ANALYSIS OF THE 1939 MODEL SAMPLE SURVEY RESULTS
FROM THE VIEWPOINT OF INTEGRAL GEOMETRY

By MOTOSABURO MASUYAMA
Tokyo University

(Editorial Note : Whon oxploratory work on tho samplo survoy of the area undor jute in Bongal
atartod ja 1037, it bocamo noceasary to mako rough calculations about tho cost of operntions which in many
reapocts depended on {he number of fields or plota requiring to bo enumecrated for cach samplo unit,
Working with samplo unita of squaro shapo but of different aizos, it waa clear that the averago numbeor of
flelds or plots which would lis either partly or wholly within a sample unit of s given sizo would increase with
thosizo. On tho basis of some experimental observations I found that a very simple graduntion forraula
of the type: p = 24 +4 Vit whero ‘A" is sizo of the samplo unit in acres. As the avorago ize of 8 plot
wos somothing loas than half acro in Bengal, I thought two such plots on an averago would probably lio with-
in the sampling unit whils the number of plots which would cut the boundary f the samplo onit woold be
proportionnl to tha length of the perimoter. This was tho baxis of my formula which gavoe reasonable
valuce for & wido rango of sizo of samplo units. T am glad M. Masuyama hna now investigated the theoreti-
cal basis and J, M. Son Gupta has d with him on the experis side. — P. C. Mahalanobis]

1. When I told Professor . C. Mahalanobis about the outline of my previous
paper published in this Journal®™, he said that he had obtained a similar formula
empirically. He had used a squaro, instead of the circle in our case, as a moving oval
in his survey of crop-area in Bengal in 1039. The present paper is a detailed analysis
of his unpublished data from the viewpoint of integral geometry with a new model
experiment. These unpublished data were kindly supplied by his colleague Mr. J.
M, Sen Gupta.

Let tho expected number of plots which aro completely or partially included
in & grid, i.o. 8 movablo squaro, of sizo A=a? be p; and let 7" be the total arca covered
by the survey in question, ¢ tho total area of plots, A the totallength of their perimeters,
and v the total number of plots in 7. Then, as was shown in my previons paper, we
have

21 v
p=§+,,—,.u+-,-a' )

when the union of each grid and cach fixed plot is contained in T. The convexity of
ench plot is assumed herein, Otherwise, wo should consider an extended area 77 of
T. Tho mothod of conatructing T” is given in § 4 of the provious paper. However,
if the total arca surveyed is sufliciently largo and not too narrow in any direction
we need not consider, for practical purposes, such an extended arca 77,

Mahalanobis’s intention was to estimate p for given sizo of grid A = o', the
coefficients being obtained empirically. He thought that this would be quite valuable
for cstimating tho survey cost, so that tho explicit general form of each coeflicient
was not given at that timo.
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2. The following figures wero obtained in the 1039 experiment:

TasLr I, NUMDER OF PLOTA PER ORID YOR DIYYERENT GRID-AIZES

sircof grils  no. of no. of plota incluled per grid
in ncrea frila

tully partly totat

1 0.71 7.20

4 13.65 18.07

9 20.87 34.78

10 27.00 54.71

36 75 (1] 42,18 117.18

The grids for different sizes were independently sampled and not nested.

The population in this experiment was all the plots on map in 31 police stations
scattered over West Bengal, India, but not at 1 This non-rand: has
nothing to do with the following conclusions.

However, in this 1939 experiment, only the coordinates of one vertex of the
moving square, i.0. grid, were sclected at random but not tho orientation, ii.e. in the
kinematio density of {his moving oval dO, = dr,dzyl0, 0 remained unchanged.

ry This may affect the validity of the conclusion.!*!
A The next practical restriction was that one digit in a
tablo of random sampling numbers (00—060 or something
like this) corresponded to a distance of 396 m. on the
ground, becauso we could not use the random numbers

(] for sampling from a continuum,
%) At any rate, in this experiment it was found from

actual measurements that
- Xy
¢ = 1,027,498 acrea = 1.6275x 10* acres . (2)
and
v = 4 207,410 plots | 4.2074x10® plots . (3)

3. If wo now neglect tho footpaths and the so-called “boundary” effect,
we may put

d=T . 8)
in this casoe, so that we have from (1), (2), (3) and (4),
= 143.9117x 10-"Aa+ 2.5852q* e {8)

in the acre-scalo.

As a; and the corresponding p; aro given in the Table 1, wo can estimate A
for each i, The result is given in Tablo 2.

Tante 2. TUE FERIMETERS OF PLOTS FOR DIFFLRENT ORID-BIZES

$_r. B

@ PoFmF® o A

1 3.08 3.08 0.408 x 100
2 0.79 3l40 81002 100
3 10,65 358 9.075x 10s
h 12.00 3.08 7,574 10
8 2300 3/83 .78 x 100




INTEGRAL GEOMETRICAL ANALYSIS
Tho agreement between the independent estimates of A scema to be not quite
satisfactory, but not bad either, for such large samples.

In any way, taking tho mean of the first threo A's, i.e. only tho menn of esti-
mates of the larger samples wo have

A = 0,058% 10* Vacro = 5.762x 10% m, . (6)
The formula (5) will bo put in tho following form
p = 143.543 a+2.585 a? e (D)

In this empirical equation, the first figure 1 may bo negligibly small for large
a, say a>2. Then we have an approximation
p=35a+20a e {8)
which ia nothing but the Mahalanobis's empirical formula quoted in tho previous paper
with slight differences in its numerienl cocflicients, but these differences do not matter
for a rough estimation of p.
4. Tho mean perimeter will bo

%:2.153 Vacre=137.0 m. e (9)

Writing the relation between the area of the a-th plot F, and its perimeter L, a3
Fa=CL M€, Eea=0 .o (10)
am]

we introduce the shape factor C.
Then by the isoperimetric inequality
C<1/4m. e (1)
To estimate the actual valuo of C, a new experiment was performed by
Mr. J. M. Sen Gupta in January, [053. Some results are shown below:

TanLr 3
® Lut sample 2nd sample
x sd. x 24,

arca per plot Jn scres  0.4234  0.6253  0.3830  0.4673

perimeter perplot I 2.5050  1.3068  2.3100  1.4709
Nacre
c 2.8 1710.5
Two independ random ples wero drawn with equal probability from a

compact arca of about 9 squaro miles in the police station, Memari District, Burdsan,
West Bengal. The size of cach sample was 100,

From these obscrvations wo may assume
Cc =12 . (12)
which is naturally slightly smaller than tho shope factor of the square, Le, €= 1/16.
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Then tho varinnco of perimeters will be

$ ]
ub'=%—(§) = 3.438 acres . (13)
or o = 1.868+/acro = 118.8 m, o (14)

which is nearly equal to the actual observations in Table 3.
The variance of plot area is approximately equal to

a,'.:-lc(-?)’a," = 0.2570 ncret v (15)
or op=0.6070 acre o (18)
which is also nearly equal to the actual observations in Table 3.

The shape factor C plays an important role in a rapid method of estimating
mean area, because wo can estimato this mean arca by merely measuring perimeters,
which is easier than measuring corresponding areas.

The formula (15) shows at a glance that the information about the parameter
A in our integral geometrical method scems to be a nuisance but actually it is not so.

5. We noto also that the figures in the second column of Table 2 are
nearly equal to half of the figures in the fourth column of Table 1. That it should
bo 80 can be shown from the view point of integral geometry.

According to Poincaré's formulal™ 4 which is a apecial caso of the Blaschke~
Santald's kinematic principal formula, we have [ ndO, = $L,L, . {17
where n is the number of intersection points of two curves, ono of them say, of length
L,, being fixed and the another of length L, movable. In our caso the boundary of
each plot and that of grid aro closed curves so that if we put n/2=uw, then the expecta-
tion of the number of plots partly included in a grid, i.e. on the boundary of plots is
seen to be equal to

JudOy _2LL, 4la

27T = 2aT * aT - (18)

In this caso if the number of points of interscction of a plot and a grid be =,
it should be counted nf2 = » times but not once.

Tabre 4. A DETWERN AXD ODSERTED KUMBES OF
TLOTS PARTLY INCLUDED JN GRIDA OF DIFTERKXT BSI2Zs

ow=side of  observed Ha

of grid numbor 14
1 6.7l
2 13.65
3 20,87
4
L 18

From Table 4 it can be scen that the agreemont botween theory and
obaervations ia fairly good for largo samples, except for tho case for a = 1.
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6. Let us supposo now that ¢, A and v arc all unknown but a, and p, are
known. Then we can estimato theso three unknowns as solutions of lincar simul-
tancous equations

A=pT=¢+ 20y, =123 - (19)

Tho solution is ¢ = Ay=3A,—A,) . (20)

A= 7 (84,54,~34,), . 21)

and v=2%,(A,+A,-—2A), e {22)

where we put a, = @, @, = 2a and a, = 3a.
The actual solutions and true values are given in Tablo 6 below. Tho agree-
ment i3 not quite satisfactory.

Tanrz §
¢ » ’
true volue 1.627x 104 9.038x 104 4.207x100
ostinmale 2.181 x 10+ 5.024x 100 4.826x o4

Comparing this table and the formulae (20), (21) and (22), we could not help
suspecting the creeping in of somo biases in the metbod of counting plots. A4, or A,
scems to be relatively over-estimated and A, relatively under-estimateil, i.e. p; or p,
scoms to be over-estimated and p, under-estimated.

7. Thero may bo various sources of bias. To know these sources, we shall
analyse at first the number of plots which are fully included in a grid.

We know that this number is equal to

Piva_ 2 dda
¥ 7 ple=r—3p - 29

Putting "3; = f, wo have tho following independent estimates of f fora = 1,

2,3, and 4.

3.685— f = 0.8, =301
11.341—2f = 462, f=3.42 @9
24,267—3f = 13.91, f =344
12,303—4f == 20.81, /=388

There is & tendenoy that f i

of @ (o.f. the 3rd column, Table 2.)
It scems that the number of plots fully included in a grid is relatively over-

estimated for smaller a, that is to say, somo of the plots which should bo estimated

as plots partly included may have been counted as fully included. Of courso, this

is only ono of tho many possible interpretations. It ia casily seen that this sort of bins

pp ly linearly with increasing valucs
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may occur if we count as one plot completely included such o plot which is in a grid
that it has only one point or only ondline, may be sometinies two points or two lines
or even more, in with the 1 lary, t the actual points has non-zero
area and the actual lino has non-zero width on map. In the 1039 experiment, this
sort of bias was not taken into consideratlon, becauso the purpose wnas not to check the
integral geometrical formulae. Then because of the above reason, the number of

plots partly included in a grid must have been under-estimated.

To remove this sort of Lina we should mark two sides of a grid by colour say
red and the plots which have ono point or one side in common with these red sides
should be counted always as plots partly included. If a plot has two or more points
or lincs in common with a grid a similar technique is advisable to reduco bias.*
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