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A NOTE ON IYENGAR’S METHOD OF ESTIMATING
ENGEL ELASTICITIES FROM GROUPED DATA

By L. R. JAIN
Indian Statistical Institute

SUMMARY. Thia nole develops formulue for Engel clasticity based on the gencralised
pon-lincar Engel function ot any given incomo level in torms of two types of concentration
curvos of Lwo typos of conconlration-ratios. It also outlines a proceduro for consistently esti-
mating tho Engel closticities and the underlying Engel function frotn grouped data.

1. INTRUDUCTION

For estimating Engel elasticitics one needs to specify certain forms of
Engel function and then estimate them from family budget data which are
usually available in tho form of grouped means. The method of Jeast squares
spplied to tho grouped arithematic mean data, however, introduces bias and
inconsistency in the estimation of parameters of an Engel function in which
the original variables appear in transformed form. In order to mect the
problom of inconsistency, Iyengar (1960, 1964) developed two altcrnativo
methods, viz,, M-I and M-IL, for estimating Engel elasticitics from grouped
data, J-I based on the use of two types of concentration curves, and M-II on
tho use of two types of concentration-ratios. Both methods rest on the basic
assumption that the size distribution of income (or total expenditure) follows
log-normal law. Yollowing Method-I Iyengar (1964) obtained formulae for
consistently estimating clasticities at median income level based on the log-
lincar Engel function and at both median and mean income levels when based
on tho semi-log Engel function. Using the cstimates of income eclasticity at
median level, ho further obtained consistent ostimates of tho parameters of
tho underlying Ingel function. Method-1I was suggested for estimating
constant Engel clasticities.

Iyengar's attempt is, however, restrictivo a8 it provides for the estimation
of only two particular forms of the IEngel function and estimates of elasticities
only at one or two particular average incomo levels based on tho two Engel
functions. Secondly, the cstimation proceduro suggested Ly Iyengar (1064,
1967) for estimating the Engel clasticity and the parameters of the underlying
Engel function i3 based on linear approximations resulting in an over-cstima-
tion of tho points on tho two concentration curves and an under-estimation
of the two concentration-ratios.
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This note attempts to extend Iyengar's approach to & family of non-
lineac Engol functions for estimating the Engel clasticity and the underlying
Engel function. Following both methods of Iyengar wo develop in Section 2
formulao for Engel elasticity based on the generalized Engel function involv-
ing Box-Cox (1964) typo transformation which reduces to conventional non
linear Engel functions, viz., semi-log and hyperbolic, on assigning particu.
values to the transformation parameter, Theso clasticity formulae are
derived at any incomo level in general and at alternativo (i.c. arithmetie, geo-
metric and harmoni¢) mean levels in particular, Scction 3 presents an esti-
mation procedure for consistently estimating Lngel clasticities and the para-
meters of the underlying Engel function by applying both methods of Iyenger.
This procedure is definitely better and expected to yield more efficient esti-
mates than the ono suggested by Iyengar (1967). Section 4 presents consis-
tent estimation of semi-log and hyperbolic Engel functions from grouped data,

2. FORMULATION OF ENOEL ELASTICITIES

An Engel curve is defined by E(y|z) = 'Y(z) where y and x represent
respectively per capita houschold expenditure on the specific commodity and
per capita income (or total expenditure). x is hero assumed to be two-para-
meter log-normally distributed with its distribution function denoted as
Az 0, A) such that 0 and A? are, respectively, the mean and the variance of
the normally distributed variable log 2. For this distribution, tho arithe-
metic, the geometric (which also happens to be the median) and the har-

. . . _ 1’ - 11
monic means are respectively, given by Zs = ¢ Zg=2¢l ond Z) =¢

The following notations shall bo used throughout the paper :

042312,

p(z) = proportion of persons earning a given incoma 2 or less ;

qlz) = proportion of aggregate income carned by the above stratum
of persons ;

Q=) = proportion of aggregate consumption expenditure on &
specific commodity accruing to tho persons with income z
orless ;

7a757a = Engel elasticities at a, 7y 2a respectively ;

=145 = ordinate of the standard normol curve for value % of the
normal deviate ;

e = standard normal deviate corresponding to the cumulative
area k of the standard normal curve ; and ®(k) denote:
cumulative area of the standard norma) eunrve for value
of the standard normal deviate.
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Wo consider the gencralised Engel function involving Box-Cox type trans-
formation :

(G.1) E(y|2) = @a+B(x*—1)/p, where tho transformation parameter s deter-
mines the degree and tho type of non-linearity., Notico that

for p = 1, (G.1) = linear :E(y|z) = a+bz whero a = a—f andb = §;
for p— 0, (G.1)-> semi-log  : E(y]z) = a+blog z where ¢ = a and b=4;
for p= —1,(G.1)=hyperbolic : E(y|z)=a-+bfx where a=a+f and b=—§;

Following both methods of Iyengar, we, thercfore, develop the formulae for
Engel elasticity based on the gencralized function and derive from them the
formulae based on semi-log and hyperbolic Engel functions by assigning the
relovent values of parameter .

Notico that one can also easily obtain tho formulation of Engel elasticities
for several non-conventional and non-linear Engel functions which follow
from the gencralised function on assigning the parameter z values other than
—1, 1 and 0.

21, Method I. Incomo (cxpenditure) elasticity for the gencralised
Engel function is, by definition, given by

70®) = pha¥lpa = 1)),

Aa log ¥ = 04-Alpy, at an incomo level z under the log-normality hypothesis,
elasticity may, therefore, be rewtitten as

3(z) = pfe"**p(x){(ap—B)+Bewip(z)].

It can be easily proved that tho specific concentration curve in the present
caso i given by

Q) = ((ap—PBIP()+Pe* ™ 10tpry— M) [(ap—F)-+ B0 4%,

and A is given by the equation of the Lorenz curve as A = Iy;z)—lgy,;. Using
the cquations of the two concentration curves with the view to eliminato para-
meters @, f, 0 and A from 9(x), wo obtain

00) = lp(2)— QUA(P(2)— Q@) +{Qe)— Ollpea— Ay} 1200, . (2)

where A = lpig)—lyryy.  This provides a gencral formula for Engel elasticity at

soy incomo lovel 2. In particular, notice that Lisa = A2, p(Z)+elZ) =1,

‘,;,',=0 and ¢ = —Af2. Theroforo, the formulae for elasticitics at

pizy)
B2-9
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tho ovor-all arithmetic, geometrio and harmonic mean income levels are, res-

pectively, obtained as

7o =—HQUZa)+q(Fa) = /[ * 1 H(Q(70) —DAO.6— )} — QFa)—qlda)+1),
where A = _2;“.‘.]

1y =—p{Q(2) —0.8Y[E™ Q) —O () — 1) — Q)+ 0.5),
where A = —4(5);

T = —LQ) ~ (A2 4QLar) — O~ A(0.5-+ )}~ Qa0

where A = —% totzy-

2.2. Method II.  For tho gencralised Engel function, the specific con-
contration ratio is given by
L= 1-2{1 Qdp.
Let us write
Ky = ap—p, Ky =902 and K = K, 4K,
Then we have

L = 12 ] (USK)p+(KyfK)0Up—Mip
= 1=K [K—2K.JK) 0{' Olz—An)dD(),

= (— K K1=2 | O+ N)d0@) = (KRN0 v 1)

by convolution thoorem.
Since
UL

KK = n@){0r(a)+(e—na))e™ 2™
tho Engel clasticity is given by

)

a2 Y- _
20) = —pLie LYoo s . 22)
where A in terms of the Lorenz-ratio L, is given by A = \/E‘mwn

Elasticities 74, 7, and 75 ot the well-known mean incomo levels can be
casily obtained from this general formula as is done under Method I.

Wo may now obtain elasticity formulations based on i-log and byper-
bolic Engel functions and by the two mcthods by taking the valuo of y a3 0
and 1, respectively, in (2.1) and (2.2). Theso aro listed in Appendix Tablo Al
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Notico that our formula for 7, based on semi-log form and using Method I
is quite different from 7,/(1+0.5 1],1;‘;’,] the one obtained by Iyengar (1964).
Our formulation is properly devcloped by considering the pointa on the two
concentration eurves corresponding to T4, whero as that of Iyengar is derived

indirectly being based on the use of formula for 7,.

3. ESTIRMATION PROCEDURE FOR ENGEL ELASTICITIES

To estimate clasticitics at various incomo Jevels using grouped data and
following the two alternative Mcthods I and II, it is necessary to calculate
B §o 0,)’0 corresponding to various income classes as basic datum. The
given grouped data on consumer expenditure, for instance, by the National
Sampio Survey of India, vsually provido estimates of: (i) wy, proportion
of persons belonging to the i-th income! class ; (i) #; and g, the mean income
and the mean specific expenditure for tho ¢-th income class; fori=1, ..., &,
k being tho number of income classes. From this data one may derive for
eacht=1, .., k

R S S B
P=Zw,Z= T ik, g= X iy 1= 2 iy5fz
1=l =1 4=t Jal

>
v

and

=

>
I
Lo~
td
b3
=

k;

These values evidently provide consistent cstimates of the corresponding
population paramecters.

Estimation of 7(z) by Mcthod I and based on the generalised Engel func-
tion involves finding out the cstimates of the corresponding g(z) and Q(z).
As these estimates in pgencral, cannot be dircetly obtained from tho given
grouped data, it calls for tho use of some interpolation technique. The use
of linear interpolation, as suggested by Iyengar (1067), is a crude approxima-
tion device resulting in over-cstimation of both g(xr) and Q(z). Moreover,
by thia device the over-cstimation of Q(x) in comparison to that of g(x) is moro
for tho luxurics and less for the necessitics. A far better approximating
method would be the non-linear interpolation method recently developed
by Kakwani (1976) which suggests fitting third degree polynominl concen-
tration curvoe within each incomo class except the first and tho last open-
ended clagses where Parcto-type concentration curve is fitted as a further

Ax reliuble data aro moro easily availablo for tho voriablo total oxpendituco, and not for
incams, total expraditure is regnrded proxy for incomo a4 a mattoer of practice. Hawovor, for
tha sako of brovity, we namo ‘total oxpondiluro’ aa ‘income’,
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refinement. This fitted Lorenz curve within the {-th income class (¢ =2,
..., k=1) is given by tho relation :

q = agtau(p—piy)+au(P—pi)+a(p—pia), . (B
where parameters ag, g, @y and ay aro obtained as

ot = gey, Ot = TyfE, O = (38— 1)AzierE, ay = (1~ 28)8z,/7w],

& = (F(—xpy)[Axq, and Ax; = 23—y,

Based on (3.1) p at a given x(z;y € z € 2;) is given by

P = Py H[—agt/af— 3z o+ 32,2/ 32y, o (32)
whore sign is to be so chosen that p,_; £ 2 € p;. Here tho conditivn
1/3 < & < 2/3 is required to ensure that tho polynomial (3.1) will be ahways
convex in the £-th income class. The corresponding fitted third degres poly-
nomial specific concentration curve, yiclding @ at a given z(x,_, € 2 ¢ ),
is given by the relation similar to (3.1) except that the respective ¢, 2; and z
aro replaced by @, 7 and E(y|z), the expected value of y corresponding to
the class limit 2.

Consistent estimates of p(z)? and g(x) corresponding to the given income
level 2 ean bo obtained from (3.2) and (3.1). The estimation of Q(x) requires
tho knowledge of E(y|xy) for each ¢ =1, 2, , X, which can be approximated
through somo interpolation technique. Here the use of Lagrange's
formula will give us .

E(y|m) = ‘El Fililzs),

where 3 3
Ly(x) = N (x,—2¢) [ 1 (Z4—Z)
- izt

which provides consistent estimate of E(y|x,) on replacing the population
means 2,'s and #,'s by their consistent estimates available in the correspond-
ing sample means.

Bstimation of y(x) by Methodd 1T involves the use of tha estimates of con-
centration ratiog L, and L,. For estimating L, and L, Tyengar (1964) used
the lincar formulne :

k
L= l—‘_zl wil§it-Gioy)

and

R L. .
L= I—E‘ 2(Qe+Quy),

3Xotics that for log-normally distributed varisble z, p(2s) = 0.5 and p(2a) = | —p{ts)
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which obviously under-estimate tho true concentration-ratios. The exact
formulao for L, and L, may be expressed as

k
Ly=1-2 % 4
1=t
and
3
Li=1-2 % Au,
=1

whero A; and A, are the areas under the Loronz and the specific concentra-
tion curves for the i-th income class. Fitting third degrce polynomial Lorenz
and specific concentration curves within each income clags except the first
and the last open-ended classes where Parcto-type curves are fitted, the above
formulae for L, and L, give riso to tho following formulac [Sec Kakwani
(1976)) for the consistent estimates of L, and L,, where L, and L, correspond
to the fitted concentration curves over the entire income range :

a ¥ ko) 12— 225 1 S\ aes A
fo=1= & i+ 2 SR, i)

- G HmtE)  2(Eebze)
(3.3)
- 13 N - | % N . a
L-1-3 ﬁl(o.+o.-,a+‘§' B 20— B | 265
+f T E Y 2~ GG EY | 2)+5)
+ifilie— B 127G+ By ze)) e (34)

where E(y}z)’s may be estimated the same way as done under Mcthod I.

It may be noted that as q(x) and ¢(z), and Q(z) and Q(z) a8 well as L,
ond L, and L, and L, are expeceted to bo almost equal, both Mecthods I and
11, using the present estimation procedure, yicll almost consistent estimate
of Engel elasticity y(x).

4. ESTRIATION OF ENGEL FUNCTIONS

Wo have earlier noted that when grouped data with unequal class interval
are given, both Methods I and IT yield almost consistent (a.c.) estimates of
Engel clasticity at any given incomo level and based on semi-log and hyper-
bolic Engel functions. Thercfore, using these ecstimated clasticities, a.c.
estimates of the parameters of theso two Engel functions can be obtained by
both Methods as outlined below.



174 L. R. JAIN

4.1, Semi-log Engel functions E(y|z)=a+b log x: DBased on this
Engel Function, clasticity at geometric mean level Z, is given by 7, = bj{a+b
log Z,). Sinco §, = a+b log 2; and 2, = 7, exp (—A?/2), parameters & and
b may be estimated almost consistently as

s = 7‘7.:7-
and

2 = Ja(1— 3 log 2,+7,342),
where

o= VETLQ(E)—08)t5,
and

A=—t

when Method I is used, and

Ty

o= \/WI:-/‘(,+,:°,,2
and _
A= Viusiye
when Method II is used.

4.2. IUyperbolic Engel\funclions E(y|z) = a+bjz: Based on this fune-
tion, elasticity at the harmonic mean level 2, is given by 74 = —b/(#x §a)
where §5 = a+b/#x. Therelore, almost consistent estimates of the parame-
ters @ and b will bo b = —7 fa Z) and 3 = gfa(l+7‘m, where a.c. estimate of

A s 2 .
Zp i8 Ty = Pq exp [ 'q(p—ﬂ'b)] and that of 7, is

in = (OGN —0.)[20 {542 o }—1]—0.5 by Method I,

and = L,/L, by Method II.
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