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DUAL PRICING AND DISTRIBUTION OF COMMODITIES:
EXISTENCE AND EFFICIENCY

By V.K.CHETTY and SHIKHA JHA
Indian Statistical Inslitute
SUMMARY. A good is asicl to bo dual priced if it in sokl in tho frec market at the com.
pelitise prico and & fixed gnota per consumier is sold in the ration shops at a controlied prico
Lwt than the froo market price. In (hia popor we describe the notian of a Dual Prico Equili-
briwm and study its cflicienay propertice.  \Yo alio prove tha oxistenco of such an equilibrium
ander cortain very gonocal conilitions.

1. INTRODUCTION

It is woll known that the use of the market mochaniam along with a
redistribution of incomo will lead to efficioncy in the distribution of the goods
and servicos. It is also known that the distributions resulting from vory
general classes of rationing schomes rosult in Pareto-ineffiicent allocations
(see 0.g. Nayak, 1980). Yet, in many oconomies including tho induatrially
devoloped, prices of somo goods and sorvices vary with tho types of consumers
or producers. The purpose of this note is to study tho existence and officiency
of equilibria, when thero are two prices for & commodity,

2. THE MODEL

Considor an cconomy with finitely many commoditios and consumers.
Lot ‘A’ donoto the sot of » consumers and ‘I', the number of commoditics,
For i ¢ A, tho consumption set, the preforonce proordoering and tho initial
ondowmont of tho i-th contumor are given by (Xy, uy, €), whoro X(C 72,
wi: X 2, and e Xi. Wo make tho usual assumptions on the consumyp-
tion set and the initial ondowmont ; we assumo that u; is differentiable and
the preforred sot is strietly convox. Tho set of prices is @ = 72{x{1}, i.o.
the l-th commodity is assumed to bo the numeraire. We assumo that the
first commodity is subjoct to dual pricing, i.0., overy consumer is entitled to
buy a fixed amount, say ‘D’ units of this commodity, at a fixed prico 5 » 0.
Noto 5 and D nro oconstants. Givon any q =(p, 4", ...,¢") €@, tho i-th
consumeor’s budgot set, fA(q, D) is defined by

¢ X¢ | H2'—e!)+(g'—p)(max[z'—D, 0]—max[e]— D, ()])-l-:I gixl—e)<0).
b §
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In this schome, ¢4 lios on tho boundary of tho budget sot. Tho consumer's
domand corrospondonco is dofinod by

$i(q. D) = {z € fulq. DY| 2 = y. % y € Blq, D)).

For x;¢$i(q, D), excess demand is denoted by 2z(q, D). An exchangs
oconomy is donoted by €= (Xy, uy, €).

This schomo may oom to be difficult to enforco since tho government has
to bo informed on tho consumption and resources of each agent. But if
wo want to impl t this sch for a ity, say food, then wo may

that the s’ initial endowments are nil.

Definition 1 : An oxchange cconomy is said to have a dual price equili-
brium (DPE) if thoro exists a ration quota D for tho first commodity together
with & price vector q*¢ @ and & sot of allocations {2;, i € A}, satisfying the
following conditions :

i) %(5—e) =0
1

(i) zjegilg" D)
(iii) ¢*'>Pand z}*> D for at Joast ono ie A.
(For any vector € R, zJ donotos tho j-th component).

Tho last condition moans that the open markot functions for the first
commodity. Note that if either of tho inoqualitios in this condition docs not
hold thoa DPE reducos to a competitive oquilibrium,

A DPE is said to Lo trivial if tho associatod allocations can bo obtained
o8 o \Walras oquilibrium withou! any redistribution of initial endowments, i.o.,
if thero iz & € @, such that {z} is a Walras cquilibrivm at prico § and the
initial ondowmonts ey, + = 1,2, ..., n.

Dual prico equilibrivm, when it exists, will have somo desirablo properties
at loast with respoct to tho distribution of tho good with two prices. For
examplo, wo can make suro that the total domand for the first good by any
consumer is at loast o prospecifiod minimum, say D, irrespective of the initial
distribution of ondowments. This will be tho caso, for instance, if B issct
oquol to zoro, and there i3 no satintion of this good. Wo will now examine
whethor DPE allocations are Paroto officient. For this purposo, wo need the
following result (For a proof and somo characterizations of consumer and
producor bohaviour undor dual pricing, sco Chotty and Jha, 1986) which is
an iinmodinto consoquonce of Fonchol's duality thoorom.
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Lot z, € i{q. D). Thon thore oxists a 0 € [0, 1] such that 2} maximizon
» wbjoct to tho following budgot constraint :

] t
104" +( l—”:)f’H-A:-: 2} g < Pel+(g'— ) max(e!— D, 0)+0q' —F) D+ Xel gl
3

This simply moans that if the i-th consumor usos tho prico 0 +{1-00)p to
eraluato tho domand for the first good, ho will maximize his utility by the
ume vector x;. It can also be shown that
' >De==x0y=1,
wd
' <D= l;=0.
If4* = D, Then 0; may bo anywhoro from 0 to 1.
Wo con now prove the following

Thoorom 1 : Every non-tirvial dual price equilibrium is Parelo inefficient,

Proof : Suppose not. Then thoro exists a price vector 7 and an alloca-
tion ¥4 = 1,...,n which is Pareto eofficiont and is also a non-trivial DPE,
Wo know that, under our assumptions any Pareto efficiont allocation can be
obtained as a \Valras oquilibrium with a suitable redistribution of income.
L q* bo a price voctor associated with such a Walras oquilibrium,
Necessary conditions for \Walras oquilibrium imply that, for any pair of
cousumors (i, k)

uyy

..t Y
"y *

F = u—qvj:z.....l . (21)

=1

q
[« stands for tho partial derivative of u; with rospoct to tho j-th good.
The contoxt will make clear the point at which the dorivativo is taken.]

We have provod oarlior that thore exists a 6; [0, 1] such that tho consumor
domand ia unaltorod if the dual prico (P, §') is roplaced by 0,¢'+(1—0)p and
|
the curront expondituro by 7e} +(g'—7) max (¢} =D, 0)+ IZ.i,eH-(hD{E’—;';).
Thus tho nocossary conditions for the consumor’s maximization problem
imply that )
N _
o 0800 iy a2t .. (22)
g ¢!

By dofinition zI* > D for at loast ono consumor, say that k-th. Again, wo
harg shown earlior that 0y = 1 for consumors buying positive amounts of
the first good in tho opon markot. Honce we have, from (2.1) and (2.2)
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¢
1Ty
homogenoity of tho domand functions for DPE we could chooso ‘¢’ such
that ¢ = ¢, % j. Now considor any consumor i % k. \Wo know that,

L4+ (1—-00)p
Mqol= 1,

al
= %7 = ¢4 = cg! for somo positivo ecalar ‘c’. In view of the

g & q
Dut 0, =1 only if 7} > D. In viow of this, tho Ludgot constraint of any
consumeor can bo writton as

!
Pl "'—i’)(?;"DH’::: g™ 3| = pel+(q™'—P)max(e[—D, 0)+ Zg ]
= Pei—e)+(1*'— P) (Fl—D-max({e}—D, 0)} + X g*(zl—ef) = 0.

Summing over § und using tho fact that all markets cloar, wo got
5 n
¥ (2}—D)— Z max (e}—D, 0) = 0.
i=1 {=1

Notioo that tho abovo oquution cannot bo satisfied if e}—D < 0 for any i.
Honco ¢}~D » 0. The budget constraint then becomes

i 2
gal+ X g A =gl X g™
§=2 =1

which shows that F¢ can bo purchasod ut prico ¢* = g without any redistriby.
tion of endowments. lenco Xy, i =1,...,n is & trivil DPE, contrary to
our assumption. Q.E.D,

Wo haston to add that the Paroto inofficiency of an allocation is pot so
scrions thot wo should discard DPE allocations, especially in view of jt,
desirablo proporties of distributing goods. Henco it will bo intoresting to
invostigato tho conditions wnder ‘which dual prico oquilibrium will exist,
For this purpose, wo will now introduco an assumption.

Need for dual pricing will arise only whon the initial distribution of the
first good iy not oven and tho domand for this good (in a Walrasian sot up)
is high whon its prico is Jow. For oxamplo, thero is no nood for dual pricing
of this good, if evory ono initially has at loast D units of this good. Honcoit
isr blo to that (1 forth we shall uso ¢ and 2 intorchangeably),

3 (max (D—el, 0)—max (D—g), 0)] > 0 23
=1
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for ) ¢ with ¢' > 5. For examplo, this assumption holds if e} < D for at
Jeast one i, and ¢! > D for all 1, which will be tho caso when % and D aro
sumall. Wo can now prove tho following

[for our purposo, this assumption could bo woakonod to !.I[mux(l)_,:. 0)—
1
max(D—¢}, 0)] # 0.)

Thoorom 2: If assumplion (2. 3) holds, there dves nol cxist any dual
price equilibrivm.

Proof : Supposo not. Thon thore exists o prive voctor (5,41, g3, ..., gt)
such that

.‘é. (¢hF, . D)—ef) = 0 & 5. )
From tho definition of the budgot sot, wo lavo,
H=elrba' =) (maxt= D, o) waslel=D, o)+ £ gl ~ch =0,
Summing ovor all i, wo have
5 £ (0-e) H'~B) S (max(gl—D, 0)—mnx(e|—D, O+ Sgigl<) w0

Using (2.4) we havo, sinco ¢' > 5,

£ (max(8!— D, 0)—max(e|—D, 0] = 0 . (28)
f=1

Eub max(g)— D, 0) = (84— D)+ max(D—g}. 0)

aod max(e}—D, 0) = (¢}— D)+ max(D—e¢}, 0).

Tence

‘)"Jl (max{$}—D)—max{e}—D, 0))
- .;i {8}~ D)= (¢ D)—{max(D—¢}, 0)—max(D—g}, 0)]}

= — I (max(D—e}, 0)—max(D—g}, 0)] < 0 by 2.3.
i=1

But this contradicta (2.5). Q.E.D.

Lot us now find out the roason for the non-oxistenco of an oquilibrium.
This ia more easily understood in the case of two consumors and two goods.
In Figure 1, tho good on the horizontal axis is taken as the numerairo and
the other good is subject to dual pricing. Tho two prices of tho second good
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aro shown by tho budgot linos KLM and K’L'M’. Tho ration quota D is
givon by tho longth OD = O'F. Supposo tho ondowmont distribution is
‘¢, below the lino DO. Thon

max(D—e4, 0)+max(D—ep, 0) = D—e4 > 0. o (28)

S N

"y

et

Figure 1. Dus! Prico Equilibrium 1 Non Existonco

What is tho total value, i.0. the total income of tho two consumors ? With
two prices for ono good, thore aro soveral ways of dofining the incomo. But
we shall stick to our proceduro. That is, for buying or selling, the second
good is ovaluated at prico ‘7’ upto D units and then at price ¢* > 5. The
total amount of the socond good is OB = 0’4. Its value at price ¢' is AQ.
But wo have to ovaluato some units at prico 'F’. For tho consumer B (whose
origin is 0’), this involves a doduction of (¢'—p)D = &, since his initial endow-
ment of this good is groator than D. For consumer ‘A’ who does not have
D units of this good, wo have to subtract 7 <e. Thus the total incomo is
found to bo the point shown in the figure as Y4+ Yp.

Supposo the point at which both consumers maximize is ‘P’ (shown in
tho figure). Firat note that
max(D—¢3, 0)+max(D—g¢2, 0) = 0. e (27

From (2.6) and (2.7), wo sco that our assumption (2.3) is satisfied. In fact
(2.3) is satisfiod whenover tho initinl ondowmont point is outsido tho rect-
angle DCFG and tho equilibrium point ‘P’ is inside this rectanglo.
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\What is tho oxpondituro at *P' 1 1t is casy to chock that thia is obtained
by subtracting 2¢ = 2D(q'—p) from AQ. This is shown as E +Ep in the
ggure. Thus E4+Ep < Y 4+ Y, contradicting Walras law,

Alternativoly, we can provo thenon-existonce of an oquilibrium as follows.
Only thoso allocations which aro on the indifforenco curves for both consumera
having & common (tangont) budget lino can bo oquilibrium allocations, Tor
sny prico g > P, tho only feasiblo allocation (i.e. & point common to both
budgot sots) is tho initial endowment. Bub, sinco the budget lines
sre differont this point cannot be on both indifforonca curvoes, having a
common budgot lino.

Tho sourco of the difficully is the following : The trador who has moro
than D units of tho good subjeet to dual pricing valuos at prico 'g" at tho
margin, whilo tho buyer, who has less than D, values and pays ‘5" < gt
Hence thoro is a loss of (¢'—7P)D Dby this transaction. No individual will
voluntarily provide a subsidy to anothor.

Tho problom, as wo notod oartior, is duo to difforont valuations by buyors
and sollers at tho margin.

If wo allow for rosalo and if oach consumer can always sell any amount
{possibly more than the endowment) of good 1 and buys at most D at 5 and
more at ¢' thon cach agent will always buy D at § and make a profit of
{g*~7)D. Howovor, wo shall assumo that resalo is not allowed sinco tho dual
prico systom doos not work with this.

Suppose, therofore, that the govornment (which is tho (n+1)-th agont)
oporates the public distribution systom by buying the first good in tho freo
market and solling it at a controllod prico to the consumers. For this purposo
it purchases nD units of this good and provides & quota of D units por head.
But sinco somo consurnors may not utilize tho full quota it cffectively supplios

an amount ‘G’ = ¥ min (¢} D) through the ration shops. For simplicity
(=1
asumo that (nD—@) is kopt as public stook.

Assumo that the govornment finances its purchase of #D units of tho
rationed good by taxing freo markot consumption. That is, the owners of
endowmont rocoive pricos (pY, ..., p!) for their salos wherons tho consumers
Py (¢, ..., ¢') for their purchases in tho froo market and 3 for the
purchaso of tho ration quota. The tax voctor £ = (1), ..., 11}, 0) is such
that gf = pf (14+0) 5 =1, .0
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A typical consumer’s budget constraint is thon given by

1 1
Pzl +(g'—P)max(z! =D, 0) +l214’1{ = IZ‘P’%-
{Tho +-th consumer's budget and domand corrospondonces aro modified
accordingly.}
The govornmont's budgot restriction is

" 1 " -
P05 mas=D,0) + T T piizl4§E minizh, D) > ptnD.

-l
Its domand for (stock of) good 1 is
24y = 2D— % min(z}, D).
1
Swuming tho budgoet constraints of all tho consumors and the govornment
wo havo
adl 4 n I n
P N+ E X phf KL Iplef
=1 Jot (=1 11
I ned .
or S X pizi—ef) O (for, 2l =045 #1).
1 1
Given a voctor (5, 'p‘, .o, p') of nominal sellors’ pricos, lot us donoto
the voctor of rolativo pricos by (F, Pi, ..., P!) ¢ Al¥}, tho (I41) dimonsional
unit simplox. Noto that with our spocifications if demand functions are
homogencous of dogreo zcro in (3, pY, ..., p%) thon thoy aro homogenoous of
degreo zero in (P, ¢Y ..., ¢}) lso whoro 2 = pX14+4) ¥ j = 1,...,1. Henco,
given tho budget and domand corrospondences in torms of (B, 21, ..., p!) they

can be oasily reduced to functions of P’ = (E P, ..., P)c A, Sum of the
budget constraints can thoroforo bo stated in torms of P as
I‘:nﬁll’l(z{—e{) < O(if p > 0 for at least ono j7)
or v P.zg0 .
whero 2'=(2!, ..., 2!) i tho voctor of oxcess domands with z’=:;:‘ =10
Definition 2 : An oxchango oconomy is said to bo in a dual price equili-
brium with taxes (DPET) if, for given ¢ = (1, ..., #/) > 0 with ## =0, [the
notations » and > oro uscd to denoto wonk and strong vector inequalitios
rospectivoly. > monns the vector has at least ono positive oloment.) 3 &
voctor of pricos PeAl*! and a quota D por hoad of tho first good togother
with a sot of allocations (xf, i € A) satisfying
i) 2" =0vj
(i) z{ ei(p, D)
(iii) ¢ > P ond 2 > D for at least ono 3.
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' < D 4 § thon tho economy is said to bo in an oquilibrium with
rationing.)

To prove the oxistence of an equilibrium we make the following assump-
lions : ¥ 6, X; C 7%, is cloeod, convex and 0 ¢ Xi. Xi has local nonsatia.
tioa proporty, i.e., for overy z ¢ X and for every neighbourhood V of z jn
I, 3y¢ 7 auch that y):‘ z. 1ot Xibosuchthatz+RICXi. ... (28

iy~ Is continuons and strictly convex, j.0., @ ~ y ==cd Az 4 (1-2)y =
~t

foe A¢(0,1). o (2.9)
¢ Xand ¢ > 044 i. (\Wodonot considor goods ‘5’ for which = ef = 0),
<

1
Xoto that 0 ¢ X¢and ¢; > 0 imply :l:’xf E"D(:)<{2|PF‘ for p» 0, whero
. -

4
Eppiz) = Frt+(g'—F) max(z'—D, 0)4 Z: ¢'”). Noto also that domand
functions are homogonoous of degroe zero in p’ = (5, #% ..., ). ... (2.10)
For any (Ps Da) == (Pm, PL, ..., P, Da) ¢ A1 7R, PX—5 0 for some
i=l, ,,.,1-—nim_i_.nr. 1 Pa, Da)ll = +0. e (201)

Lemma 1: If Bip, D) is compact then the set of mazimal elements &
».D)in Bi(p. D) is ron-emply. If By is continuous at (p, D) then @4 12 upper
bmi continuons® at (p, D).

{See Theorem A.1IL 3 in Hildenbrand and Kirman (1870) for a proof
of Lemms 1.]

Lemma 2: The correspondence py (p, D) is lower hemi conlinwows® at
ay (p, D), Pc A" vith p e (1/P)P .7:2\[‘ Ey olz) < l,_‘.".lpld. Ifp»o0
then 8 is continwons at (p, D).

Sco the appendix for a proof of this lemma.

Theorem 3 : If assumptions (2.8) lo (2.11) hold there erists an equili:
trium itk rotioning.

ILat 8 and T bo subeota of metric spaces om and J reapectively. Let v be s corres.
adence 8 polnt-to-sct mapping) from & into T. Then tho correspoadence ¥ is said to be
po bemi-continwous (uho) at s 2 § If, for every neighbourhood Af of ¢ (s), 3 8 neighbourhnod
Qofoouchthat 2¢Oy == P(z) C M. Y iasaidtobenhaifitisuhoat everyseS.

A correspondence ¢ 1 8= T is sald Lo be lower Aem{-continuous (1he) at ¢ ¢ 3 if, for every
e set « with P(e) () ¥ # ¢, 3 & noighbourhood v of & such that \¥ () u b gAFe € v, ¢ i
uid 1o ho Jhe [f it lo Iho at every 0¢ 8.

32-13
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Proof: 1t is easy to prove (seo Lemmas 1 and 2) that ¢; (p, D) is non.
empty and continuous st any (p', D) = (5, p', ..., p!, D) with p' 5 0 given
(2.8) to (2.10).

For calculating the equilibrium quota of the rationed good define the
function

Iy [ n
o(p. D) = b (20 S masei=D, 00+ X Tt 5 & mingr, ).

For obtaining the ration price P of the controlled commodity assume that it
is & fraction 0 <& <1 of the correapordling free market price P! for the
sellors.

Defino

_ 1 — 1
= 0 =1, P= 4P Sy -
s-_[p,;;gu|1+§l" 1, P=4P'and I >(I+5)m ‘V’l,0<3<l}.

1
For m > 1, define tho map (Pm, Dm) : SmX [0, ¢T—H]—p SoX [0. ‘.li‘] by
[

1\ Ph4max(A(Pm, Dw),0)
l——) N

1
Pho —+
n ( ™71 4 ¥ max({ P, D), 0)
1

h=2 .1

! )I’L+mnx(z‘(P...D,.).O)/(1+a)
T

1
PLy — -
(148 ( " 14X max((P, Dp), 0)
)

P =8P and D,y min [ 9(Pm, Dp), ‘l%:l‘z]

1
where ¢! = f_ eband 0 <e < 1. Noto that S,% [0, 4_::] is non-empty,

1
compact and convex and this map from §p, X% [0,‘%‘] into itscll is conti-

nuous. Henco, by Brouwcr's fixed point theorem, wo have a fixed point,
nay (P2. D). Sinco (Pg, Dy) is o bounded sequenco, let (P2, D)) — (", D).
Wa claim (P, D°)® 0. Wo will firat show that P*% 0.

Suppose not. Let I’:'-—b 0 forsome h=1, .., 1 Using (2.11) we fhen
have 2¢(P), Di)— o0 for somo k=1, ...,I. However, sinco P.Z <0,
we must have 27 (I’Z, D1)—= —o0 with PL* > 0 for somo r, for lurge m. DBut
this contradicts (2.8) sinco X, is bounded below for all §.
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Henco we must have I'* 3 0. In fact, in tho limit, & fixed point can
weur only if 22 0 & k.

Now, if z(P*, D*)) € 0, (¢ +¢/2)/n°® cannot Lo fixed puint for the map for
ntion quata. For, if g{P*, D*) > (¢! +¢/2)/n thon D*— (e!4¢/2)/n and domand
in tho first, inarket becomen

-i'.‘ zi = nD"+ ;. {£}—min(s}, D*)}
t=1 t-1
=el4r)2 + ‘:. max(x}— D% 0) > ¢!,
=1

the supply on the first market.

Noto that g(P, D) > 044 P, D and henco for P*, D*. \Wo havo slso already
wen that D*  ¢'/u which means g(P*, D)  ¢'[n. Forife'/n < g(P*, D*) &
(d+¢/2)/n then D*— g(P*, D'} which violates 2(P*, D) 0 using an earlier
wgument. Thus, 0 < g(P°, D*) < ¢'/n which moans the government's budget
is balanced and henco Walras' law holds with equality.

By standard arguments, we can then show using 2(FP*, D*) < 0 together
with Walras' law, P*’z = 0 and P*3 0 that A(P*, D*) =0 3 h=1,...,1.

Next note that zero cannot be fixed point for the map for D since it violates
Walrag’ law by violating government’s budget constraint. For, if g(P*, D*)
=0, then D*=0 and the government’s oxpendnturo is zero \\herm
recenuo is positive since P* 3D =0 and P“I'Z max(s}—D, 0)+2 2.

P'¥r] > 0 bocause ¢ > 0, P* 3 0 and z{ > 0 %) for nt least one i (nmco
D) =03k and ¢/ > 0+45). That is, 0 < D*  eYn. QE.D.

From tho abovo theorem, it is clear that wo cannot rule out D* being
tqual to ¢'fn, i.c., tho ration quota may exhaust all the supplies and the open
market may not function. Tlence, it will be uscful to find some conditions
wder which & DPET oxists. In fact, it ia interesting to note that there is
t vector of taxes such that a DPET exists.

Sinco £ ¢/ > 0 4 j, wo can show that at every convex exchango economy,

t=((Xy, 3=, ). 1), with taxes the equilibrium price correspondence is u.h.c
{xe 2.2, Proposition 4 and B Theorem 1 in Hildenbrand, 1074). Also, sinco
Dis a continuous function of z, using Lemmas 1 and 2, and the Corollary to
B Proposition 1 in Hildenbrand (1974) we know that D is uh.c at every ¢
Hence, if wo take a sequonce f,— 0 then wo know that D(fw)— 0 with D(0)
=0. Thus, starting with a tax veetor {3 0 if, in equilibrium, D* = e'/n
tben by reducing ¢ slightly we can reduco the equilibrium quota such that
D* < ¢tfn at the now equilibrium.

*Ip fact (0*+ €/2)/n cannot be s fixed point ¥ r = 1,2,....
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Appendix
Lomma 2: The correspondence B(p, D) is Lh.c al any (P, D) ¢ A" X R,
!
with p = (/)P if in{ Epp(r) < % plef where Ep p(z) = x4 (g'—p) muz
ze
'
(£'—D,0)+X ¢/xt. If p> O then B is continuous at (p, D).
3
Proof : Consider any sequence (p,, D,)— (p, D) and yef(p, D). We
have to prove that 3 y, ¢ fi(pa, Ds) with ya—y. (See thco‘rcm Alll.2in
Hildenbrand and Kirman (1976)). Noto that Epp (y) < X ple.
1

1
Case (I): Ey,ply) < );:p!c’.
1
Sinco (p,, D) (p, D) and Epp (y)—X pfe is a continuous function of
1
1
(p. D), for large n,8ay n > N, E,"D_(_y)—§p{el<0. Choose the scquence y, as

[ yva> N

Yn=

any point of f(p,, D,) for n < N.
!

Case (ii): Ep,p (y) = T plel.
1

! !
Since inf Epp (x) < Z ple/ 3z X such that Ep p(z) < T ple. Choose
zeX 1 1

'». Dn

1
A, €[0,1] auch that A, | 0 and E, Aaz+(1=2,)y) < I plefforlarge x.
1
Henco construct tho sequence y, as follows :
[)l,‘ z+(1=-2,)y ¥ n > N
!/ =
" any point of f(p,, D,) ¥ n<N.
]
Note that N is choson such that AN ORS %p_’ e ¢ n>N.
We now hare to prove that g is Lh.c at (p. D) with p 3 0. Note firt
that f(p, D) is bounded. Also B(p, D) is closed.

Consider the sequenco (p,, D) (p, D} and y, ¢ f(p,, D,). Since §
is compact valued it is enough to prove that there is a subsequence [
y e fip, D). (Sco Theorom A III. 1 in Hildenbrand and Kirman, 1976). Also
since f is closed, it is enough to prove that the sequenco {y,} 9 bounded.
Suppose not. Sinco # is Lh.c and y e A(p, D). 3z, & B(p,.. D,) with z,2y.
Since A(p, D) is compact, consider an c-sphere around f(p, D). Since z,-y,
for large n, z, € f(p, D). Define

U = i+ (1 —=p1,)y,
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by choosing #, such that the distance d(v,. A(p, D)) = ¢ % n. Since g is
wnrex valued, v, € A(p,. D,). But g is closed and therefors there is a sub-
rquence o, — veB(p, D). That is, 3 N such that & ng > N, vy, € B(p. D),
it, d('... B(p. D)) = 0—a contradiction. Hence {y,} is bounded. QED.
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