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A NOTE ON DETERMINATION OF BAYESIAN
THREE-DECISION PLANS USING
THYREGOD'S METHOD
By R.J. PANDEY
Indian Slatistical Inslitule
SUMMARY. Throo-decisi yosian plana minimising total averago cost of inspeetion

and docision aro obtained using Thyrogod's mothod undor cortein regularity conditions. An
oxamplo is givon to illustrato that the mothod is well adopted 10 the caso of threo-decision plon.

1. INTRODUCTION

Three-decision Bayesian plans (n, ¢, ¢;) as discussed in Pandey (1974,
1984) can bo obtained by using tho unidimensional search method of Thyregod
(1974). Tirst the decision numbers ¢, and ¢, are obtained analytically as a
function of the samplo size n under certain conditions of regularity on poste-
rior risk or loss and then a unidimensional search is made over # to obtain
optimal plans against various lot sizes systematically. The method hes been
illustrated by an example. Although the threc-decision plans involre two
cost differences and complicated decision costs the method is well adopted.

2. DBAYESIAN THREE-DECISION ASR PLAXNS
Bayesian three-decision ASR plan (n, ¢,, ¢,) is operated as follows :
Trom a lot of V items & random sample of = items is seleeted and number
of defective x in tho sample is found and the lot is

Accepted if 0 € 2 < ¢
Sercened if ¢ <z ¢, w2
Rejected if ¢; <z  n.

The cost per item for inspection, acceptance, sereening and rejection are
ki(p), ka(p), ki(p) and ky(p) respectively and satisfy the four assumptions for
costs (AC): (1) All tho functions are non-negative and none is identicaily zero;
(2) kal0) < ki(0) < K7(0); (3) ka(1) > Re(1) > ky(1); and (4) ky(p) > km(p) where
kn(p) denotes minimum unavoidable cost.

AMS (1980) subject classification : 62N10,
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Assumo that the variation of p from lot to lot may be deseribed by the
natural conjugate distribution of bernoulli process density ie. by Beta dis-
tribution with parametor (7, 8) whero

dl(p) = [B(y, &))" p" 1 1—p), 0 < p 1. o (2.2)

Let 2y = 1 or 0 according as §-th item in the samplo is defectivo or non-
defectivo and then T, = 2,424+...+2, is sufficient for p in conditional
density of ¢ given p whero density of T', is

n

7a(tlp) = ( : ) p(l=p)-t . (23)
which hns obviously monotone likelihood [ratio. Further, under the assump-
tions mado for tho cost functions ks(p), ki(p) and ky{p), we noto that the cost
differencos  ka(p)—ki(p), kui(p)—kr(p) have at the most ono change of sign.
In view of this, tho thrce-decision acceptance sampling problem is monoto-
nely regular following Thyregod (1974). Karlin and Rubin (1956) and Karlin
(1968) also give such concepts of monotonely regular probloms,

The expected cost for (n, ¢, ¢,) i given by

R(N, n, ¢, ¢) = nky+(N~n) G(n, ¢y, ¢) v (24)
where  G(n, ¢, ¢) = [ (kal(p) Pa(p)+ki(p)Ps(p)+ki(p) Po(p)} dW(p)
and Pu(p) = P(0 € 2 € ¢|p) ; Pulp) = Pley <z € &4]p) ;

Py(p) = Pl <z < n[p).

Since tho three-decision ASR plan is monotonely regular, tho following
can be shown by trivial proofs in the light of Thyregod's (1074) results :

(a) the cost of optimal three-decision plan Ko(N)= inf K(N, », ¢, ¢,) is

n,cy, ¢y
a concavo picce-wiso linear function of N and the optimal snmple sizo is in-
creasing with lot sizo.

(b) tho optimal decision rule for a given sample sizo n is: accept
if T, & ¢ ; sereen if ¢, < T, € ¢y and rejeet if Ty > 6.

(¢) the optimal acceptanco numboers ¢3(n) and c¥(n) are rolutions to
An, &) =0 and Ayn, ¢;) =0 whero A(n, 1) = [ li(p) g.(]p) AW (D)/galt).
i) >0 i =1, 2, givo posterior cost differences with 1,(p) = ka(p)—ki(p)
and 1y(p) = ky(p)—k,(p).

Wo obtain

n) = (n+9+8) pu—7y w (28)

and cg(n) = (n+9+8) po—y e (2.0
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whero p, and p, aro solutions of k4(p) = ki(p) and k{p) = k{p) respectively
and are called brealk-even ¢uality in Pandey (1074).  For preferenco of three.
decision plan to two-decision the condition i3 py < pp which implies
¢¥(n) < ¢f(n). Tho amallest sample sizo for which sampling inspection may
bo preferred is obtnined from ¢y(n) > 0 a3 n > 7 pl—y—4. The expected
decision cost for plan (i, ¢, ¢;) is given by G(n, ¢;, ¢;) which is a complicated
function involving beta-binomial probabilitics.
Dofine
Kin(N, n) = min KV, §, e,(i), ¢o(i)), (0 =0, 1, 2,...) ... (27)
ien

It can bo observed that K, (N, #) decreases to KON). Further, for some n if
Kan (¥, 1) > Ko (N, n4+1)

bolds for N = N, then it holls for alt N > N,. Thus, wo can construct
K.o(N, n+1) from K, (N, 2) by simply determining the interseetion
between K{N, n+1, ¢(n+1), e(n+1)} and K, (N, n). Sinco (2.7) deseribes
picco-wise linear function of N, we may determine this intersection by solving
o set of linear equations.

Since K, (N, n) = K°n) for N € = it suffices to perform successive
determinations of Ky (N, #) for =0, 1, 2,... N, in order to tabulate the
sampling plans for lot of sizes N < N,. The smallest samplo size = satisfying
nky > Ky (N, 2) will be an upper limit for sample sizes to be considered.

3. NUMERICAL EXAMPLE

Let ko(p) = p, k(p) = 0.240.5p ; k,(p) = 0.5, k(p) = 0.24+0.0p. It can
be noted that theso cost functions satisfy the carlier assumptions for costs
(AC).

We havo k, = 0.7625; ky = 0.4806 for the beta prior distribution of
p with parameter 9 = 2.5 and § = 1.5,

Trom (2.5) and (2.6) wo obtain tho samplo size (n) and the values of opti-
mal decision numbers ¢, and ¢,. Tho values of the optimal decision cost
Q(n, ¢,, ¢,) corresponding to the above triplets (n, ¢, ¢i) are computed
soparately by means of a computer programmo. Tho following table gives
tho optimal decision cost for samplo sizes n = 3, 4, 5, ..., 20.

Woe shall perform successive doterminations of K,y (N, ) for =0, 1,2, ...
Kon(N, 3) = 3 ky+0.5125 (N—=3), (3 < N) . (3D

and
R(N, 4, ¢,(4), 63(4)) = 4 k,+0.494922 (N —4) e (32)
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TABLE 1. THE OPTIMAL DECISION COST 0(n, ¢, ¢) FOR
dIV(p) = Bota (p; 7 = 2.5, 8 = L.5)

" o a 0(n, ¢;, 6) X 10-3
3 [] 1 512.5000
4 1 2 494.9220
5 1 3 476.5026
] 2 3 473.0328
7 2 4 472.2504
8 3 4 471.725¢
9 3 3 471.2310

10 4 & 471.0040
n 4 ] 470.0983
12 4 7 470.0358
13 5 7 470.0058
H & 8 470.6808

13 3 1] 470.8736

16 (] [ 470.8086

17 [] 10 470.80600

18 7 10 470.8051

19 7 11 470.8040

20 7 12 470.8048

From intersoction of (3.1) and (3.2) wo obtain
3 k405125 (N—3), (3N 19)
KV, 4) =
4 £,0.404022(N—4), (20 < N).
Proceeding on tho same lino wo find
31,40.5125 (N—3), (3 <N < 19)
KN, 5) = { 4 L,+0.404022(N—4), (20 < N < 21)

5 ky+0.4766625N—6), (22 < N)
and
3 k,+0.5125 (N—3), BN
4 &, +0.404022(N—4), (20 K N < 21)
KN, 6) =
6 k,+0.4765625(N—5), (22 ¥ < 103)

0 k,+0.4730328(N—6), (104 & N).
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Continuing in this way we get the optimal threo-decision Baycesian plans
a3 givon in tho Tablo 2.

TABLE 2. OPTIMUM BAYESIAN THREE.DECISION
SAMPLING PLANS

N n o [

310 3 0 1
2021 4 1 2
22—-103 1] 1 3
104217 (] 2 3
218551 1 2 4
652—597 8 3 4
698—1757 0 3 8
1758—43860 10 4 8
4387—4061 1 4 [
4002—9731 12 4 1
073211077 13 5 7
11676—41674 4 5 8
41675—58341 13 5 0
58342—145832 18 6 0
145833 —194440 17 ¢ 10
194441—14568193 18 7 10
1458104—2918371 19 7 11

4. CoNOLUSION

Sinco the cost-differences Ay(n, &) and Ayn, t) in caso of other three-deci-
sion plans also could be shown to satisfy tho regularity conditions as in the
present caso ond other conditions for monotone likelihood ratio hold the
present method is applicable.
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