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SUMMARY. The classical Poisson limit theorem studies the limit laws of S, where
"
Sp = j E Xjpand Xyg, ..., Xpy is a sequence of {0, 1} valued, independent, identically distribu-
=]
ted random variables. In this paper we will weaken the independence assumption and investi-
gate the possible limit laws for certain types of dependent sequences. This leads us to the study
of the limit of (4,(e))* where s is a real paramoter and A,(s) is a finite dimensional (the

dimension being fixed) matrix of the form 4 ,(s) = R(s)+n~1(Q(s)-+ B,(s)) where lim B,(s) = 0.
T X

This problem seem to be of independent interest but does not appear to have been treated

in the literature.

1. INTRODUOCTION
Let Xy, X, ..., X, bo independent Bernoulli random variables with

P(Xpn=1)=1—PXin=0)=p, for k=1, 2,..., n. Let S, = 2 Xy

jm]
The well known Poisson limit theorem states that lim P(S, = j§) =g
7 =-—P) 20
where (gg, ¢y, -..) i8 & probability distribution on Z+ if and only if lim np,

§ =P O
= A > 0 exists, and that in this case the limit distribution is Poisson with

mean, A, i.e. g = AJ exp (—A)/(j!), =0, 1, 2, ... In this paper we examine
the limit behaviour of the distribution of 8, while allowing a certain type of
dependence among the Xy,’s, which still take values 0 and 1.

A natural way to relax the independence assumption is to assume that
{Xins Xans oo X .n} 18 stationary. (A sequence {Xy, Xg, ..., X} is said to be
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stationary if the joint distribution of {X,, X,, ..., X} and {X,, X,, ..., X,}
are the same. This is equivalent to the condition that there is a stationary
process {Y,, Y,, ...} such that {X;, X,, ..., X,} and {Y1, Yg, ..., Y.} have the
same joint distribution.) Ifp,, ..., p, is any probability vector, we may set

n 1
PX, =, .., X, = ﬂ)=PJ(3) ’ oo (1)

for every vector = (zy, ..., 2,,) € {0, 117 such that % g =3,9=0,1,2,..., n.
This is a stationary sequence since if x,+4...+z :1= 4, then
PXy=2, .., X3y =2,,4, X, = 0)
+PXy =, ..., X, 1 =2,,,X,=1)

n \~1 n -1
= P4 (3 ) +Pja (j—l-l)
= P(X;, =0,X, = 2, ..., X, =2, )
+P(.X1 —_— 1, .Xg — x]_, cooy Xﬂ =5 x-n—l) voo (2)

For this distribution it i3 clear that P(8,, = j) = ps. It is therefore apparent
that one can obtain any limit law if one only assumes stationarity, and that
we need to add more restrictions on the sequence {Xz,} to obtain meaningful
results.

In section 4, we shall assume that for some fixed integer d > 1, {X,,, ...,
X,.} is a so called finitary process of dimension d (see section 4). The case
with d = 1 is just the case where {X,,, ..., X,,} are independent and identi-
cally distributed as above. The finitary processes form a fairly rich class of
processes ; in particular they include all functions of finite state Markov
chains. To begin with we first consider this latter special case in some
detail below.

Consider a d-state (2 < d < o0) Markov chain {Y,,} with a stationary
one step fransition matrix P given by

P = [ ] oo (8)
Py Py

where the kX% Markov matrix P,; corresponds ‘to the states {1, 2, ..., &},
1 < k< d, which is assumed to form an irreducible aperiodic (necessarily
positive recurrent) class, while the remaining states {k4-1, ..., d} correspond-
ing to the (d—k)X(d—k) matrix P,, are all assumed to be transient. Thus
starting from any of these transient states the process will move to the
recurrent class {1, ..., &} in finite time with probabiliby one. For ¢ = k+-1,
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let 74 be the first passage time to the class {1, ..., %} given that the Procesg
starts with state ¢ at time zero ; with the corresponding probability genera,.-
ting function (p.g.f.) given by
Gi(8) = E(s™), v = k+-1,...,d, |s| € 1. ver (4)
k
Ag&i.ﬂ let (”1! Mgy «ens ”k): with m>0,2=1,2,..., k, and 2 My = 1, denote
Sl
the stationary distribution corresponding to the matrix P,;. By a well known
property of irreducible aperiodic finite state Markov chains we have

ﬂl 772 ves ﬂk
im (Pq)0 = == II* (say). ... (5)
n—)x 71'1 ﬂz .ee ﬂk
In fact, if we introduce the dummy variable s and define
P 11 O '
R(s) = , 8] < 1, oo (6)
P, s. P,

then it can be easily shown that
lim R(s)» = lim ((B(s)%)y)

N —> 0 " =) ®©

my Mg o ... 0

&
=

771 oo ﬂk
MGrs1(8) ... TeGrq(8)

|

=
&

mGa(s) ... mpGya(s) O ... O

] Foves Ogz x (2—#))
II(s) = ‘ y eee (7)
Ha(3 )[(d—k) x K] Ottd—k) x (@-¥)]

where at the end we have conveniently written the limit matrix II(s) as
displayed.

Suppose now that the true situation is such that the transition matrix P
is perturbed a bit in an n-dependent manner, creating thereby a sequence P,
of transition matrices given by

P, — ,: Pyy(n) Pya(n) ] . (8)
Py, Py,

Py;(n) = Py;+n71Qy;+o(n?) and Pyy(n) = n~1@ye-o0(n™). e (9)
Since for each n, P, is a stochastic matrix, we must have

[Q:l ?][i]:[z] .. (19

l

where
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where 1 = (1, 1, ..., 1)T. This means at each step we do allow the corres-
ponding Markov chain {Yin} to move from the states in the set {1, ..., &k} to
those in the set {k+1, ..., d} but with increasing rarity with increasing n.
Now if for j=1,2,...,n, we define Xy, =1 if Y,,e{k+1,...,d}, and
X;n = 0 otherwise, then §, = X X, represents the number of visits the
jm=l
Markov chain {Y,,} pays to the set {k-+1, ..., d} during the first n steps. We
will be interested in the limit behaviour of the distribution of S, as n—» c0 or

equivalently that of the corresponding p.gf. To this end, once again by
introducing the dummy variable s in (8), we define

[ Py(n) s.P 1a(n) ]
P 'n.('s) =

Py, 8.Py,
= R(s)+n"Q(s)+B,), o (11)
where R(s) = hm P,(s) is as given by (6), B, is such that lim B, = 0 and
7R P © 7N —Pp
Q(s) = lim n(P,(s)—R(s)) is given by
e N
R 8.G
Q(s) = . . (12)
0 0
Fork=1,2,...,dlet
gin(s) = B(s™ | Yy, = k), 8] < 1 .. (13)

be the p.g.f. of §, given that the process starts at .. Then it can be easily
seen that

(91(8)> +--5 Gan(8))F = (Pp(s))"1. .. (14)

Thus in order to study the limit behaviour of (14) as n-~—> 00, we must
study the limit behaviour of (P,(s))”, that is of

(B(s)+n~YQ(s)+B,))". .. (15)
Again, if R(s) were the identity matrix I the limit behaviour of (15) is well
known (see Kato, 1982, 35-36). On the other hand, if R and Q were commut-
ing with. each other, using the result for the identity matrix case and the limit
behaviour of (R(s))* as given by (7), one could easily establish the limit result
for (15). Unfortunately in general B and @ do not commute and in order to
establish the result in this generality a lot more work needs to be done. This
is precisely the content of the next section. A similar matrix power limit
question arises for the more general case of finitary processes. This will be

taken up in section 4 as an application of the key result to be established in
the next section.
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2. AN OPERATOR LIMIT THEOREM
Here we shall prove the key result (Theorem 2.1) which helps answep
the questions raised above and is of independent interest. We shall present
the result in the general setting of operators in a complex normed linear space
of finite dimensions.

Let X be a d(finite) dimensional complex normed linear space, and let
&(X) denote the normed linear space of all linear operators in X equipped
with the operator norm, denoted by |.[|. All convergences of operator
sequences in what follows will be in this norm. We shall also denote by p(4)
the spectral radius of 4 ¢ Z(X) so that

p(4) = lim [|48]s— = inf |Anjn-1 = max |A], .. (16)

n—) o
where {A;} are the eigenvalues of A.
We state the theorem first and prove it with, the help of a series of lemmas.

Theorem 2.1 : Let R and Q be i 8(X), and let D be a bounded region in
B(X). Suppose furthermore that B, : D—> Z(X),n =1, 2, ..., be such that
1B,,(@)|— 0 uniformly in @ e D as n—> co.

(@) If bim R» = Il exwsis, them

n—> a

im [R+n~YQ+B,(Q))]* = II. exp (II. Q. 1I), .. (17)

n— o
the convergence being uniform in @ e D.

N
(b) If lim N1 X Rn =1l exists, then

N—>ew ==l

lim — £ [R+nYQ-+B.(Q)]F = ILexp(r. Q. TI), .. (18)

N> N n=1
convergence being uniform in Q e D.

We shall ‘need the Jordan canonical form for any member of &(X)

(see section 5, ch. 1 of Kato, 1982). Thus any A in &Z(X) admits the
unique decomposition.

A4 =3 (NPetDy), e (19)

§=1

where A; is the ¢-th distinct eigenvalue of 4, P; and Dy are the corresponding
eigenprojection and ei gennilpotents respectively, and r is the number of distinet
eigenvalues of 4. It is also known that (see pages 41-43 of Kato, 1982)

P{_Pj == 3¢5P¢, P¢ Df == .DjPi = 8‘1-D¢
Mi—m"‘l"l

D; = 0, DiD; = 0 if ¢ #j, T
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where M; equals the algebraic multiplicity of A;, which is equal to the dimen-
sion of the range of Py, and m; equals the geometric multiplicity of A;, which
is equal to the dimension of the space of all eigenvectors corresponding to
the eigenvalue A;. We shall also use the important property that

Py, Dy, D, ..., Dﬁm—m‘ are linearly independent in the vector space of all
d X d matrices. Note that X M;=d, & Py= 1, and 1 < my < My Thus

fum] g=]

D; = 0 if and only if m; = BM;.

The next lemma studies the structure of an operator R satisfying the
hypotheses (a) or (b) of Theorem 2.1.

Lemma 2.2 : Let Be (X) have the Jordan form (19). Then

(@) Rr— II as n—> oo of and only if for each 1 (1 = 1, 2, ..., r) either Ay =1
with corresponding Dy =0, or |A¢] < 1. Furthermore, in the former case
Pi-1l =11 Py = Py while PyIl = I1 - P; = 0 in the latter.

(b) N‘12 Rr— 11 as N— oo if and only if for each i(1 = 1,2, ..., r)

n=l

either |Ag] =1 with corresponding Dy¢=0 or |A;] <1. Furthermore,
Pgll =11 Py af A; =1, and otherwise P; . Il =11« Py = 0.

Proof : By (19) and (20) we see that for,m > maxy (M;—my)

r Mf‘”‘f
Br =3 (MPyDjn = = 3 ) N Di+P), ... (21)
j=1 j=1 \ k=1
so that if my < My, then
D™ . Rn = Ru. D™= 20Dy, . (22)
and
Mi—my
PiRn = R8Py = NPt % ( ;:) An—k D¥ . (23)

From (22), (23) and the linear independence of Py, Dy, DS, ..., D; ;™ for each
¢, it follows that B®»-— II if and only if for each ¢, either |A¢| < 1, in which
case Pyll = IIP; = 0, or A; = 1, in which case Dy = 0 and B4ll = I1Pg = Py,
This proves ;part (a).

Since in (21) the terms corresponding to those j for which [As] <1 con-
verge to zero as n—> oo, their Cesaro-limit will also be zero. Consequently
the proof of the ‘if’ part of (b) follows by averaging (21) over » and observing
that

w _ M(1—A7)
,;E:L =7 NO—x) "

a8 N— oo, for |A¢| = 1, A¢ # 1.

- 0,
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N
For the ‘only if’ part of (b), from (22) we have that N-1 3 A* must

flum]
converge as N—» oo, for all A¢q. This necessarily means that [A¢} < 1, for

all 2. Again from this and (23) it follows that

1 N M §—m¢ n

N 5..:‘.1 ;-,51 (k) N D

must also converge for each 7+ as N— 0c0. However we show below that if

N
|A¢] = 1, then N -1 3 ( ;:’) A?-% does not converge as N—» oo, implying

Nk

thereby that the corresponding D; = 0. Here we have again used the linear
independence of Py, Dy, D, ..., Dfl g,

N
Since N1 X (?]:) —> 00, a8 N —> o0, for k> 1, we may assume that
nek
|A¢] = 1 and A; # 1. Furthermore a simple calculation shows that

N dc , N
"z‘vl“',,fk (Z) N = N(lk!) AN (,,E,, A?)

1 gk PN
— N(k!) A ( Ai—1 )

K—1

= X afX, N, k) N, oo (24)
§=—1

where for —1 < j < bk—1, the ayAq, N, k) are absolutely bounded with res-

pect to N. In particular

A‘N +1—%&

I'ET("AT:T)"; 1< k< My—my. .. (26)

a’k-—]_(ai: N ’ k) ===

Because in (24), the power of N varies from term to term, it is enough to note
that for & > 2, az_, # 0, and a, oscillates as N— c0. Thus the left hand side
of (24) does not converge for every k = 1, 2, ..., My—my ;¢ = 1, 2, ...,r.[]

Remark 2.1 : It is clear from Lemmsa 2.2 that if II £ 0, then there is
one ¢ with A¢ = 1 and this ¢ we set equal to 1 by convention, so that A, = L
With, this convention we can write IT = P;, the projection corresponding
to the eigenvalue 1. Thus in the case (a) of Lemma 2.2, we can write

R=P+A, with P, A=A-P;=0,and plA) < 1. .. (26)



MATRIX LIMIT THEOREM 85

Similarly in case (b) of Lemma 2.2, we can write

R=R,+A=3 MP+A, .. (27)

=1

where |A;| =1 for 1 =1,2,...,8 (s r), By- A = A-+R,=10. It follows
from Lemma 2.2 that »

IBll = 0 or 1, and p(A) < 1. o (28)

We note that in this case that Ry = R-P, where P, = > P;. Also observe
=1

that A is not necessarily diagonalizable in either case, and from (16) it follows
that there exists a positive integer n, such that
A% <1 and {|Ro)]| < 1V n > n,. o (29)

On the other hand, IT = 0 in case (a) if and only if |A;] < 1 for all ¢ without
any Ay being equal to 1.

Lemma 23: Let AeB(X), R be as in Lemma 2.2, and A(n) =
n—1
nt X Ri-A-Rn17, where n 18 a positive inleger greater than or equal to one.

=0
Then
(&) wn both cases (a) and (b) of Lemma 2.2, I1-A(n) - Il =I11-4 - 11,

(b) In case (b) of Lemma 2.2, given any € > O there exists a positive integer
n = n(e) such that

|-L"'§ Ri—Tll< e, .. (30)
B
where R, i as n (27), and
JA)| < 1. e (31)
Hurthermore
1P - A(n) - Pyll < (IA|l o (32)
and
WPy . A(n) . P,—II . 4 .II) . 1) < ||4]le. oo (33)

Proof of (a): By Remark 2.1,I1 = P,. Hence [ . R=R.Il =11 and
the result follows.

Proof of (b) : Since R, = RP, = P,R, we consider R, to be an operator
acting on the space PyX and set R} = P,. Then
1

3 ——
1R =3 (-1_ T A )P,

A l1-9
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and thus

1 n—1 1 rn—1 n-1

2. % Ri-II|l = = su X AL, ..., 5,.

gm0 “ w o { =0 o % }
But

1 u—l (1—A%) : -1
— - 2 ].nf I—A -1
= 2 M=y | <2 (g, 11-2) Tt

as n— oo uniformly in %, and we have (30). Inequality (31) is the same ag
inequality (29). That [|[Py. A(n) . Pyj| < ||4|| follows from the relation

~1
P,.A(n).Py— — 'S Rj. A . Rr-1
n §=0

and the fact that [[By)| = 1. Finally,

P, A(n).P,—T1.4.T). M= (>3 BRj.4.Ry~-T.4. mn).m

§=0

1 n—1
( > R?-—-—II) AL TI
n 4=0
and (33) follows from (30). ]

Remark 2.2 : It is clear from the proof of Lemma 2.3 that even when
d is countably infinite, the lemma will be valid if 1 is not an accumulation
point of the eigenvalues of B,. On the other hand if 1 is an accumulation
point of the eigenvalues of R, in a separable Hilbert space X, then a simple

application of the dominated convergence theorem shows that the strong limit
n—1
of n~! X RJ as n— o0 is II.

J=0
Lemma 2.4 : Let 4,(Q), Cp(@) e 8 (X),n=12,..,QeD C &(X) be
such that |A,(Q)* < M for all n, QeD,k < n, and |0, (Q)|— 0as n —

uniformly in QeD. Then ||(4,(Q)+n-1 Ch(@)P—(A,(@))"] — 0 uniformly in
QeD.

Proof : The proof follows from the inequality

4,(Q)+1-1 CL (@) — (A4, Q) < = ( ;” ) 51 14, (@) ICAQ@

j=1

< M. |0, (@) - exp (ICL(Q)]]). [T
It is clear from the above lemma that it suffices to prove Theorem 2.1
in both cases with B,(Q) = 0. Lemmas 2.5 and 2.7 are approximation results
preparing the stage for the proof of the main theorem while Lemma 2.6 i8
an, auxiliary result used in the proof of Lemma 2.7.
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Lemma 2.5: Let A e B(X) such that A = Ay+A4, with 4,4, = A,.4,
=0, |[doll £ 1 and ||4,|| < 1. Also let P, be a projection in X such that A,
= A.Py=PyA. Then [[(A+n1B(Q))*—(A¢+nt P,B(Q).P,)*|—> 0 as
n— 00, uniformly in Q ¢ D, where B(Q) ¢ 8 (X) is such that ||B(.)|| v¢ bounded
on D and (I—P,).B(Q).P, = 0.

Proof : For brevity, set By = P,.B(Q).P,, By, = P,B(Q).(I—P,),
By = (I—Py).B(Q).Py = 0 and By, = (I—Py).B(Q).(I—P,). Then we write

A+ n1B(Q) = (Aog+n"1Byy) 4 (4, +n2By;)+n1B,,. ... (34)

Set;
A, = (4o+n7"By)+(4,+n'By). ..o (35)

It is easy to see that (A4%. By,. 4%). (4% B,y,. A1) =0 for all 4,4, %, 1 > O.
Therefore

(A-+n-2 BQ)P—(4g+n" Bo)®
= (Ay+n""Boy)"—A5-+(4;,+171Byy)®

n—1

= T A431.(nByy). 44+ (4s+nBy)n

§=0

n—1
1 Y (Ag+n1By )14, By. (4,+4+n1 B,)
n 4=0

+(4,+n"1 Byy)n. ... (36)

Since ||4,|| < 1, it follows that [|[4,+ 7 Byl <1 for all Qe D and suffi-
ciently large n so that [[(4,+n By)"| — 0 as n—> 0. The norm of the
first term in the right hand side of (36) is bounded by n~Y|By|| exp ([|Bgl})-

> (14,]|-+nYBy,l))f showing that this term also converges to 0 in norm a8
jm0

n—» o0, [

Note that Lemma 2.5 is essentially a special case of Theorem 2.1(a) where
B(Q) = Q and (I—Py)B(@Q)P,= 0, % QeD. This latter condition will be
removed in Lemma 2.7.

.
Lemma 2.6: Let 0, a> 0 and 1, N positive integers. Then jl'I1 (l-l-ﬁa")

attains its maximum (subject to the conditions : iy i8 a positive inleger for j ==
Z
1,2 ...,land = iy = N) when all the iy’s except one are equal to unity,

Jeel
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Proof : Without loss of generality we may assume that a #* 1. For
I = 2 it is equivalent to maximizing af+a¥—4 over 1 ¢+ < N—1 which can
be easily seen to occur at t = 1 or ¢ = N—1. Continuing by induction on I,
we have

I+1 i bl .
max § Il (1-'—06!- j) 2 ‘bj = N 31: voey Uy > 1}
§==1 =1

; .1
=  max {(1—[—60/‘) max { I1 (1+6a°’) Xy =N—k, 4y, ..., § 2> 1}

(1+60a)* max (140ak)(1+OaN-Fk-1+1)
19 kg N -1

= (14-6a)}(1+OaN 1)
as desired. []

Lemma 2.7 : Let A, Py, A,, A, be as in Lemma 2.5 and B(Q) e & (X)
be such that ||B(.)|| ts bounded on D. Then |[(A4n'B(@))*—(4y+n1 P,.
B(@). Py)*|— 0 as n— o0 uniformly in Q ¢ D.

Proof : We define B,;, B,;, B,, a8 in the ,proof of Lemma 2.5 and note
that now B,, = ([— Po) B. P, is not assumed to be 0. Then A4-|n—' B(Q)

_..A,,—l-n- B,,, where 4 =(A,+n"1By)+(4,+n2By;)+n-1B;,. By Lemma 2.5
1A% —(A4y+-72Bg,)%| — 0, uniformly in @ e D as n—» co.

Expanding (4,+n-1B,,) and observing that B2, = 0 we have

(4+n"1B(Q)* = 1“+[(M>3“.3/2] S Iik), ... (37

k=2 ¢=1

where [a] is the greatest integral part of the positive real number a and
I,(k) =2y AL (v By). A2. (v By,)... A2 (n2 By),
I,(k) = S (0! By,). A;2. (- By,)...A¥1. (n-1 B,,) . A,
Iyk) =g (02 Byy) . 42 . (072 By ... LF1 . (n2 By),

I(k) =S A (2 By) . &2 . (n 2 Byy) ... ¥ (02 B,,). AF. ... (38)

In (87) k—1 is the number of times B,, appears in the expansion, and each
sum in (38) runs over the corresponding 4’s taking values greater than or equal
to one and adding up to n—k--1 for each k.. By convention I4(2) = 0. It
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)
k—2
) terms respectively. The desired result shall

is easy to see that the number of terms in 2 and X, are ( ) while 2,

and X, have (Z:];) and (9]::710

follow if we show.that the sum in (37) converges to 0 uniformly in Q e D as
7 —» O0.

A simple calculation shows that
A7 = (Ay+nt Bygym4-(4;4-n1 By )™

] -1
+7z_ Eo (do+n~" Byg)t . By . (4;+n Byyym—1-4, . (39)

j:;" . Byy = (41477t By)™ . By,
1 m-
+— I (dg+n7t Byy) . Byy . (41 +071Byy )1 Byoe ... (40)
i=0
Thus as in the proof of Lemma 2.5, we have for all m < » and Q ¢ D

|zl < Myend |2 Byl < Z2(4nam), .. (41

where M,, M, are two absolute constants and « = gup (14147 Bull)
€D

< 1 for sufficiently large n.
By (38) and (41) we have

—k
I2(R) < (;:__ 2) (nY|By,|l)¥—t ME-1

ME-1
n(l—2)!

<

and similarly

. |
o)l < ﬁi}gﬁ“

LM < T

. [(n4-3]8]
where M, and M, are absolute constants. It is now easily seen that =

b2
ls(%)]|—> 0 as n—» oo uniformly in Q ¢ D for j = 1, 2, 3
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Finally from (38) and (41) it follows that

k-1

L < MyntPeZ TLIAY . Bl
n—-ok k-
< M Mg in= Gk 21 o 2 (5) jE; (1 +m1’) e (42)

k-1
where X, for every fixed ¢ (the value of ;) runs over {(i;, ..., t4): 2 4 =
je=1

n—k—i+1, 4y, ..., tg_y 2> 1}. Also note that 2 has (n-’:ic;@) terms. By

Lemma 2.6 and (42) we conclude that

M Mk—l n—2k+2 P
k—2 ~2k—i43
ILEN < g 2 (g ) (HnaeF(tnan-ti)
_M5 Mﬁ“l n—2k+2 1 on—2k—4+3
g _(.k-—-Z)!- .551 [?{2 B ?’b—__],

where M, and M, are suitable constants. Since « < 1, the above inequality
{(n4-3)/2]

leads to the result that lim X |[I4(k)]| = 0. [

BomPoo Kkmd

Proof of Theorem 2.1 . In case (a) choose a positiveinteger » so that
(29) is satisfied. In case (b) given any arbitrary ¢ > 0 choose v = v{€) as in
Lemma 2.3(b). Having chosen this » we hold it fixed, and write n = v+
with 1 =0,1,2,... and 4= 0,1,2, ...,v—1. Since g is bounded, we note
that n— o0 if and only if [> 0. Thus as in Lemma 2.3, defining Q) =

y—1

v-1 3 RIQR-1-J, we find that
=0

(R+n-2Q)—(R"+171Q(»))". R*
=[{(B+(v+p) QP —(R*+172Q())]. B*
+(B+(v4-p) Q). (B4-(lv+-p)1Q)*—R*]. o (43)
Note that

v=1
(B+-(v+£)2Q) =R +(lv+-p)™ Eﬂ RIQR-14-0(172),

where O(-) is uniform in Qe D as - o0. Furthermore since (lv4-pu)™ =
(W)t —u(lv) Ylv+p)2, from the above we obtain

(B+(+p)7 Q) =R +17Q()+1Cilv, Q), . (44)
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where Cj(v,¢) > 0 uniformly in QeD as I - 0. Using (29), we have
IR +1-1Q0)IF < A+HIQLIBI* < exp (@I |BI"-Y) < constant (depend-
ing only on v) for all £ < ! and Qe D. Using this and (44) we can apply
Lemma 2.4 to the first term on the right hand side of (43) to conclude that
its norm converges to 0 as /— oo, uniformly in Qe D. The fact that
(B"4-172Q(v))* is uniformly bounded also tells us that [[(R+(v+x)-2Q)"| is
uniformly bounded in / and Qe D. Since x is bounded, we see that
(B+G+0) QB < 2 (%) 1B (+p) 1QI)F > 0 a8 7 — o

uniformly in @ ¢ D. Thus we arrive at the convergence of (R+n-1Q)n—
(R"+12Q(»))". R’ to 0 asl —»00 uniformly in . By the choice of v, R =R+ A"
with ||[AY]] < 1 and an application of Lemma 2.7 leads us to

[(E+n~1Q)»—(By+1-1Py . Qv) . Py)l. Ri|—> 0 .+ (45)

as [ — oo uniformly in Q ¢ D.

Case (a) : In this case Ry = P, = P, = Il and we get the desired result
for B,(@) = 0 (and hence also for B,(Q) # 0 by the remark after Lemma
2.4) by applying Lemma 2.3(a) and the result that lim (J4-1-14) = exp(4)

e L
uniformly for all 4 in a bounded set of &(X) (see Kato 1982, 356—36).

Case (b): Write N =ILv}J with L=0,1,2,..., J=0,1,2, ..., v—1.
Since [|B3+LPy . Q) . Pyt < (1+L-YQUE < exp (JQI), wo get that

lim N-YR!+L-P,.Qw).P)t % RE=0 .. (46)
N—~>w» Re=J 41

uniformly in @ ¢ D. Thus by (45) one has

lim E (B4n~1Q)s— Z (R5+HI2P, . Q(v)Py)t Z Rs (47)

N oo N n=1

also uniformly in @ ¢ D.

Given an arbitrary ¢ > 0 we have fixed v so that (30) is satisfied and
hence by Lemma 2.3(b)

< eexp (@), ... (48)

S (Bi+1-Py. Q). PoF . { % B—Pi}|
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Since P, == Il (see Remark 2.1), we have by (32) and (33)
(R +I-1P, . Q@) . Po)t . I—(I 1111 . @ . TIy? . TIj
= [[(B3+172P, . Q) . Po)—(R3+1711 . @ . )] . IT |

' -
< Z WE-+P,.Q0) . PP, - Q) - Po—T1.Q.T . N |

N AR S (S

< 11Qll exp (2 Q@IDe. . (49)

Combining (47), (48), (49) and the standard result referred to earlier in case
(&) we arrive at

N
lim | 'l_\lf % (B4-n1Q)s—II, exp (I1 . @ . 1I1) “ < Ce,
Nep i n=1

where C is a constant independent of @ and e¢. Since ¢ is arbitrary, we have

the desired result for B,(Q) = 0 and by the remark after Lemma 2.6 we arrive
at the general result. []

3. MARKOV OHAINS

Returning to the Markov chain example discussed in Section 1, in view
of (10), using (7) with s = 1, it easily follows that

Qi - 1" 4-Q, . g(1)* = 0. ... (80)
In view of (7), applying Theorem 2.1(a) to (15) and using (12), we have
lim (P,(s))* = II(s) . exp (TL(s) . Q(s) . [1(e)) = TI(e) . oxP (Q6).11(e)
I: oxp(Qyy - II*+5@,, . I1g) O ]
= [1(s) .
0 |
) [ [1* . exp(Qy . II*+5Qy . TI3(s) O ]

M g(s) . exp(Qyy - TI*+5Q, - Tg(s)) O

Finally using this in (14) we have the desired limit result for the distribution
of 8, in terms of ifs p.g.f. given by

[94(5)-..94(8)]" = lim [g,,(3)...94,(8)]T
=) cO

(61)

—— I
[ , ] exp (Qsy - TI*+5Q4y . TI4(8) - L
Ha(a) dxk

II.
[ . :I . 0XP (— Qg . (I15(1)—sII(s))) . 1 e (52)
114(s)
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where at the end we have used (50) and where II ;(1)-31'15(3) 18 & (d—k)Xk
matrix given by

I1,(1—sGxr.,(8)) ... IIk(l——sGk+1(8))]
(63)

H(1)—sll (s) = [
I;(1—8Gg(s)) ... IIx(1—s8Gy(s))

The above limit [g,(s)...ga(8)] gives us a matrix analog of the ».g.f. of & com-
pound Poisson distribution. Again instead of asking for the limit behaviour
of §,, the time spent in the set {k4-1, ..., d} during the first » steps, we might
consider studying the limit behaviour of the joint distribution of the vector

[S,(k+1)...8,(d)] where 8,(j) is the time spent in the state j during the first
a
n steps, with j = k+1,...,dand §, = = 8,(j). The above analysis can
k41

be easily adjusted by introducing d—% dummy variables (sgy,, ..., 8;) instead
of a single dummy variable s. An application of Theorem 2.1 as before,
would this time lead to a matrix analog of the p.g.f. of a multivariate com-
pound Poisson distribution.

4. FINITARY PROCHESSES

4.1 (eneralities. In section 3 we started with a Markov chain {Y,4,
ooy Y 4} With state space § = {1, ..., d} and then studied the function of this
process given by X, = f(Y;,) were f was the indicator function of the set
{k+1, ..., d}. We shall now describe the concept of finitary processes (see
Robertson, 1973 for more details) which generalizes the notion of function
of Markov chains and at the same time allows one to apply the matrix theory
methods of Markov chains.

Let S be a finite set (we will take § = {0, 1}). Let d be a positive integer
(@ will be fixed throughout this section) and # and § ¢ R%. For seach ¢¢ 8,
let 4; be a d Xd matrix. We assume the following axioms are satisfied.

Axiom 4.1 : 9T. ¢ =1,
Axiom 4.2: A.&=E, where A = 3 Ay,

t€S
Axiom 4.8 : For every positive infeger m and for all 44, ..., im € S we have

'qT.Ail ...A‘m. > 0.

A gsystem (R?% ;9 ; £ ; Ag, i+ ¢ S) satisfying Axioms 4.1, 4.2 and 4.3 is called
& finitary system. This system is said to be stationary if

ﬂT- A = Q)T. vu'e (54)
A 1-10
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For every finitary system (R%; 9; £; Ay, ieS) there exists a stochas-
tic process {X,, X,, ...} such that for every positive integer m and for all
bys -eey ¥m € S We have

PlX; =1, ..., X;y = tps] = 7. Ail'"A‘m' £. ... (6b)

Such a stochastic process {X,, X,, ...} is called a finitary process. The follow-
ing summarizes several facts whose proofs can be found in Robertson (1973).

Proposition 4.1: (a) If (R%; 9 ; & As, 1€ 8) 18 a fimilary sy tem, then
there exists another finitary system (B% ; 3’ ; & ; A;, 1€ S) (called a reduced
system) with d' < d, such that
; il

tm,

(1) For every positive integer m and for all iy, ..., 1€ S, 9T . 4, ..

e Ay €
== ')]T. A‘l oo Aim‘ 6.

(2) {A;l A;m E:m>0,1%,...,1iy e S} spans RY.

3) {#7. A;l A;m cm > 0, 43, ..., tm € S} spans RV,

(b) Every function of a finite Markov chain is a finitary process, and a
fimatary process is a function of a Markov chain if and only if @ has a finilary
system (R® ; n ; & ; A;, 1€ S) such that all the entries of the vectors n and & and
all the entries of the matrices Ay, 1 € S are nonnegative.

(¢) A finilary process 18 stationary if and only i+f ils reduced finilary system
8 stationary.

From the above proposition it is clear that without loss of generality
we may assume that the system is reduced. However, the system with non-

negative entries referred to in Proposition 4.1(b) will in general not be
reduced.

We now take 8 = {0, 1} and suppose for each positive integer » that
{X1ins +o0s Xpot I8 a finitary process given by the reduced finitary system
(R%; 9,; &,; Ain), 1¢8). We want to find the possible limit laws of

S, = ‘Zﬂ.‘. Xin, a8 n—> 00. For this we look at the p.g.f., g,(s), of S,, which
=1

is easily seen, using (55), to be given by
g4(8) = 73 . (A (&)™ &, ... (56)

where 0 < 8 < 1 and A,(8) = A n)+sd,(n).
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In the sequel we assume that 7, and £, both converge as n— 0. Con-
sequently it is sufficient to study the possible nonzero limits of (4,(s)) as
n— 00. This we do in the next subsection for the case with d = 2.

4.2 Finitary processes with d = 2. In Theorem 2.1 we studied the
limit of (4,)* with

4, =R+~ (Q+B,(Q) . (5T)

given that RB? converges and {|B,(Q)]— 0, as n— co uniformly in Qe D. We
now study the converse question (with d = 2) namely that given (4,)?
converges as n—» o0 for the same form of 4, as above, we prove that R# does
converge. This along with Theorem 2.1 will allow us to compute the form
of the limit of (4,(s))” as n—> oo for a finitary process with d = 2.

Theorem 4.2 : Let 4, = R+nY(Q+B,(0)) with R, Q and B,(Q) as
defined in Theorem 2.1. Assume furthermore that (4,)* converges to a nonzero
limat, say C. Then R® converges to a nonzero operalor, say I1.

Remark 4.1 : The proof of this theorem is given in the appendix. Note
that our Theorem 4.2 is limited to A4,’s specifically of the form (67). In fact
if we only assume that 4, R, (4,)»— C( # 0) and R»— II( # 0) hold,
then (57) is not necessarily satisfied. For instance take

1
vre
with « real and P, and P, are mutually orthogonal projections with, their sum
equal to the identity.

{ o
4, = (1+ 537) P,-+—— P, ... (58)

Finitary systems with d = 2 can be given fairly explicitly. Consider
the closed convex cone @ consisting of all limits of all linear combinations
with nonnegative coefficients of vectors of the form Ag...Agy. & where m > 0
and 1, ..., im € {0, 1}. This cone is clearly invariant under the operators 4,
for all i ¢ 8. By Axiom 4.3, @ # R? and the case were @ is one dimensisional
is trivial. Thus there are two linear independent vectors, « and £ such that
C={ax+bf:a, b > 0}. Since £ ¢@, we may choose a« and S such that
& = atpB. We first express the matrices £, 4, and 4, in terms of basis («, §).
The fact that @ is invariant under 4, and 4, implies that the entries of 4,
and 4, are nonnegative. Next Axiom 4.2 states that 4,44, is a stochastic
matrix, From this it also follows that

5T =1, 1], 97 =[p, 1—p). for 0 < p < 1, e (69)
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If the process is stationary then » will be the invariant probability vector
for Ay+A,. We thus have

[ 1—a—c—(1—s)b a-tsc ]

L d-se 1—d—e—(1—3)f (60)

A(&) — A0—|—8A1 —

where all the parameters are nonnegative, a+b+4-¢ < 1, and d+etf< L
The eigenvalues of A(s) are given by

Ay = o () +AE) LV RO BOP T aateo)dtse] ... (8)

where o(s) = 1—a—(1—s8)b—c and B(s) = 1—d—e—(1—s)f.

Suppose now that the parameters a, b, c, ... depend on n with the matrix
in (60) denoted by 4,(s). Since we are interested only in the nonzero limits
of (4,(s) with A,(s) of the form (57), in view of Theorem 4.2 and

the Remark 2.1, the maximal eigenvalue of 4,(s), A, in (61), must converge
to one as n— co. The next lemma gives the necessary and sufficient condi-

tions for this to occur. The proof of the lemma, being straightforward, is
omitted.

Lemma 43: (a) 0 [A_,| < A, < L.
(b) A,,—> 1if and only if at least one of the following three conditions holds
(i) a,,b, and ¢,— 0.
i) d,,e, andf,— 0.
(iii) b,, ¢c,, ¢, and f,— 0.

We will consider the three cases of Lemma 4.3 one by one, but first we
consider a “case 0. Suppose that a,, b,, c,, d,, ¢, and f,—> 0. In accord
with, (57) we assume that na,— a, nb,— b, nc,— ¢, nd,— d, ne,— e and nf,

— f. Then

R(s) =lim 4, (s8)=1,11 = lim R =1 ... (62)
fi—) o0 N—Pp a0
—a—(1—s8)b—c a-}-sc
Q = lim nd, (s)—1I)= [ :l (63)
NP d-}-se —d—e—(1—38)f

We can easily calculate the exponential of a 2 X 2 matrix B with trace 7, deber-
minant 4, and eigenvalues A.. The matrix satisfies its characteristic polyno-
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mial B2 = rB—4I. This can be used to obtain a difference equation for B».
If the eigenvalues are distinet, the result is

_ ML g oy A
Br= S B-AA S T

If A is the only eigenvalue, then
B = pAn—1B—(n-—1)Anl,

From this we may calculate respectively

exp (B) = e*B}-(1—A)e*l.
Thus from (63) we obtain
exp (¢) = (BH"QAH)Q; (ﬁiezﬂ"?‘“eltﬂ .. (64)
+—A_

where

Ay =Ru(0) = @HBLVE@—PP+atso)dtee)),

& = &(8) = —a—(1—s8)b—c, B = B(s) = —d—e—(1—3s)f, ... (65)
a,b,c,d, e, f> 0.

The conditions that the two eigenvalues of @ would be equal for all s implies
that Q = —X(1—s)I, which implies that the limiting distribution is Poisson.
Thus we may assume that (64) is the form of exp(Q) except for the two values
of s that are the roots of the quadratic equation (&—p)244(asc) (d-s¢) = O.
For exp (@) as in (64) the limiting p.g.f. of 8, is given by

lim 974 ,(s)]* £ =[p, 1—p]. exp (@). £

1n—-—>» o

Y R, ol e o+
_0(1—s) ('~ —e” )42, et —A et ... (66)
ﬁ.l.-—ﬁ_
where 0 = p(b-}-c)+(1—p) (e+f) > 0 and ﬁi ='Xi(s) are as in (65). In
contrast to the cases considered below we are not able to describe the distri-
bution of this p.g.f. in terms of well known distributions. In what follows

we treat cases (1), (2), and (8), but assume that we are not in “case 0.”

Next consider the case 1 of Lemma 4.3b where a,— 0, b,—> 0 and ¢,-0.
We suppose that na,— a, nb,— b, nc,— ¢, d,—d, e,~> ¢ and f,—»f where
d+-e+f>0. Also we suppose that n(d,—d)—> z, n{e,—e)—> y and ([T )=> 2.
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One may then calculate the following matrices as before. For 0 < s < 1,
we have

1 0
R(8) = |: ] oo (67)
dtse 1—d—e—(1—s)f
—a—(1—8)b—c a-}-sc
Q=[ ] .o (68)
x-}-8y —~2—y—(1—8)z
1 0
1 = [ dtae ] e (69)
iFer(i—af
e—7(8) |
II. .Q.1) = .. (70
a5 [ o(s)e-® 0 :I #
where
) (1—8) (ae-taf +-ba-tbe-ted-+of -ce+-bf+-s(ce—by)
Y(e) = dte-(1—s)f
d4-se
%)= Trera—ay
Finally

lim 774, (s)]* E=[p, 1—p].TL.oxp (I1.Q.I).E=(p+(1—p)3(s))e®. ... (71)

N ~—p ®©

This distribution has a fairly nice interpretation. We will transform the
parameters to make this more apparent. Set

=70 =3 oo > 0

I
1= TFets

af e+-f)Fole+f) [d+e+f)
@Fe-N a1 (b+c) @Fet]

1 —r =

d
1— = 8(0) == m.
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Note that g, r, 7 all belong to [0, 1) and y(s) = A (l—s(l—r—l— "(i:g): ))
Then e¢~7(® is the p.g.f. of

0 ifN=0

Y=< «»
> X, if N> 1
n=1

where {N, X, X,, ...} are independent random variables with N being Poisson
with mean A and P[X, = 1] = 1—r and P[X,k = m] = r(1—q) ¢™~2 for m > 2
and all ». The factor p4-(1—p)d(s) in (71) is the p.g.f of a random variable
Z for which |

P[Z = 0] = p+(1—p) (1—7')

PlZ = n] = (1—p) r'(1—q)¢* 1, n 2> 1.

Thus the p.g.f. in (71) is the p.g.f. of the sum of the two independent random
variables Y and Z respectively.

The second case of Lemmsa 4.3(b) where d,— 0,¢, > 0 and f,— 0 can be
dealt with as in the previous case by interchanging the states and thus does
not yield any new limit laws.

Consider now the final case of Lemma 4.3(b) where b,,¢c,, ¢e,,f,~> 0 as
n— 0. We suppose that a, >aand d,—> d witha > 0,d 2> 0 and a-+d > 0.
We also suppose that nb,— b, nc ,— ¢, ne,—> e, nf,—>f, nlaz—a)—> x and
md,—d) > y. Then as before we obtain from (57)

[l-a a ] 1 [d a]
R = R |
i 1—d atd | 4 4

[ —z—C—(1—8)b x-}-8c ]
ytoe  —y—e—(1—a)f

Q —

I.Q. Il = —(1—8)AIl
where A == (aet-af-}-bd+cd)/(a-+-d). Finally with  and ¢ as in (71) we have
7T Il .exp(ll.Q.II). § = 20—, . (712)

which is the p.g.f. of a Poisson random variable with mean A.

This completes the discussion of the two dimensional finitary oase.
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Appendix

Here we give the proof of Theorem 4.2, for which we need a result about
countinuity of eigenvalues, eigenprojections and eigenilpotents under conti-
nuous perturbation and some lemmas.

Let G,(n=1,2,...) and @ e 8X), dim(X) = d < o0, and let their Jordan
forms be given as :

G = B [Ai(n)Py(n)-+Din)],

1
i=1
G =2 [AMPs+Dyl. J

j=1

For each A4(j = 1, ...,7) define S(A; ={|1 < i< d, im Ayn) = A;}. Then
B~) 20

we have the following version of a theorem in Kato, 1982, (Theorem 5.1,
pages 107-108).

Theorem A.1: Let G, converge to G as n—0. Then for § = 1.2, ..., 7,
(a) the sels S(A;) are non-empty and mutually disjoint,

(b) X P;(n) and Z Di(n) converge to P; and D; respectively as n—> 0.

i€8(4,) i€s(4,)

The following lemma is given without proof and will be needed in the
sequel.

Lemma A.2: Lel a, be a sequence of complex numbers converging to &
with |a| = 1. Furrthermore, let (a,)* converge to 0 as n—» 0. Then n|a,—a|-—>0
as n —>0.

For d = 2, we write the Jordan forms for 4,, B, C of Theorem 4.2 as
follows :

n = A{(n)P;y(n) 4-2A5(n) Py(n)-D(n),
B = A Py+APy+4-D, .. (74)
C = p,Py+pPytD

In (74) it is understood that D(n), D and D are zero respectively if the corres-
ponding two eigenvalues are distinct.
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Lemma A.3: Let 4,, B and C be as in (74) satisfying
(a) 4, R, and
(b) (A" —C

as n—> 00. Then

(1) A’l(n) —> Al# AZ(n)_) A-z: P]_(n)"") P]_, Pz(n)—)r le _D(’n)—) D,

! e

(i) (A4(n)® = py, (As(n))® = py, P, = Py, Py = P,
(i) n[(A;(n))*14(Ay(m))»—1] D(n)— D.

The proof of this lemma is an easy consequence of Theorem A.l. Note
that if |A;] <1 and| A;] < 1 then C = 0. The next lemma rules out one
of the various possibilities for the eigenvalues of C.

Lemma A.4: Assume (a), (b) of Lemma A.3, equation (57) and also
py=ps =0. Then C = 0.

Proof : As mentioned above if |A;] <1,¢=1,2, then C =0. On
the other hand when A,(n) % A,(n) for sufficiently large » (which must happen
if Ay #% A, and may happen even when A; = A,), D(n) = 0. This means

D=C=0.

The only remaining case is when |Ag| =1,¢ = 1, 2 and A(n)=A,(n)=A4(n)
for sufficiently large n onwards. Writing A(n) = A+4a,, using (a), (b) of
Lemma A.3 and the result of Lemma A.2, we find that B = A4-D, a,— 0,
n |e, | —> 0. Next by (67) we have

4, = Ad-a,+D(n) = A+4D+n"1Q+o(n"1) ... {(75)

or

(@a+D(n))? = ay+2e,D(n) = n~HDQ+QD)+-o(n™)

or
oty +2D(n) = (na, ) YDQ+QD)+-o((n| e, |) 1) 0

as n— 00 and we conclude D = 0. Substituting this in (75) above, we get

&, +D(n) = n1Q+o(nt), and on multipllying both sides by n(A(n))*
we find

2, (A(n))P~1+n(A(n))*-1D(n) = Q(A(n))*~-+-o(1). ... (76)

Note that @Q(A(n))»1— 0 and n(A(n))»-2D(n)—> 3D by Lemma A.3(iii) as
7%~ oo proving the convergence of na, (A(n))#! to f§, say. Thus D+28 =0
which implies D = 0. Hence ¢ = D = 0. []

s 1 Y1
A l=—11
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Proof of Theorem 4.2 : 1In view of Lemma A.4, we need to consider only
two cases, case 1 :p;# 0, 1t = 1,2, and Case Il : p, £ 0, p, = 0.

Case I: Consider the subcase p, 7 p,. Then it is essy to see thag
Ay(n) = 1+n-la,to(rnl) and A,(n) = 1+n"lo,4o(n™1) where oy = log p,,
¢t =1,2. Since A(n) 5 Ay(n). we. have that D(n) =0=D and R =],
and C = p,P;+p,P,. Now if instead p, = p, = p % 0, we see that if also
A (n) = Ay(n) = A(n), then A(n) = 14n"lato(n') with a=1log p. On

the other hand from Lemma A.3(iii), 2n(A(n))*»1D(n)— D leading to

nD(n)— (2p)-1 D or D = 0 which implies that R = I. If A(n) Ao(n)
for all n, then D(n) = D = 0 so that B = I again.,.

Case I1 : In this case A ;(n) = 14+nta,+o(n~1) and Ay (n) = A,+-a, with
o, = log py, |Ag| < 1. Since by Lemma A.2, n|a,| — 00, A;(n) 5~ Ax(n) for

sufficiently large »n onwards, and hence D(n) = 0. Thus D =D = 0 and

R = P,+A,P,. If moreover |A;] < 1, then BR?»— P,. On the other hand if
A.a —_ 1, t-hell R —_— I-

Finally let [A3] = 1,A, % 1 and P, 3£ 0. In such a case we show that
(67) 18 violated. From (57) we have that

(Ag—1) [Py(n)— Py, Py(n) = n~! [@—o, Py(n)]-+o(n™). (77)
Using an orthonormal basis {e;};—, , of R? such that ¢; is an eigenvector of Py
with eigenvalue 1, we find that
(Ag—14-a,) (&1, Pa(n)es) = n~ey, [@—a Py(n)]eg)+o0(n?),
leading to (e;, Pg(n)e, = O(n—1). Next the simple identity :

. | (e1, Py(n)e,) |2
(e, [Pa—Py(n)]e,) = ~(es, Dymes) ... (78)
tells us that
(629 [P 2'—P E(n)]ez) = O(n—ﬂ), et (79)

since (e;, Py(n)ey) —> 1. On the other hand from (77) one has
(Ag—1)n(ey, [Po(n)—P,le,
={(eﬁn Qez)_al(ezs -P 1(??:)82)}—-71&”(62, P 2(”’)32)',"0(1)- oo (80)

Since n|a,| — oo, clearly (79) contradicts (80). Thus P, = 0 which implies
.R —_— P]. — I- D
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