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Sankhya: The Indian Journal of Statistics
1995, Volume 57, Series B, Pt. 3, pp. 353-364

ON DISPARITY BASED ROBUST TESTS FOR TWO
DISCRETE POPULATIONS*

By SAHADEB SARKAR
Oklahoma State University
and
AYANENDRANATH BASU!
University of Texas at Austin

SUMMARY. For discrete two sample problems disparity tests based on minimum disparity
estimation (Lindsay 1994) are considered. The likelihood ratio test can be obtained as a disparity
test by using the likelihood disparity. It is shown that the asymptotic distribution of the disparity
tests under composite null hypotheses is chi-square. In general, several disparity tests are more
robust against outliers than the likelihood ratio test. A Monte Carlo study illustrates these points

in Poisson populations for the Hellinger distance test.

1. INTRODUCTION

Beran (1977) showed that one can simultancously obtain asymptotic effi-
ciency and robustness by using the minimum Hellinger distance estimator. As
robust M-estimators typically lose some efficiency at the model to achieve their
robustness, Beran’s method was an improvement over them. Several authors
have continued this line of research including Tamura and Boos (1986), Simpson
(1987) and Lindsay (1994). Tests of hypotheses based on the Hellinger and re-
lated distances were considered by Simpson (1989), Basu (1993), Lindsay (1994)
and Basu and Sarkar (1994a). These tests are asymptotically equivalent to the
likelihood ratio test (Neyman and Pearson 1928, Wilks 1938) at the model and
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at contiguous alternatives but have far better robustness properties than the
latter when outliers are present in the data.

In this paper we extend these ideas to develop testing procedures when two
discrete populations are involved. The results easily extend to three or more
populations. We are currently studying the corresponding problems for the con-
tinuous models, theory for which is somewhat more complex as it involves kernel
density estimation. In Section 2 we briefly discuss minimum disparity estima-
tion and disparity tests studied in single population cases. Section 3 describes
the null hypothesis and introduces the disparity tests in the two populations
case, and establishes the limiting chi-square distribution of the tests under the
null hypothesis. In Section 4 we provide some simulation results for Poisson
populations showing that the disparity test based on the Hellinger distance is
far more robust against outlying observations than the likelihood ratio test. We
present some concluding remarks in Section 5.

2. MINIMUM DISPARITY ESTIMATION AND DISPARITY TESTS
IN ONE POPULATION

Let {rgs(x)} represent a family of probability mass functions having a count-
able support and indexed by 3 = (8',...,8%)". Given a sample of size n
{X1, Xy,..., X} from this distribution, let d(x) represent the observed propor-
tion of X,’s taking the value z. Let 6(x) = [d(z) — mg(z)]/ms(z) represent the
“Pearson” residual at the value x. Let (0 be a convex function with G(0) = 0.
Then, the nonnegative “disparity” measure p corresponding to G is defined as

pld, mg) = ¥,G(6(x))ms(z). ...(2.1)

When there is no scope for confusion, we will write p(d, mg) simply as p(3). A
value of 8 that minimizes (2.1) is called a minimum disparity estimate. When
G(6) = (6 + 1)log(é + 1), the disparity

LD(d, mg) = X,d(z)[log(d(x)) — log(ma(z))] ...(2.2)

is called the likelihood disparity, and its minimizer is the maximum likelihood
estimator (MLE) of 8, because the likelihood disparity is the negative of the log
likelihood divided by n plus a factor free from parameters so that maximizing the
likelihood is equivalent to minimizing the likelihood disparity. Note that (2.2) is
a form of Kullback-Leibler divergence. On the other hand, G(8) = [(6 + 1)'/2 -
1] gencrates the squared Hellinger distance. Other examples of disparities
include the Pearson’s chi-square, Neyman’s chi-square, the power divergence
family (Cressic and Read 1984), the blended weight Hellinger distance family
(Lindsay 1994; Basu and Sarkar 1994b) and the negative expoential disparity
(Basu and Sarkar 1994c; Lindsay 1991).
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Let V represent the vector gradient with respect to 3. Under differentiability
of the model, the minimum disparity estimating equations have the form

—Vp = S, A(6(x))Vmg(z) = 0, ...(23)

where A(8) = (8 + 1)[GM(8)] — G(8), and G (8) denotes the first derivatives
of G(8). The function A(8) is an increasing function on [—1,00) and can be
redefined, without changing the estimating properties of the disparity, so that
A(0) = 0 and AM(0) = 1, where AM(8) denotes the first derivative of A(8).
This function A(8) is called the residual adjustment function of the disparity
and plays a leading role in determining the theoretical properties of the estima-
tors. For the likelihood disparity (L.D) the residual adjustment function is linear
with A(6) = 6. However, the residual adjustment function of a disparity like
the Hellinger distance (for which A(8) = 2[(6 + 1)/2 — 1], after the above stan-
dardization) can significantly downweight the effect of a large Pearson residual.
In this sense the residual adjustment function has an interpretation similar to
the y-function in M-estimation. A minimum disparity estimator is more robust
than the MLE if its residual adjustment function downweights an z value with
a large positive 6(z) relative to the residual adjustment function of the likeli-
hood disparity. On the other hand, negative Pearson residuals represent sparse
data where one would expect more observations under the model. The x-values
where this occurs can be called “Pearson inliers”. A disparity like the negative
exponential disparity (Basu and Sarkar 1994¢; Lindsay 1994) can downweight
Pearson inliers relative to the MLE.

The curvature parameter A, of a disparity is the second derivative of its
residual adjustment function evaluated at zero. This parameter plays an impor-
tant role in determining the trade-off between robustness and efficiency. Dis-
parities with large negative values of the curvature parameter generate more
robust estimators, whereas Ay = 0 implies second order efficiency in the sense
of Rao (1961). Similarly, disparity tests with large negative values of A, provide
stability to the level and power of the tests under contamination, whereas 43 =
0 usually leads to more powerful tests. For the likelihood disparity A, = 0, and
for the Hellinger distance Ay = —1/2.

Let T' = T, represent the minimum disparity functional obtained by min-
imizing the disparity measure p with respect to 3. Consider testing the sim-
ple null hypothesis 3 = {3, against some suitable alternative. For this the
disparity test statistic corresponding to the disparity measure p is defined as
D, = =2n[p(T,) — p(8,)], and under null hypothesis 1), has an asymptotic
x? distribution with degrees of freedom equal to the dimensions of 3 (Lindsay
1994). When p cquals the likelihood disparity, D, equals the negative of twice
log likelihood ratio.

The two population case of the hypothesis testing problem using the mini-
mum disparity approach can be solved by generalizing the method of Lindsay
(1994) appropriately. In order to motivate the extension of the one sample
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case to the two sample situation, we now present in some detail the deriva-
tion of the asymptotic distribution of the disparity test statistic in the one
sample case under a composite null hypothesis. Consider the null hypothesis
H, : B € By, where By is a subset of the parameter space B. Let r be the
number of independent restrictions imposed by the null hypothesis Hy : 8 € By.
We assume that the specification of By can be expressed as a transformation
B = g(v',...,vF "), i =1,...,k, where v = (&',...,v* ") ranges through an
open subset of R¥~". We also assume that g; possesses continuous first partial
derivatives.

Let ug(x) = V logmg(z), the maximum likelihood score function. Let V;
represent gradient with respect to ', the i-th component of 8, and u;(z) =
u;(z, B) = Vilogms(x). Similarly, V,; and u;; will represent the second partial
derivatives with respect to §' and $’ and u;;; will represent the third partial
derivatives. We let (3, denote the true parameter value, and let &y(z) denote
8(z) when mg = mg,. We assume the following regularity conditions (Lindsay
1994).

Assumption 1. Var(ug (X)) is finite

Assumption I1. The residual adjustment function A(6) is such that AM(6)
and [A@(8)](1 + 6) are bounded by C and D, say, on [—1,00).

Assumption 1. S;[mg (z)]"/? | wi(z; Bo) |, Szfma, (2)]V/? | wij(z; Fo) | and
Le[mg, (2)]V? | wi(z; Bo)||u;(z; Bo) | are all finite for all 4, 5.

Assumption IV. 3, is the unique minimizer of p(mg,,mg) with respect to
8.

Assumption V. The conditions on pages 409 and 429 of Lehmann (1983) are
satisfied and there exists M;;c(z), M,;(x), and M, ;i(z) that dominate in ab-
solute value uj;i(x; 8), uij(; B)ur (x; B) and u;(x; B)u;(x; B)ui(z; B) respectively
for all 3 in a neighborhood of 3 and that are uniformly bounded in expectation
Ejg for all 3 in some, possibly smaller, open neighborhood of ;.

Let D, = ~2n[p(B3,) — p(6:)] be the minimum disparity test statistic where
En, B; are the minimum disparity estimates of 3, without any restriction and
under the null hypothesis repsectively. Let 53, and B, be the MLE’s of 3,
without any restriction and under the null hypothesis respectively. We show
that when the null hypothesis is true the limiting distribution of D, is x*(r).
First we present the following :

Lemma 2.1. (i) —n!2Vp(By) = n 1282 1ug (X:) + 0p(1). (45) Vijp(Bo) =
I5,(i,3) + 0,(1), where I (i, j) represents the (i,j)-th element of Iy, the
Fisher information matriz. (ii1) The minimum disparity estimator E,, i3
a consistent estimator of 3y, and [, is a consistent estimator of 5 when
* the null hypothesis is true. (iv) n"*(Bar, — BLy) = n/2(Ba — BL) + 0p(1).

Proof of (i). Since —n'?Vp(By) = n V2E! jug (X;) + n'2T[A(b(z)) -
o(x)] Vmg,(z), it suffices to prove that

E | n'2T[A(bo(x)) — bo(2)]Vmg, () |— 0. ...(2.4)
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Let
Ya(z) = n‘/“’[(;d%)“'*’ g

It can be shown that (see Lemma 24, Lemma 25 and Lemma 23 respectively of
Lindsay (1994))

E[Y,(2)] < E(| 8o(x) )n'/? < [mgy ()], ... (2.5)
lim E[Y,(z)] =0, ...(26)

and p
| Ato(e) ~ (o) < Bl(ords) ¥ - 1P 27)

for some positive constant B. By (2.7) E | n'/2Z[A(6o(x)) — 6o(z)]Vmg,(z) | is
bounded by BE[EY,(z) | Vmg,(z) |]. Then (2.4) follows from (2.5), (2.6) and
Assumption III.

Proof of (ii). Note that V;;p(30) = SAM (6g(z))(1+8(z))ui(z)u;(z)mg (z)
- X A(bo(z))Vijmg, (z). The first term

| SAD (8o(2))(1 + bo(z) )u(@)u; (2)mg, () — Sui(@)u; (@)mg, (<) |

< (C+ D)X | bp(x)ui(z)u;(z)mg () | ...(2.8)

by Assumption II. Then, by (2.5) and Assumption III, the expectation of the
right hand side of (2.8) goes to 0. It follows by Markov’s inequality that

| SAD (8o(2))(1 + bo() )i () (@)mey () = I (i ) = 05(1)-

Similarly, using the first order Taylor series expansion of A(§) around § = 0
it can be shown that £A(8(z))Vijmg, () converges in probability to 0. This
completes the proof of (ii).

Proof of (i1i). The proof of consistency of E,. follows from arguments similar
to those of Lehmann (1983, pp. 430 - 432) used to prove consistency of the
MLE, with —p(8) in place of n~! log likelihood function, and from using (i), (i)
and Assumptions (IV) and (V).

Suppose that the null hypothesis is true. By assumption By can be expressed

as a transformation 8' = g;(v!,...,v¥"),i=1,...,k. Let
dg;
D, = [—9} .
Ay, kx (k—r)

Let ¥, be the minimum disparity estimator of the true parameter v, defined
by G = g(vo) under the v-formulation of the model. Then, it follows from
the arguments for consistency of 5,. that 7, is a consistent estimator of v and
Bn = 9(Wn) = (91(Vn), ..., 9x(¥,))' is a consistent estimator of 5.
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Proof of (iv). It follows from (i), (i), (i2i) and Assumption V that
n"?(Ba — Bo) = (L) "'n'[n "SI ug (X)) + 0p(1)

for all minimum disparity estimators including the MLE. Thus, n/2(8,,— 3,) =
0,(1), and n'/2(8:,; — B.) = 0,(1) in particular. &7

From the proof above it also follows that n1/2([§,. — )-L->N(0 1501), and
n'2(3: — ﬂo)—+N(0 D,J,.'D;;) under the null thOtheSlS, where J, is the

information matrix under the v-formulation and X denotes convergence in dis-
tribution as n — oc. Therefore, n'/2(83, — 3%) = O,(1). Serfling (1980, Theorem

4.4.4) shows that n(B,, — 3%,.) Xgo(Bas, — ,‘,L)—L'x2(r). Now using Lemma 2.1 -
(ii) and a Taylor series expansion of 2np((},) around 3,, we have

~20[p(Ba) (B8] = n(Ba—55) Too(Bu—B2)+1(BaB")6%0(5,) /0608 15, (B~5")

where 82p(;5,,) /88388 is the matrix of second partial derivatives evaluated at En
a point between 3, and 3. Therefore, using n'/2(3, — ;) = O,(1) and Lemma

o ~ L
2.1- (i), (iv) we have —2n[p(B,) — p(B3)]=x2(r).
3. DISPARITY TESTS IN TWO POPULATIONS

Let (X;,...,Xn) and (Y7,...,Y,;) be random samples from populations
having probability mass functions mg, (z) and mg,(y) respectively, where 6; and
0y are k; x 1 and ky x 1 parameter vectors respectively. Let n = n; + ny
and let 0 = (61,0;) = (0',...,0%) be the combined vector of parameters of
the two populations. Note that k& < k; + ky since 6; and 62 may have some
common parameters. We assume that the two random samples are independent,
and that n increases to infinity with ny'n; — ¢, 0 < ¢ < oo, i.e., neither
samples size asymptotically dominates the other. We specify a null hypothesis
Hj to be tested as Hy : § € ©g, where Oy is a subset of the parameter space
© C RF and Oy is determined by a set of r < k restrictions given by equations
R;(#) = 0,1 < i < r. For example, for k = 2, we might have Hy : 0 € 6y =
{0 = (61,6;) : 6, = 6,}. In this case, r = 1 and the function R;(f) may be
defined as 01 - 02.

Let Iy be the k x k matrix whose (%, j)-th element is given by

1 o?
1+ cE 001067

c 2

logmgl(X)} T CE [60'(’301 logmg,(Y)| . ...(3.1)
Note that in case 6, and #3 have no common parameters, the matrix Iy is a block
diagonal matrix with two blocks which are equal to T:GI"I and g +019,, where I,
is the Fisher information matrix corresponding to mg,(z),i=1,2.
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In the sequel, let 8, denote the true parameter value. Let d;(2),i = 1,2,
be the proportion of sample observations having the value z in the i-th sample
and let p(#;) = p(di,mp,) denote the corresponding disparity. Let the overall
disparity po(8) for the two samples taken together be defined by

po(0) ="' [mp(6h) + nap(6a)], .(32)

and the disparity test statistic is defined by
~2np0(Bn) — po(0})] ..(33)
where 0, = (On, 2 ...,0%) is a vector at which pp is minimized over © and
snmlarly 0; = (0:1,0:%,...,02%) is a vector at which po is minimized over O.

Let 0:, 0;’, denote the estimates of #; and 6; components respectively.

Note that the overall disparity is defined as a weighted average of the dis-
parities for the individual samples, instead of the ordinary average with equal
weights. There are two reasons. First, this takes into account different sample
sizes available for the two populations. Second, with this definition of overall
disparity the likelihood disparity test coincides with the likelihood ratio test.
This makes it possible to investigate other disparity tests in relation to the like-
lihood ratio test by direct comparison. When p is the llkehhood dlspanty, let
LDo(0) denote the overall disparity (3.2), and let On, = (On,, ey nL)' denote
a vector that minimizes LD (0) over © with 0’L and 6Y . Tepresenting the esti-
mates of 0; and 0, components respectively. Similarly, let 0, = (BnL, L oky
denote a vector that minimizes LDo(0) over © with 023 and 63 representing
the estimates of 8; and 0; components respectively. Note that

LDo(0nz) = LDo(0},)
= n“l [n] LI)(d], 0:;L) + nzL[)(dQ, n[) — T LD(d], :i) - ‘NQLD(dQ, 0;%)]
=—n"ny d1 (z)logm, (x) + Y dg(x)logm (x)]

+n7! [n] 2 ©d; (m)logmgw (z) + n2 vd, (a:)logmo v (1:)]

= og { | im0 ey (0] /B, 060 g, 0]
=1 Jj=1 " 1=1 nL j=1 "nL
which shows that the likelihood disparity test is equivalent to the usual like-
lihood ratio test. Another justification for defining the overall disparity as in
equation (3.2) is provided by Simpson (1989, Example 6.2), where a disparity
equivalent to (3.2) for the Hellinger distance case has been used.

For the results presented next we assume that Assumptions I-V hold both
for the families mg, and rmg,. When p is the likelihood disparity this means that
the the regularity conditions for Theorem 4.4.4 of Serfling (1980) are satisfied.
Following the proof of Lemma 2.1 - (it) it can be seen that the matrix of second
partial derivatives of the overall disparity converges to the overall matrix Ig, in
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probability. Replacing the disparity p(3) by p(6), and Iz by Iy in the proof of
Lemma 2.1 - (iii), we see that 6, is a consistent estimator of 6.

The null hypothesis Hy imposes r restrictions on §. We assume that the
parameter space can be described through a parameter v, composed of k — r
independent parameters such that v = (¢',...,v¥ "), i.e., 8 = g(v) where gis a
function from R*~" to ®*. Thus 0, = g(7,), where 7, is the minimum disparity
estimator of the parameter in the v-formulation of the model. Let D, and J,
be defined as in Section 2, and let v be the true value of v.

Define uy(z) = Viogmg,(z),7 = 1,2. Using Assumption V and arguments
similar to those used in the proof of Lemma 2.1 - (), (i7) it can be seen that
ni2(G, — 60) = I 'n'2 (LM ul (X,) + 2E72,ug (Y5)] + 0p(1). This establishes
that n1/2(§nL—5n) = 0,(1) for all minimum disparity estimators 8,, and n!/2 (5,.——

00)—L*N(0,I;D1). Similar arguments establish that under the null hypothesis
nl/2(6%, — 0%) = o0,(1) for all minimum disparity estimators 6, and n'/?(6;, —
0p)5N(0, D, 1D',). |

ombining these results we also get

n'2(0,, — 0%,) = nV2(0, — 6%) + 0,(1), ...(3.5)
and R R
n2(0,, - 0,1) = Oy(1), nV4(0, — 0%) = 0,(1). ...(3.6)

Theorem 3.1. Under the null hypothesis, -—2n[LDo(5,,[,)—LDo(0;L)] con-
verges in distribution to x*(r).

Proof. Let by = (Ry(6), ..., R,(6)"). Then by an application of the multi-
variate delta method (Serfling 1980, Theorem 3.3A) the limiting distribution of
n]/2bb~nL is N(boo,Cgolgolcf,o), where

o= %
rxk

,

and Cg, is Cy evaluated at 0 = 0y. By Theorem 3.5 of Serfling (1980) one gets
_ _ L

n(bg ) (Ca g, Ca) ' (b )=’ (r). L..(37)

Since the second derivative of the likelihood disparity evaluated at 6, converges
to Iy, we get

~2n[LDo(n1) — LDo(0%)) = n(Ons, — 051) Tay(Bnr, — 1) + 0p(1).  ...(3.8)
However, since under the null hypothesis bg;L = 0, we have

by =bs —bg = Cs(Bas — 051) + 0p(| Bz — 051 |)-

(297 OnL,
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Since n!/2(8,;, — 62,) = O,(1), (3.7) thus reduces to
n(Bnr, — 07,)'C4,(Caly, Cay) ™' Coo(Bur = 07,) + 05(1).

But Cj, (Ca,I;'Cy ) 'Co, = Iy, (Serfling 1980, Theorem 4.4.4), which estab-
lishes that the right hand side of equation (3.8) converges to a x%(r) distribution.
V74

Next result establishes that each disparity test is asymptotically equivalent to
the likelihood ratio test under the null hypothesis, which together with Theorem
3.1 establishes the limiting distribution of the disparity tests to be x*(r) under
the null hypothesis.

Theorem 3.2. Under the null hypothesis, for any general disparity mea-
sure p, (=2n[LDo0n) — LDo(8:,)] + 2n[po(0n) — po(87)]) converges to zero
in probability as n — oo.

Proof. As in the proof of Theorem 4.4.4. of Serfling (1980, first equation),
we have —2n[LDo(0,) — LDo(6 ne)] = 1(Ons = 07,)'To, (Onr — 0?,) + 0,(1) and
the limiting distribution of n( il — 0'L)'Igo(0,,L 0:,)is x2(r) Similarly, by the
Taylor series expansion of 2npo(6?,) around 0, (using 8po(0,)/00 = 0) we have

—2n[po(0n) — po(6;)]
= (0 — 02)'T, (0 — 02) + n(By — 07 [d‘po(o)/()oao' - I,,,,] (6, — 62

where dzpo(on) /000¢ is the matrix of second partial derivatives of p, evaluated
at 0 = 0,,, a point lying between 9, and 0:. Since (0,, — bp) = 0p(1), so is
[0 po(on)/8080' - I,]. The result then follows from (3.5) and (3.6). £

4. EXAMPLE

In this section we present some numerical evidence that illustrates that the
Hellinger distance based disparity test is a far more robust alternative to the
likelihood ratio test in the presence of outliers. For our example we consider
Poisson populations. This simulation study was performed using FORTRAN
on a Sun workstation at the University of Texas at Austin.

The data were generated from two Poisson distributions with parameters
0, and 6,. The hypothesis of intcrest here is Hy : 0; = 0. The asymptotic
distribution of the dispartity tests for this hypothesis is x?(1). For the purpose
of our experiment we took ¢, = 6, = 5. All the computations presented here
are based on five thousand replications, the same set of samples being used for
the calculation of the two test statistics.

We generated samples of sizes n; and n, for different combinations of (ny, ng);
samples of equal sizes (n, = n;) and of unequal sizes (ny = 2n,) were chosen for
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n; = 25, 50 and 100. For each of these cases we computed the empirical levels
of the likelihood ratio and the Hellinger distance tests as the proportions of test
statistics exceeding the x?(1) critical values. We used 0.10, 0.05 and 0.01 values
for the nominal level a. The results are presented in Table 1.

Table 1. EMPIRICAL LEVELS FOR THE TESTS UNDER UNCONTAMINATED DATA

(n1,n2) Likelihood Ratio Test Hellinger Distance Test

a 0.10 0.05 0.01 0.10 0.05 0.01
(25, 25) 0.0960 0.0480 0.0092 0.1416 0.0778 0.0216
(50, 50) 0.0987 0.0498 0.0118 0.1230 0.0681 0.0198
(100, 100) 0.0934 0.0506 0.0094 0.1135 0.0656 0.0149
(25, 50) 0.1049 0.0517 0.0093 0.1476 0.0778 0.0210
(50, 100) 0.1036  0.0545 0.0109 0.1409 0.0727 0.0168
(100, 200) 0.0935 0.0508 0.0092 0.1128 0.0588 0.0146

To study the robustness of the tests we contaminated samples 1 and 2 at the
values u; and uy using contaminating proportions ¢; and ¢y respectively, i.e.,
instead of using the uncontaminated data {d(z)} and {dy(y)}, we use {d; ., (z)}
and {d,,(y)} defined by

dl‘“(.'lt) = (1 —(1)d1($)+(11u‘($), 0<ag <1,

to(y) = (1 —a)dy(y) + @, (¥), 0<a <,

where I, denotes the indicator function at the value u. We looked at three
different cases : (a) ny = ny, ¢; = 0.10, uy = 15, no contamination in the second
sample; (b) ny = ny, ¢1 = 0.10, u; = 10, ey = 0.15, uy = 15; (c) ny = 2n1,6
= 0.10, u; = 10, ¢ = 0.15, uy = 15. Note that a Poisson (5) random variable
takes the values 10 and 15 with approximate probabilities 0.0181 and 0.0002
respectively. These probability values are sufficiently small for us to study the
contamination effects at the points u; = 10 and uy = 15. The empirical levels
using the contaminated data are shown in Table 2.

Table 2. EMPIRICAL LEVELS FOR THE TESTS UNDER CONTAMINATED DATA

(i, ma, €0, 6,01, up) Likelihood Ratio Test Hellinger Distance Test

a 0.10 0.05 0.01 0.10 0.05 0.01
(25, 25, 0.10, 0, 15, -) 0.6822 0.5526 0.3016 0.1776 0.1074 0.0334
(50, 50, 0.10, 0, 15, -) 09126 0.8442 0.6414 0.1662 0.0944 0.0302
(100, 100, 0.10, 0, 15, -) 0.9966 09914 09522 0.1716 0.1026 0.0350
(25, 25, 0.10, 0.15, 10, 15) 0.8218 0.7076 0.4198 0.1690 0.0996 0.0290
(50, 50, 0.10, 0.15, 10, 15) 0.9840 0.9552 0.8240 0.1666 0.0972 0.0258
(100, 100, 0.10, 0.15, 10, 15) 1.0000 09998 0.9968 0.1706 0.1022 0.0292
(25, 50, 0.10, 0.15, 10, 15) 0.9056 0.8314 0.5764 0.1478 0.0830 0.0250
(50, 100, 0.10, 0.15, 10, 15) 0.9960 09888 0.9388 0.1398 0.0798 0.0240

(100, 200, 0.10, 0.15, 10, 15) 1.0000 1.0000 1.0000 0.1492 0.0852 0.0220
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The results clearly show the strong robustness properties of the Hellinger
distance test relative to the likelihood ratio test. This point has also been
observed in the empirical study of Basu and Sarkar (1994c). The level of the
likelihood ratio test is not affected much if both the samples are contaminated
at the same value at the same proportion. This is not unexpected because this
perturbs the estimates of #; and 6, roughly by the same amount. We noticed
this in our simulations but have not presented those numbers here for brevity.

5.  CONCLUDING REMARKS

Disparity based test in the single population situation have been studied
earlier by Simpson (1989), Basu (1993), Basu and Sarkar (1994c) and Lindsay
(1994). The present paper extends the above works to the case of general
disparity based robust tests for two populations. Extension of the results to the
case of k populations, k > 3, is straightforward if n 'n, — ¢,0 < ¢ < 1, for
each 1 = 1,...,k, where n, is the sample size for the i-th population and n =
(ny +ny+...+mn;). Our numerical example above demonstrates the robustness
properties of the Hellinger distance test. However, the Hellinger distance is just
one of several disparities that are known to produce robust estimators and tests
in parametric models. For example, several other members of the blended weight
Hellinger distance family and the negative exponential disparity can produce
estimators and tests which are competitive with the Hellinger distance based
statistics. In the single population case, the robustness of such estimators and
tests statistics. In the single population case, the robustness of such estimators
and tests were demonstrated by Basu and Sarkar (1994¢) for the normal models.

In this paper we have considered robust disparity based tests for discrete
models. The extension of this theory to continuous models requires additional
tools like kernel density estimation methods. Such an extension will be of great
value in many practical situations. For example, it will be very useful to deter-
mine robust tests for the equality of several means in the one way analysis of
variance model.
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