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Abstract 

In this paper we have considered a two-species competitive system which is also affected by toxic substances. It 
has been observed that the ratio of the toxic substances of the two species plays a crucial role in shaping the 
dynamics of the system. Lastly, by using a suitable Liapunov function we have observed that the toxic substances 
have some stabilizing effect on the system. 

Keywords: Competition, interspecific; Toxicology 

1. Introduction 2. The mathematical  model 

The effects of toxic substances on ecological 
communities is an important  problem from an 
environmental point of  view. By using mathemati-  
cal models Hal lam and Clark (1982), Hal lam et 
al. (1983a,b), Hal lam and De Luna (1984), De 
Luna and Hallam (1987), Freedman and Shukla 
(1990) and others studied the effects of  toxicants 
on various ecosystems. 

In this paper  we have considered a two-species 
competitive system which is affected by toxic sub- 
stances. In the formulation of the model it is 
assumed that the environment in which the 
species were present  contained pollution which is 
almost constant, resulting in the growth of the 
species being affected due to that pollutant. 

We are interested in determining the effects of  
toxic substances on equilibrium levels and stabil- 
ity of  biological system in local as well as global 
sense. 

In addition to competi t ion between two 
species, each species produces a substance toxic 
to the other, but only when the other is present. 
The growth equations for such a system can be 
written as 

dt  

d t  

= NI( K1 - OtlN 1 - - / 3 1 2 N 2  - T1NIN2) 

= N 2 ( K  2 - a 2 N  2 -/321N1 - y zN1N2)  

(1) 

where Nl( t )  and N2(t)  denote the population 
density of  two competing species at time t for a 
common pool of resources and K 1, K2, o~1, or2, 
/312, /321, Yl and 3'2 are positive constants. The 
first three terms represent  competitive growth 
and the last term denotes the effect of toxic 
substances. Such a system where a toxic sub- 
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stance is produced at a constant rate is studied by 
Maynard-Smith (1974). 

3. Equilibria and local stability analysis 

The model system (1) has four equilibria, 
namely E0(0,0), El((K1/al),O), Ez(O,(K2/a2)) 
and E * ( N~*,Nz* ). 

The local and global stability properties of E 0, 
E~ and E 2 are well known. We are interested in 
determining the effect of the toxic substance on 
the model system, so we shall put emphasis on 
E*.  

To determine the local stability character, we 
compute the variational matrix about E *, which 
we denote by M. 

M=[-alNI*-TINI*N~ - ~12Nl* - "Y1N1.2 ] 
-/321N2" -~2N; 2 -ot2N ~ -'Y2N1 N; " 

The characteristic equation of M is given by 

o'2+bo'+c =0 

where 

b = a l g l *  + 0/2N2 * + (T1 + T2)NI*N2 * 

C = (0/iO-12 --/312/321)gl*N2* 
+ - 

+ (0/23q - 3'2/312)N,*N2 .2 

(2 )  

(3 )  

From the above, it is clear that in the absence of 
toxic substance (i.e., when ~/i = 0, i = 1,2) the 
interior equilibrium point is locally stable or un- 
stable according as 

0/, /3,2 0/, /312 
- - > - -  or - - < - -  (4)  
/321 0/2 /321 0/2 

respectively. If the first term of c is less than zero 
but the second and third term is greater than 
zero i.e., if the ratio of the toxic substance of the 
two species lies between 

/312 "~1 0/1 
- -  < - -  < - - ,  ( 5 )  
012 T2 /321 

then the locally unstable system (in the absence 
of toxic substance) is locally stable (in the pres- 
ence of toxic substance). 

Thus we may conclude that toxic substances 
have some stabilizing effect on the two-species 
competitive system. 

4. Global stability 

T h e o r e m  1. The interior equilibrium 
E * (NI*,N2*)/s globally asymptotically stable if 
4(a ,  + ~/,N2)(a 2 + T2NI) 

>--- (/312 +/321 + TINI * + ~/2N2" ) 2. (6) 
Proof. We define the following positive definite 

Liapunov function as 

V(N, ,N  2) = N 1 -- N,* -- N 1. log ~1" 

+ N2-N2*-N2*  log( N2* --~-2 ) (7) 

where E * (NI* ,N2* ) is the equilibrium point. Note 
that V(N1,N 2) is a positive definite function for 
all (NI,N 2) ~ (NI* ,N2* ). The time derivative along 
the solution of Eqs. 1 is 

I~(N,,N2 ) = NI-NI* __dN' + N2-N2* dN 2 
N 1 a t  N 2 dt 

= - [ ( N 1 - N , * ) Z ( a l  + TIN2) 

+ ( N  1 - NI* ) ( N2 - N2* ) 
X(/312 +/321 +TINI * + T2N2*) 

+(N2-N2*)2(0/2+'Y2NI)] .  (8) 

The above equation should be considered as a 
quadratic form in the variables (N 1 - N  l*) and 
(N z - N2* ) which is negative definite if the matrix 

0/1 + ~/1N2 (/312 +/321 + ~,NI" + " Y 2 N ; ) / 2 1  

B =  (f l12+/321+,YiNl* + ~ / 2 N * ) / 2  0/2+T2N1 1 (9) 

is positive definite. 
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The  matrix B is positive defini te  if 

4(oq + T i N 2 ) ( a 2  + T2N1) 

>( /312+/321+ 'Y1Nl*+ 'Y2N2*)  2. (10) 

Hence  the theorem.  
F rom Eq. 10 it is clear that  toxic substances  

play an impor tan t  role in stabilizing the system, 
which also reflects the local stability character.  

Acknowledgements 

The author  is grateful to the referee of this 
paper  for his comments  and  suggestions. The  
au thor  is also grateful  to his teacher  Professor 
P.K. Tapaswi for useful  discussions. 

Freedman, H.I. and Shukla, J.B., 1990. Models for the effect 
of toxicant in single-species and predator-prey systems. J. 
Math. Biol., 30: 15-30. 

Hallam, T.G. and Clark, C.E., 1982. Nonautonomous logistic 
equations as models of populations in a deteriorating 
environment. J. Theor. Biol., 93: 303-311. 

Hallam, T.G. and De Luna, T.J., 1984. Effects of toxicants on 
populations: a qualitative approach IlL Environmental 
and food chain pathways. J. Theor. Biol., 109: 411-429. 

Hallam, T.G., Clark, C.E. and Jordan, G.S., 1983a. Effects of 
toxicants on populations: a qualitative approach II. First 
order kinetics. J. Math. Biol., 18: 25-37. 

Hallam, T.G., Clark, C.E. and Lassiter, R.R., 1983b. Effects 
of toxicants on populations: a qualitative approach I. Equi- 
librium environmental exposure. Ecol. Model., 18: 291- 
304. 

Maynard-Smith, J., 1974. Models in Ecology. Cambridge Uni- 
versity Press, 146 pp. 

References 

De Luna, T.J, and Hallam, T.G., 1987. Effects of toxicants on 
populations: a qualitative approach IV. Resource-con- 
sumer-toxicant models. Ecol. Model., 35: 249-273. 


