A NOTE ON THE STRUCTURE OF A STOCHASTIC
MODEL CONSIDERED BY V. M. DANDEKAR®
By D. BASU
Indian Statistical Institute, Caleulla
Mr. Dandekar starts with the wtochostic process x,, z,,7,, ..., ad inf. which
may be characterised by the following defining postulates :

T, : Each x can take only the two values 0 (= failure) and 1 (= succeas) and tho
probability that x, =1 is p.

My: For any in (or lers) conseentive z,'s at most one can bo 1.

My: Il any m—1 (or more) consceutive x,'s are known 1o bo zeroa then the next
% is 1 with probability p.

My: I 2, =0 then the conditional stochastic process x,, z,, ... is the same as tho
original process z,, 2,7, ... .

Let Py=Plr,=1).n=0,1,2,..(Py=p,q=1—p) and lct ¢(t) be tho generating
function ,\3 P,
o
The recurrence relation

Py=pPy 4qP,yn=1,2,...
where I, = 0 [or negative r is easily verified.

Hence o) =p+ ).JP."
1
=P+ E(pPuntglu )
= p+pfel)+qiet),
or o) = pl(l—qt—pt™).
Therefore #(1f2) = pf(Z"—q"~1—p)

=z(pYz—ay) ... (2—a)).
1t ia casily checked that tho 7eros ay, ay, ..., @, of the polynomial 2*—gz"-'—p are
all distinct. Henco we have

w(lf2) == ;, cfz—a)t whero ¢ = px[ma,—(m—1))",
1
or o) = Eefl—ap).
1

Equating co-eflicients of * we have

-
P, =Yea].
1

® Dandekar, V. M, (1855); Certuin modifind forma of hinominl anil Poiwson distributions,
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Now, it is casily seen that one of the a,'s ia unity and that all the othera lio within the
unit circlo (provided 4 > D).

Th i =P =P 5
hereforo -h-'nnucl,' =R " TT0=TF (if ¢> 0).

Mr. Dandekar considers the following problem:

If wo minke an nbrupt xlart on the ttochastic process xg, 7y, Ta...o
an z, without knowing what » in and without knowing what happened to the previcus
x's then what is the probability that z, =11

Tho quextion stated na nbove has no anawer,  If 2 wero known then the anawer
is P,. If wohave a priori knowledge abont n being a random varinble then the answer
is TP, whero g, = I'(n = i).  Mr. Dandekar arrivea at the conclusion

Plzy = 1) = pf{1+0a—1)p}
by an ingenious argument.

As wo have noted before this is the limit of P, as n—0, When Mr. Dandekar
makes nn sbrupt start on the stochastio process (ry, 7y, 4, ...) ho implicitly assumes
that tho process is in operation for an indefinitely long time. He then gets a new
stochastic process (g, Uy ¥a. ...} with tho following characteristies:

II; : The marginal distribution of ench y; ia the same—ench taking the two valucs
0 and 1 with probabilities 1—n and 7 respectively.

T, : Same as [T, with z; replnced by y,.

I, : Samo as ITy with z; replaced by y,.

It is casy to verify that the above three properties may be taken asihe defining
postulatea of the stochastic process (yo, ¥1. 95, ... That m = p/{14+(m—1)p} may
then bo proved as follows :

By I}, Py = 1) = n. By T}, the event y._, =1 can happen only if gy, =y,
=Yur=0 ad by 1, Plya, =1y =y =.. =Y,y=0=p. DBy

T} and T}, the probability that at least one of tho first (m=1) y’s is 1 is (m~1)m.
Henco 7 = (l—(n—1)r)p
or m = pl{14(m—1)p).

Ifit is known that r (r < m—1) consecutive y,'s ave zeros then the probability that the
next yis 1is
1= 1—(r4-1)m
e

1= = nf(l—rn).

(Tbis follows from I1} and I13).
I wish to t hank Professor C. R. Rao for drawing my attention to this problem,
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