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1. INTRODUCTION AND SUMMARY

A (p+g)-variate normal distribution is said to be bi-polar if the variates
can beo divided into two sots of p and g, such that within each set the variances aro
equal and the corrclations are equal, and any variate of the first sct has with any
variato of the sccond set the same correlation, called tho bi-polar correlation.

This mode]l may be of use in educational problems and Votaw (1050) hus consi-
dered an application in medicine.

Bi-polarity is a particular caso of what Votaw (1048) calls "“Compound Sym-
metry” of normal populations for which he derived tho likelihood ratio test and its
mowents. The distribution of the likelihood criterion to test bi-polarity was obtained
in a Gamma serics form by Roy (1951).

In the present paper tho joint distribution of tho maximum likelihood esti-
mates of the elements of the bi-polar covarianco matrix has been obtained and & ‘¢
test has been derived for tho hypothesis that the bi-polar correlation is zero. The
case when tho means within each sct aro equal has been treated separately. The
likelihood ratio test for bi-polarity has been found to be unbiased in the case p=g=2.
A Gamma series expansion has been found for the distribution of the likelihood criterion
to test equality of means within each set of variates.

2, JOINT DISTRIBUTION OF THE MANIMUM LIKELIMOOD ESTIMATES OF THE
ELEMENTS OF TilE DIPOLAR COVARIANCE MATRIX

Lebt Zy50e e @pi5 Zpayh0-iTpag (8 = 1, 2, ..., ) bo n independent random observa-
tions on the p+q stochastic variables X...., Xp; Xpepoeros Xpoq distributed normally
with means my, my, ...y My3 My, ..., My, AN covarinnee matrix

where Z, is a px p matrix with all dingonal clements o, and other elements o, Z,
is a pxq matrix with all elements o, and X, is a ¢xX g mratix with diagonal elements
oy, and other cloments .

Tho maximum likelihood estimates of tho paramoters aro

A = .
my= G=L2 .,.pp+] ptq),

1 1 1
Ba= n Sear By’ = n Saats By = » Soor

1
Oy = 5 Sups
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where 7 = ;Z ETS
=1

.

Sy = Z (x— 25 %), 5,5 = L2, ., pop+lie ptg,
=

L. @)

e
s_=,_‘,z’:s,,, =_Zs,,. S»=%Z Sy
) =41

>im1

Sy = (_) ”Zﬁs,,. Sy = _Z Z;- Syt

We want to find the joint distribution of 8, S, Sy, Sy Si. Let us make the
orthogonal transformation

40
(Fio e Yot Ypprsooms Youdd = (Xi0 s 55 Dyt ees Xp0p) [o B] - 22)

where A is a pX p matrix with first column chosen 80 that A'E,d is s

{L L}
VP Vb
diagonal matrix with the first diagonal element A, =0,,+(p—1)0, and {p—1) other
diagonal elements A,=0c,,—0,,. This is possible since A, is o latent root of X, of

multiplicity (p—1) and {—\;—5, .—\/l—}‘} is tho latent vector corresponding to the latent

root A;. B is defined similarly with respect to X, whose latent roots we shall denote
by sty = o+ (1—1)oy, and gy =0,,—0,’. This will maoke 4'Z,B a matrix all ele-
ments of which vanish oxcept the leuding one which is v = Vjpgo,,. All the Y's
except ¥y and Y,,, are thus independent; the covarinnce matrix of ¥, and Y,,,

is [f‘ . ] Y,, ... Y, have the eamie variance Ay and Y,,;, ¥pyq.-.., Yy, have the com-

mon varianco s,. Let us write

- »
5= ,-l. Z g and Ly = Z Wx—INyp—3p)
- =1
It is easy to wco that Ly, = 8,,+(p—-1)8,
Ll.pn = \/IT‘IS.:-
Lyt pnr = Sut(g—1)Sw

I3
S Ly = (p=1KSu—5u):
=2
padd

Ly = (g—1NSn—Su)
=yt
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and ainco the joint distribution of the Ly's is

.
const. (LyyLyyrypor— LA ya1) °"P{ —(I'|L||—2'Lx-;u+"1L;u~yu)}X
12, R
X dLydLyupilyors pur X, n oxp {1 Xu} Ly © dLyx
t ]

yee o
)(J.l'l‘ exp{ }(L,,) dLy

where A=Ay, —+3, it follows that tho joint distribution of S., S.rs Sus Syes S is
nee

const. [{SaH{p—1)Su} S +7—1)S) —pgSal] * %
x exp {— ok [1{Su+(p—1)Su) 20 VPTSut M{Su+a— 1S} |} x

x exp {= 2 (p= 18— 8} (Su=5)

K= De=1=1
x oxp = g (0= 1= Su)) (SumSu)
]

X 48,8, 48 dSudSp. ... (2.3}

3. JOINT DISTRIBUTION OF THE BIPOLAR AND INTRA-CLASS
CORRELATION COEFFICIENTS

Let us define tho bipolar correlation as p= —==, p,—f'i' and
T

\/ov

. S, .
P = Zi and their cstimates by r= ! and ry = 22 respectively.
w S

S,a0
vn" =5,
The joint distribution of S,,, Sy, 7, r, 80d ry is thus
n-s

const. [{1+H(p—1IrJ(1+(g=Drd—par] * (L= i1kl —pyir-ir--3
1 (8. 5,05,
X exp [—ﬁ)(a(l‘*'(ﬂ—”l’z)(l+(P—‘)’n)—2‘\/ﬁ1’ﬂf”+

+ 2 +p-np)+a—1r )]«

1[Sea 1=ry , S 1—ry
x oxp [—g{,;_. (=1 772 + Z2g-Dg p'}] x
X (S Hr-IP-Y Sy WA= rdy, dr, 4SS
where D = (1+{p—Dp)(1 +{g—Dpd—pop*. e (31)
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Without loss of generality we_may take o, = g, = 1 anil writo

(l+(q—l)p.)(l+(n—l)n)+“ l—r. —c.
“+(p—l)p§)[()ll(q_”") ” l =c,
e _
o =0
n=14n=1)p; vy=1ir-N)yg
»
Then expanding eB V3@ = ZE(S,.)"(S»)l‘nnd integrating over S, and S, wo
s !

derive the joint distribution of r, r, and r, as

const. [{1+(p—1)r,}{1 +(q—l)r,)—pqr']_{(l—r,)"“'""""'(l—r,)“"‘""‘"" X

- B I(Vl+i’)r(’a+l’)
2 THOL e UC v+ ¥ drdry dry. . (3.3)
When p=0 the joint distribution of r, r;, r, comes out as

no4

const. ({1 +(p—=1)r) {1 +(g—Drd—pgrt]) * (1= Ji-10P==11 —pjhn-nee-ii-1

1+{p=1)r 1—ry = H=02c] 1 {g— 1)ry 1—ryq-hr-br
x[ 8= N —1 1 q— drdr, dr,
[Ci=ns, +e-01=5] [Famoa t 00 1=5] v
(3.4)
The conditional distribution of r for fixed ry, ry is thus
"_'_‘,
0
conat. [{1+(p—1)r}{L+(g—1)re}—por") -~ (3.5)
which docs not involve any parameter.
It follows therefora that when p=0 the statistic
t= r /n—2 . (3.0
‘\/(l+(P—l)’1}(l+(q—1)ﬁ) —rt
r

is distributed ns Student’s ¢ with (n—2) degrees of freedom, and can be used to test
the hypothesis that p=0. It will bo shown in a Iater section that this statistio provides
uniformly most powerful ono sided test for tho hypothesis that p = 0.
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4. JOINT DISTRIDUTION OF MAXIMDM LIXELIBOOD ESTIMATES OF ELEVENTS OF
BIPOLAR COYARIANCE MATRIX WHEN MEANS IN EACII 8ET ARE EQUAL

When my=my=..=m,=m, and m,,,=m,,,=...=m,, =m, say, the
maximum likelihood catimates of the parameters are

o =2 s,
1
o= 180
1S & R
where S, = 7 (z—m, )%,
=1 (=1
» =
8= Z (z,,—m,)(zl-,—m_)_
ARR2
Ll N
8 = F Z Z (x—m)t,
J=prii=1
e

d A A
= 7y Z(I;(—’"A)(Il’t—"'.)-
(2) I>i=pel iml
1 rie b L " a
5 = Z‘ 2 2 = malaye—m).
I"I F=ptl JE14=1
To derive the joint distribution of 8., Si., Si Sy, , Sl we mako as beforo the
transformation (2.2) and note that
E(Y).=0, j=2,..,p p+2.,7+0
Spat(p— 180 = Ly,
SpHg— 18w = Ly, pus

‘\/ﬁs‘:o - Ll.pu:
(p=182—52) = £ Eop,

J-g t=1

4
'};'

1

(9= INS3~ i)

=48 i=1
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Tt at onco followa that the joint distribution of §3,. Si... Sp,. Si S5, is of the form
(2.3) with §n{p—1)—1 for tho index of (87, —S2..) and yn(g—1)—1 for tho index of
(Sg— Sy} and thereforo tho joint distribution of

= —

R

will bo of tho form (3.3) with n(p—1)—1 as the index of (1—r)) and In{g—1)—1
as tho index of (1—7,) and v, and vy replaced by v;= {{np—1) and vy = }{ng—1) res-
pectively.

5. TEST OF THE NIIYPOTHESIS TIAT TIE BIPOLAR CORRELATION 18 ZERO
To test tho hypothesis that tho bi-polar correlation p=0 the likelihood-ratio

test comes out as
1 L]
L= 7 T<L,
14+ 5
n~1

whero # defined by (3.6) is distributed as Student’s ¢ with {n—2) degrees of freedom.
Wo shall now prove that this ¢ provides the uniformly most powerful teat for one sided
alternatives. Let ua consider the simple hypothesia I, = I, {p=0,03,,0%..,0%,,6%.,0%)
and o simple alternative H =ll(p # 0, 0., 0., Oy, Oy 0u). Denote by
¢ and ¢ the joint probability density function under U, and JI respectively.
Then sinco ¢ satisfics the conditions of Ghosh (1048) it follows that all similar regions
havo the property of detailed similarity and conscquently wo can construct similar
regions and from amongst them choose a most powerful ono of size & which is given
by (5.1)A (5.2) where A denotes intersection and (5.1) and (6.2) are defined as follows:

O < Sea < Opq+dl,,,
Opat < St < Opgr+d0,r,
Op < Su < Oy +d0y,,

(6.1)
Oy < Spr < Opyr+d0,y,
O < 84 < Op+dl.y,
0, <& <0 +df,j=12,.p+9
B> Ag, . (8.2)
whore A satisfies I $odv = a[¢°dv. . (8.3)
ovor (8.1)A (6.2) over (5.1)
Obviously (5.1)A (5.2)=(5.1)A (5.2’) where (5.2°) is given by
SypAor X
according as p>0orp<0 . (8.2)

208



TESTS OF SIGNIFICANCE IN SAMPLES FROM BI-FOLAR DISTRIBUTIONS

and A’ or A" are to be 50 chosen na to satizfy the condition that tho first kind of error
is @ . But wo know from (2.3) that the conditional distribution of S, when p=0is

24

const. (S, Hp—1)8u S +a—1)S) —peSa] * dS.
and this suggests that we replace (5.1)A (5.2°) by (5.1)A (5.2°) where (5.27) is given by

RSy =) _
= ST DS, St - D87 —pgs5) = = oF <"

according as p>0 or p<<O e 16.27)

where {, is tho upper 1002%, point of the {-distribution with (n—2) degrees of freedom.
This proves our assertion,

8. LIKELINOOD-RATIO TEST FOR FQUALITY OF MPANS WITHIX SETS
To test the hypothesis that my=my=...=m, and m,,,=...=n,,, the like-

lihood ratio statistic
(Sia=Saar)"=1 (Spy— 81} [{Sag FH{p =180} (Sn +{7—=1) S} = S3)

L =& {0 H(n— 1) Ha=he

(8= 8o (S5 = ST ({8, Hp— 8. ) S5 =185 = pa S

)

was derived by Votaw (1948) who also proved that when the hypothesis ia true

o T ) e st et
)= —7——M A - .
im0 P(":l+p—l-l r(’2'+’_,___l+z}°'° r(’?.;.q:_l) r(g+’l-i_l+l)

Now, it ia known, that (Roy, 1051) for any statistic 7,0 <1 < 1 for which the fth
moment is of the form

T(v+¢) Tv+-b+1) a>bh

B =155y Totetn

where v is of the order of the sample sizo, the probability density function of
= —mlog,! can be expanded in an asymptotic scrics of tho form

Py ~Fyr-1 }+ . {8.0)

1 1
oM +m'{r(r+z) r( )
with r=Xle—b), n==I(=b) t=2,3 ...

r—r,
A=20, m=v=p
dy = 1{3/\'7+3/\r + 7, —r} ete.
=3 ot rs—rl,... et
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Tho probabhility density function of ¥=—m log,L, can thereforo bo expanded in the
form (6.1) with

r = {(p+q—2),
__ptg+2
Hp+q=2)
6.2)
m= ;—/\, ¢
1 171 1
dy = 53 (p+9-2)~ 4(p+q_ re—nTalo T

7. UNDIASEDNESS OF THE TEST FOR BITOLARITY WIEN p=g=12

Let X,, X,, X,, X, bo distributed normally with means m, and covariance
matrix {o;0), 5,7 = 1,2,3,4. Tho hypothesis /I’ of bipolarity is that oy, =0
gy =0y O3 =0y =0y =0y Make tho transformation

Y, = X,+.\', Y, = Xs+X, XX,

%R v V2
and denote the means by ' and the covariance matrix by (a,/))). i’=12.34.
Then the hypothesis may be restated ns II°, o', =0",,=0",, =0, /=0 ,=0 ot in words
that tho fonr now variates can be dl\'IdL‘(l into the three independent groups (1, Y),
Ysand ¥,. The likelihood ratio statistic for testing bipolarity of the X's is the samo
as Wilks' (1033) statistic for testing which has been shown to be unbiased by Narain
(1950) for all values of m)’ and 0,,0,,,0,,,05, 04,.
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