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ON A CONJECTURE OF KARLIN IN SAMPLING THEORY

By SUBIR KUMAR BHANDARI
Indian Statistical Institute
SUMMARY. 11874 Korlin conjectured that expoctalions of funclions in & cortain clax,
undor random replacernent schemoa aro ordervd necording to tho coordinntowise ordering of the
replacoment probabilitics. Krafft and Schocfor (1084) proved it for sufficiontly Jargs population
sizo (V') compared to tho samplo sizo (n). Ia this papor o simplo proof of this result is given along
with a quantification of “sufliciently large N*'.

1. INTRODUOTION

A random replacement sampling plan R(py, Py, ..., Ppy) 8 & scheme for
drawing o sample of z units from a population of N (distinct) units such that
the ¢-th unit is drawn at random from the remaining and the probabilities
of replacing the i-th unit (sampled) into tho population is p;.

Karlin (1974) conjectured that for all N > n and for all ¢ satisfying
the following condition X
(+) Eppnlp) € ER(»')(’P)
if, and only if, p; < p; for all 4§, where p = (p, ..., Pp_y) and 2’ = (p}, ..., Pacy):

Condition K : A function ¢ : R*— R is said to satisfy Condition K,
if ¢ is permutationally symmetric and

9la, 8, 7y, ..., 2)+9(0, b, 25, ..., 2,) D> 29(a, b, 7y, ..., 7,)
for all a,b, zy, ..., 2,.
Karlin (1974) has shown that () holds if p ={(0,0,...,0), or if o' =

(L 1,..,1)ond
[N{(N—=D)]=1 £ nf(n—3) {1

Krafft and Schacfer (1084) have shown that p € p’ implies
() if n. € 7, or if » > 8 provided N is sufficiently large.
Schacfer (1987) has shown that for n > 8, a sufficient condition is
N> Nyn) = min[¥ : a(N—1)jn1 3 (n—3)N5-1)

for p  p' to imply (s). Furthermoro, Schacfer (1087) has given an examplo
with n =N > 13 for which p € p’ docs not imply (s).
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It is easy to sco that p < p* docs not necessarily follow from (o). (Sco
Krallt and Schaefer, 1084).

In this paper, wo have shown that p < p’ implica (s) if
N 3 n(n—1)/3 = Cy(n), say. w (2)

Clearly (2) implics (1); under (2), Karlin’s result follows from this paper.
Morever, tho simple proof of our result also yicld the result of Krafft and
Schacfer (1084) for n > 8. \Vith referenco to Schacfer (1087), note that

(1--51,“—)"'l > 1—% - (3

ie. N> % =Cyn), say.
l—(l—;—) L)

The values of Cy(n) and Cy(n) aro tabulated below :

n 8 10 15 25 50 100
Cyn) 186 30 70 200 8167 3300
Cyln) 164 257 632 1882 7924 32607

percent excess of
Cy(r) over Cy(n) 191 167 10-8 63 31 1:5

The above shows that our result is slightly weaker than that of Schaefer's
(1987); but tho proof of our result is much simpler than that of Schacfer (1987).
2. PROOF OF THE RESULTS

Theorem 1: For all p’ = (1,8, ...,8,.,) and p=(0,4 ..., 6,,) with
8t=0o0r 1, and for all ¢ satisfying condition K,
Erp\(9) D Enip)9)
provided N > w(n—1)[3.
Proof: Let B.l, +0» 8, bo the only 0's in &’s. Then

1
NYN—T (N
1
NEN—-1)"T(N=2)"" | (N—i=1)

Eppi(p) = DL e (4)

Emm(v) =

Eq;(z,l, vy r‘”). . {B)

gy
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whero I’ and I are the summations over the following scts €’ and C,
respectively :

C' = ((z‘l, ..y .’t,n) cQn: z, F3 ”g forl>j.jed’},
C= ((x,l, o )eQn: z, # z, forl> j,jeJ},
whero J' = {a,, ..., &}, J={1,a,,...,a), and Q is the sct of population
values.
Tho frequency distribution in a given n-tuplo (z‘l, «-s % ) mey be denoted

by (e;f) = ey, voos &4 fis - fo), Whero eractly ¢ number of zy's occur with
frequency f; in tho n-tuple, and f; > ... > f,. Let

Tef) = 5 9leys o m).

where £ is the sum over all sclections of the n-tuple of the structure
.G
Zys vy Fpe eons Zgps vees Zgy Fgrs vonr Eqagn oo Tt iivey oo Topbunte,

fy times Jitimes  f, times Jq times J

For a given set of ¢,+-...4¢, distinet 2's, consider an n-tuple of the above
structure. Let tho ber of possiblo arrang: ts of the cl ts of this
n-tuple compatiblo with C" and C be C'(e; f) and Cle, f), respectively.

It is clear that Cle,f) > 0 implics C'(e,f) > 0. Let C;C €’ be the
subsct of these n-tuples which have a singleton in their first co-ordinate;
define Cy = ¢’—C}. Consider an n-tuple in C corresponding to the frequency
distribution (e; f) with fy = 1. Each such element of C would then gencrate
(n—e) cl ts in C; by interchanging the first coordinate with any of the
other coordinates which are not singletons. On the other hand, each element
in C‘; obtained in this way would bo repeated e, times in this process, since
any of the e, singletons can occupy the first position

(n—eCle; f) < elc;(Z;f)'
Also noto that Cyle; f) = Cle; f)
Cleif) > (wleCles f) - O

We may writo
Epp o) = Za'(e, f)T(e, ), .
Erp(9) = Zale,/)T(e.f), . (8)
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where the summation is over all frequency distributions (e,f). Now note

that

N—t

N—1\7' ) N2 (9™ Net—1\""  N-atl
(=) (751) ( )

Hence, if ¢, € n—3
alef) (N—l ot N—t—1,"" C'(e,f) S N—n+l n 51
ale,f) N VO N—t Cle, f) N & :
(10)
Now an argument similar to that given in the proof of Theorem 3.1
of Karlin (1974, 1081-1082), can bo used to complete the proof of the theorem.

Note: The condition N > n(n—1)/3 implies that
(N—=t) > (n—=t)(n—t-1){3

fort ¢, and N—t'> 0, n—t > 0.

Theorem 2: For p=(py....pp) and ' =(p,.rPpey)  wilh
0 P&, i=1,..,n=1, and for all ¢ salisfying condition K,

Erp\(9) < Enuri(p): . (1)

provided N > n{n—1)/3.

Proof : It is sufficient to show (11) for p < p', where p; < p; and p¢ = p;
for all 4 #%¢. Now

Eppyle) = Zpy(8) ... Pn-l("n-l)Emp, ’n-ﬂ(?)’

Eppy(o) = Z5i(8)) ... P;-x(’sn-x)Emu,' " a,_pleh
where 8 = 0 or 1, pe(1) = pr, p&l0) = 1—px, py(1) = ;. Pi(0) = 1—p;, and
the above summations are over all 8y, ..., 8,y

Thus (11} will follow, if
Enye) € En(.ﬂ(?)»

where A=(8, ..., 801, 0, 8455 oery 6py)s

and A= (8 eey Opgs 1, Btgyy vony B y).

Next, note that
Eruy(®) = EraErs®(Xys - 4\',.)|X,, v Xigy)
Eps(9) = Erat(ERan9(Xys ooy Xa)] Xy, ooy Xy
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Since the distribution of X, ..., X;_; iz the same under R(A) and R(A"), it {s
sufficient to prove

Eray(@(Xyy ooes X Xy o0s Xima) € Epial@l Xy oo Xp) | X 0000 Xitoy)
for all values of X),..., Xy_y. After drawing Xy, ..., Xy_;, the population
size N is reduced to N—t' (with ¢’  ¢t—~1), and tho rcmaining sample size
becomes n—(¢—1), Tho result (11) now follows from Theorem 1 and the note
after that theorem.

Acknowledgement. Tho author is thankful to Professor Somesh Das
Gupta and Dr. Rahul Mukerjeo for their help.

Rrrerences
Kanuw, 8. (1074): L itios for i pling plans, I Ann. Statist., 2, 1085-1004
Kaarrr, O, and SogAEYER, M, (1984) :  On Karlin’s conj; for random ropl. t sampling
plans. Ann, Statist,, 12, 16281533,
Mangaarr, A, W. and Orwy, 1. (1070}« I lities ; Theory of Majorization and Its Apphica-

tions, Acadomic Proas, New York.

Somaerer, M. (1987): A countor-oxamplo to Karlin's conjecturo for rendom roplacemont
sampling plans. SankAyd, Volumo 49, Sories A, Pt. 1,

Paper received : August, 1985.
Revised : April, 1986.



	001
	002
	003
	004
	005

