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THE CONTINUOUS SAMPLING PLAN THAT
MINIMISES THE AMOUNT OF INSPECTION

By D. T. GHOSH
Indian Statistical Institute

SUMMARY. Sovornl cambmnlnonl of (3, /) aro pomible that will ensure the samo AOQL
under ths conti poction plan firat i I by Dodgo. A procedure is deve.
loped horo to find o umquo (5./) that will achieve the AOQL requiremont and al+o minimise the
amount of inspeetion when the process avorage p is known. Tho procedure in extended for the
casce when the incoming quality mey follow & two-point or three-point Binomial disribution,
In foct, this proceduro can bo used if p follows & continuous distribution which can bo spproxi.
mated by discrelo probsbilitias for some given valuos of p.

1. INTRODUCTION

Dodge (1943) intreduced tho continuous sampling plan CSP-1 applicable
for continuous production. The plan provides for corrective inspection with
a view to having a ‘limiting average outgoing quality (AOQLY which will not
bo excoeded no matter what quality is submitted. The plan visualises two
phases of inspection. At the outset 100%, of the units produced consccutively
are inspected till § units in succession are found clear of defects. Then only
s fraction [ of tho units, chosen at random, are inspeeted. If & sample unit
ia found to bo defective, immediately 1009, inspection is resorted to until
again § units in succession are found clear of defects. All defective units
found are replaced by good onca.

Tho elemonts of tho plan i and f are 8o chosen that they together ensure
a desired AOQL. However tho choico of (i, f) is not unique and soveral com-
binations of (i, f) will ensuro tho same AOQL though with different amount
of inspection. Thero is no objective proceduro of determining a specific
combination of (i, f).

Ono procedure would be to sclect f not too low such that the spotty
quality p; (%) is not high. pi(9%) is defined as the percent defective in a
conseeutive run of N = 1000 units for which the probability of ecceptance
undor sampling phase is .10. Iowever, p; (%) is not always a suitable criterion,
firstly bocauso the incoming quality may nover bo as bad as (%) and
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socondly beesuse it doponda on tho vsluo of N which has beon arbitrarily
choson 23 1000. p,(%) may not appear numerically high if N is taken to bo
largo as can be scon from below.

TABLE 1, p,(%) FOR DIFFERENT N

N
4 1000 2000 3000 4000 5000
0020 68.3 43.7 32.0 28.0. 20.0
,0206 8.4 4.3 2.9 2.1 1.7

1t is also not truo that selection of a higher value of f to protect against apotty
quality will necessarily amount to larger inspection. This can be seen from
tho amount of inspection for a fow plans given below.

TABLE 2. AMOUNT OF INSPECTION (%) FOR A
FEW SELECTED PLANS

Incoming AOQL = 5,09,
quality (p) J=.% f=.10 /= .05
i= 13 i= 21 Q=20
.0 23.2 12.0 8.7
.02 25,7 4.5 8.7
.03 28.7 17.4 11.5
.04 .3 20.7 1.9
.05 34.1 24.6 10.2
.08 31.3 28.9 244
.07 0.0 3.7 30.5
.08 “.0 38.9 7.8
.00 1.5 4.5 5.2
.10 51.5 50.3 53.2
.12 58.3 6L.0 8.6

For all other nccoptanco rectification sampling plans devoloped by Dodgo
it was attempted to minimise tho amount of inspection if tho process is con-
trolled at o certain process average $. This aspect was not considered in
tho caso of continuous sampling plan.
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It is, therefore, natural to look for a combination of (i, f) that would
not only ensure a desired AOQL but would also require the minimum amount
of inspoetion for 7, the proccss average. In this paper, we show that for
certain coses it i3 possible to sclect a unique combination of (i, f) to ensure
this twin objective.

2. NoraTIONS

The symbols and the formulas used here are those originally adopted
by Dodgo and they are listed below :

The symbol p, denotes AOQL ;

pa average outgoing quality A0Q;

p, the quality level for which AOQL is reached ;
P  the process average ;

p the incoming proportion defective ;
and g l—p.

i denotes tho number of defect free consecutive items which will direct a
change from 1009 to sampling inspection. § is essentially an integer.
[ denotes the sampling fraction. u stands for the expected number of items
inspected following the finding of a defect. v stands for expeeted number
of items that will be passed under the sampling procedure before a dofect
is found. This includes the sampling units nct,ually mspected a3 well as the

uninspected unita produced bet ve pled unita.
Using Dodge’s result we have
s e (D)
9
1
= — . {2
= @
. " utfo S
F (amount of insp ) = e = JF0=) =) . (3)
pa=p1-F) = (1= ) )
f
2 = {1 @
P o= 'P"-:'l‘ . (8
f (1—171)'” . (1)

= ipH—p
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3. ON SOME PROPERTIES OF p,,4,f AND P

Hero wo study somo propertics of p,, §, f and F.

Lomma 1: For a given py, the value of proportion defective p, for which
the AOQL value is allained decreases as s increases.

. g il G4lpy |, 1—py 1—p
Proof: =T = S T =

Since 0 < 1—p;, < 1, the rosult is proved.

Lemma 2 :  For a given py, the sampling fraction f decreases as i increases.

. I e N
Proof: 1= -y
1
S 7= @t
Since 0 <1—p, <1 and 0 < pg < 1, (1—p,)*! decreases and ipy, increases
D
as i increascs, Hence the result.

Lomma 3: For a given py, the amount of inspection for a given incoming
quality p for a given ¢ is given by the relation

N 1
Tl = LCES L R R T - ®
M R e

Proof : Using (3) and (7) wo have

o /
F56) = ra=pi—ar

1 1
= =

e e Y

Using (6) wo have

PL ipr (i1
(1_},‘)“1 =T §H(1—p )
=G+ 1
T iep T 0=pd)

lonco tho rosult.
B 3-18
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Wo now rowrite Fp(i) as F(x), whero

F(z) = L))

1
T EEDF
hebt = —

It may be notoed that ¢ = PL_ gnd b= 1—p ore constants for a given
1-pp 1-ps

p and pz and b < 1 for p> pr.
+1
Wae define V(x) = b* (IL:Z‘— ’

$(z) =log ¥ (2);

and obtain
&'(x) = log b+log (z+1)—log x ()
. 1 1
and $'(z) = =51 "7
1 s
=— m\v}uch i3 less than zoro forall2 > 0 ... (11)

Lemma 4: F'(z) S 0 according as x S z, where T,
z5+1

1

1
Proof: We have F(z) = Vo =T“3_+—l

and Fl) = = {mas)

£$(2) x
= (rEEs Y [log 4T —log b].
Honce the reault.

Lomama 51 The function h(z) = m_l_}_l) ~{1og blz+1) ]'.'a positive for

z

all inleger 2K z, and for all b < 1.
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Proof: We have

417

Fiz) = _5%’1‘?“(1% b+log (z+1)~log 2). z(%-u)
1 2241 1
= 2@ {_x(x+l)+2 log b+2 l°g(l+?)}

1 1
= g [~ e

+2{_;_.2_12, +33 _d(leo)‘}] where 0 < <1

1 1 1 1 1
=57 [Pt —an et )

[2logb ]<0fora:>2

1 1
=z F) sf<z+1) 2+ 0y

Atz b= :3-1 and henee log '@ =0, Thus Kzy)= m —0>0.
It can bo easily verified that A(z) > 0 for z =1 and for all d < 1. So,
h(z) > 0 for 1 z < z, and hence the result follows.
Lemma 6: F'(2)>0 for all z2< z, and b< 1,
Proof : We have

) = (e#041)e? (' (z) et 187(2)) — 29 G () (69 =+ 1) 18 (z)
() =— [ [CEESD ]

_ (#D eSO ()4 () — 21 S ()
[CENSTY

= — e (PG S ) 40— 2 )

= —(,uez,—:I,s [S7(2)1 +e$0) (' ()2 (1—ett=))]

Using (10) and (11) tho sufficient condition for F*(z) > 0 is that

¢
%—w”(‘”))’ (1—efm) > 0

or > G
1 b(z+1)) 1
or =T > {]og z }

» condition which is truo in viow of Lomma 5, This complotes tho proof,
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4. OPTIMUM COMBINATION OF (f, f) THAT MINTMISES THE AMOUNT
OF INSPEOTION FOR A GIVEN PROOESS AVERAGE B
AXD A DESIRED Py,

The procodure is doveloped on tho basis of the following theorema.
Theorem 1: For a given pyg, the amount of irspection for [ giwn incoming

quality $ decreases monolonically for all i as long as —— i+1 < = 1 — =P ond then

1—

increases monolonically for all ifar which .'—> 2 i,e. allaing ils mini-
1~ 1=,

mum for the value of ¢ for which — +l ::L for all 5> pr.
. (i) = S
Proof : We have F;(i) = TF==5"

The result follows from Lommas 3 and 4 onco we note that b = 17 .
3

Theorem 2 : For a given py, and the process average B > py, the amount
of inspection goes on decreasing with increase in i and corresponding decrease
in p, as long as p, > P and becomes minimum when p, =

Proof : Let p be less than or equal to p,.

= ) 1—
Then PP = '2".+_ = L+J

[
T ST
Honco the result.
Tho following simple algorithm will, therefore, determine the intogor ,, the

optimum valuo of § which minimiscs the amount of inspaction for o given §
provided 7> py.
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Algorithm :

o 4= 1P
(a) Solvo T = Iop
(8) 1Ifiisanintegor tako fp =14
() If 3 is not an integor chooso iy = [§]if F5([i]) < Fj((i+1)). Otherwiso
chooso i, = [i4-1]
(d) Find f, corresponding to this fg.
N.B. 1. If p & py, there is no positive integer ¢ for whicl ‘_*_—'l = %-—TPL
and henco wo can not find any optimum plan as the amount of inspection
goes on docreasing as i increases. In fact, no inspection is required in such
a caso. For practical consideration, however, i can not bo incrensed
indefinitely as tho valuo of f in that caso also goes on decreasing giving riso
to higher value of p; (%).
N.B. 2. It is intoresting to noto that the optimum plan is one for which
the limiting valuo of 40Q i,o, py is attained at the given process averago p.

Tho optimum inspection plan for o wido rango of A40QL and process
avorage  is given in Appendix 1. Tho tablo gives (i, f, p(%)) for a given py.
For 5 € py it is recommended that the plan for 7 which is just greater than gy,
in tho tablo should bo used.

Generally it is found that if tho process is controlled around process
avorago 7 the incoming quality will not bo as high as p,(%) as shown in some
cases.  Howerer, the customer may stipulate some value of p(%) to protect
against any sudden deterioration of quality and this chosen value of p,(%,)
may differ from what is shown in the optimal plan in the appendix. Under
such a situation tho given proceduro is to bo modified. We consider tho
following problem which includes & now restriction.

Our aim is to find optimum (iy, f) for & givon process averago 3 to achiove
jointly a desired AOQL and a stipulated py(%,).

Tho modified algorithm for this will be as follows :

(a) Solve (1—pg = .10 for.n (not necessarily integer).

(b) Fixf,= ?7 ; usually N js takon as 1000 if nothing olse is indicated.

(¢) Using (6) and (7) find an integor § for which f is nearest to f,.

(d) Computo (i, f,) assuming that thore is no restriction on 21%).

(0) If fy < fy, chooso (3, f) as tho optimum plan.

() Ify> f, choose (iy, f,) as the optimum plan.

It is casy to sco that the plan so sclected is the
undor the imposod rostriction,

inspoction plan
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5. OPTIMOM (i,f) WHEN THE IXOOMING QUALITY p FOLLOWS
A TWO-POINT BIXOMIAL DISTRIBUTION.

Tho incoming quality p may change over time dus to various reasons
and it may be proper to consider p as having a probability distribution rather
than having & fixed valuo 7 as discussed earlicr. Though p is usually taken
to follow s Beta distribution we will assume that p follows a two point
Binomial distribution. It will be quits logical and practical too to assume
that the incoming quality is controlled most of the time at p,, and occasionally
at pp.

e will work out the optimum CSP plan under the assumption that
the incoming quslity is py, with probability w, and p, with probsbility w,
so that
0 < pL <Py < Piny <and w+w, =1
Under the given situation the average amount of inspoction will be

F(i) = wy Fy(i)+w, Fy(i)

where 1
Fy(s i=12
N ) A TR e TR
o 1—p ( l—py )
The optimum ¢ i3 obtained by solving the equation
dF(i)
& =
: . R 1— ?m v P
ie. widy [log T log ]+w,A, [log -—IOg 1—?1.] 0
where we have
G py ( I—py )‘
R 1—p, " 1—-p, . 5
A= (-+1)‘“ & =L e (1)
{r+ = (a2}
and A;>0.

The optimum plan is based on the following Iemmas and theorem.
Lomma 7: Fy(i) 12 greater than Fy(i) for all 0 < pyy < pyy < 1 and for
all positive 1.

Proof : The result follows immediately once we compare Fy(i) with
Fy(i) using formula (8),
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Lomma 8 : Let i, and iy be respectively the optimum values of & in relalion
to incoming quality pyy and piy. Then i\ > iy

, 6 _1=pw G 1=pm
Proof: We lm\'o..‘—_H = Top’ 1 =T, and pyy < Py

Hence tho result.
Lomma 0: The second derivative of Fy(3) with respect to i 18 posilive for
all § &5y

1—py

Proof : Since pr < pyyy, We haveb = T—ps

from Loemma 6.

< 1 and tho result follows

Thoorom 3 : There exista a unigue i, (iy < to < f;) for whick the amount
of inspection F(i) ia minimum provided 0 < pp <Py < Pm < 1.

Proof :  We havo F'(i) = w,F\(i)+w,Fy(s)
e note from Lommas 4 and 9

(8) Fori < iy, Fii) <0, Fy(i) <0

(b) Fori> iy, Fi(i) > 0, Fy(i) >0

(¢) For iy<s<i), Fi(i) <0, Fi(i)>0, Fy)>0 and w,> 0 and
wy > 0.
Henco there oxists & unique 4, in tho range (iy, i) for which F(iy) = 0.

Henco the result.

Tho optimum integer iy can bo obtained by evaluating F(s) ively
in tho rango (iy, f,) for integer § only till F(i) > F(i—1) and fiving i, = i—1.
fo can now be obtained from equations (8) and (7).

6. OPTIMOM (4, f) WHEN THE INCOMING QUALITY p FOLLOWS
A TOREE-TOINT BINOMIAL DISTRIBUTION

This is & logical extension of the previous caso and wo make use of the
following thoorem.

Thoorom 4 : Leb the underlying distribution for incoming qualily p be
three-point Binomial py, with probability wy such that 0 < pr < puyy < P
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<P <1 and 1w, +wytwy=1. Then there exists a unique iy for which
8

F(i) = IZ w) Fy(i) ia minimum provided each py, is greater than py,.
£33

Proof :  \We havo F(i) = w F\(i)+10,F (i) +wyFyli)

=, F\(i)+00) (say)

Let iy, i, and i3 bo tho optimum values of ¢ for incoming qualitics pyy, py,
and p, respectively. In view of what has beon proved oarlicr, there exists
8 uniquo in(iy < fm < tg) for which G(f) attaina its minimum valuo.

We furthor noto that

(8) Fori <im,  Fi) <0, @) <0

(b) Fori >i,, Fi(i)>0, @@ >0

(©) Forim<i<i, Fi)<0, Fii) >0, 0)>0
and (d) w, > 0.

Henco thero exists a uniquo f, in the range {im, f,) such that F'(i)) = 0. Hence
the result.

The optimum iy can bo easily obtained by ovaluating F(i) for integer §
in tho range (i, §,) till F(§) > F(i—1) and taking i, as i—1.

The graphs showing the amount of inspoction for a given py, and for
successive values of ¢ are traced in Appendix 2 for some selocted cases whero
incoming quality p follows & one-point, two point or o threo-point Binomial
distribution,

7. OpriuM (i, f) WREN THE INCOMING QUALITY P FOLLOWS
A CONTINGOUS PROBADILITY DISTRIBUTION

This is possiblo aa tho result in the previous section can bo again extended.

We approximato the continuous distribution by a discreto ono so that py,
X

occurs with probability w; such that £ wy=1 and 0 <p; < pyy <P
i=1

v < Py < 1. Wo obtain 1), i, ... iy which are optimal for the respective
ono point Binomial cascs so that

L=py i 1—puy

LI b /T =

S R B P s R A S S i =

Then the optimal §, in the rango (i, 1,) is obtained by evalvating F(i) succes-
sivoly till F(s) » F(i—1).
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8. NEAR-OPTIMAL CSP PLAN WHEN ANY OF py, 13 LESS
TUAN OR EQUAL TO 5y (Pi)< rL)

In caso the incoming quality is lower than or equal to py, in ono or more
casea for tho distribution of p the scarch for ¢ is to bo widencd between i and
0 a3 8omo §;— c0. It may also happen that no optimum i oxists as F(i) may
bo an evor decrcasing function of f.

In such o situation tho value of tho relovant p,, may bo taken as o p
{(among thoso values of p considered in Appendix 1) just greater than py and
the optimum valuo i; can be obtained. Sinco all i, j = 1, ... k are now finito,
thero will exist a unique fy which minimiscs the amount of inspection for the
modificd plan. Tho value of i, can be casily worked out to givo, 50 to say,
the near optimal plan.

9. CONCLUDING REMARRS

All along, the emphasis has been to obtain a plan that minimiscs the
amount of inspeetion for a given probability distribution of the incoming
quality. If, however, thero is & stipulation on p,(%) in addition to AOQL,
it should bo examined whether the optimal plan (i, f,) for the given AOQL
also satisfics tho stipulation on p; (%). If not, (i, f) is to bo worked out by
trial as suggested carlior in tho ‘modified algorithm’.

It is obvious that tho amount of inspection in such & case will bo moro
than that of the optimum plan.

Acknowledgement. Tho author is grateful to Dr. A. C. Mukhopadhyay
and Dr. T. S. Arthanari for tho discussions he had with them and to the referco
for his valuablo suggestions.
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Appendix 2

AMOUNT OF INSPECTION (%) FOR A QIVEN p. FOR DIFFERENT
VALUES OF § WIIEN INCOMING QUALITY FOLLOWS A DISTR{BUTION
P =01

AMOUNT OF INSPECTION()
w
S

80




AMOUNT OF INSPECTION(*)
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Appendix 2 (Conlinued)
ANOUNT OF INSPECTION (%) FOR A GIVEN p, FOR DIFFERENT

VALUES OF 3 WHEN INCOMING QUALITY FOLLOWS A DISTRIBUTION

100

85|

a0

P, = 01

Pla)s .20
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