ever since the quantification of poverty began, the head-count
ratio has been used explicitly or by implication [ Booth (1889),
Rowntree (19()‘1)]. The measure seems to be still the mainstay
of poverty statistics on which poverty programmes are based

J see Orshansky (1965, 1966), Abel-Smith and Townsend (1965) 1.

The measure has also been used to study the trencs in the
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incidence of poverty [ See, for example Indian Studies on
poverty . Ojha (1970), Dandekar and Rath {1971), Minhas (197
1971), Bardhan (1970, 1971, 1973), Mukherjee, Bhattacharya and
Chatterjee (1972), Vaidyanathan (1974) and Lal (1976)1. For
international comparisons of poverty this measure has been

used by Chenery, Ahluwalia, Bell, Duloy and Jolly (1974).

In his ?ioneerting article Sen (1976) sought to treat
the problem of measurement of poverty from the welfare theoret
approach as has been adopted for the measurement of inequality
He raised objections against the measure H on the ground that

it violates both the following axioms:

Monotonicity Axiom (M)

Given other things, a reduction of income of a unit

below the poverty line must increase the poverty measure.

Transfer Axiom (T)

Given other things, a pure transfer of income from a
unit below the poverty line to anyone whc is richer must in-

crease the poverty measure.

Sen (1976) raised objections against another standard
measure of poverty, the 'poverty ‘gap', Pg, which is defined a§

g
%

il

|
g 3

1

; (Z‘yi) ve. (1.86)
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on the ground that although it satisuf-i/es the monotonicity
26
axiom it violates the transfer axiom.

1.2.2.2 More Refined Measures of Poverty

We shall now concentrate on measures that were proposed
keeping the axioms mentioned above in mind. Following Sen
(1976, 1979) and Hamada & Takayama (1977) we may add another
axiom which one can intuitively expect a poverty measure to

satisfy:

Axiom M' :
Income variations of any uuit above the poverty line

donot change the poverty me "asure unless the unit falls helow

the poverty line.

(a) Sen! s Measure

Sen (1976) can be regarded as the first rigorous work
on the conceptual problems connected with the measurement of
poverty. Sen takes the view fhat the two basic axioms noted
above will be satisfied anyway by incorporating a more deman-
ding axiomatic structure. Starting from a specified set of

d

axioms he arrives at a new measure of poverty. His measure P

n

.

the
2—6/3[‘]nis measure has been used by/Social Security Administration
of the U.S.A. to study the incidence of poverty [ Batchelder
(1971)]. A discussion of the poverty :gap abproach can he
found also in Beckerman (19775).
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is the normalised weighted sum of the income gaps (z-y;) of

all the units below the poverty line, the welght of (z—yi)

being the rank order of 1 in the interpersonal welfare orie

” 27, 28, 29 30
ing of the poor. 3 / In symbols. Sen's measuré*"/is i
written l :
2 a
Py = 5 (z-yi)(q+w—i) _— (1.57)

(g+1)nz i=1

The measure has already been used extensively to study the
incidence of poverty in different countrics [See? for exzmpie
Bhatty (1974), Seastrand and Diwan (1975), Alamgir (1976),
Aanand {(1977), Kakwani (1977a), Ahluwalia (1978), Dutta (1978)
Osmanvy (1978), Sastry (1978) and Thon (1981)1.

- » A e T

%Z/This weighting rule is in the same spirit as Bordar s (1781
famous rank order method of decisions, choosing equal dis-
tances in the absence of a convincing case for any alterns
tive assumption. The rank order weighting has been used
extensively in voting theory [See, for example, Dlack (195
Fishburn (1973), Hansson (1973), Fine & Fine (1974), Gar-
denfors (1S74)].

28/

The approach of attaching greater weight to the income sho
fall of a poorer unit than to the income short-fall of a
richer unit relates closely to the evaluation of real natil
nal income in terms of 'named good vectors' presented in
Sen (1976a). '

gnghis weighting scheme is taken in Sen (1975) as an axiom,
though it is easy to derive it from more primitive axioms
(See, Sen {1973a, 1974)].

O : .,
z“fA game theoretic interpretation of the measuvre was provice
by Pyatt (1980). .

e
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The measure satisfies the monotonicity axiom. But if
in the process of the kind of transfers considered in axiom T,
the recipient unit goes above the poverty line, then the
measure may hot change in the desired direction, i.e., the
measure may decrease instead of increasing. This happens due
to the weighting scheme that Sen proposes. If one éhanges the
weight of the income gap (z-yi) from (g+1~i) to (n+1-i), the
rank order of the unit i 1in the total population and also
makes a slight modification of Sen's normalisation axiom, then

“one gets a measure that satisfies the transfer axiom in all

case S:?_JI/

Sen (197 9) however argues that the behaviour of Pg
descrioed above may not be regarded as a shortcoming. His
argument is given in the next paragraph. Ile proposes the

following modified version of the transfer axion{(Sen, 19770)]

Given other things, a pure transfer of income from a
unit below the poverty line to anyone who is richer must in-
crease the poverty measure unless the number of units below

the poverty line is strictly reduced by the transfer.

We denote the modified version 0f the transfer axiom

by T' . PS satisfics This axiom, but not the original

- - 1 ) ! .
éJHEis is demonstrated in Chapter 2, where this modification
of Sen's measure is obtained as a special case of a class

of measures.
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axiom T. Obviously if a transfer of the type mentioned above
is considered there are two underlying effecté. One is thex
the donor'of'thé transfer is becoming poorer and thé other i;
that the recipient is becoming richer. Sen (1979) in this
contekfosays :- 'In so far as the index of poverty is inter-
preted to represent the condition of the poor in the nation i
their préﬁalencé'and their penury - a good-case can ﬁerhapsi
made for permitting the possibility that a reduction of prev:
lence of poverty might under some circumstances compensate a
rise in the extent of penuafy of those who remain'beiow the
poverty et (op. cit., p. 302). The measure Py admits this

possibility.

This view of Sen can naturally be controverted. Supp
we wish to rank the income profiles in terms of the welfare !l
the worst-off unit [Rawls' maximin critefion [Rawls (1958,
1971)]. Then evaluated by Pg a transfer irom the worst-off
unit to the richest unit below the poverty line (assume that
it crosses the poverty line as a result of the transfer) can
very well indicate an increase in welfare. This is clearly

a violation of the maximin- criterion.

(b) Anand's Measure : |

Anand (1977) proposes a measure to assess the socieﬁ

potential ability to eliminate poverty. The difficulty of ?
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alleviation of poverty in a given society may depend on a
large number of factors other than income and any attembut at
measuring it by concentrating only on the existing income
profile is then obviousiy defective. Let us denote Anand' s

measure by PA' Then PA is defined :

PA=

>ln

. PS (1.58)

As a measure of poverty PA is not a suitable candidate at all,
since it has got a number of defects. PA violates axiom M'.
It violates axiom M also. With respect to the transfer axiom

‘the measure has got the same defeot as Sen's measure.

(¢} Yakwani's Measures

Kakwani (1980) derives several poverty indices, invcs-
tigates the eifcct ¢f negative income tax schemes with the
help of these indices and gives a numerical illustration based
on Malaysian data [ Some of these.measures were presented ear-

lier in Kakwani (19772} 1. \

Assume that the income a unit is a random variable X
with distribution function F. Let Ap be the mean income of

the poor. Kakwani proposes
Z - ?\P \
PK = F(z)[ -...-._-z?\_tma J e aw (’1059/

as a measure of poverty.
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But PK is completely insenstitive to the transfer of income
s0 long as both the recipient and the donor of the transfer

are below the poverty line. It also violates axioms M and

Kakwani (1980) presented another class of poverty

measures

= E%il [z = rp £(Gp)] sema (S0

Pf
where GP is the Gini coefficient of the income profile of ﬂﬂ
poor and f(Gp) is & monotonic function Gp such-that O{f(Gp{]

£(Gp) = 1 if Gp =0, £ (Gp)( O,

Two rarlicular cases of Tf are given and used in the empiric

illustration:

F(z) )
P1 —_ e 7\ [Z —_— ,f\_P(’] -—GP)] o0 d \{_1cof)
A
, F{z) P
P, = =t [7 = o] el » "TigER)
A 1 + GP
Both P1 and P2 can be shown to violate the transfer axiom WM

the recipient crosses the poverty line. They also violate

. 1
axioms M and M.

In another paper, Kakwani (198Ca) modifies Sen's axif

of ordinal rank weights to provide.a more general structure
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than Sen's axiom would permit. Essentially, Kakwani's axiom
makes the weight on income short-fall of a unit equal to the
rth power (r 2 1) of the income rank of that unit among the

poor. The class of measures proposed is:

P{r) :

1

nzo (r) i
o]

(z =y )g+ 1 - i)r aPnlCanES )

oo

1

s

(i) ces (1.504)
1}

il
N0

here
wher q(r) .

Sen' s measure corresponds to the special case where r

i
=5

The motivation for irtroducing P(r) is to enable it to satisfy
alternative axioms about btransfer sensitivity. The sensitivity

axioms considered are:

Axiom of Monotonic Sensitivity (M.S.)

i G W P)i represents the increase in the voverty measure
due to a small reduction in the income of the ith poor unit

(by 2 fixed amount % > 0), then (A P)i > (A P)j e § P,

Axiom of Transfer Semsitivity I (T. S. I)

For any positive integer h > O and any pair of units

ranked i and J, if J > i, then (A P)i i+h > (A P)j j+h
-4 ¢ I
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where (4 P).

i. i+h is the increase in poverty measure due to
’

a transfer of a fixed amount ¢f income from the ith poor unit

to the {i+h)}th poor unit.

The axiom implies that the sensitivity of the poverty
measure depends on the position of the donor of the transfer
in the ordering of the poor units when the rank difference
hetween the donor and the recipient is fixed. The poorer the
donor, the greater should be the increase in the poverty

measure.

-

Axiom of Transfer Sensitivity I1 (T.S.1I1)

If a transfer uf income takes place from the ith poor
unit with income y; to a unit with income y; + h, then for a
given h ) O, the magnitude of increase in poverty measure

decreases as 1 increases.

This axiom gives more weight to transfers of income af
the lower ernd of the profile than at the highe» end. There
is considerable discussion of a similer cxiom in the literaturd
of income inequality [Dalton (1920), Atkinson (1970), Sen
(1973), Koim (1976, 1976a)].

The index P(r) clearly satisfies the axioms M.S. and
T.S.I. However, one nmight object to T.S5.1 as a desirable

axiom and choose T.S.II in its place. In this case, it is
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quite unlikely that an arbitrary value of r DR o &P
will guarantee the required sensitivity for all income profiles.
For a given profile a value of r can of course be found which
ensures that P(r) meets T.S.IT,but as r is supposed to
measuré preferences regarding relative transfer sensitivity

as between the top and bottom of the income profile amongst

the poor, the need to search for a sufficiently large value of
r just to yield greater sensitivity at the bottom than at the
top is particularly inconvenient [ Clark, Heuming and Ulph
(forthcoming)]. Moreover, with respzct to transfer, P(r)
suffers from the same sort c¢f discontinuily as PS. Anyway,

for attaching more weight to incoule transfers lower down the
profile it is not essenti:-1 to raise the rank weights arbitra-
rily upto the rth power {(r ) 1) as proposed by Kakwani. The
proBlem can as well be tackled by introducing a strictlvy con-
cave interpersonélly comparable cardinal welfare runction.

This is what is done in Chakravarty {(1880). We shall pursue

this idea in Chapter 2.

(d) The approach of Takayama and Hamada and Takayama

With a view to accommodating deprivation of the poor
units relative to units above the poverty line Takayama (1979)
defines the censored income vector y* truncated from above by

the poverty line =z corresponding to a given income profile
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y as
(] - ’
yoo= vy s e vy )
% _ .
where Y0 F ¥ 1f_ y; ¢ 2
s ! G655
= z if Vi 2 2

He then defines the Gini coefficient of the censored income

profile y* as the Gini coefficient of poverty of the Drofile

Y 5 as
1 n n | :
2n2 A% i=1 =1 f
where
f‘L 1 n 1~ ,
A-h = — z yi%‘ « e (1-67)
0 =1

Takayama also provided an axiomatisation of his measure Gc'
Other measures of inequality had been applied t0 the censored
income profile to derive corresponding measures of poverty in

Hamada and Takayama {1977).

The Takayama and Hamada and Takayama formulae are neat
applications of measures of inequality to the measurement of
poverty. Butrthe simplicity of these formulae is achieved at
some real cost. The main drawback df these measures lies in

their vioiation of the monotonicity axiom.
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To see this, consider a situation where all units have
the same positive income below the poverty line. TIn this
case, the indices proposed by Takayama and by Hamada o Takayama

take the value Zero, irrespective of the common value of the

incomes.

Again, suppose that all thé incomes of the original
income profile are less than =z and these are multiplied by a
a constant ¢ » C such that all the units remain poor. Then
& Poverty measure should increase or decrease according as c
is less than or greater than unity. But the Takayama and

Hamada and Takayara measures remain invariant under such cir-

cumstances. This difficulty can be overcome if we consider

the following index of poverty

En]

Z
i = ("-F; ) IC « o0 (1068)

where IC is an inequality measure of the censored ircome
profile. But even this measure is not free from defects. It

takes the zero value if all units are poor and have the same

positive income.

Finally, we have the following proposition :

Proposition 1.1

4 §
Let y = (y,, Vo5 ++s ¥,) be an income profile such

that y, ¢ Vo £ eevee ¥p ¢ 2. Let I be a rectifiant,


http://www.cvisiontech.com

...63...

scale invariant inequality measure. Suppose that i increases
Fa)
by an amount &) O such that y, + &( z. Then I(y) ¢ I(y)
A : '
where y = (yﬁ, Voo =ves Yy_qs Yy * 8) and I(.) is the in-

equality measure based on the corresponding profile.

Froof : I(Y1f Yos seen Vg ¥y F 8)
&y vy &y
1 2 : n
S » Vgt S e Yy )
i=el w ety i=1 "t
&
= I(cy1, CYss eees cy,) where ¢ = 1 =+ 2
BN 57
gl

== I(V,], ceay yn)o

But as suggested by the monotonicity axiom a poverty measure

in these circumstances should decrease.

It thus appears that the measure of inequality based
on the censored income profile proposed so far may not behave
as a satisfactory index of poverty in many situations. The
broad question that arises is whether we can prOpos; measures
based on censored income profiles (containing inequality
indices as components) that would meet the monotonicitj and

the transfer axioms. An attempt to answer this queétion is

made in Chapter 4 of the thesis.
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(e) Blackorby and Donaldson's Approach

In a recent paper Blackorby and Donaldson {1780a)
offered an alternative interpretation and a generalisation
of Sen's measure as an ethical measure. They assume a con-
tinuous, S-concave and non-decreasing swf. They define the
swf over the incomes of the puor. Then the representative
income of the poor is defined as that level of income which,
if given to each poor unit, would prove ethically equivalent
to the given income profilé%%/ ‘

They call a poverty index relative or absolute accor-
ding as 1t satisfies the axiom 01 scale irrelevance or tran-

slation invariance. The two axioms are stated as follows:

Axiom of Scale Irrelevance (SI)

The valiue of the poverty index remains unchanged when
all the incomes and the poverty line itself are rultiplied

by a positive scalar.

Axiom of Translation Invariaance (TI)

The wvalue of the poverty index remains unchanged when
the same amount of income is added to cr subtracted from all

the incomes and the poverty line itself.

j;/For’ the population as a whole, this representative income
is the AKS representative income.
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AS‘a'géneral relative poverty index they consider the

following

{(1.69

where EP is the representative income of the poor.

But this poverty measure will satisfy the axiom of scale irre

levance if and only if the underlying swf is hpmothetic.

Given (1.69) it is clear that to ev#ig’homothetic swf there

corresponds a relative poverty index.

- _D
Assume thai che homothetic swf W of the poor is given

by
- 4 .
wE (yF) = [ e 3 oy, (gr1-1)] ... (1.7
- alg+1)  i=1
where yp = income profile of the poors and ¢ is increasiy

in its argument. Then the corresponding poverty measure is
the Sen measure. Therefore if any general remark is made on
the Blackorby and Donaldson measures given by (1.69), it will

be valid for Sen's measure also.

éé/Blackorby and Donaldson point out that the swf must be

completely strictly recursive in the sense that the order-
ing over any group of poor units must be separable from
(the income of) anyone who is richer. [A detailed dis-
cussion on recursivity can be_found in Blackorby, Primont
and Russell (1978, Chapter 6)].
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We now have the following preposition:

Proposition 1.2

Suppose some amount of income is transferred from a
poor unit to the richest unit below the poverty line such
that the reéipient crosses the poverty line. Then there
exist income profiles for which the aforesaid transfer would
cause Fgy given by (1.69) to decrease, violating the (origi-

‘nal version of the) transfer axiom formulated by Sen (1976).

Proof: Without loss of generality, assume that an amount

8> 0 is to be transferred from the poorest unit to the richest

poor unit.

). Then we can get

e} e3

Let x, = {z - 8))>0 and Xq = (z =
; . )
0 ¢ X, & % { XB‘E eee 4 xq_1 ¢ XQ,< z . Let us suppose x =

1 B N
(Xq, ey Xq) is the income vector of the woor in a community.

Transfcer 8 ) ¢ amount of income from X4 to x,. New income

fl

= . 1
profile of the poor is given by gl(é) (x1(5), . xq_1(8))

where xi(S) = X5 for 2 (i { q~1

LA AR (1'71)
= x, = 8&for 1i=1.

Denote the corresponding representative incomes (according to

P

some homothetic swf) by £~ and EE)(5) respectively. Since

the swf is continuous and & ) O is arbitrary, we can make
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]gP -gP (S)t sufficiently small so that the inequality

P mp Py =
T 1= ] C== [1mameean] 4, "oes T (1.72)

does not hold.
Blackorby and Donaldson also proposed absolute‘measures
of poverty. As a genera. absolute index they introduce the

measure

Q(XP)‘ = qflz - &P] oo (1.7%)
This measure will remain invariant with respect to translation
of z and yP if and only if the underlying swf is transla-

tablec.

Therefore for every translatable swf there is a single absolute
measure 2f poverty of this type that is invariant with'respect

to translation of 2z and .yP.

But: the difficulty pointed out in Proposition 1.2 remaﬂﬂ
validrfor absolute measures also. Also the measure is compie—
tely insensitive to the population size of the community. The
fourth chapter of the ihésié introduces general relative and
absolute measures that meet ThE e il criteria of a poverty

measure .
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(f} Thon's Measures

Thon (198Cc) proposed a one-parameter family of rela-
tive poverty measures and gave numerical illustration on
measurement of poverty in rural India. He opted in a somewhat
arbitrary way for an additive from of measure znd for an equi-
distant Gini-like pattern of the system of weights for indivi-

dual incomes.

The family of measures is given by

a Cn + 1 -« 21
Ppo = 2 (z - Vs ) e (a7

1 T o(Cc - 1”2

where C ) 2.,

Eb satiesfies the monotonicity and tre tramnsfer axioms. But
Pcis more sensitive to transfers around the middle of the
income profiie (among the poor) and less sensitive to transfers
ameng the very poorl. [The same 1s true for Sen's anl Takayama's
measures |. However, it will be shown that P~ coincides with the

general relative measure proposed in Chepter 4 of the thesic if

4

the homothetic swf takes the form ¢ [ vy (Cn+1-21)]

Wt og

(c-1)n" 171

!
p— . s [k * * *
vhere @ is increasing in its arsgument, and y° = (y1 R RN )

is the censored income profile.


http://www.cvisiontech.com

- H9 -

(g) Measures of Clark, Hemming and Ulph

Clark, Hemming and Ulph (forthcoming) assume that the
identical individual deprivation functions take the form

1
d(gl) = "'c; gla v e . (1v75)

where g, = z-y;, i=1,2, ...y, g, and a ) 1 for concavity
in income. The swf is assumed to be additively separable and
can therefore be written
a
-wlg,a) = i§1 ag;) (1.78)

where g = (845 ovvs gq)' 560 (1.77)

f g
The welfare of the poor is assumed to be separable from that

of the non-poor.

To measure inequality in the distribution of poverty
gaps they define the "~equally distributed ecuivalent poverty
gap', which is that poverty gap, which if shared by all the
poor would be regarded as yielding the same level of welfare
of the poor as the existing level and distribution of gaps.

This is given hy

" |
g = [ AR RS (1.78)

f]
s

Their measure P¥* is given by
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o E 045790

However, this approach to the measurement of poverty is essen-
tially the same as that of Blackorby and Donaldson who average
the incomes of the poor instead of the gaps in a similar man-

ner [ See, eqn. (1;69) supra ]

Tc see how the measure P¥ violates the transfer axiom
when a disequalising transfer enables its recipient to cross

the poverty line, let us consider the following example :

v = (1,2, 2.6, 4,5)"

let z=3 and o = 2.

3, g = 1.320 and P¥= 0.264.

.hen g

Now transfer C.5 amount of incore frow the poorest unit to the
richest unit below the poverty lire. The new profile is (0.5,

2, 3., &4, 5).
Therefore, now q =2, g%= 1.905, P¥= 0.254,

In Chapter 3 of the thesis we will propose a rew class
of poverty measures based on this'equally distributed equiva-
lent poverty gap' approach. Unlike the mezsure P¥* , the
proposed class will satisfy the "i:fansfer axitm in all cases. We

will then show how this approach can be genera.ised. Finally,
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Sen' s measure will be interpreted in this framework.

Clark, Hemming and Ulph also 00n51der the proportionate
gap- between the poverty line and the ede income of the cen-

sored income profile based on the additively separable swf

1 n B
W= 7 .21 (yi*) s B 1, as a measure of poverty. The
i= _
measure satisfies the two basic axioms. A transfer from unit

i1 to unit J will increase the measure by a greater amount
the richer is unit j. It will be shown in Chapter 4 that this
measure coincides with the general relative measure introduce!

n 473
there if the homothetic swf has the image [% 8 (yl%)B]'[.

i=1

IaTalalalaln’alaletalalalalat el uFaliite Yokl
O T D g gy LI NN S 1 ¢
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CHASTER - 2

MEASURES OF POVERTY BASED ON UTTILITY GAPS

2.1 Introduction

It has been shown in Chapter 1, Part II, that most of
the existing measures of poverty have one or more shortcomings.
The present chapter aims at constructing new measures of
poverty based on the utility gaps.of the poor. The indices
proposed seem to satisfy all the desirable axioms for poverty
measures. The next section explains the set=-up and chooses
an additive form of the poverty index, Section 3 lays down a
number of axioms or criteria to be satisfied by the poverty
measure. Section 4 derives the class of measuresof the chosen
form starting from these axioms. Section 5 makes some remarks
on the class of measures derived in Sectior 4. In Section 6
we propose alterrative measures of poverty when the utility
functions are assumed to be concave, instead of strictly

concave ac assumed in Sections 2 to 5.

2.2 Formulation and Definitions

Without loss of génerality, we can assume that the
incomes are arranged in non-decreasing order, i.e., g & Vo g

weaes { Y and that out of the n units, g are poor, i.e.,

below the poverty line z.
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let Ui(.) stagg for the ith unit's util{ﬁy function. Ve
shall assume that U, depends only on y;, the ircome that the
ith unit earns. We further assume that Ui‘s are the same for |
all, i.e., U, (.) = U(.), and that U is increasing and strictly

concaves.

Consider h

u(=) - Ulyy) (2.1)

3

Utility gap of unit i.

Obviously, hi is posgitive for the poor and non-positive for

others. Also, the more the income of a unit falls below the

poverty line, the more is its utility'gap. Therefore, if

y; ¢ Vs ( z, then h, > hy > 0.

Let S{x) denote the set of individual units with incom

less than x g 0. Then we have:

Definition 2.1 : For a given income cdnfigurézion‘y , the

'aggregate gap' G{x) of the set S{x) of units is defined as

the normalised sum of gaps h; over units in s(x):

G(x) = &lz,n) = h, cen (2.2)
1 L Cies(x) T

where 40z, n) ) O is the coefficient of normalisation. Alz,n
can be determined by a set of axioms to. be proposed in the ne

gection.

Definition 2.2 fFor a given income configuration y , the

index of poverty P is defined to be the maximal value of the |
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aggregate gap G(x) for all x.

| P = Max G(X) "o (2.3)
b4 .

From the two definitions given above it is obvious that

P = G{z) A . (2.4)
ie€s(z)
aq . '
= A(Z 1'1) % h caw (2@6)
1=1 : -

That is, the index of poverty is given by the normallsed vnlup
of the aggregate utlllty gap of the poor units. Therefore
given z, P can be regarded as a measure 0f distance separating
the income profile of the poor under‘study from the social |
state z with implications for social welfare, where z is the

g-coordinated vector {z, z , ..., z).,

2.3 Desiderata of a Satisfactory MeaSure- - The measure glven

by (2.6) should remain - 1nvarlant under afflne transformations
of U(.). Below we propose an axiom of normalisation that is
~ found to ensure its inﬁariance under affine transformations

of U(.). The axiom is:

Axiom of Normalisation (N 1)

if all the n units are poor and have zero income then

the value of the poverty index is unity.

-
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It turns out that P attains its highest value in the
extreme case noted above. 1In general, it lies between zero

and unity.

The poverty index given by (2.6) is intended to be a

relative index. Therefore it should satisfy the following:

Axiom of Scale Irrelevance (SI)

The value of the poverty index should remain unchanged

s

when all the incomes and the poverty line itself are multin-

lied by a positive scalar.

2.4 The Class of Poverty Measures Derived:

Theorem 2.1 : The only class of poverty measures satisfying

axioms (N1) and -(SI) is g.ven by

4 Vi€
P o= d 1 [1-(07) B (2.7
i="
where 0 e 1.
Proof : . In the special case when all the n units have zero

income, we have from (2.6),
P = Az, n) n[u(2) - U(0)] v (2.8)

But according to axiom (N1), for this special case, we must

have
P= 1 . v e (2,@)

Therefore from (2.8) and (2.9),
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4
A{z,n) = = : - Bk (2.10)
' n[U(z) - u{o)]

From (2.6) and (2.10) it follows that

1 a
P = - ) rre .
n[U(z) - U(0)] i=1 [u(z) U(Yl)] (2.11)
Define £(x) = U(x) - i5(0) - o s
" q wdic -
e P = = ii1 [£(z) - £{y;)]
1 (y; )
= . A T
R g2 U £(z) : (2.13

For n =1 and y, { z, by axiom (SI) the measure depends
only on y1/z « But for this special case the measure given

{y, )
P = 1 - L g - (2.14)
f(z)
£(y,) V4
Therefore depends only on =
£(z)
' f(s) -
Let g(S’ t) = ?—(t-nt'-j s f(t) # Oa
. f{s)

-;sz is homogeneous of degree zero.
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By Euler's theorem of homogeneous functions we have

ST (3) t f£§)- £ (¢)

(t) > e
-4
\ (£(t))
5 s £'(s) t £ (t)
- o e e T
’ f(s) £(t)
| 9 ‘
* i.i._g_i?. is constante.
g = £(s)
, s ' (s)
Let ——— =
- f(s)
. log f(s) = log s¢ + X
where K 1s constant of integration.
‘ fls) = Bst, n > oc.
This gives
ulx) = Ulo) + £(x)
= U(o) + Bx
= A+ B xe (say) Dbl g (2.15)

Since U(.) is increasing and strictly ~oncave in its argument,

we must have 0 e 1.
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Substituting U{.) given by (2.15) in (2.11) we have

1 d
e Y

"
i

¥i.€
(1 - (=) 1.

u
i
T e

This establishes the necessity part of the theorem. The
sufficiency cau be verified easily.

2+5 Some Remarks on P

(1) P lies in the closed interval [0, 1]. The lower
limit is attained whew incomes of all the units are at or
above the poverty line, wanile thg uppér limit is reached in

the situation mentioned in the axioa of normalisation (i1).

(2, For a given income configuration y and a poverty
line z ," P increases as ¢ increases. (€ - 1), it may be
noted, is the constant elasticity of marginal utility with

respect to income.

(3) The measure P can be written as the product of the

head-count ratio H and the ratio

am BE 26 -y,
Ip = = % g
4 ji=1 2€
ieee, P = HI€ « P is increasing both in H and I€ » If one
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has information on the two components viz., H and I, , then
one can judge how far the twbiféctors“contribute to variations
in P.

(4) P satisfies the monotonicity axiom.

(5) When 0 € { 1,.—P embodies a swf which is strictly
concave in ‘the incomes of the poor and the transier axiom is
satisfied in all cases, even if the recipient goes above <he
poverty line. A transfer from unit i to unit j (both units
ane poor) will increase P by a iarger_amount, the fichel the
unit j (for fixed i). The sensitivity of P to fixed é@umis—
| tant transfers depends upon.the difference in marginal utili-
‘ties of the units concernmed and so the sensitivity is\greater
n% lower income levels. As ¢ decreases, P becomes more

sensitive to transfers lower down the income profile.

(6) Whén all the poor have the same positive income the
measure is not independent of ¢ . Therefore the poverty index
P (unlike the class of measures of Clark , Hemming and Ulph
given by (1.79)) is affected by changes in the value of the
parameter. The other class of measures proposed by the same
aﬁthors (x;gg Subseotion'112.2s2glof Chapter 1) become indepern
dent of the corresponding parameter when all the n units are
poor anid have the same pos;tlve incomes - The measure P

does not have this defect.
sl


http://www.cvisiontech.com

- 80 -

(7) When all the g poor units have zero income the

measure takes the value H, the head-count ratio.

(8) The value of the index remains unchanged if the

income profile is censored, go that all incomes above z are

replaced by z.

(3) In practice, most of the data on personal income/
expenditure are available in grouped form i.e., distributed

over income or expenditure classes. S0 we have to adopt the

formula given by (2.7) to grouped data of the form indicated

below :
Income classes Frequency Relative Frequency Class means
. t, .
S T Py = 5 Yy
£ -
=Y B o = w 2
$ : £ :
= = 0 by
T - b i ’n = T I
ere m = Number of income classes below the poverty line.

e assume that the poverty line coincides with Y » the end

Ym)-

oint of the interval (Ym_1,


http://www.cvisiontech.com

A good approximation to formula (2.7) may be given by

3

' 1 Vi | B
P = = £, 01~ =) ] ere (2.16)

m
1=

1
where O { ¢ { 1.

Since §i is the mean income of the ith class, the measures
given by (2.16) will differ from (2.7) to the extent variationsg

of income within income classes are ignored.

(50) Renking income profiles by summary measures is just
a first step in the analysis of poverty. For deeper analysis
we should inquire into the factors contributing to poverty
using time series or cross—section data. We have already
mentioned in connection with Jecompesition of inequality mea-
sures that we can investigate to what extent the income differ-
ennces bhetween regions, age - sex groups, races, occupations,
educational categories etc., contribute to the over.ll degree
of inequality. We can apply the same kind of decompositionlto
poverty measures also. This becomes important when one imple-

ments policies for reduction of poverty.

Suppose the population is partitioned into k grdups
with respect to certain characteristics. Then the poverty indd
proposed in Section 2.4 for the whole population is equal to

the weighted average of the poverty indices for different groy
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the weights being the population shares of the different EToups.
That is,

e
]
e

In.
"’J ‘P- . s 0 ™ -
i3 5 (2.17)

where, nj

Cardinality of group j.

P . Poverty index for gfoup Je

J

Clearly, such decomposability is a desirable property if one
wishes to analyse the influence of poverty within each group

on the overall poverty in the population.

(11) Suppose income v has a continuous type distribu-
tion with distribution function F. Then the expression for
the poverty messure is given by

-

€
P o= 01 - ] aRe) (2.18)
Q :

To illustrate the formula, we consider as an examplz, the

lognormal distribution with parameters up and 02 .

Since t = -£3§—§=:Ji N(O, 1), we get
Fly) = fde(x) = @ (t)' (2.19)
0

wvhere @ is the distribution function of N(O, 1).
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7 €
Now, o= [ 01 - D] ary) wesr 0 ¥(PRED)
0
z - K G
= [ a¥(y) - = [ y a¥y)
0 Z o)
Z' 1 Z‘
= @ AR - = e (“+t.°)d¢(t)
- z -— OO
(2.21)
log 2 = u
where 7 = e ————
o

Expression (2.21) on simplification yields

T L

8 2
P = ¢ (z') - — g (z" - €y (2.22)

£
2z

Ther-fore, the poverty mzasure in this case depends on the
proverty Jine z, the parameters of the lognormzl distribution

and also on € .

2.6 Alternative Measures of IPoverty

The measure in Section 2.4 is in essence a straight
sum of the utility gaps of the poor uvnits. It appears to be
rewarding to construct poverty indices based on weighted sum
of the utility gaps, with weights increasing as one goes down

the scale of income. Thig is attempted in the present sectior
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2.6+1 The €lass of Measures

For a given income configuration v s we define the

poverty measure P ag the normalised weighted sum of the
utility gaps of the poor units using non-negative weights

V.(z,y)s

P = A (z,n) h; V;(z,y) coe 10 {2.23)

1 1

it o4 0

i
vhere A {(z,n) ) O is the coefficient of normalisation.
We will determine A and the Vi's by a set of axioms to be

proposed in this section.

In line with the motivation of the transfer axiom we

can, following Sen (1976), have the following:

Axiom of Relative Equity (E) . Greater weightage is to bhe

given to the utility gap of a unit with less income than to

the gap of a richer unit.

Since a unit with less income has more utility gap
(that is, less welfare) than a unit with more income. axiom
I reflects the view that if in the income configuration ¥

wit j 1is worse off than unit i, then the weight Vi(z, y)

of hj' should be more than Vi(z, x), the weight of hify

-yOn variousg aspects 0f equity considerations in welfare

economics, see Runciman (1966), Graaff (1967), Sen (1970a)
apd Pattansik (1971)
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Axiom E gives expression to a mild requirement of
equity. There can be a variety of axioms by which we can
specify Vi(z RX) and which incorporate axiom E. The follow-

ing axigm is substantially demanding and incorporates axiom E.

Axiom of Ordinal Rank Weights (R1)

The weight 'V.(z, y) of the utility gap of unit i
equals the number of units in S who are at least as well off

as unit i.

This axiom gives a relativist view of poverty. As a
unit's position becomes lower in the welfare scale its inci-
dence to the poverty measure should be gréater and its welfare
rank among others may be czonsidered to indicate the weight to

be placed on its utili+ty gap.

Then we have

Theoren 2.2 : The only class of poverty measures satisfying

axioms (R1), (N1), (SI) is given by

= 2 Qq P L
P = e 3 [1 - (==)"1(n+1-i) ... (2.28)
n(n+1) i=1 ‘
0 e
Proof: Axiom (R1) requires that the weight V. on the

utility gap of unit i should be (n+1-i). Therefore from (2.23ﬂ
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we have

h; (n+1-1) N cee (2.25)

-

el
i
=1
P
N
=
-
W~ o

The remaining part of the proof is conpletely analogous to
2
that of Theorem 2.1 and hence Omitted.

e

. 2.6.2 Properties of P

(1) P'is invarient under affine transformaticns of

U (.).

(2) For a given income profile ¥ and a given poverty

line z, P incrcas s as ¢ increases.

(3) For large number of the poor, P as given by (2.24),

has the following approximate form :

Bl 2o I, (1-H) + Hz'[ﬂ - (1-1E )(1--G€ )]

J— (2.26)
R et 1%
where I_. = the ratio = 3 ( 1ty
9 ji=1 -
’ ‘.,\
4= @ @ 3
g, = - % ¥ v - y.& L. (2.27)
€ 2@ m, i=1 31 3 $

uJ’I‘ there are more than one unit hav1ng he same income,
then the weighted sum of the form ¥ h; n+1-i) remains

the same if one splits the ties at® random or allots the
average rank to all the tied units.
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The Gini coefficient of the profile (y1€

s Y2€ Py 1

(2.28)

v e
1 q € .
20 73
Bl e g [ —(——)e](nﬂ-l)
n{n+1) i=1
2 4 Ta € :
s - C 1 - =) 1(n=—q) +
n(n+1) ii’l [ z) ] —
d
2__ 3 [1- @ (gri-1)
n(n+1) i=1

P, + P, (say).

1 2
- q
P, = S [1 - l)E ]in-q)
n{nt1)  i=1
2q(n~q)
= e T
nin+1)
= ZH(%H)Ie .
- 2 a ¥
P, = =—weems % [1 = <3¢ 2q#1-1)
2 . zZ
n{n+1) i=1

2 q(q+1) : 2
N n{n+1) f 2 n{n+1) i=1
q V.
o~ = 5 (----25-)'E (q+1-i) -

nln+1)  i=1

(2.29)

(Z)€ (gr1-1)
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L . €., €
Now, G¢ = SRR S S0
2q2 - i=1 j=1
€
2 Q
= o B v y.€ (g+i-i) »
/ e 2 igh o ¥
q Mg
2 me ( Ly PR |
0.0 q e G = 1 -9 = = 2 2: . Y' (q*-']—i) L4
= € 2 i=1 1
ok 1 1
P‘,2 3\H2+ q2 m e (Gr€ -1 =)
n{n+1) z¢ | <

(1 - (Zz-i-)é) - 116, —1'-%).

1?

HZ-HEH-IE)(’I—GE) (2.30)

From (2.29) and (2.30) we have

P 2HI. {1-H) + a r1 - (1-_T€ )(1-G€ )1,

P given by (2.26) is-found to be an increasing fun~tion OerE

and also of I and H, which seems to be guite reasonable.

(4) When € = 1, so that the individual utility func-

tion is not strictly conceve

R — Ecjl [1 - (z-i-)](nﬂ-i) (2.31)
n{n+1) i=1 . - '

P given by (2.31) is Thon's measure [Thon (1979)]. Therefore
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Thon' s measure is a member of the class of measures given

/
by (2.24).

(5) P satisfies the monotonicity axiom. The sensiti-
vity of P to fixed equi~distant transfers depends on the
difference in the product bf the marginal ubilities cnd the
corresponding rank weights. However, for € = 1 the sensi-
tivity depends solely on the rank differences and tﬁ;s in
this case the measure is more sensitive to transfers around
the middle of the income profile {(among the poor) and less
sensitive to transfers among the verv poor. With C (€ 1,
as ¢ decreases P attaches more weight to transfers at the

lower end of the profile.

= g = By c PO

;i/This particular case could be arrived at.through a different
formulation: Define the poverty index as the normalised

q
value of 3 g5 Vi . where Vi = n+i-i and where the norma-

i="1
lisation gaxiom is: 'If 2ll the n units are noor and hove
. . , I 4]
the same income then the poverty index = b % gi' .
i=

While Vi is a modification of ordinal rank weights used by

Sen, the normalisation cxiom is the same as his if all the
n units are poor. The corresponding absolute index

i
n(n+1) i=1 J
axiom is: 'If all the n-units are poor and have the sameiﬂ~
come then the poverty index should egual-% -§1 g; . This
absolute measure will be discussed in Chap%;r L.

d
5 (z—yi)(n+1-i) is reached if the normalisation
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(6} P lies in the closed interval [0, 1]. It is
affected by changes in the value of the parameter € (0¢e 1)
when all the poor units have the same positive income. The
value of the index remains the same for both censored and

uncensored profiles.

(7) Wnen income data are available in grouped form
(see Section 5 of this chapter), the following expression

for P may be used:

re

rs

e 2 m Y. 1 i D,
B o= 5 op (1= GEFI1 e - B p ]
n :
s (2.32)

This expression is dbtainéd By using the average of the
ranks of incomes within a class as the weight for the
average of incomes in the class. The formula ignores income
variations within an income class. Moreover, since the
rank weight is larger fof lower incomes, the measure tends
' 1

to underestimate the value of P that would be obtained for

ungrouped data.

“

(8) Suppose income y has a continuous type distribution
with distribution function F. To arriwve at an expression for P
in this continuous case, we have to establish a co.\rrespondence between

ranks in the discrete case axd the area under the probability density
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curve. We know that the reverse cumulative distributicn
function H{x) = 1-F(x) represents the proportion of units
with incomes greater than X. Now in the interpersonal welfare
ordering of units the relative position of a unit in the pro-
file (y%€ . yée 50 yn€ } remains the same as that in the
profile (yq, Vos sees yn). In terms of welfare, individual
units (among the total population) with incomes above x are
better off than the unit with income x. Therefore H(x) will
form the weight of the gap [1 - Gg)e ]+ Th:e total of weights
is obtained by integrating H{x) = 1 - F(x) over (0, ).

Therefore the measure given by (2.24) takes the form

- D30 - FyYay
o e P .

:]5 = — L3R ) (20:,5}
;1 - F(y))dy
)
But I (1 -FlyDdy = A s (2.304)
o)

vhere M is the mean of y [vide Rao (1Sf4), pp. 94-95].

Here A 1is assumed to be finite.

- P =

[ ]
L]
bl PN

f:[1 - D€ - Ry ay . (2.35)

To illustrate, let y -~ /\(u,cjzl
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Then P = = [ [1-(2) J1 - ry)) ay

ATy 2

. V& \

=5/ - &) M1 -¢ () gy

leg y = ,

[where t = =D ang ® 1is the distribution function
o)

of N(Cy 1)]

1. 2 z y € o - * 9, B ¢ ,
24 B [f dy = f (=) dy - f ¢ (t) dy + e J oy ¢ () dy}a
]\. O :) Z o 7 O
1 Y
1 .¢ Z w+to z' €(u+to)
Y (1'z€) N ‘G'é" o g(t)e  at+ -%. [ e ;
+ z -0 = = e
u+to .
F (%) e atl

which on simplificatior vields

' € e(1+€)(g+z'c)

P — L= IR — - 29 )y g (o)
[T 52/2 T+x {1 + €) 2
e 1
(1-+ejs[u+%2— (14€) ]
2
u+g® /2 e :
0 ¥ (z2'=g) - - 7 (z' - o(1+€)) ]

(1+€) zE

.- (2.36)
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2«7 Conclusion

Assigning higher weights to incomes fuither down the
scale, as proposed by Sen (1976), has the consequence cf
making the poverty index sensitive +to transfers among the
poor. The same effect is obtesined if instead of weighted
income gaps we consider utility gaps of the poor and use
unweighted sum of these gapss Use of utility gaps yields the
class of measures HI€
may be adequate for praceical purposes. Howvever, if we are

(vide Section 4 of this chapter),which

interested in attaching more weight to transfers lower cown
the profile, the approach of utility gap seems to e more

appropriate than the ordinal rank weight approach. 1In Sec-
tion & we have used both the techniques in congjunction and
have derived . nothor c¢lass of poverty measures. This class
contains Thon' s measure as a special case. The class (like

HI€ ) meets the basic criteria of a roverty measure.

o R R e N g
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CHAPTER 3

REPRESENTATIVE INCOME GAP ATPPROACH TO
THE MEASUREMENT OF POVERTY

2.7 Introduct%gg

This chapter attempts to construct measures of poverty
based on the notion of equally distributed equivalent (or
representative) income gap bf the pocr. It was observed in
Chapter 1 that a measure of this type has been proposed by
Clark , Hemming and Ulph (forthcoming). It was pointed out
there that this measure mav decrease instead of increasing
if a discqualising transfer of income among the voor units
enables its recipient to cross the povertv line. In this
chapter we attempt t» modify the measure of Clark et al in
such a way that the modified measure satisfies the transfer

axiom ir =211 cases. This is done in Section 2.

The third section generaliges the approach of Clark

et al and shows that theilr measurg coincides with th:z general

measure proposed here if the underlying group deprivation
function of the poor is given by thk symmetric mean of order

1 /
a (o ; 1) of the income gaps of the pborTJ Sen' s measure is

QJIt should be noted that the gener«l measure proposed here
suffers from the iimitation mentioned above for the mea-
sure of Clark et ai. See, however, Sen's argument | Sen
(1979}, p. 30277 supporting measures with this defect.
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e
also interpreted in this section. 1In Section 4, we propose
absolute measures based on the same approach and observe that
there is a major advantage of these measures over the general
absolute measureg introduced by Blackorby and Donaldson (1980a),
The measures proposed here do not need the assumption of tran-

slatability of the group deprivation function of the poor.

3.2 A New Class of Poverty Measures

For the sake of simpliéify let us asswie that
i N /I\i
y’i-<—-y.2; LR qu( Zqu_{_,} 7‘-0- éyl’}. ..‘,(3..,\

Let g, = (z - yi) be the income gap of the ith poor unit

(i:,], 2’ nosy q)-

Throughout the chapter, we will assume that the welfare

of the poor is separable from that of the non-poor.

The measure that Clark et al proposed is given by

IR 1/a
(:‘qn. 'E ia ) o -
P = (g ) e (3.2)
e [/ ' f

where « ) 1.

But as mentioned in Section 3.1 «bove, the measure P* has got
some defect with respect tc the transfer axiom. Therefore we

attempt to modify the measure.
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Following Clark et al let us assume that the indivi.-
dual deprivation function takes the form

1 &, | -
d(gi) = E gi s oe (3‘3)

where o ) 1.

Overall welfare function of the poor is assumed to be symme

tric and additively separable and is therefore written as
g
-wg,a) = 1 dg,) ars w0 IRE000

-, 1
where g = {g,, g,, +--, gq) el (%.5)

The representative income gap of the poor is given by

[{ERaciN o

gia] .o (3.6)

1]
g = =
g I 2L

Poverty ~an then be measured using the normalised value of Ba

as the poverty index.

The axiom of normalisation proposed here is: If all the poor
units have zero income, the value of the poverty index is

given by H1/a9 where HE = g/n.

This axiom does not make the poverty index insensitive to the

inequality aversion parameter a in the situation t¢ which it
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réfers. In fact, the index iﬁjthat particular situation

increases as o increases.

It is easy to see that the poverty index isfgiven by

1
(1 1)“] /m 1647

BE-

I LR

il 020

FroPerties of P(a)

7 (1) The measure lies in the closed interval [ €s; P
e UGy ari upper limits being abtalned respectively (i)
when there is.no unit below the poverty line and (ii) when

all the n-unlta have Zerc income.
(2) P(a) satisfies the monotonicity axicm.

(3) Pla) can be written as

P(a) 3 H1 /a - P » (—:g) s s e (3-8)
where \
1 q g . m
P = T 2 g 3 d s o ® (3-9)
= az  §=1 * |

= Average relative poverty gap

‘and
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gi = LI Y (3‘10)

Il

Average absolute poverty gap.

P(a) is increasing in each of the components shown in (3. 8)
g
viz., H, P and Pe .

(L) pla) = HP, when @ = 1. P(a) increases as ¢ in-

Creases. As O e . only the largest gap matters.

(5) Unlike the measure given by (3.2) , P(a) satisfies

the transfer axiom in all cases. For a ') 1, a transfor from

wit i to a richer unit J will increase P(a) by a laiger
amount, the richer is unit j. The sensitivity of P{a) +o
fixed eguidistant transfers depends on the difference in the
marginal social valuations of the 1ncome gaps of th~ waits
POnuePHEdo mhe larger the value of « the greater is the

sensitivity of P(a) to transfers.

(6) If all the n-units are poor and have the same posi-
tive income, then P(a) becomes independent of &« . This appears

to be 2 small defect of P{a).

(7) Suppose that the population is partitioned into k

groups with respect to certain characteristics. Let ni'be the

number of units in group i, out of which 4y units are poor
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Then the'overallvpoverty index satisfies the;relatipnzr";

k
Pla) = [ &
i=1

1 :
<Pj<a)>°‘1 T (3.11)

I

where P.(a) is the povefty index for group j. This result is
useful if ore is 1nternsted in ana1y51ng the 1nfluence of
poverty within 1nd1vidua¢ groups on the overall incidence of

poverty.

X

3.3 A More General ‘Approach -

In this secfion we generalise the approach adopted in
the preceding section. For this, let the group deprivation

function of the poor be given by
F = F (g,t, 8o s e gq) oo {(z.12)
where =F is assumed to he continuous, non-decreasing in

y;'s (i=1,2, voe, q) and also S-concave.

Let us define the representatlvp income gap g of the'

poor as that gap which if shared by gvery poor un1+ would make’

the distribution of income gaps 5001a13y 1nd1fferent to the

Observed distrlbutlon.

BT Y e P 1N, MO N A PR ST E.0 L W L WL AP VR T 3
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"In symbols 8, 1is defined by
F (ge, ge, oo.,'ge) = F (gﬁ, 829 .;.’ éd) ---(3.13)

For a given income configuration'z',the relative poverty
index Pﬁ 13 defined as the product of the head~-count ratio
and the ratio or the representative income gap of the poor_,

" to the poverty line,that is,

Ph(g) = .?; . ?? s s (5-?4)

In words, PR is the aggregate income gap of the poor in a
51tuat10n where all the poor unltq have tihe same income and
which yields the same level of;deprivation as the actual dig-
tribution of the gaps generate, expressed as a proportion of
the aggiegate gap when each member of the community has a zero
income.‘

The measure given by (3.14) satisfies the axion of -

\
scaie irrelevarce if ang only if F is homothetic, that % i

F & ¢ { E (g1’ gzg seey gq)] LN (3-?5);

where F .is positively linearly homogeneous and @ is increa -
sing in its argument. Therefore, g s the. representatlve

income gap of the poocr w11¢ be aeterm1ned as :

E ( Iy » a-o, )
g 81 8. ol (A (3.16)

e oL P T ?).1
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Comparing (3.15) with (3.73) we see that in (3.15) we have

some additional restriction on F which need ot be satis-

fied by F in (3.13).

Examples

(1) Suppose that the group deprivation function of

the poor has the’image

2 q

5 gl(q+1-1) ..
alg+1) =1

a2 ! :
Then Pp = = . - gy (qr1-4)
“ o ozqla+t) | i=7
2 o \
= }_: g (q+1‘"l) s

= Sen!s measure.

+2) Let the deprivation function of the
by the symmetric mean of order o (¢ } 1). Then

F * o0 Lo = . .
(gf“ 821 ’ gq) : ( g . l£1 gl )
where a 2 1. /
- a . 1fa
(4 3 g. %)
Q- G s=p T
Then PR s F- N cow
n e )

H

(2.17)

(3.?&)

poor be given

.. (3-19)

(3.20)

The Clark, Hemming and Ulph measure.
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Given (3+14) we ncte that fof-evéry homothetic group
deprivation function of the poor these exists a correspbnding
relative poverty index. Theée indices differ only in the
way in which the relative deprivation of fhe poor units are
taken into account. The measurc is also sensitive to the -

head-count ratio.

This index FP; 1is a generalisation of the Clark, Hem-

ming and Ulph index of poverty given by (3.2).

3.4 Absolute Measures of Poverty‘-

For many policy purposes it migh® be necessary to
introduce absolute measures of poverty which are invariant

. with respect to translation of =z and XP.

L
Let ¥ %be the group deprivation functica of the poor
where - F 1s assumed to be continuous, non-decreasing and

S~ concave in y;'s (1 =1, 2, «.., @)

For a given income profile Y o» Qe may define the absoiuté
Poverty index Q@ as the product of the hea@-count ratio and
the representative income gap of the poor cprresﬁonding to Y s
that is, . |

Q (g) = -%w - B, o oy (3.21)
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Now, the value of the deprivation function remains unaltered
when the same amount of income is added to or subtracted from
the incomes of the poor asnd to or from the poverty line z.
Hence the measure given by (3.21) remains invariant with
respeCﬁ to translation of =z and XP. Thevefore, for this
general measure we do not in particular need the assumption of
" translatability of the deprivation function which Blackorby
and Donaldson needeéfregafdihg the social welfare function
underlying the general measure given by equation (1.73) of
Chapter 1, Part II. Woreover, unlike their zshsolute measure
the general absolute measure intreduced in this section is

related to the head-count ratio instead of the actual number

of poor vnits.

Examgles

(1) Consider the representative income gap of the

poor corregponding toc the symmetric mean of order « .

Then

| 1 ? ‘ o 1/a
Q = ;ﬂ[-a & (Z—Yi) ] » a0 (3:22)

i=1

where o > 1. :

(2) Let ge correspond to the Kolm—?ollak group depri-

vation function of the poor.
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Then
1 103 -alzyy) '
g, = -—1logl — 31 e eoo (3.23)
a - gl LR | ] 4,23 )
where o ) C.
Therefore
Cq g 19 - oa(z-y,)
9 o B e T e 1y (3.20)
n o [ qd  i=1 } ‘

Indeed, any group deprivation fgnction F = F(gq, By eves gq)
where -F 1is continuous, non-decreasing and S -concave in L
y;'s (1 =1, 2, «vv, q), will sefve for constructing an abso-
lute poverty index of the form (3.21).‘ These indices will
differ only in the way in vhich the deprivations of the pcor
units are accounted for. The approach yields a rich class of

measures 10 choose Irom.

3.5 Conclusion

We h%ye generalised the Clark, Hemming and Ulph index
[vide equation(3.2)]in this chapter in several ways and have
shown that (i) for every homothetic group deprivation of the
poor there is one relative poverty index of the type proposed;
(ii) Clark, Hemming and Ulph's index is the relative poverty
index when the group deprivation function of the poor is the

symmetric mean income gap (of the poor) of order o (w ) 1);
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(iii) Sen's measure can be interpreted in this general

framework ;

(1v) for every group deprivation function F with minimal
propertles there is an absolute povert Ty 1ndex of the type

proposed here.

-

We have also introduced in'Sectibn'Z, a relative mecasure

based on a similar approach that does not share the short-
coming éf:the measures of Sections 3 and 4 with respect to
Sen' s transfer axiom [Sge‘footnofe 7 of this'chapter, and
also Sen (1979) for an argument in favour of measures with

this type of defect].

BYBATARREYEARATTYY

W T
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CiL.APTER 4

ETHICALLY FLEXIBLE MEASURES OF POVERTY

Le1 Introduction

This chapter proboses measures of poverty based on the
notion of censored income profi‘:es1 introduced by Pakeyama
(1979). 1In Chapter 1 we have briefly touched upon measures of
poverty proposed by Takayama and by Hamada and Takayama based
on this notion. It was observed there that these measures
violate the monotonicity. axiom (vide subsection 1.2.2.2d of
Chapter 1). Keeping this defect in mind we propose in this
chapter new ethical measures‘bf poverty. The essential idea
underlying these measures is the notion of representative income
of the community corresponding to the censored income profile.
We ﬁropose measures of relative as well as absolufe variety.
These measures are found to satisfy Loth the transfer and the
monotonicity axiom&:. They are closely related to the AKS
relative inequality indices (or the Blackorby .- Donaldson
absolute inequality indicés) if épplied to the censored income
profile. e =

Section 2 introduces the new type of felative measures
and Sectioﬂ 3 the'corresponding measures of the absolute
variety. Section 4 considers the problem of their consistency

in ethical aggregation. In Section 5 we provide axiomatisations

of two different classes of poverty measures (one relative and

;L/The censored income profile doctors the income profile by
ignoring the information on the actual incomes of the units
above the poverty line, but counts them in with the poverty
line income.
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the dther, absolute) which have especially attractive proper-
ties in aggregation. This is done to bring out their economic
implications. Finally, Section & gives two illustrations of

so-called compromise absoiute indices Ofrpoverty. These yield

relative indices of poverty when divided by the poverty line

(z).

4.2 Relative Measures of Poverty

We use the following symbols:

I~
O

yi ¢ income of unit i (i = T 25 =0ey Ii) o

N
A
O

the poverty line (given cxogenously).

Assume that tne units are numbered in a non-decreasing order

of income, i1.e.,

il vl e LYy e ollie)

. ¥ 3 H X
Iet q : the number of poor units, and ¥ = (y,", v5 ,--, A
censored income profile corresponaing to the income profile

e (Yqv Yo ""‘Yn): VRS
Yi P yl if yi ( 4 \iceo? l & q)

=z if y; )z (i.e., i).q) ...(4.2)

Let W be 2 continuous, non-decreasing and S3-concave
swf defined on the censored income profile. Tie representative

income y¢* of the community S co:sresponding to the censored
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income profile y% is that level of income which if enjoyed

by every unit would be ethically or socially indifferent to

v 4
the income profile v~ .

For a given income profile y, the relative poverty
index P is defined as the proportionate gap between the
poverty line z and the representative income corresponding

to y*, the censored income profile, that is,

P = 1 -~ —= Tlt (4.3)

The measure P has the convenient property of lying between

zero (no poverty i.e., y; 2 z ¥ i = 1,2, «.., n) and unity

-

(extreme poverty where v. = 0O ¥ i = 1,2, «.c, n).

Let I(y") be tue AKS relative inequality index based

on the censored income proifiile y~ , i.e.,

y *
I(v*) = 1 - =k eoe , (Loh)
M, 1 n S
where AT = = TG
n 421 J
We can rewrite (4.3) as
AF(1-1)
P = 1 — - e pma, e 0w !-|-¢5)
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Therefore we have the following immediate but interesting

conclusion

Let x* and Y® be two censored income profiles witk

-~

the same mean A¥ , then
Hx) > 1(y) = P(x") ) P(y*) ere (4o6)

We can go further and state that for two censored income

profiles x*

and y* with the same mean, if x* is at least

- as unequal as .X* in the Lorenz sense (i.e., the Lorenz curve
cf .X* is nowhere below that of x*) then x* is unambigiously
ranked as more poverty-stricken than (or as much poverty-
stricken as) y* as measured by the general poverty index P.

Thus, one can have a quasi-ordering of income profiles based

on the relative measures of poverty.
The poverty measure given by (4.3) satisfies the axiom
0of scale irrelevance if and only if the swf W is homotnetic,

i.e.,

Wy = G W(y)] cee (4.7)

where ¢ is increasing in its argument, and W is positively

linearly homogeneous. ’

Therefore y;' is now defined by

¢[i§(::'§,;..,"\r§}] = ¢[W (Y,']* N yr:(-)]

P (4.8)
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or,  WlyF.a) = ¥ (g*) oo (829)

since @' ) 0.

e yf* 1}:{ (1) = ‘:;,:f (z*) : ' “ee (LI-UJ]O)

since W 1is positively linearly homogeneous.

=

Given (4.3), we observe that to every homothetic swf
there corresponds a relative poverty index. These indices
will differ only in the manner in which the amount of relatiwe
inequality in the censored income profile is taken into account
Therefore the measure P Is a fairly natural translation of
a relative inequality index of a censored income profile into

a relative poverty index.

Examples
S A

1) Let the swf be given by ihe symmetric mean of orcen

B (8 ¢ 1) corresponding to y* .

Then . ' \ .
4 n -\ B /8
W (y) - e 12;1 (vs" ) ] , B#0
‘ (B17)
n
1/n
- 0 , B=0
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-For [3= 1, we have W’E(X) = A" and P,l(y*) ‘_'_‘HP

it L it e Ay

- 111 -
Thergfore
2B /B
o [% .21 (y;7) ]
Pg (¥7) = 1 e e, B 40
z .
ces (4.12)
= LA/
xi‘_'(yl“
= 1__i=‘1 . , 5W= 0
y N .

which is the measure of Clark, Hemming and Ulph (forthcoming).

oy
1 aq

Sy E (Z el y-)a

.qz j= -

where Pr

As B =) - o , the limiting form of ﬁﬁ(z*) is W;&;(y*) =

min § yl*s . The corresponding index is

= ‘ S
min {y;"} |
P__G*) = 1 - & ©y the relative maximin
. . 2 index.

The measure PB can be written as

Pg = 1-T AL -a)0 =P ) + (1 -H)]

bEdEn

koA
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where

/A (4.14)

“the Atkinson measure of inequality fer the poor, hp being the

mean income of the poor.

, PB therefore measures the inc;dence of povéffy in
terms of the proportion of population which is below the
poverty line (E), the average relativeé shortfall of incomes
of the poor compared o the poverty line (Pr) and the inequality

in their incomes (Ap).

PB is increacing in cach of the three components — H,
P, and A . The transler sensitivity properties of P (o) writh
a » 1 (vide Chapter 3, Section 2) all ‘go through for P, when
3% A |

{(2) Let the homothetic¢ swf be givea by

: o n‘ » 4, &
FLT (3] = §[ = 5 (Ch* 1 -21) y,¥1 (4.15)

(C-1)n2 =1

where C ) 2.

Then the relative poverty index of equation (4.3)

becomes

1 n- .
£ ‘on+ 1 -2i) v

(c=1)r? z i=1
1 a

(C=1)f z 1

Roe b= i s

(z-y )(Cnw 1 - 21) ... (L.16)
’
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which is the same as Thon's measure [Thon, 1980c]. This

measure was discussed thoroughly in Chapter 1.

(3) Suppose that the swf has the image

7o) =

- L a; v (4e17)

where % 17 Bos eeey } 1s an arbitrary non-increasing
sequence, normalised so that a, = 1, a; > G ¥ i¢ N, where

2./
N is the set of matural numbers.

Let ai's correspond. to the single - parameter Ginis
Donaldson and Weymark (1980)] Then
e (1_1)8 i L (4«18)

Ay
!

where 0 dn & Te o

S (y*) = b 3 1% ()P (4.19)
.- b LTI | N

¥e then get the poverty index

(zey 01" - (-1%1 e (4.20)

i
£

ihoto
2

——/The requlrement that { aqs a2, oxs) 3 } is non-increasing
is necessary and sufficient for W to be quasi-concave or
S-concave for each n. Seconcavity is the requirement ‘that
W agree with (weak) Lorenz quasi-ordering. The restriction
0 8¢ 1 in (4.19) serves the same purpose.
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where 0 ( & ¢( ’l'z‘/

When & =1, W= A" _ the associated poverty index can be
looked upon as the product of the average relative poverty

gap and the head-count ratio. When ¢ =) 0, ¥ -) min {;yi*},
the maximin swf and the corresponding povErfy index is the

relative maximin index. —

We can construct another single-parameter class by

employing a welfare ranked permutation ? 0f vy i.e.,

-~ ”~ ol ~ : ; B o s
Ve 2 Vo & vre 2 V. f v; 22 for i =1, «i.y n-q ; TRE

fOI‘ i = n-‘q+1, e ey n)o

The censored income profile in this case is given by

* ~ A 1 Y
v ¥ o= Y? s seey V.0 ) , where ~
= Il

A .

yi* = gz if i ¢ (n-y)

=y, it i) (n-q)

The sequence { Bgs Byy eeey } {normalised so that a, = 1)

has to be non-decreasing in order that

Wig*) = —

;i/However; ﬁa {y*) is not strictly quasi-concave on indi-
vidual incomes.
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is quasi-concave or S~-concave. Now let ai's correspond to

the single-parameter Ginis, then

- ~ . n N & . )
we (y*) = =SS (18 - (-7 1%.% co. (4.22)
- n'S i=1.. . 1

where 1 ¢{ & ( =,

When & 1, the associated poverty index P¢(§%) = HP_ .

]

= A
When & = 2 , W5 (y™) is the Gini swf for the censored

income profile and the corresponding poverly index is

2' ‘(Z-yi)(21—1) "P (Q-ZS)

n2 s 1=n-g+l

Finally, when & =) o g0 W2 get the relutive maximin index.

:,LL;’
4.3 Absolute Measures of Poverty

We define an absolute poverty index Q as the diifer-
ence between the poverty line z and the reﬁresentative ircone

of the community corresponding to y* , that is,

—JU/AS a first step, following Takayama (1979), one might
consider the absolute measures of inequality, when applied
to censored income profiles, as absolute measures 0of poverty.
But the difficulty pointed out in Chapter 1,Part II,for

relative measures of inequality pased on censored income
profiles arises also for absolute measures. Hence the aim
is not a fruitful one.
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Q (y*) = z -y ; ees (L4.24)
Q lies between zero (no povérty) and. z { extreme poverty).

It is desirable %o make the measure invariant with
respect to ‘translation of z and y" . This is possible if and
only if the underlying swf is translatable, i.e.,

-

Wwly*) = @gW(y)T o el (4.25)

where Q' >0 and W (y*) is unit translatable, i.e.,

W (v o+ 0{..1) = W (X*) + O o (h.26)

wvhere & is a scalar such that y* + a.1 is in the domain of

definition of Q. We can rewrite Q as

Q@ {y*) = =z =a%+ a{y*) SEETE C(4.27)

 vwhere A (y*) is the Blachorby .-+ Donaldson absolute in-

equality index based on y¥* , i.e.,

A(gY) = X -yt e (e28)

Therefore we have the .following: For two censored income

F

profiles x* and y* with the same mean A,

0 (%) > ax) = a(y®) > a ) ... (5.29)

A%
2

Thus, we can have a gquasi-ordering oOu. income profiles based
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on the absolute measures of poverty.

The measure Q (y*) can be 1nterpreted as the dlfference
between the representgt;v? income of a community where every
unit'enjoys-the subsisténce incoméfz ond the representative
income of the community S corresponding to xéék.Aﬁ absolute
measure that depends on absoliute différentials,Only'exists for
every translatable swf defined oﬁ Qensored income profiles.
Examples ;

(1) Suppose tﬂat the swf has the translation function

I

1

L v TR S

L ¥ .
yi (n+1-1i).
n(n+1) i W

i

1
“This swf is translatable as well as homothetic. The corres-

ponding poverty index io SR 3 \

it

2'7 " P
' T (z—yi)(n+1—i) Cees (L230)

a¥y™
X) n{n+1)  i=1

Like P (for ¢ = 1) (vide mChéﬁter.Z);_Q is less sensitive

to transfers among the very poor units than to transfers at

some higher levels among the poor for typical income profiles.

{2) Another welfare function Whlch is transzlatable as

well as homothetic is that underlylng the S - Ginis:
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- 2y n “5 _ & H
W y*) = = (1% (3-1) 1y, 04 B¢
< i=1 = % 7 .
n ; RLo
. * do g™ s S T SRR
Qs (™) = = 3 (z=y MU - (1)) el (4.34)
2 £ T = & i=1 e B

L =

. where 0 (¢ <¢ 1.

P

For & =) 0, the measure —) z = min § v; ¥ » the absolute
i

maximin index of poverty; and for &8 = 1, we get the product
\

of the head-count ratio and the average absolute poverty gap.

On the other hand, if ¥ is the welfare - ranked per-
, X ~ ~AoA ' N
mutation of y (i.e., y = ( Vis Vos eees §n) ), and y s

- " )
is the censored income profile correspondirg to Y » tren we

méy consider the following:

- B, n ~ .
WB (;-") = n;L. 5 [iﬁ - (i_q)ﬁj yff s B g 1.
. af 1=t '

In this case

n = i
s i (z-?i)[iﬁ - (1-4)6] e ot olie B2L)
nB i=n-g+1

where £ ) 1.

For B =1, Qﬁr(ﬁ'*) is the product of the head-count ratio

=y

P
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and the average absolute poverty gap. For § = 2, the index
becomes the absolute Gini“index‘of poverty and as B/'—) o« .

we get the absolute maximin index.

{(3) Another alternative of interest arises from the

Kolm - Pollak swf. Its implicit absolute poverty index is

1 1 b ey
Qrp (z*) = z -1 -5 log (?l j_i’l e 4 )]
#
1 1 n a(Z""Y.- ) 3
- ] ‘&' 10g ["f’l E’I (23 a 2 :l .o (4-35)
i=

where o ) O.

Here o 1is a free parameter which determines the curvature
of the social indifference surfaces. As o increases, the
measure attaches more weight to transfers lower down the
income scale. As & =) o, Qg —) z - min { yi* } , the
absolute maximin index which corresponds tou Rawls' maximin

rale.

The general measure Q (y™) introduced in this section
inéorporates an absolute measure of inequality of a censored
income profile for purposes of measurement of pové%ty., To
every'translatable swf there corresponds a particular abso;ute
index. These indices will differ in the way they take account
of the absolute depfivation of the different poor units in the

censored income profile.
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L. Consistent, Neutral ond Ethical Aggregation

Suppose we wish to construct poverty indices for some
mutually exclusive groups of a population aﬁd use summary
statisticys from these groups to construct an overall pocverty
index. There are three different aspeﬁts of this aggregétion

problem. Let N = § 1, My, sees M, L be a partition of

]

the index set M { Ty 24 wse, r1} . The income space Y

is expressed as the cartesian product of Yq, Yz, ceey ¥
where dimension of Y* given by cardinality of ¥;. The income
vector y € Y can e written as y = (y(1), X(Z},.-.,z\k}y

where g(r) is the vector of incomes in group r{r = 1,2,...,]

Following Blackorby and Donaldson (1980) let us aefine

the following :

Definition 1

An aggregation procedure which uses k (k ) 2) summary
statistics, <ach of which is computed from observations rela--
ting to a particular group, is said to be consistent if 1t
generates the same sumpary stafistic which would be arrived

at by using the observations for the entire population.

.prinition 2

The aggregation procedure is sald to be neutral 1if 1t

is consistent for every union of the elements of M.
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Definition 3

g An aggregation procedure. is said to be ethical if the

same functional form is used for each aggregator and also for

B o Gl b B i

the overall function.

: ST Leiithe cardiﬁality of Mi be n; . Out of n, units in

k = k

M;, let g4 units be poor (£ n.=n, T q,=q).
1 i=1 .t i=1 *

Let us consider a typiéal incbme vector y € Y.

W = (Y1¢a-Y123 ;:'r an;,yéqg ""_YQn29 seoceny, yknk)‘
(4.34)
where le : income of unit B belonging to group i. Now

the censored income proflle corresponding to ¥ is given by

~

--;_ P ; LI
}f%'-‘-' (Y'H’ qus seey Y1t11: Y;:Ir»"‘! ylfnk) “se (4‘35)

cee (4.36) :

LLet,?y;' be the representative income according to some homo-

thetic/translatable_swf-corresponding z*“.t Now'Suppdse yg'(r)
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denotes the corresponding representative income obtained from
the censored income profilé y* (r). Then yf* (r) is defined
as

*

W (yf (e 1), = W .(yrﬁ{,ygz, ks yr*;lr) eoe (4.37)
where 1 is the n,- Coordinated vector of ones. Therefore the
conditioprfor consistency in aggregation can be formally stated
as :

yf%(1)9 ceey Yf*(1j

‘M (y*’ o oe y* ) = W( ' o e~
L ’ knk n, times N

Yf*(r)’ “ vy Yf-_*(r) . _Yf*(k)’ ¢sey Yf*(k)}

n, tTimes _ n, times

e ug

eee (4.38)

It is evidently desirable to base the poverty in@ices on
representative incones of'censoreﬁrincéme'pfofilés where the
representative -incomes are consistent in ethical aggregation
for arbitrary partitions of the population, ' The poverty
indices havihé such properties are those corresponding to
(1) the symmetric mean of order § (B'g 1) and (2) the Koim -

. 5
Pollak social welfare function for the censored income profilc.

“E/The proof of this assertion follows immediately from
Eichhorn (1974) and Blackorby and Donaldson (1978, 1980).
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It may be-interesting to look at the relationship be- .
tween the within group indices and the over all poverty index.
Let us first consider the Kolm - Pollak index of poverty.
The representative income corresponding to 3_;* is given by

| . n, _. *

¢ e -deld I EARSRCE

vhere the curvature parameter a.. is positive. The represen-

tative income for group r corresponding to X* (r) is

Il -y *
* 1 1 r rJ
Y (r) = - log [ —— z e . F
T _ o n. J=1 ]

Now the poverty index for group- r is defined as

- ey () = Q. (say) = z - y*(r)
' : *
1 . o ayrj]
= 2+ = log |[==—— b e
= Y g=1
*
=. = JOg (v - e
« Br  3=1
. YRR
LA ra A cee (4.39)
. 3=1
Now the overall poverty index is
Q {(y*) = a (say) = =z - yf*
#*
1 i kB elzygy)
s E 1og [— z E,‘ e §
Boi=1 §=1
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*
kK n 1’1:.L Oc(z-yi.)‘
= e log[ ¥ wl-_l—-;' . -1-' 2 e ’ ]
i=1 W
k n, o Q.
= = log [ = = e 1] (From  4.39)
s ch : k n, aqQ. b - ‘ | ‘
- e L= E -Hl. v B i 0w (Ll-cb-o)
s i=1

In order t01decompose the felative {ndex of poverty
it is somewhat simpler to use-the relative welfare index.
The overall relative welfare index R(y*) is defined as

11,

' At 1/8
T - B AL
R(y*) = R {( say) S = i=1 J=1
- 2 Z =
CREND
n, ‘
) v 8 k i % B
[RGM=DT = (3 2 2 971 wv G
.. = i=1 j=1 -J
Now the corresponding index for group i is defined as
: n,
. . 4 i g 1/8
R(y*(1)) = R, (say) = (= = (507 ) /2
p i J=1 ;
n, . 1
A o Lagle 1 Aty moe '
or [R%flz] = R jiﬂ (yij) (say) ... (4.42)

) Substifﬁ%ingl(a‘hz) in (4.41) we get

{
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1. B

B i
R s ] Smivs z
- (R; ] (4e43)

02w

i

If a population is divided into different groups accor-
ding to certain socio-economic characteristics of units, results
(4e40) and (4.43) would be useful if one is interested in

assessing the influence of each group on +he overall index.

4.5 Axiomatic Derivation of Two Classes of Poverty Measures

In this section we shall axiomatise tha following

classes of poverty measures:

n . 1/8
C ';'I'l X (Yi-&)ﬁ ]
i=1 -
Py™) & MigG—mmiags , B
z
¥
Q (X*) = % log [ % 121 = 1, o )y O

that is, we shall find for each of the above-noted measures a

set of axioms which 1ead to it.

We define a relative {(or an absclute) poverty index

P (or Q) as a function of the censored income profile and of

the poverty line 2z .

We consider the following axioms:


http://www.cvisiontech.com

- 126 -

(1) Zero at equality of the incomes of the pPoor with

the poverty line =z.

This axiom says that if all the poor units enjoy
subsistence level income z then the value of the poverty index

5
should be zerof“/

I

(2) 1Impartiality: A permutation of the incomes should
7/
leave the value of the index unchanged.

To derive axiomatically the measures noted-above

we introduce two more axioms.

(3) Welfare independence I: If P be the poverty

index, then

&/

While this axiom is concerned with the minimum value of a
poverty index, the upper bound of a poverty index (given z)
is attained when all the n units have zero income. The
measures discussed in Chapters 2, 3 and 4 attain both these
bounds. On the other hand, the Takayama (1979) and the
Hamada and Takayama (1977) formulae are not even defined
when all the yi‘s are equal to zero.

Z/In addition to these two axioms a poverty index may be
required to satisfy Sen's monotonicity and transfer axioms,
axiom M', axiom of diminishing transfers, the axiom of scale
irrelevance (or translation invariance) and the population
symmetry axiom. All these axiom~ are set out in Chapter 1
(Part II) with the exception of the population symmetry
axiom which is stated as follows + If two or more indenti-
cal populations were pooled together, the poverty index for
the whole and for each part should be the same.
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8 [(1-P)z]/& y, ™

& [6-P)2]/3 v,*

 is independent of yk*

3+
.

¥*
for.all y,” # Y3

# Yk*"-

(4) Welfare independence II: If Q be the poverty

 index, then

8 [(z-Q)1/8 y.* L -
L. is independent of yk* ,
8 [(2-Q)]/8 y* oy

for all yi* # yj* # ‘SR*;

These two axious require, in some sense, that the mar-
ginal social rate of substitution beitween the censored incomes
accruing to unit i and unit j is inuependent of the censored

income level of any other unit.

Theofem 1.
——c e ————rr

(2) The set of axioms (1), (2), (3) and the axiom of
scale irrelevance are satisfied together if and only if the

(relative) poverty index has the form .

1 D w8 /P
= (yv.®)P 71"
L& Z Ylm]

.&;‘_"‘_ L] r

P(y*) = 1 -
i =
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(b) These axioms plus Sen' s transfer axiom hold if

and only if, furthermore § { 1.

Theorem 2
(a) The set of axioms (1), (2), (4) and the axiom of
translation invariance hold together if and only if the

(absolute) poverty index is of the form

n af{z-y.*)
log [% _E'} e o
l=

of

Q (y*) =

(b) These axioms rlus Sen's transfer axiom hold if

and only if, furthermore « > O,

The proofs of these results are similar respec—
tively to those of results 2°(a), 2%(Db), 1°(a) and 1°(»n) of
Kolm (1976) and hence omitted:

4.6 Compromise Indices of Poverty

AR o

Kolm (1976a) suggested that it would be useful to have
indices of inequality "which measure relative as well as abso-
lute changes®. One may consider a similar problem for poverty

measurement. An absolute index Q (y*) is a compromise absolut

index of poverty if and only if

( ¥*
P(y™) = Eﬂéé-l- Aeq® 0 (LWL
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is a relative poverty index, i.e., it is homogeneous of degree

. *
zerc in y and =z.

Examples

(1) Suppose that the translation function associated

with the swf is given by

2

— v. % (n+1-1i).
n(n+1) i

. n
w(y*) = 3 Yy

1
Then
2

;;G;:T3 N (z-y; Mn+1-1) & )

I
0

Q(y*) =,
N 1

This .Q (y*) ig a compromise absolute index beceuse

L
A AL S SINL I B ey e
z = n{n+1)z i=1 *

is a relative index of poverty.

(2) Suppose that the swf has the translation function

corresponding to the single series absolute Ginis, that is,

- R noL8 R
] We (y*) = =3 iiq [1% - (1-1)" Jy*, 00 8¢ 1,
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Therr the corresponding atsolute index is
| 1 4 a 8
Qg {y*) = L E (e[ - (1-1)%
‘ n i=

and the relative index associsted with this compromise index

is

. |
Ps (y*) = s 1S (z-jfi)[is - (i-1%7.
'A n \2. i=1

N

4.7 Conclusion

While Takayama'®s index and Blackorby ana Donaldsox' s
ethical indices donot satisfy the monotonicity and the trans-
fer axioms respectively, the genefal ethical in&iées introduced
in this chapter satisfy both the aXLOﬁSe These indices make i
use Of the notion of the representative income ofjkhé censoredi
income . profile. TO'everyihomothetic é%f there corresponds a
relative poverty(measure and for every translatable swf there‘

exists a corresponding absolute poverty index.

-Considerations of cOnsistenCy in aggregation lead us to
two indices whose underlying swi's are the symmetric mean of

order B(B { 1) and the Kolm - Pollak swf. These are known to

be the only indices which are ¢onSiStent5 neutral and ethical
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in representative income aggregation. Therefore they are the
most appropriate indices for studying the ihfluence of group
poverty on overall degree of poverty. In Section 5, the same

indices are derived starting from two different sets of axioms-

Finally in Section 6 we look fcr absolute poverty meas-
ures that become relative measures when divided by the poverty

line.

AAAAAAAAAAANAAARAA
RAEAATTARATTANTATT
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CHAPIER 5

NORMATIVE APPROACHES LEADING TO THEIL'S
ENTROPY MEASURE OF INEQUALITY

5.1 Introduction

This chapter reports %wo results on‘inequality measure=
ment through the normative approach both leading to Theil's
index. ‘While the normative aspects of the Gini coefficient
have been discussed extensively [ see, for example, Newbery
(1970), Sheshinski (41972), Kats (1972), Dasgupta, Sen and
Starrett (1973), Rothschila and Stiglitz (1973)], Theil's in-
genious measure [Theil (1967)] derived from the notion of
entrory in information theory is yet to be discussed thoroughly.
The next section proposes & set of axioms and derives from
them a normative measure of inequéiity. It is then shown that
this measure, in a limiting case, coincides with the normalised
Theil's entropy measure. In-Section 3 we propoge a complefe
axiomatisation of a social welfare function such that the we;—
fare ranking of all possiblé income profiles coincides withr

their ranking by the Theil index.

5.2 A General Normative Index of Inequality
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5.2.17 Formulation and Definition

Let U, stand for the utility function of the ith unit
and assume that Ui depends only -on Vi» the income that the
ith unit receives;‘ Further assume that fhe individual utility
functions are the same for all, i.e., U (.} = U(.), and that

U is increasing and concave.

Following Dalton (1920) and Atkinson {1970) let us
assume that the welfare value of an income vector y = (yq, Vs

]
. 5, yn) is given by

]

w {y)

e

Uly;) e (B1)

=1

' In the context of measurem“nt of 1nequa¢ ity of income profiles

1
the above from of swf hcs been used exten51velyT‘§/

- Since the individual utility functions are the same for all,
the aggregate welfare will be at, its maximum level wiien all

the units have equal income.

-—-/However, addltlve separablllty is a strong condition to
impose on a general welfare function. Hamada (1973) in-
vestigates an axiomatic structure of additive separability.

“d—/Thls form of swf (n ) 1) is found tb_be qua51-concave if
and only if it is concave [Cox (1973)].
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Definition . . 7
For a given income configuration y, the index of inequa-
lity I is defined to be the normalised value of the amount by

which the aggregate welfare of the actual profile falls short

of its maximum.
In symbols, the index is
I ='A(x,n)[1¢1(}_)-w(z)] (5.2)
where A ék » 1) > O is the coefficient of ncrmalisatior and
I ¢ S N S 5.5)

. ' ‘ \ ,
In essence, the index I treats perfect egquality of incomes as
the benchmark and measures the distance gseparating the income

profiles under study from the state of perfect equality.

5.2.2 DVDesiderala of a Satisfactory Measure

It is obvious from the definition of the inequality
measure that it takes the value zero if all the incomes are

equal.

In contrast to perfect ‘equality we can cohceptualise complete

inequality in a situation described by the following axiom:
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Axiom of Normalisation (A1)

If the richest unit of the community gets the totail
income and all the other units receive zero income, then the

value of the inequality index is unity.

\

However, as mentioned in Chapter 1, an inequality
measure satisfying this axiom does no*t meet Dalton's princi-
ple of population. But since our main aim is t0 axiomatise
a standard medsure of inequality rather than to introduce =a
new inequality index we can use the above normalisation axicn

: 3.4/ | i !
unambiguouslys The measure 1 attains its highesc value in
the extreme case noted above. In general it lies between

zero and one.

The inequality ir.iex sought here is a relative index,
that is, it is required to satisfy:

é/A measure that setisfies axiom (A1) is the Gini coefficient

- without tepetition, a variant of the more commonly mentio-
ned Gini coefficient (with repetltlon) The lformer may be
written as [Vendall and Stuart (1977)7: |

i =
i

ol

yi(n+1-2i)/n(n-ﬂ)h
1

where Y,l g_’ YZ g oe e g }TY}.-

The same remark applles to the Atkinson measure in the
(V )1/n

special case where € = 1, s0 that 4 = 1 =~ .
A

E/See also Blackorby and Donaldson {1978) whc normalised the
Theil index in the interval [0, 1] to look at the homotheti]
swf that corresponds to it.
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Axiom of Scale Invariance (A2)

; T L .
An equi-proportional variation in all incomes doesnot

change the inequality.

5.2.3 The Result

Theorem 5.1 : The inequality measure I satisfies axioms (A1)

aﬁd‘(A2) if and only if it has the following form:

mph | Lesmed e 1 2 E
n €=-1 L i ]“
1=-n
1 n oy, y
- — .2z () log(3)
(log n) i=1
Proof:  Assume without loss of generalityzthai
Y,] g y2 ; y‘B g --T.o‘-o g yn “a
From t5.2) we have ul
. - - n h N
i=1

if € = 1.

(5.5)

S (5.6)

In the special case when the richest unit receives all the

[

income and all the other units receive zero income, we have

I = AG, )[nu () - (ae1) U (0) - U {nn)] .- (5.7)

But according to axiom (A1) we have for this extreme case
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e, B,

T =114 | P (5.8)

From (5.7) and (5.8) it follows that

. ,
, 0 eee(5.9
Ak nU (A) - (n=1) U (0) - U (nA) (? \)

From (5.6) and (5.9) we get

] ) - B v o
T AU (A) = (0e1) U 0) - U (an) o joq o R
.o (5.10)
Define f(x) = u((x) - u(0) | - (5.11)
I can ke rewritten as
1
" e £{A) - £(y:))] e (5.%2)
nf(’\) = f(vm) [ L S v3))]
1 -.ln,f(yi)
7 % ) ‘
o= =g ) (5.13)
" £(n\)
nf{\)

Invoke axiom {(A2). It can be seen that for I to be homogeneous:
' £(u)

{v)

to be a function

of degree zero in (y,, «.., ¥, we need

of Yy .

2/ Axiom (A1) keeps T invariant under affine transformations
’ b

ORIV SN
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This shows

€

f{x) = Bx , B)O [vide Proof of Theorem 2«1
i ‘ -in- Chapter 2],
U(x) = U(0) + £(x) |
= Uo) + Bx&
= A+ BX€- "(say) l N | (5014)

where B ) O. = | ‘ .

Since U(.) is increasing and concave in its.fffumént, we need
- | _ _ 5 ,
0C€{ 1 and € { 1 for strict concavity. Substituting

U(.) given by (5.14) in {5.10) we get

1 n : ' .
T = = I M -yf1.0¢cec.
nh- - {np) , 71
1 n ' ' , o
= [1-2 = (y,/M€]. 0Ce < 1.
1 o n€"1 ‘ ‘l“—-:l‘ ' 1 |
oo (5.15)
As € =) 1,'by L'Hospital's‘rule we get. . . 1 . ‘ :
| 1 Aoy Var I ' '
I = P d b2 (—%) 10@(""}') vy (5-16)
{logn) B 4i=1 A A .

which is the normalised entropy measure.

‘65/ i _
(€.~ 1)is the constant elasticity of marginal utility
~ of income. . : g :
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The sufficiency part can be verified easily.

L]

5.3 An Alternative Axiomatisation of the Entropy Measure

In Section 2 of this chapter we Have obtained. the nor-
malised ?heil measure as a 1imitiné césé of a general norma-
tive measure of inequality. Here we make a complete axioma-
tisation of a social welfare function that will rank all

possible income profiles, with the same number Of earners and

the same mean of income, in the same way as the Thell measure.

For this purpose let us essume that s; represents the income

share of the ith unit of the community S ; s; = —%\ 3.0 ,
x n -

n

$ s, = 1. We assume that » ) O is finite and is the same

L

for all income profiles under comparison.
] 2 o]
Let 5 = (sq, Spa cees Sn) oo (5.17)

Assume that (s , i) is the state of unit 1 1in the social

state .s . Ve choose the following weighted sum form of the

s

social welfare function :

w(s) = 8 s V(s;) (5.18)
1=1

e Rl - R PP - . " = = - - R e

=ZJ;A transfer of income from unit i to unit j will increase I
by a larger amount, the richer the unit j (for fixed i). Ais)
€ decreases, I becomes more sensitive to transfers lower
down the income scales
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I (‘ (1) 7
The weight on s; is glvea by V(s ) > 0, a functlon of +the

income share of unlt’l.

. We;will now propose a 'set of axioms which seem to be
_ appealing.  These axioms correspond to exactly the entropy

measure helping us to understand it.

Axiom M (Independent Mopotqnicity):

For all g,r‘all units regard (§ , 1) to be at least as

good as (s, J) if and only if s; S5

Axiom M ‘states that each unit decides its preference on the
basis of its income alOne and it is assumed that it prefers

more O lesse.

e

LN

Axiom E {Monotonic Equity) ¢

If everyone prefers (s, i) to (s, 3) then V(si) { V(sj).
This axiom'gives a relativist view. It says that if in the
social-sfate-s, the positiion of a unit j' is regarded to be

worse Off than that of anyother unit i then unit 3 deserves

greater ‘weightage in the evaluatlon scheme (5.18).

Axiom D (Weight-Differential Infqrmation):

If everyone prefers (s, i) to (s, j) then the weight

aifferential V(s.) = V(s,) will depend only on s;/s; , tne
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income share of the ith unit relative to that of unit j, *4ec

is, olily on their relative income.

This axiom implies that so lbng as relative incore of "we
units remain constant, that is, if their ‘ncomes are allowed
to vary through a ray of constant proportions, the weight
differential will remain ééﬁéﬁaﬁt-

iy

Theorem 5.2 3 A social welfare function of the form (5.73)

satisfying axioms M, E and D must rank afll possible inccme
profiles, with a given total of income, over a given pcpuiat.m
in exaétly.the same way as the negafive of Theil‘s entrory

measure of inequality.

Proof s Consider any two units i and j. Uy axirm D,

ELIa , . : S.
V(s,) - V(s.) depends only on i
J 1 e

Therefore we can write

Z ) S.
V(s.) = V(s,) = £ (=) Lo (5.19)
J i S
: J ,
\
where f is some real valued function whose domain.is the

interval (0, ).

Choose C € (O , 1) .
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1 .
f(sl‘-s-.::j-) = f("s-;;)
Cs,

= f (Ezé)
J

2 V(Csj) - v(Cs;)

= V(Csy) - v{c) + v(c) - v(csy)

= [v(c) - v(cs;)] + [V(Csj) - v(C)]
Csy C

= £ @j;‘) + £ @EES)

= £(s) ¢ (%.), | (5.éo)
d J '

Equation (5.20) is the well-known Cauchy equation [ see Eich-~

horn (1978), pp: 12-131. \
Equation (5.20) alongwith axioms M and. E implies that

, Sj ;

where A > 0 is independent of Sy

This yields,

r 1
Wwig) = & s,(alog-—)
i=’ 3
= A ¥ s log (—s—_-) (5.22)
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The Theil entropy measure of inequality based on S can be
written as

n

; ,
T (s) = logn- % s; log(=) (5.23)
i=1 Sy

It is clear from (5.22).and (5.23) that given n and A, the
ordering of S vyielded by V(s)} is exactly the opposite that

given by T(s).

]

g

The theorem provides a complete axiomatisation of the
Theil measure of inequality. It is interesting to note that
given thé weight differential information axiom, the other
axioms are necessary and sufficient for the group welfare func-
tion o be a negative treasformation of T. In this sense the
axiom s?stem specifies a set 6f necessary and sufficient condi-

tions for the welfare interpretation of the entropy measure.

5.4 Conclusion

This chapter proposes two axiomatisations of Theil's
entropy measure of inequality which appears to have been some=-
what neglected in comparison with the other measures of inequa-
lity, partly becauée its nature and properties are not so

obvious.

In the first, we have chosen the utilitarian form of

swf. A normalised value of the amount by which the social wel-
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fare level of the egalitarian income profile dominates that
of the actual profile has been regarded as a measure cf
inequality. The measure is to remain inVariaht under affine
transformations of the common utility function. This approach
leads tora measure which in a limiting case coincides with the

Theil entropy measurél

&

In thé second part, we consider a swfﬂﬁhich is the
weighted sum of individual incomes and require the weights to
satisfy some axioms incorporating equity considerations. For
a-given population size and a given mean income, this swf is
found o rank all income profiles in the .same way as the nega-

tive of the entropy measure.

These results may lend some theoretical support to the

. Theil measure of inequality.

A S A S S S S S
EROOR R RO R R ]

ey
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CHAPTER 6

~

~ SOME MODIFICATIONS OF THE GINI MEASURE OF INEQUALTY

61 ﬁggtroductiOn

The Gini coefficient,'the-most frequently used positive

measure of income inequality, is known to be incapable of ran-

king income profiles according to some strictly quasi-concave

swf [Dasgupta, Sen and Starrett (1973), Rothschild and Stiglitz
(1973)]. This chapter proposes a parametric generalisation of
the measﬁre which thfows up some iﬁdiCes not suffering from

this deficiency. The next section éuggests the generalisation

and the third section makes some remarks on the measure.

Section 4 examines”the consequences of zn alternative
formulafion leading to a generalisation of the Weymark (1979)
measure of inequality. For ah interesting subclass of this
generalised measure we get a one—parametér class of indices
which contains the Gini coefficient as a sﬁecial case. Many
members of this subclass possess the broperty-of ranking income
Profiles according to some strictly quasi-concave swf. Another

subclass becomes the well~known Atkinson indices of inequality.

6.2 A_P@r@gggricj;eneraliZaﬁggn of the Gini Coefficient

We know that given an ordered set of incomes ¥q { Yo { -

see g yn, the empirical Lorenz curve generated by them is based
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on the points (i/n, L{(i/u)), where i = 0, 1 ...n and L(0) = O,

L(i/n) =

e

7
== where 2z, = y.» If n 1is finite, the
2y i}

3=1 "

empirical Lorenz curve,‘L(p), is then defined for all p  in
the interval (0,'1) by joining the points defined above succe-
ssively by straight lines. Broadly speesking, L(p) represents
the fraction of total income that the earners forming the
bottom 100 pY. of tne population possess. ¥We will, however,
coﬂcentrate on the case where 1n is quite large and the income
distribution will be treated as continuous. For this pﬁrpose
-we consider the nuébers y; as a sample Arawn frém a distribu-
tion y. Let F be the cumulative distribution funétign of

y (F(1) is the proportion of population receiving income less
than or equal to u) on the internal (0, «). Wé assume F(0) = C
Fle) = 1 and I is piecewise continuous. Since F 1s mono-
tonically increasing, it has, at most, a countable number of

points of discontinuity. This assumption is compatible with

Stieltjes or Lebesgue integraticn.
VWe define the inverse F~ '{t) of F as

F () = inf fu: Flu) )} - (6.1)
u

This gives the income of a unit at the t-th quantile.
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We assume that the mean of the distribution,<'A; is.
finite -

o0

No= [ ydF(y) 0 ! (6.2)
(0]

- Now the Lorenz curve corresponding to any continuous type
~random variable y ) O with finite mean having di stribution
funofion' P is defined as

p . B
{p) = 21 5 ) ae ‘e (6.%)
(9]

[Gastwirth (1971)1.

The curve L(p); is a convex fumction of p and
Lp){p ¥ O { P{ 1. The straight line L(p) = p repre-
‘sents”the position of fhe curve in the case of perfect equa?

- 1ity. On the other hand, IL{p) =0, 0¢{ p¢ 1 and L(1) = 1
represents the position of the curve in a situation of extreme

inequality, where only one earner has a positive income.

Thus the divergencé between the Lqrenz curve for an‘
income distribution and the line of perfectlequality is given
by the function i : &

H(p) = p - L(p) cee (6.4)

The well-known Gini coefficient for the random variable

kS

y is given by
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]
1 v |
2 f [p~-L(p)ldp (6.5) |
’ |
As noted above, this measure has been rightly criticised for j
not ranking the income distributions according to any strictly]
i
quasi-concave swf. ‘
In this chapter we seek t9 generalize Or modify the
Gini coefficiznt so as to take care of this deficiency. Let
the divergence function for the random variable ¥y be given
by

o, &) = 2w~ LD el BN

Late~ we will show that o > 1 is necded to ensure the strict

convexity of the measure proposed here.

Now define the equal ecuivalent divergence dg 0f the
distribution of y according to the divergence function (6.6}
as that level of divergence which is independent of p and

for which the following equality holds:

e s

j—/The Gini coefficiert @ of a random variable y 2 C with finite
mean A having distribution function F is also shown to Dbe

1 N 2
G = 1~ S (1-r(t}) dt .
o J
|

This formula was dorived by Dorfman (1979). For a simpler |
proof of this result see Appendix Ii.
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\ 1 1 o 1
S zlde] ap = J alp,a)dp ... (6.7)
o] o
This gives
1 o 1/&-
d¢ = [ J [p=-L{p)] dp] cee (6.8)
5

We finally define the new inequality index I of the distribu-

tion as

‘ T ‘ o L B
I = de = [ J Ip- L(p)] dp}] = ..o (6.9
: %

In essence, we are measuring the extent of inequality
in a distribution by averaging the divergence function by
using a general averaging method. if a = 1, the measure coin-

sides with half of the Gini coefficient.

6.3 Some Remarks on the Generalized Coefficient

(1) To show that I ranks income distributions acéoréing
to a strictly concave swf it is enOugh'to-show that I is stric-
fly convex iniincomeg. For thiéilet us consider two income
distributions with‘distribution functions F1 and FZ respectively
such fhét' | _

o L
g xy aF, (%) = g %5 dEz(x?) = A .. (6.10)

where 0 { A { «.

~
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We now generate an income distribution with distribu-
tion function Fy by considering a convex combination of the

two distributions menfioned above 2
-1 L -] -1
(t) = o F, ' (t) + (1-6) 7,7 (%) eee (6.11)

,2_/“

where 0( 0 ( 1, and O { t { 1.

i

’ 1 - 178 8 e (1-0) 4 |
e . K F5 (t) = 'K F1 (t) +'““;—-“ bZ {(£t) »
1 = e P . e -t L -1 5
v & = g Fy (t)dt =3 g P, {t)dt = g F, (t)dt
or, Li(p) = 6Ly(p) + (1-8) L, (p) = (say).

. . p-Ly(p) = @(prq(p)) + (1-8)(p-L1,(p)) ... (6.12)

A, - g S = R e e W s ae e oo coas e A

’éh&n the discrete case consider two income vectors x., = (x, .5
=1 11
Xqps +e*s an),,§2.= (x21, Zyps wees XZn) where x,, & X0 &

n n

G et 255 STRE Znn B, =

Consider a third income vector x4 = (x31, Xuns +eos XBn)

where Xy = Ox, *+ (1-0) X550 TEFy and F, are the distri-

bution funetions for x, and X, respectively, then Fy is
the distribution function for Xx ;.
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We shall show that

I;< 01+ {1-9)1,
where

Ii > t of [p - Li(p)]a dp] /rxl‘ 8 = i B

I; = [ Of (p - Ly(p)]" dp] -

! - - 1/6
[ s [e(p-L,(p)) + (1-0) (p...LZ(p))]OC dp]

0 B

- 1
C[ s [Q(p—L1(p))]adp_11/a + s [(1=-0) cp~L2<p>)]9‘ dp],]/a
0 , & ‘ -0

A

, . el 2
[by Minkowski's inequality if « ) 1“"/]

T 1 1 1 /o
= o[ s [p-Ly(p)]* ap] . (1-8) [ s [p-L(p)]" ap]
o o

= 61, + (1-0) 1, (6.13)

%

(2) I is increasing ind. As o e,

i/See Hardy, Littlewood and Polya (1964), p. i46.
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. L/ ‘
I =) Sup Ip -~ L(p)]_/ e (6.14)
p€{0,1]

(3) To illustrate the formula, we consider two simple
examples, the'péfeto distribution and the expOnenfial distri-

butibn.
In the case of the pareto distribution,

Fly) = 0 if y{ 4 ., 4O o |
.5 (6.15)

)
= 1 -(=) 4F Af y¢ o
r ‘ y -
where € ) 1.
7\. = AG/(0~1) . (6.16)
zr"1(t) = S (0 = ¢ 1) .. (6.17)
| 1/6
(1-1) !
e, G
p = s i
A £ 1/
(1-1t)
8 -1
2 1 = (1-p) © (6.18)

AN MARITS R R ot TE ST ST A i - -~

A-'-/See Rudin {1965), p. -73.
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8-1 .
. p-Lp) = (1-p) ® _ (1-p) vos (5.19)

1
]

_ 1 1/
{ s [p - L7 ap] .
0 .

. A
[ s [(1-p) © - (ﬁwp)]a dp]
O L

1/a

: 1/a ‘
[eB(a +1, a8 +6 - a)] cee (6.20)

where B(m, n) is the Beta function defined as

B{m,n) = kxm (1-x)"ax . 7(6‘.2’5)

Levine and Singer (1970) considered t.e Lorenz curve of the

exponential distribution. Here

Fy) = ¢ & T {8 ]
= e (6.22)
=~ =Y G y )0 ’
where B > O. We get A
A = \B-‘T - *se (6-23)

1 (t)

- 87 20g(1-t) e T T Tis.an)
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\ p
L(p) = [ [-log(1-t)]at
0
1 .
= p - (1-p) 1°5[T?T§TJ | e (6.25)
. pL() = (1-p) log[——im] e (6.26)
('ITP.)
In this case we get
1 1/c
I = [ [(1-p) log : 1% ap] :
0 (1-p)”
K il /et )
a2 ,_ing____w_m ] sl (6.27)
) B 4)0£+’E . a

(4) For discrete case we may use the expression

y
.gq (i/n - L(i/m))*] & s (6.28)
1=

—
If

| :

Sl

as an analogue of I given by (6.9).

For straight line joining of successive points (i/n, L{i/n))
trapezoidal rule gives [ see Bhattacharya and Mahalanobis (1967)

for a discussion on this point]:
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) {1
L(i/n) + n(==
Gini coefficient -

i
-
|
n
L]
I
[t

1—

2 il 0 . 1 I
= 1-= % L{i/n) + 2.1
N =q N
: 1 2 D L

On the other hand, I given by (6.28) for a = 4 gives

(ifn) - < -’? L(i/n)

1- i=1

i e A

(1 +-%) -

H
[AS] Y
Sia

L L(l/n)
i=1

which is half of the expression in (6.29).

e R i fe
S0 we can use I = [ N (i/n - L(i/n))*] with o ) 1

YR
U

NE

85 a modification of the Gini coefficient for the discrete case.
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6.4 Consequences of an Alternative Formulation

In this section the income distribution will be treated
as discrete and let us-assume that n incomes are arranged in

non-increasing order, that is, -

V42V 2 e Zy i Mo (6.30)

1 e & L
G = 1 +-ﬁ - 5 LYy, LIS g (6-31)
2 i=1 =
n-x
1. n ‘
A i=1

The Gini social welfare function has the image [ Blackorby and
Donaldson (1978)]:
n

= 1
W (y) & gl
G*Z

n2

(2i - 1)y, cee  (6.33)
L ‘

1

It may be noted that if y = 1, then Wy(1) = 1. The coeffi-
cients in the Gini index are the first n odd numbers and
their sum is n2. This observation will be used in defining

a generalised family of indices.

A priori there seems to be no zpecial status accorded

to the weights {1, 25 o0y £2i = 1) } found in (6.33).

We can replace the coefficients in (6.33) by general coeffi-

&


http://www.cvisiontech.com

» o 15? -

cients { 815 B3 ooy Biy ees % where O ( a, { 8 { eee ¢ a,

for all n ¢ N.

This procedure yields a claés Of generalised Gini indices, with

representative income given by [ Weymark (1979)]:

n
2 By T g ol (6.34)
% a =

i=1

i
However, EG(y') is not strictly guasi-concave on individual
incomes. To remove tais deficiency, let the (homothetic) suf

be given by the weighted meai of order r (r { 1) with a;'s

as weights.

That is,

- 2/
- A o G -
W.(y) = [—5 " Boa, vy ] eee  (5.35)
- . i=1
z Ay
i="

The corresponding AKS relative inequality index is

ol 4 - 1 I?. r 1/1"
I = 1 5 [——?1-_— .ié’l a4 ¥y ] » 1 cee (6.36)
. .E ai = 104 54 o)
i="1 1
z
a
n . i
= 1-%5; (Yl l) ol s ot
i=

Ji/However, ﬁr(zr) is not unit-trenslatable.
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AS T e, T.f =2l the relative maximin
index. On the other hané,afdr' r=1 we get
= 1 N
+ =3 '] - n » i§1 a. yl s 1 (6037)
’ A (z o a) T )

j=1 * "

‘which is'the measure suggested by Weymafk.

The measure in (6.36):15 a generalisation of the Weymark,
measure. The measure is étrictly ciasi-convex in individual l
incomes if r { 1. Purther, it is simple weighted average of
incomes of order f with_non?decreasing weights placed on
lower incomes. The lower the value of the parameter r, the

closer are the implicit etanics to the maximin rule.

Two Tllustrations

1) Let a, = (21" = 1).
v 141
. r
| _ A (2L -y~ 4y B
ThenIr-'l-—-i[ — ] o o (-
n )
(6.38)

With this weighting scheme T is a-parametric generalisation of

the Gini coefficient. For r = i, I coincides with the Gini

-

coefficient which is quasi-dbnvex but not strictly so.

Sahame v b
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\ 1 1 o 1
S zlde] ap = J alp,a)dp ... (6.7)
o] o
This gives
1 o 1/&-
d¢ = [ J [p=-L{p)] dp] cee (6.8)
5

We finally define the new inequality index I of the distribu-

tion as

‘ T ‘ o L B
I = de = [ J Ip- L(p)] dp}] = ..o (6.9
: %

In essence, we are measuring the extent of inequality
in a distribution by averaging the divergence function by
using a general averaging method. if a = 1, the measure coin-

sides with half of the Gini coefficient.

6.3 Some Remarks on the Generalized Coefficient

(1) To show that I ranks income distributions acéoréing
to a strictly concave swf it is enOugh'to-show that I is stric-
fly convex iniincomeg. For thiéilet us consider two income
distributions with‘distribution functions F1 and FZ respectively
such fhét' | _

o L
g xy aF, (%) = g %5 dEz(x?) = A .. (6.10)

where 0 { A { «.

~
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distributional Judgements. It is heped that this new family

will be an important togl in the investigation of inequality. |

(9]919]0191919:910/V191919]9]0191919;9)
000000000000 00G0000
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CHAPTER 7

THE EFFECT OF PROGRESSIVE TAXATION AND "HE MSASUREMENT
OF TAX PROGRESSIVITY

7o Introdﬁgiégg

This chapter repbrté two vresults, one rather obvious
on the effect of progressive taxation oa the degrec of
rinequality and the second, on the measurement of degree'of
tax progression. The first result shows that if the pOSt—ﬂéx
income (¥) is an increasing, concave function of the pre-tax
incomie {%), then the ¥-profile is Lorenz superior to the

X ~-profile. This is done in Seclion 2.

In Section 3 we briefly review the existing indices of
tax progressivity which intend to measure the daviation of a.
tax system from proncrtionality. We then propose a new mea-
sure of fax progressivity stafting from a set of cxioms. This
measure is the normalised value of the degree of superiority
of the welfare value {as measured by an additively separable
swf) of the actual pest-tax income profile over that of the
hypothetical post-tax income profile that would result if the
same aggregate amount of tax were realised through a propor-

1
tional tax-system“'/

;L/A.somewhat similar approach was employed by Blackorby and
Donaldson (1979) to generalize tne Musgrave and Thin (1948)
index of tax progressivity.
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The measure reméins invariant under affine transforma-
tions of the common utility function. The measure-in its
general form contains the unknown utility function U{.). To
remnove this deficiency we imposelthe axiom of scale invariance
and find a form 6f U(.) for which. the measure satisfies this
axibm; but it not quite clear whether this form is unique.

For this particular form of U(-), we get a computable measure
iﬁ%olﬁing oﬁlyJOne unknown parameter r (r { 1) associated with
concavity of U(.). The measure, interestingly, in a limiting
case equals the proportionate gap between the Theii entropy

measure of inequality of tne pre-tax profile and o% the post-

»

tax profile..

7.2 Lorenz Comparisons of Pre- and Post-tax Incomes

In this section we shall compare the inequality of
pre-tax incomes with that of post-tax incomes for a specific
tax scheme. Let us denoie pre-tax income by X and‘post—tax

income by y. We define a tax scheme as folloWs:

x hd

H

If x € [0, Cy), then v

If x¢€ [C,sCy)s then Ey & (1-1:,')(}(-‘01),.0 ( by O

¢, + (1=1)(c,¢,) P

If x¢ [02,c3), then v -

3

(’i-tz_)(:i—cg), 0 ¢ £, ¢ by ¢ 1

and sO On.
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Finally, we have
If x €[C., ’oo), then y = C, + (1-t,,)(cz-cq) +
) +

(1-t, Mx-C ), Kt {t,( ...

(1'tn—1)(cn"cn—1

¢ty {1
So y is a continuous function of x with non-differentiable

1! 029

income taking on the value C;(i-=1, 2, evey N) is zero. We

points C G .+ We assume that the probability of

can treat y as an increasing, concave function of x. More-

over, y 4 X-

Theorem: In the set-up formulated above yLx.
Proof: write y = f£(x), where f 1s increasing and

soncave in x. To show

Fx(z1) = Fy(zz) =r #>F1y(22) > F1x(zq); . (7.1)

z . .
where Fx(z1) = J‘1 pq(x)dx . o (7.2)
) : c
. %
Flz) = 5 p{ylay cee (7.3)

o)
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i p, (x)dx » .
D | vee (7.8)
: i = pq(x)dx
0
- B
;v (ylay
‘F‘Ty(ZZ)'lz Q.t:‘ : A ces (7.5)

i
e

/v p(ylay
Q

Here p1(X) and pb(y) are the density functions of x and vy

respectively. -

Now, obviously,

-

FY(ZZ) = Fx(z1) (=) Z, = f(zq) iee (7.5)
To show
) 29
g N FE(Y)dy | g | B p1(x)dx
- - ) S L (7D)
S ¥y piylay S x pi{x)ax
o )
Z0ad s 4 . 2,
i f£(x) Qz(ffx)) £1{x)dx g p1(x)dx
0 PR, ‘ . o] ,
Or, .> A : E“
¥ , , " 2L e 2 .
Sy PZ(Y)dY . I ﬁﬁﬁ%{x)dx‘
Q g . /
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Zq 1 o
;o £(x) pyxlax Sy pyylay
o
or, 0 g > . e N
Z,I ')
i p{(x)dx Jx chx)dx
o B .

Therefore it suffices to show *that

L
S £(x) p,(x)ax

g (t) = 2 T is decreaéing in t over

[ x pq(x)dx
S

(0, «).

t t
i L/ x Pq(X)dX]f(t) p1(t) -0 J £(x) pq(x)dx]tpﬁﬁﬁ
Now, g (t) = =2 — 0 _
[ f x pw(x)dx ]
B _

2

' . v £{t)
Clearly g (%) ( 0 if and only i& g (t) 2 .
. : It .
Since f is increasing,concave and.. £(0) = G, i ) s

decreasing in t over (0, «)[yvide Lemma in Appendix III].

Take x €{0,t).

. £(x) , £2(4)
. » < 4 t
-t .
. [ £(x) pq(x)dx = ! fix) . X pq(x)dx
O (@] '
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0 v
% 1 E%;Q 5 3 pq(x)dx,
o
‘ ()
. ' 0
o % g (t) z-r—"-_g-“m-

Hence g (t) is decreasing in t over (0, »).. Therefore

YLX °

Broadly speaking a tax scheme is said to be progressive

if it brings down the degree of inequality. Therefore the tax
sCheme we have takém 1nt0 account is progre551ve. In ihe next
section we make an autempt to suggest an index of tax prugre-

gsivity starting from a set of axioms incorporating welfare

theorecic considerations.

- 7+3 A New Ncermative Measure of Tax Progressivitiy

Lefore introducing a new .index.of tax progres.ivity let

us discuss the existing measures proposed in tiis context.

For this, let

i dincome o wAlt: (= Wy Blp onefy 'l
% amount of tax that unit i has to pay ,

vy = Xy -=ti % post-tax income of unit t .

=
3 A

e
;
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The pre-tax income vector is x = (xq,‘..a, xn)', the tax
vector is t = (t1, ceay tn)' and the post-tax income vector
- Y pr

is X = (Y1; erey Yn) . “

Among the contributions to the theory of measurement of
tax progressivity afe those of Dalton {1936), Musgrave and
Thin (1948) , Jakobsson (1976), Khetan and Poddar {1976), Kak-
wani (1977b)and Blackorby and Donaldson {1979).

The index that Musgrave and Thin (1948) suggzsted is

TMT =.‘1M:WG(Z) | - (7.8)

1 - G(x)

where G(.) is the Gini coefficient of the corresponding income
profile. The measure takes the value 1 for provortional taxa-
tion and a value greater (less) thar unity if the tax scheme
is progressive (regressive). Blackorby and Donaldson (1979)
proposed a generalization of %he’Musgravé ané Thin index and
this generalised index involves an arbitrary AKS inequality
measure which is implied by a homothetic S -concave social wel-

fare function. Their index is

1(x) Q'I( ) ' |
o F z e (7.9)

1 - I(x)

Tgp

where I(.) is the AKS inequality measure.
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Kakwani's index [Kakwani {1977b)] is
T, = G(t) - 6(x) LB e 1U(7.10)

T ié very difficult to give any welfare intefprétation of
G(t) in this context. However, G(t) (hencs Ty) remairs inva-
riant for any permutation of (t1, Ths eney tnj. This means Ty
would be the same for very different schemes of taxation,
progresgsive oOr regressive. Mofeové;,lk femains'unchanged when
the tax vector t is multiplied by a positive scalar. This

also is clearly undesirable.

Khetan and Poddar (1976) suggested the following index :

1 - G(g) - ( )
T T 7411
i 1 - a(p)

| .
This index shares all the shortcomings of Kakwani' s measure

mentioncd above.

To proposé a new index of tax progressivity we view the
proportional tax scheme as our benchmark. A measure of tax
progressivity is required to show the deviation of a given tax
sysfem from proportidnality. We shall consider our new tax
progressivity index as the normalised value of the degree of
dominance of the welfare 1@Vé1.éss®ciated with the post-tax
ihcome profile over that of the . profile that would have been

obtained from a »Droportional tax scheme.
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For this purpose, let Ui denote the utility fumction of unit i.
Assume Ui(’) depends only on the income of unit i and Ui(.) =
U(.). Further assume that U is increasing and concave. We

assume that the swf is of the form

—

i
wix) = 5 U(x,) . . (7.12)
i=1 |

Therefore our tax progressivity measure is
: n | - | ‘
TP = Alx , y)[ .21 (U(yy) ~0(1 = %) %)) ] .. (7.13)
is=

where A > O is the coefficient of normalizalion and

n
0t
. i=1 7
= = y
vox
s L
oo n
¢ & | - = -— n = T _-—im
2oxg ¥Ry X
1= y s

where kx and hy,are the means of the income profiles x and Vin

respectively.
. n A, . |
- . =’
= Ti=1 Ay =T

The measure should vemain invariant under affine transformations

of U(.)."
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For this we require a normalisation axiom that will serve
this purpose. '

/

We shall call a tax scheme most progressive if the
. posf-tax income profile is perfectly equal. Since Ui‘s are

| n .
independent of i, the swf ¥ U(yi) will generate maximum
R

welfare (given the mean of v;'s, that is, given total tax
proceeds) when yi's are all equal i.e., when the tax scheme

is most progressive.

Axiom of Normalisation -

For a most progressive tax scheme the value of the

progressivity index is unity.

The tax progressivity index is then given by

n hy '

i=1 : - Ax T .
TP = —— — , erem K72, E05 )

i=1 [0ty Ax %]

Obviously, the measure in (7-15) remains invariant under
affine transformations of U(.). Thé measure is positive for
progressivity, zero for proportionality and negative for re-

gressivity. -

We may now propose another axiom.
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Axiom of Scale Invariance

If all the pre-tax and a}i_tﬁe post-tax incomes are

multiplied by the same positive schlar C, then the value 0Ff

»

the index remains unchanged.

A form of utility function that keeps TP in (7.15)

invariant to scale changes described by the above axiom is
. 1 ) N ’ -
U(m) = A + ‘;‘I mr S *en (7016)

where A is independeut of m and for concavity r { 1.

Substituting U(.) given by (7.16) in (7.15) we get

. n _yir  Xr
= | B =" =)
TP = : - (7.17)

where 1 { 1.

.4 ‘ '
In the limiting case as r«=C,

PP Iy Xy 4 = . s L W meEs (7.18)

When r =31,
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7 2 y
5 .z -3 log(ml)
i=1 Ay T Ay : =k |
TP =) 1] - % nd (7.19)
n X,
1 3 == log(-*
i=1  Ax Ax

Theil inequality index for v

= ]

Theil inequality index for x

Therefore the measure in a limiting case is simply the propor-
tionate gap between the Theil inequality'index of the pre-tax

income profile and of the post~tax income profile.

7.4 Conclusion -

In this chapter we have presented two results. fhe
first result shows that if post-tax income is an increasing,
concave function of the pre;tax inccme, then the profile of
post-tax incomes Lorenz domina%és thé profile of pre-tax
incomes. Ve then propose a normafive iﬁdex of tax progressivity.
According tb this measure, a tax scheme is regarded as progre-
ssive if the index takes some value in the interval (0, 1].
However, the measure in its general form contains the unknown
common utility function U(.). A form of U has been found for
which the measure has the desirable property of being ﬁnchanged
when all the pre-tax and the post~tax incomes are myltiplied

by the same positive scalar C.
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Assuming that U(.) is of this form we get a computable
index which may be convenient for practical purposes; The
measure in a limiting case is simply the amount by which the
ratio of Theil inequality index of the post-tax profile to
that of the pre-tax profile falls short of uni%y. This again
makes Theil's index of inequality attractive from the welfare

point of view.
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APPENDIX - T

Errors in Variables and Measurement of Inequality

In this appendix we recognize the presence of errors in
) ~
' f
observation in data on personal income and study their impact

on the measures of income inequality.

Assumption and notation: Let x's denote true values of income
and y' s represent observed values. We assume that the condi-

tional expectation of ? given x = X i.e., Efy ‘x = xo) is

)
equal to x_, whére E(:) stands for expectation. X

If we write y = x + u, ¥ ; U, then u can be interpreted as

the ervor in the income ve~iable. Let hxxand Ky denote the

means of % and y respectively.
Theorem I
Under the assumptions stated above we have xLy.

To prove this result we first need to prove a lemma stated as

follows :

Lemma I

Let z{.) be a strictly concave function and let
o ' 4 H
E (z(x)) = [ 2z(x) dF (x), where F(.) is the distribution
0
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function of x. Then E (z(y)) ¢ B (z(x)).

Proof 3 By Jensen's inequality, we have .

st e .

B (2(y) fx) (2 (B(y ] x)).
But z (E(y | x)) = =z (x).

Taking expectations on both sides with respect to X , we have

4
E (2(y)) ( E (z2(x)).
A

L]

Proof of Theorem. I

-

We have M = M, - Therefore by Atkinson's Theorem

(vide Chapter 1) and lemma I, we have xLy.

o

From Theorem I it is evident that the 1n;qual;ty of the

true income distribution will be less than that of the observed .
:
income distribution for any S-convex 1nequa1lty measure.

i

;L/Lemma I, together with Theorem 4' of Hadar and Russell
(1969), shows that the true distribution second order
stochastlc dominates the observed one.


http://www.cvisiontech.com

APPENDIX - TT .

Alternative Proof of an Expression for the Gini Coefficient

due to Dorfman

Let y 2 O ‘be a random variablc with finite mean A
having distribution function F. Dorfman (1979) showed that

the Gini coefficient G of y can be written és

G = -% f (1 - F(t),)z_dt.
o} _ .

Below we give a much shorter derivation of this result. The

Gini coefficient of y can be written as

¢ = 1-2 [ F(y)ar(y)
<
; v
where Fly) = = [ td F(t).
s o Y
Now . - f F,(y)dF(y)
-
5 ¥ |
= = [ [y tar(t)] ar(y)
N At i ) .
. 2 F LS aEyta )
Ao t
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g

- 177 -

g [1 - F(t)It d F(t)
- J ot [1“-.- F.(%)] d(1 -~ F(t))
o) - )
t(1 - PN 1
2N Yy

o0

& 2 A

Lr G- rw))? as.

2A

O

(1 - F(t))2 a i

;S0 - F(t))2 at
o


http://www.cvisiontech.com

APPENDIX - ITIT

A Lemma

Lemma

If f is an increasiug, concave function over (0 , =)

and £ (O) = O, then £ (x) is decreasing over (0 ,e).
: X
" Proof : Fix x € (0,c).
Take 0 z{( x.
. O
Let g B dees . O 4L A
, x

Due to concavity of f

+

£ ((1 -5).0+sx)) (1-5) 1 (0)+ st (x)

or, v (sx) 2 sf (x).

£ (z) £ (%)
: ) :
* » z x
: f {x)
.  =—— is decreasing over (O y ).
L4 * . >4 m
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