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This paper amalyges the use of a version of lexical maximim strategies, called
protective behavioe, in twa-sided matching models. 1t rescricts atteantion to mecha-
misms which produce sfuhle matchines. that is, matchings which are individually
rational and pairwise omimal, The main rosults of the paper show that troth-telling
is the wrigue form of protective behavior in twe such mechanisms. The frst is
the one which selects the student-oplimal stable matching in the college-sdmissions
madel, while the second is the mechanism which selesss the buyer-optimal match-
ing in the Shaplev—5hubik wssignment model. fovrnal of Economic Literaiyre
Clussification Mutnbhars: T8, DEL.

1. TNTRODUGCTION

In this paper we test a very generul insight about the incentive properties
of collective decision-making mechanisms against the specific yetvich and
relevant ¢lass of two-sided matching models. The insight is the following:
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although not in gencral a dominant strategy, truth-telling may become a
very sabent and sensible type of behavior in many revelation pames,
provided apents are sufficientiy risk averse and poorly informed about
other players. We shall provide a specific formulition of (his general idea
thrpugh the analysis of what we call protective behavior, a concept we
introduced in Barberd and Dutlla (1982) and that we exlend here to cover
a richer class of situations, This gencral insight 15 then tested against the
performance of mechanisms that are specifically designed to solve two-
sided matching problems. In this inlroduction we shall elaborate on the
interest and seope of matching models, on the adequacy of our concept
of protective behavior, and on the relevance of our results.

There is by now a vasl literature on two-sided matching problems.!
Matching processes have been madeled as cooperalive and nencoopera-
tive pames. The alternatives faced by society may be finite (a5 in the
marriage problem or the college-admissions model, where the only rele-
vanl deciston involves matching agents an one side ol the market 10 spenty
on the pther side) or infinite (as in the assignment game, where monetary
payments between agents who are matched are also part of the outcome).
The domains of preferences under consideration are atso different in each
case, and in pur analysis of strategic behavior we retain the assumptions
on preterences thai ure slandurd for each model. But the basic questions
addressed throvgh these models are common to all,

The existence of stable matchings, the strocture of the set of such
matchings and the design of algorithms te compute them have been major
gopeerns of the literature. The incentives for agenls to act sitategically
under matching mechanisms have also been scrutinized, with special atten-
tion paid Lo those mechanisms that guarantee stable matchings, No mecha-
aism which always produces stable matchings with respect to stated prefer-
ences can make it & dominant strategy for all agents to always reveal therr
true preferences, However, some of the best known mechanisms will
alwavs make truth a dominant strategy for one side of the market. These
facts are due to Roth (1982} for the discrete models and to Demange
(1982) and Leanard {1953 for the assignment game. The nonexistence of
dominant strategy mechanisms opens the door to more detailed analysis
of strategic behavior, which will now be dependent on the specific setup
and couilibrium concept to be used, For example, Roth (1984) showed
that in the one-to-one models, the mechanism that abways yields the opti-
mal stable matching for one side of the market has the property that every
Nash equihbrium in undominated strategics will yield a maiching that is
stable with respect to the true preferences. This result, therefore, goaran-
lees Lhat if we can reasonably expect that only strategy s-tuples that are

' Roth and Sotomayor (1990) provide an excellent survey and presantalian.
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Nash equilibria in undominated sirategics will be used, then unstable
matchings will ot occur.

Although implementation resulls of this Lype are powerful, they implic-
itly assume that the preferences of all agents are common knowledge.
This is unlikely to be the case in many situations. As Roth and YVande
Yale {1989) remark, “‘ooe of the difficulties that arises (n attempting to
apply thearetical stidics of equilibrium to cmpirical studies is that the
information required for ageels to implement some kinds of equilibrium
stralcgies frequently exceeds the information that agents can reasenably
be thought to have.” One alterpative is o model the markel as 2 game
of incomplete information, as i Roth (1989). But an attempl to model
actual markets as g game of incomplete information raises conceptual
problems of its own because of the strong wssumption thal agents share
a commen prior probability distribution.?

In this paper we consider & framework which is the polar extreme of
the complele information model. Specifically, we unalyze situations whers
agents adopl what we call prodective behavior, and we argue thal such
behavior, which is based on a refinement of the traditional maxmin crile-
ron, would be adeyuale il agenis were extremely risk averse and had no
information al all about (he other agents’ preferences. The concept of
protective behavior is based on 4 binary comparison between stratlegies.
Strategy 5 protectively dominates strategy 5 for agent { under a given
social decision rule if: (8) 7 is guaranteed to stay above a cerlain uklity
level #(s} against a larger set of actions {rom the rest of sociely by using
strategy 5 than by using sirategy ', and (b} 5 und ' lead to the same
oulcomes [or all actions of others under which § would oblain & utility
level below r(s). Prolective domination is & transitive bul not complele
relation. A protective strategy is one that is nol protectively dominaied
by any other. The notion of protective behavior when the set of alternatives
1s finite was introduced in Barberd and Dutta (19823 and characterized in
Barberi and Jackson (1988). In the present paper we extend it to the

?'his induces Roth and ¥ande Yale (1989 to concentrate on a <lass of “plavsible and
nlarmalionally parsimoniows’” sirategies, called rrneafed siTslegies, As the name suggesis,
a truncuted straleay iy siunnly a iruncation of a playsr's lrug preference |ist, Boch and Vande
Vate (1989) study marriage markets in which the matchings are armanged through a randam
process. They show that a playet will always have a troncated strategy as a best responze
10 any strategy combination used by other players, Moreover, any stable matching can be
achieved as a Wash equilibrium in undominated strategics via truncated sirategics. Howeyer,
Lhaugh truncated strategies are simpler 10 use, it is nol clear to us that \runealed sitatcgics
are actually “'informadionally prrsimonious.”™ AN truneations are oot besl responses, 1n
arder 1o Gnd out which tTencalion e wse, an ggent mast knew the sictegy combination
being uzed by the owther plavers. Thus, we ate back W the complate information framework
after all.
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infinite alternative case. Comparisons with a related concept, Moulin's
notion of prudent strategy, are found in Seclion 2.

We prove that there are different matching models under which truthfil
revelation of preferences is the nnigue protective strategy for all agenis.
Specifically, this is the case for the mechanism that would always choose
the buyers' optimal stable matching in the assignment model and [or
the one choosing the students™ optimal stable matching in the college
admissions problem (the latter also covers the men’s opiimal and women's
optimal mechanism for the marriage problem). 1t is inleresting 1o notice,
however, that truth-telling plays a somewhat different role in each of
these models: il protectively dominales all other strategies in the college
admissions and the marriage prablem, while in the assignment game il
no longer dominates all others, but still remains the only protectively
undominated stralegy. We also show that other natural mechanizms, like
the one that woukd always choase Lthe college-oplimal matching, do not
share the same property.

We want to slress the importance of the fact that under the above-
menticned mechanisms truth-tclling is the wifgue protective strategy. In-
deed, in these and many other cantexts, truth-telling 1$ 4 maxmin strategy,
but so are many other stratepies. Because of that, statements about max-
min behavior become extremely inconclusive, This was noted by Thomson
(1979) and Dasgupta ¢f «f. (1979}, and it partly justifies the sparse inlerest
for maxmin type behavior in the recent literatuce on implementation, in
spite of the earlier attention il got in seminal papers like Dréze and de la
Vallée Poussin (19711, By showing here thal truth-telling stands out as
the unnique protective strategy, we provide an gppropriale statement for
the intuition thal truth-lelling may be a plausible form of behavior in
situations involving uocertainty,

2. ProTiciivi BEHAVIOR

In this section, we describe the concept of profective behauvior. W
define this concept for an arbitrary game in normal form. [ subscguent
sections, we will point o0l how the concept can be applied 1o the specific
malching models considered in this paper.

Let f=1{1,2,. . ..ntbenset ofindividuals, and A a s¢t of ontcomes,
The set of oulcomes may be finile or infinie. Each individuasl f € fhas a
real-valued utility function #,: A — H. Noic that individual uilitics may
be given ordinal or cardinaf meaning, depending upon the specific context,
Let w = (g, . . ., a,) denote a vector of vtility functions.

For each i € 1, lot §; be individual i's strategy set, and $ = IT 5§, Let
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2§ - A be an outcame function, specifying an outcome (o1 each a-tuple
of strategies in 8. & = [£, A, §, g, u] constitiutes a game in normal form.

In order 1o introduce the concept of pratective behavior in G, we need
some further notation. Choose any real number & € B, any { € { and
5; £ 5,;. Define the sel cif, 5) as [follows;

cth, 5 = {5 € 8, | wdpls, s_0 = &L

Thus, e{k, &) is the set of (# — D-tuples of ““complementary’” stratlegies
which in conjunction with 5; gives individual { a utiliey level of &

DerFvition 1. Forany i €7, and 5;, 5! € 5;, 5; provectively dominateys
57, denoted s, df{u) 5/, if there exists & £ [ such that

f) efr, s Nelr, 5]} = £ forallr=kandr = ¢,
(i) ek, 53 C elk, 5]},

Let Diw) = {5, £ 85! 35! € & such that s} du) 5}, Diy,) is the set of
protective strategies of individual /in the game & = [{, A, 5, 2, ul.

Suppose s, apd x! satisfy conditions (1) and (i) of Definition 1. Condition
{iy guarantees that np to the threshold utility level of &, individual { cannot
lose by emploving the sirategy s instead of 5], For suppose s | is a
complementary strategy profile such that w(gls;, s_3 = r = & Then,
condition {i} ensures that [ gls), 5_0) = r. Moreover (i} implies that
there are complementary profiles s_; such that wigls;, 5 J} = & aml
til 7ls;, & - 0) = k. Thus. if individuals are extremely risk averse and hence
more concerned with avoiding “‘disasters,”’ the concept of protective
behavior is un appealing Gption.

The concem of pratective behavior is ciosely related to Moalin's (1981)
notion of pradent beftavior. We detine below prudent strategies in a pame
5 where the set of stratexzies for any plaver is finite,

DermirTion 2. For any { E I, a strategy §; prudently dominates 5 iff
there exists & € [ such that

(i) |cr, s} = |elr.s5)|  foralle=k,
(i |otk, 53] < jclk, 5]
{(We use the notalion |¢| to denote the cardinality of set ¢.)

As we have remarked in Barberd and Dutla (1982), the concep! of
prudent behavior implicitly assumes that an individual considers all com-
plementary profiles to be equally likely, whereas protective behavior does
not regquire individuals 10 have any subjective probability distribution
about other individuals® strategies. We point out at this stage that in any
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game & where agents have a finite set of strategies, individual £7s set of
protective strategies D{x;) will be a superset of i s set of prudent strategies.
Since our purpose is Lo highlight situations in which truthtelling is the
arigue protective strategy 1o varioos matching models, it follows that
analpgous statements are true when proteclive behavior is replaced by
prudent behavior.

DeFinrnioN 3. For any § € 1, stralegies 5, 5] € 8, are equivalent iff
for all fog = S—h g{.sl'r S-—f} = gl:.i': H .'i‘_r-}.

It follows that if 5, & D(x), then so must any strategy 5] which is
equivalent to 5. The reader should kecp in mind that our subsequent
results which show that truth-telling is the usigue protoctive strategy are
modulo equivalence.

I, PROTECTIVE BEHAVIOR 1IN THE MaBRIAGE AND COLLEGE
ADMISSIONS MODEL

In this section, we will analyze protective behavior in some simple two-
sided matching models withoul money,

Since urlity is ordinal in these models, we will use individual preference
arderings instead of utility functions in this section.

We wiil firs1 describe the simplest two-sided malching mode!l in the
literature—the marriage market of Gale apd Shapley (1962), There arc
two finite, disjoint sets M and W; M = {m,, . . ., m_}is the set of men,
amd W ={w,wy.. . .,wtisthe set of women. Each man has preferences
over women. Similarly, each woman has preferences over men, Thesc
preferences may be such that man m would prefer to remain singie rather
thao be married to a woman w, say, whom he parcticularly dislikes. A
woman w is eccepfable 10 man m if he prefers her 10 remaining single,
Similarly, man st is acceptable to w if she prefers him to remaining single.
We will assume that everyone's preference is sirict. The preference of
gach man m wili be represented by an ordered list of prefercoces, P{m),
on the set W U {m}. Thal is m's preference may be of the form:

Plimy=w ,wy, . . .. w
Ls W3 3

indicating that his frst cheice is 0 be marmed 1o w, his second choice
is to be married to wy and he woold much rather remain single than be
married o anyone clse. Similarly, each woman w has an ordered list of
prefercnces £{w), on the set A U {w}.

Let P = {Ptm), . . .. POm}, POw}, . . ., P(w) denote the set of
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preferences, one for each man and woman. We will often use the notation
F_ . lor P_)to represent the preferences of agenis other than w {or ).

An outcome in this market is a set of marriages. Of course, some
individuals may nol find a partner.

DeriniTION 4. A matching p is a pne-to-gne corcespondence fram the
set M U W onto itself such that for cach m = M and w £ W, uim) = w
i pw(w) = moapd if wim) & W, then wim) = m, and similarly if uw) €
M, then pinw) = w.

A matching g 15 individually rational if cach agent is acceptable Lo his
or her pair. For a given matching u. a pair (s, w) forms a blocking pair
il pi{m) # w and if they both prefer each other to their mates at . A
matching is stabfe I it is individually rationgd and there are no blocking
nairs, >

Gale and Shapley (1962) praved that for any sel of preferences P, the
ser of stable matchings 15 nonempty. Moreover, when all agents have
strict preferences, there always exisls a stable matching that all men {resp.
women) will unanimouwsly prefer to any other stable matching. This is
called the men's optimal {resp. women's optimal) stable matching, Gale
and Shapley also constructed an explicit algorithm to locate the optimal
stable matching for either side of the market.

We now describe a simple model of many-ta-one matchings—the “‘col-
lege admissions™ model. This model is meant to represent situations where
one side of the market consists of institutions and the other side of individu-
als. The institutions (colleges, firms) may be matched to several individuals
{students, workers), but 2ach individual is matched to only one institution.
More formally, first define for any set X, an unordered family of elements
of X to be a collection of elements, not necessarily distinct, in which the
urder is immaterial. Hence, 3 given element may appear more (han once
in an unordered family. Let © be the set of institutions (colleges), and §
the set of individuals (students}. As in the marriage model, each college
¢ has preferences P{c) over the sct § U {c}, while rach student s has
preferences P(s} over the set C U {s}.

DEFINITION 5. A matching w15 a function from the set € U 5 into
the set of unordered families of elements of € L 5 such that:

1. |uls)] = 1 for every student s and u(s) = s if pi(s) & C.

2. |ulc) = g, for every college ¢, and i the number of students in
alel, say r, is less than g, then pic) contains g, - r copies of ¢.

3. pis)=cif s & pie).

Condition 1 says that a student can be matched 1o a1 most one collepge,

1 1n this model, the set of stable marchings coincides with the core of the pame.
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Condition 2 states that each college has a quota g, , so that it can enroll
at most g, students although it ¢an alse keep some positions unfilled,
Condilion 3 requires that if a student is matched to a college, then this
college 15 matched to the student.

To complele the description of the model, we have o describe the
prelerences of agents aver different outcomes. Tn the marmage market,
preferences could be described very easily because agents’ preferences
over alternative matchings coincided with their preferences over their
own asslgnmenls al the two malchings. In this model, we can still say the
same thing about the students since at each matching, a student is either
unmatched or matched 10 a simgle college. But colleges having a quota
greater than | must be able to compare groups of students on the basis
of their prefarence gver single students.* Following Roth (1985), we will
assume that colleges are endowed wilh preferences Fic) vver groups of
students satisfying the following condition of responsivencss,

Derinimion 6, The preference relation B(o) over sets of students is
responsive to the preferences Fie) over individual students if, whenever

el = (uied U {aporh for o € ple) and & & uie),

then u{c}Pelu'(c) « ohic)d.

Thus. when gic} and p'(c) onky differ because nne 15 obtzined from the
other by exchanging 2 student o for another sludent &, the college should
runk these two sels according 1o their ankimg of the two stodenrs that
make the difference.

Mole that the assumpiion of responsivensss s 2 ralther weak requiremcent
because restrictions are imposed on how collepes compare some groups
of students only. For instance, il ¢ne group consists of the first and fourth
maost preferred students, and the other group contains only the second
and third most preferred students, then the condition does not apply.

In addition to responsiveness, we assume that for each college ¢, Bic)
is complete and transitive,

A matching (s individually rational if no student is matched to an unac-
ceptable college, and noe coliege is matched {0 any unacceptable student.
A college ¢ and student s form a blocking pair to i if they are not matched
to one another at g, but would prefer to be matched to one another
than to {one of)} their present assignments. A matching is stabfe if H is
individually rational and it is not Blacked by any student—college pair,
Clearly, the notions of individual rationality, blocking pairs and stable

* There (5 & sivable lierature on the goneral problem of exiending preferences over sels
1o 1he power sel. See, Tor instance, Barberd and Pallanaik {1984) and Kunnei and Peleg
[15954).
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tnalchings in the college admissions model are straightforward generaliza-
licns of 1he corresponding concepts in the mamiage markel.

We now briefly comment on how the definition of protective behavior
given in Section 2 can be applied in the marriage market and college
admissions moedels, Note first thal the delinition can be applied almost
straight-away in the case of the marrinpe model. Here, the strategy set of
any agent misay) is simply the set of possible preterence orderings over
W U {m}, while the cutcome sct is the sel of possible matchings for m.
Suppose m's preference ondering is:

P¥im) = Wy, Wy, o L, Wy, I

Then, in compuring two alternative strategies Plm) and P/(m) under
say the M-optimal stable matching u,,, 7 fivst compares the set of comple-
mentary profiles which together with Plm) leaves him unmatched to the
set of complementacy profiles which jeaves him unmatched when he uses
F'{rm), [T these two sets are 1dentical, then the next raund of comparisons
is in terms of the' sets of complementary profiles which resull in v, and
S0 01,

In the college admissions model, 1he above interpretation remains valid
for the students. However, the situation is more complicated on the coliege
side of the market. The set of strategies [or colleges will still be preference
orderings over the set of students, But, for any college ¢ with quota &,
greater than 1, the set of outcomes will be sets of students with cardinality
not exceeding . Hence, a college will use Fie) to evaluale alternative
sirategies.

We will now show that in the college admissions mode!, the mechanism
which always chooses the student optimal matching has the property that
truthful revelation of preferences is the unique protective strategy [or all
agents. Since the mamiage model is a special case of the college admissions
model, our result obyiously goes through fur the marriage markel, Alse,
note that in the marriage market, both men and women have a symmetric
role. Hepce, truthful revelation of preferences will be the unique protective
strategy in both the M-optimal as well as the W-optimal stable matchings.

The following notation will be useful in the sequel. Given any subsel
¥ C A and a preference ordering F over A, we say that ¥ is borrom for P
if, ¥y € ¥, Wx £ AVY, xPy. Two preference orderings P and P ggree on
Yif¥x y 2 ¥, sy ift xF'y,

For any college ¢ or student 5, we will denote complementary profiles
by ¥ Lor P,

Civen any preference ordering P, and any integer v, the vth worst alterna-
tive in A is @ [P) = {x £ A | exactly {r — 1) alternatives ¥y € A:xFv}

We now state the main result in this section.
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THEOREM 1. Under the mechanism which always yields the student
optimal matoking ns, truthtelling is the unique proteciive strategy for afl
agents.

The proof of the theorem is preceded by a few lemmas. Tn this lemmas,
choose a specific college ¢, & preference ordering Fe) and some Ficy
which is responsive to Fir). Lal 5" denotc the set of unacceplable students
for college ¢ according to P{c). The lemmas below specify properties of
the sct of protective strategics under the mechanism which chooses the
matching .

Lemma L. ff Pich and Pic) agree on S\5¥ and 8* is bottom for P'le),
then Plct and P'ic) are equivalent strategies.

In words: the order of unacceptable students in the colleges’ preferences
does not matter.

Proof.  Since ug is individually rational, P{¢) and P'(c) both gearantee
thut ¢ is not matched Lo any unacceptable student. Since the only difference
between Pic) and P'{¢) is in the ranking of unacceptable stedents, the
resull (ollows.

LeMMa 2. Let 8 be the g.-top ranked alternatives according 0 P(c).
If P{c) and Fie) agree on (5 U {cIhS', and {8 U {chS' is botiom for
Fiie), then P(c) and Plc) are equivalent sirategies.

In words: the order of students which are all top and within a collepes’s
quota does not matter.

Proof. If P'(¢) satisfies the hypothesis of the lemma, then the only
difference hetween Pe) and Pc) is in the ranking of (he alternatives in
&' It is easy to check that the two orderings must give the same outeome
for all complementary profiles,

Lemma 3. Iffor some s £ 8% sPck, then Peld PIe)) P/ (0).

In words: all strategies which treat an unacceptable student as accept-
able are protectively dominated by the truth.

Proof.  Suppose ¢ expresses the preterence ordering Plc). Since jug is
individually rational, ¢ cannot then be matched to any unacceplable stu-
dent. Now consider the following F*_

I. ¥s' # 5, ¢ is unacceptable 10 5.
2. ¢ is the only acceptable caltege for s.

Clearly, pof P'(c), P*,, ¢} = {5, ¢, . . ., chie., cis matched to s, with
g, — | positions remaining undilted. Dn T.hﬂ other hand pd Pic), P, c)
={r,. . ..,k ie., c does not fill up any position. Since s is unacceptable
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to e, we musl have Mo)dlPic)}FP'(c). This completes the proof of the
lemima.

Lemma 4. If for sore s € 588", cP'(c)s, then Plold( Plen (o).

In words: all stoategies which treat an acceptable student as unaccept-
able are protectively dominated by truih.

Proaf. The proof is similar to that of Lemma 3, and is therefore
nmitted.

We need some additional notation before we can state the next lamma.
Fix a complementary profile P | for college . Suppose pg{Ple), P_.. o)
= {5, . - .. 5) =3, where 5, is the worst option for ¢ according 10 P(c)
in the set §. (We do oot rule out the possibility that 5, = ¢; i.e., ¢ may
not fill up all positions al ue(Plc), P_ )l Lel § = {s & 5| 5, P(c)s}. §' is
obvicusly a bottom set for Ple), Let #'(c) be any preference ocdering such
that 5' is a bottom set for F'ic).

LetP = (Mo, PP =(Pe), P_)

LEMMa 5. Suppose udP) is individually rational for P'. Then,

uslP) # 5Py 3 uolP, WPleiugl(P', c).

Proof.  First, we show that p (P} is a stahle matching with respect to
the preference profile ', For, suppose that (P} is not stable with respect
to P'. Then the blocking pair must contain e Suppose (o, #) is a blocking
pair, Then sP(chy,. But {s* € § | 5, Pleds’} is bottom for P'(c). So
sP'{e)s, — sP{c)s,. But, then (c, 53 will also constitute a blocking pair to
ps(P). So ug(P) is a stable matching under profile P,

Suppose u(P # p(P'). Since py is the student-optimal stable match-
ing, ¥5 € 5, either p (P, sWP{s)p (P, 5 ot (P, 5} = pg(P, 5). Consider
the set of students §t = {5 © § | ps(F', 5} = ¢ £ u P, s} This set must
be nonempty, and ¥s £ 5, cP{s)us(P, 5). If for any s £ §', sP(c)s, then
{r, &) would block pe(P}). 5o ¥s £ § t, 5, Plc)s. So for any Bic) which is
responsive to Pic) we have p (P, c}ﬁ(cms{l", £). This completes the
proof of the lemma,

We can now procesd 1o prove the theorem.

Proof of Thearem 1. Suppose P'(c) is some preference ordening for
college ¢, From Lemmas 3 and 4, it is clear that if the set of upaccentable
stadents according to (¢} is not 5%, then P{e)d{ PlcP'{c). Also, from
Lemma 1, the order in which the unacceptable siudents arc ranked does
oot matter 5o long as §¢is a bottom set. So, we can assume w.l.¢.g. that
8=
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Since teuth-telling is a dominant strategy for all students under pg, it
suffices to show that truthtelling is the unigue protective strategy for all
colleges.

Let FP'ic} be some preference ordering which is not equivalent to 2{¢)
and such that

1. For some integer v, el Pel) = a P elivk < r
2o a{Pel) = a (P

We want to show that £(c) o £ (). Take any complementary profile
P_.. Suppose us(Fle), P_..ed 0 {adPichy, . . ., o (Pe))} # & Singe
{a (P - -, e (P{ch]} is also 3 bottom set far Fie), pylFle), F_)
must be individually rational for #'(c}. From Lemma 5, either gl Plc),
P_., oy = el Piloh, Pooooodor p Fley, Po,. c)Plohes(Pel, £o.. o)
Henee, in arder to show that Pkl P{enP {c), it 1s sufficient to show that
there is some P __ such thal g (Ple). o, o} = pgd Pe), P, eifa (P}
U {a (P{c))} for some f = r.

MNote that since P(c) and P'(c} are nol equivalent stralepies, |§| —
(r — 1} =g, Let a{Pc)h} = 5;and a (P{e)) = 5., and §7 be some set of
(g, — I3 stedents such that ¥y = 8% »Pich,. Consider a complementary
profile #__ such that

1. ¥z 2 5% 1 {.ﬁ'_|,-, s, PSSP Y € Ok
2. ¥s & (5% U {5, 51}, ¢ is not acceptable to 5.

The reader can check that ws( F(c), -, ¢} = {5} U S¥ while g (e},
P__,ch={s} U 5* Since 5,P(c}S, . this shows that P{e)d(P{e))P’ic). This
completes the proof of Theorem 1,

Notice that in the marriage model, both sets of agents can be identified
with the students in the college admissions model. As o result we can
stake;

Tueopem 2. In the marriage market, fenthielling is the unigoe protec-

Hve strategy in the M-optimeal and Weoptimeal sfable maichings.

We show below that a corresponding result is not true for the college-
optimai stable malching, We remark in passing that the cxample below
demeonstrales that Lemmsa 3 docs not hold for the college-optimal
matching.

ExampLE 1.7 Let § = {5, 55, 53, 8ah © = {£). 13, 03, o} with quotas
g1 =2 g, = L. gq; = 1. Let college ¢, have the preference ordering

¥ This example is adapled rom Roth 19855
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Pl = 1y, 824 83, 84

Consider the complementary profile £_,

v Pl3) = ¢y, £y, €20
& Pl5y] = 8, £, 3.
o Pl =0, 0y, 0.
L] P[Jﬂ = 1. U3, Uy
o Plod = 5, 84, 55, 5.
& Ple)) = 354, 5, 51, 54,

Then, w (Plc), £, e = {s;, ) Let Pllej} = 52, 5, 8, 850

Clearly, g (P'(c,}, By .f,|} = {‘.‘-r,&;,} and {5,, 5} Pie 353, 5,). Moreover,
i i (P e Py c|} (that is if college «; docs nat fill its quota g, )
for some P_._, . then if ean be checked (hat ¢ € pAP(e), P_, . ). This
implies that P{r ¥ does not protectively dominate P'ic,).

4. PrOTECTIVE BEHAVIOR TN THE ASSIGNMENT GAME

In this section, we will analyze protective behavior in « matching model
with money, More specifically, we consider the assigrment game ansing
between a set P of m potential buyers of objects awned by the sct O of
r polential sellers. Each seller owns and each buyer demands exactly one
indivisible object. Seller f has a reservation price of r, for the abject owned
by him, while buyer i's valuation of seller ;s object is a;. If buyer f buys
from scller § at price g, then s wility 18 4, = a; — py. while f's wnility
15 0 = g; — r. Of course, mutually beneficial trade is possible only if
oy } ¥

LeL o be the (mxn) matrix of &'s and » be the a-veclor of sellers’
reservation prices. A feasible umgnmen! far (P, O, w. r)is a matlrix ¥ =
(xy} satisfying (a} Tiep a5 = 1L (W) e x, = 1, () Wi, j 2 £ 40, 1}

The obvious interpretation is that if .; = 1, then buyer 7 is “‘matched”
to seller ;. Condition (b imposes the restriction that ¢ is matched 1o at
mosl one seller, while condition () states that each =eller ¢an sell to at
mast one buyer,

This is a mode] of one-to-one matching between agents in £ and 0. An
owrcome in this pame is a triple (x, v; &) where ¢ € 7, v € " and x
15 an assignment. Note that in contrast to the ordinal matching models
considered i Section 3, an individual apent’s utility level is no longer
restricted to discrete values.

A triple (e, v; x) is feasible if x iz a feasible assignment such that
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2 i + 2 b= Z (eey — Kby

IEF JEg IEF
JEQ

DeFTuTION 7. A feasible outcome (v, v x) 15 sfable if Y7 € P,
YieE Q.

{i) w; =0, 0, =0
(i) w; + oy = maxi0, o — ).

Shapley and Shubik (1972) proved that there is a P-optimal stable payoff
{fl, v) with the property that for any stable payott (o, v}, = v and v =
v. Similarly, there is a -optimal stable payoff (u, ©) with symmeatrcal
properties. Moreover, Demange {[982) and Leonard (1983} proved that
in the ““direct revelation™ game in which buyer | announces a veclor a;,
andl seller j announees v, truth-1elling is the dominant strategy for buyers
if the outcome function always selects the P-optimal payeff. Of course,
revelation of the true reservation price is not in general the dominant
strategy for sellers in this pame.

Let w, denote the outcome function which selects the P-optimal stuble
payoff. We show below that revelation of the true reservation price is the
umique protective strategy for sellers under p,.

Let pile. r) denote the price obtained by seller j under u, when {a, r)
are the announced vectors of buyers’ valuations and sellers’ reservation
prices. By convention, we set pla, #) = rf if seller f does not sell his
object at (o, r}, where ¥ 15 sciler /75 frue reservalion price.

Taeorem 3. Under w,, fruthtelling is the unigue protective sirategy
for alf agents in P U 3.

Froof, Clearly. we only need 1o prove that truthtelling is the unique
protective strategy for all sellars.

Choose any selier j, and let his true reservation price be r}*.

Step 1. Supposc j announces # reservation price of ;<7 ¢, Then,
r} dominates r,.

T see this, choose any (e, »_;) Note that if g, r_;, r) = r¥ then p/(a,
r_porFy = pla, rop, r). Mareover, il pia, ¢, ) € (1, ¢, then seller f
is unmatched by p if he announces r¥.

Hence, ¢} dominates r;.

Step 2. Suppose f announees a rescrvation price of £, > #f. Let v, =
r¥ + e, Then, let r{ =r* + {s/2}). We show that r; protectively domi-
nales .

Consider any (e, r_j} such that pla, r_;, 1) = rf. Cleary, if j is
unmatched at {x, #_;, r;}, then § is also unmatched at (e, r_;, 1) since
r; = r;. Hence, gilee, v o0 = ¢ Now consider (o, r_; such that:
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(i} oy =71, o < rforall & +# j
{ii) o5 < r] for alk i # {

i) oy = # forall i == !, forall & = ;.

Clearly, pylee, r_;, ¥/} = rj while p.{er, #_;, £} = r}. Noting that for all
(o, b pile, rop, o rid = orf and pyle, r_por) = r¥, the above arguments
show that r; protectively dominates ;.

Step 3. v} is protectively undominated.

In view of Step 1, we only need ti show that if r, > r?, then r; does
not protectively dominate r¥.

We leave it to the reader to construct {e, r_) such that

@ plonr hPYEGE R and () pla, rp, ) =R

Clearly, the existence of such a vector («, »_) demonstrates that rf is
protectively undominated.
This conclodes the Proof of Theorem 3.

Remark 1. Theorems 1 and 3 bath show that truthtelling is the unique
protective strategy in the respective matching models. Moreaover, under
the student optimal matching in the college admissions model, truth-telling
pridectively dominates all other (nonequivalent) strategies. However,
truthtelling does not protectively dominate all other strategies for scllers
under g, .

Remark 2. Thearem 3 raiscs the question whether truthialling is the
unigue protective strategy in the mechanism which selects the Q-optimal
stable payoff. Truth-telling is the dominant strategy for ali sellers in this
mechanism. Fafortunately, buyers do not have any pratective strategy
at all. To see this, consider the special case where there iz only one
seller. Then, in the seller-optimal malching the object is sold at the price
announced by the highest bidder (or not sold at all if all bids are balow
the sellet’s reservation price). Hence, truthielling can never yicld any
buyer a positive utility, So, truthielling i3 dominated by any strategy which
announces a ower bid, But, if o is the true valuation of bidder £, then a
bid of &; = (@, — &), is protectively dominated by the bid (o, — &/2).
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