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A NOTE ON ASYMPTOTIC SOLUTION TO BAYESIAN
THREE-DECISION PLAN BY ATTRIBUTES
ByR.J. PANDEY
Indian Statistical Inatitute

SUMMARY. A eimple spproximate formuls to obtain three-decision Bayosian plans
are dorived by using asymptotic results. A numerical comparison of oxact and approximate
plans, in the senso of Hald (1081), is carricd out for a chosen sot of cost parameters.

1. InTRODUCTION

Asymptotic solutions to Bayosian three-decision plan by attributes, dis-
cussed by Pandoy (1974), aro derived. Approximate formula which may
be used in practice are obtained. The numerical solutions obtained by using
approximate formula are compared with the exact solutions tabulated in
Pandoy (1074). Asymptotic result shows that the sample size increases with
lot size. The approximate formula is found quite handy in practice.

2. AN ASYMPTOTIC EXPANSION FOR BINOMIAL DISTRIBUTION

Using Hald's (1981, p. 220) technique, B(cs; n, p'*¥)), j =1, 2 where

¢fn = py+ej, £ 0 for n> 0 and p* > 0 can be expanded. The result
without proof is stated in the Theorem 1.

Theorom 1: Let ¢sfn = py+ b ayn=34+-0(n-%%). For p'¥) > p,we have
=1
4
Bley ; m, p¥) = gyp™ exp (—nd(py, p*')+ '21 buk (pg: p¥) n=112
+O | % —po | V 2rrp0g,) ()

2o = Un{p![g)][[In(p' g0 [ph gi2))] e (2)
B(po, 2'¥)= py In(po/p™®) ¢4 Inlgefg**)
buk = ay Infpy g% g, p¥)
buk = ay In(pg™ g, p'%)+-0f4/2p, g
by = a3y In(po 4% gy %) —ay/(p— py)
+ay(142201)/(2p0 90)— 0l (do—2o)(B(20 90)?)
bk = ay In(py 9% Jgp'®) —ays/(p*'— po)
—(a}j—2po 9o}/ 2AD*'— o) +(ays+ads+- 26,5 Ga1)/( 2P0 90
H(1—py §o)(12P0 90)—(90—Po)ads (1+8xs)/4(Po 20)°

+(#8+ad)aly/ 12(py 90)-
AMS (1980) subject clasrification : 62N10
Koy words ond phrozes: ASR plan, A io solution, Bay i plan,
Effciency of approximate plans.

where
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The same expression is valid for 1—B(¢;; n, p'¥') when p'¥) < p,. In
the subsequent section we shall use this expression in obtaining an asympto-
tic solution.

3. UNRESTRIOTED BAYESIAN SINGLE S8AMPLING THREE-DECISION
PLAN BY ATTRIBUTES

Exact solutions to a wide variety of three-decision plans were disoussed
by Pandey (1974). We have chosen only ASR (Accept-Screen-Reject) Baye-
sian three-decision plan with two point prior distribution for obtaining asymp-
totic solution. The asymptotic results for other three-decision plans have
boen attempted on the similar lines and are omitted from the present
discussions.

In Theorem 2 we give an asymptotic solution to the chosen problem.

Theorem 2 : For the Bayesian single sampling three-decision plan
(n, ¢y, C) we have

¢ = npytaytay/a+O0m™), j=1,2 . (3
where . .
ay = In {A S (Al — B} v (4)
a8y = ~[{(@xlipe—p" - {oul(p™ —Po)}
+{Pog " l(pe— "} — {pog ™ [ — 2)}1/E e (B)
8 = g(py 2V)—(po p™), 8 = dbjdpy. - (6)
The minimum value of regret function R is given by
Ry = nh[1—1/(2ntg))fotg+-O(n~4) . ()
and the lot size N and the sample size » are related as
N = n+-Mn)fw o) - (8)

where h(n) is function of n and, @, and w are constants depending on p'¥,
k=1, 2.
Proof : From Theorem 1 and expansion of b{cs; », p'¥) we get for
Po < p(k)
Bleg i n, p®) = gop'™ exp [—n(pot-es p*)+0(es)

+0n | 2% —po| v/ 27npg0) v (8)

and the same expression for 1—B(cs ; n, p'*)) for p, > p'* as stated in the
Theorem 1.
8818
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For p' < p, < p' we have the following asymptotic expansion for
the regret function considered by Pandey (1974)

R=nt(V—npn-n £ & Ay oxpl—n(po, 30)—nes -+ O0lex)+0fnY)
51 k= e (10)

where
Ae = go 2% pal[| Po— 2™ | /27 py g) e (1)

$1 = $ilPo, ¢¥) = In (2, ¢V gy P'¥)

and pg, j, k=1, 2 are the constants depending on the cost parameters and the
chosen prior distribution and are defined in Pandey (1974).

It can be seen that the optimal value of p, should satisfy the equation
@(po, P'V) = B(py, P®) which gives (2), for any other choice of p,, will make
ono of the terms in (10) greater than exp (—ng,).

Now, dR/[de; = 0 gives

3 g
tf-, B¢ Ak oxp [—n(pg, p¥)—nes dy+O0(es) +0(m )] = 0
which gives

nedi—In (g An) =neyd—In {(—gg) Ar), j=12 .. (12)
Solving for ay = ne; we get
ay = 1o (g, $ifhs (~g)l8, G=1,2 . (13)
and hence we get ¢; = np,+ay+0(1).

Write
¢sin = po+(aes+es)/n, 5> 0.
From Theorem 1 write (10) as

R=ntN-njnn 2 £ Ay exp [—ng(py, o )—ay 6
=1 k=1

N —(n &5 $y+Bu)[n-+Ofes/n) + O(n%)] e (14)
‘where
B = (als+au)/(2py 40)+(1—Dy 2)/(12p; go)—ans/(2'9—po)
(g (p* —p,)* e (18)
From dR/de; = 0 for (13) we get
ney @it =negditb j=12 . (16)

and solving @y = n e gives
ay = —[{aulpe—2™)} +Haule™ ~2o)} +{2ig ™ (2s— 2%
—{peg® PP —p))E, j=1,2
1.0, ¢ = npytay+ayln+O0n).
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Writing (14) as
R = n+(N—n)n-18 I.: i': Azt oxp [—n ¢{p,, p'¥)
§=1 k=1

—0y $—(ay $i+Pr)n1+Oles/n)+-0(n )
and using (11) and (15) and simplifying we write
R=n+(N—-npVy "[. exp [—n i g ni
3=1 =0

where

w="5—¢)
Aoy = &g = (pg, pW), k=1, 2
ay =ay =0

gy = —y $1+In Ay = —ay gy+In A,,—ln{ (_‘_’;:m} j=12

ay =ay ¢+ = aybs b j=12
Consider

2
R(n)=1—n""2» % exp [—n )".‘ ay n“"]
3=1 i=0

+(N—n) [(—n"”/2) w 2.2 oxp (—n i ay n‘”')
3=1 im0

395

. (1)

(18)

. {19)

. (20)

. (@)

prmn 3 exp () § st |- o

2 4
=1—n"1"w X exp [—n T ay n—"']
4=1 =0

—(N—n)n12 Z.l e (—'n )‘: @ n“"){ —a, n"+i} =0
Pt xp P Gy on -

Therefore

(N—n)n 2 S’I exp (—-'n 'J:‘. ay n“”‘)
Ja1 =0

gl [ f e (e
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2 4
Since 1—n—w X exp(—'n b oq;n—‘/l) = 1+0(e") we have
4=1 =0
3 4
(N—n~1w X exp(—n X amr”‘)
3=1 =0

= (et g +o ]

1 1

= (1= = —3/i

= %(l o ) Foln) o (22)
and min R = n+—l (l—L )+o(n-*‘”) (23)

“ prv
Taking logarithm on both the sides of (22) we get
1 1
logs(N—n) = —log, w n~2+log, ™ (1—2—)

4
—log,{ b exp{—n X a(f,.—m) } +0(n-%)
3=t i=0
which gives the following equation to determine n

N = n-hn)fwe, . (28
where

Mn) = \/ﬁ(l—ﬁ) I{ ;2::1 oxXp (—nay—ogy—ay n“)}.

Numerical examples show that the values of N obtained from (24) are

vory much smaller as compared to the corresponding exact values given by N.
Investigations led to a correction factor K(n, p, p'®) given by exp
(2.52814-1.26n p'V! ¢') as a multiplier of h(n)/w a, in (24) to have a corrected

value of N closer to N. Thus the corrected value of N is given by
N = n+-hn)/{w ay K(n, pV, p®)}. .. (25)

It is easy to show that R'(n) == 0 gives the minimum value of R(n). The
expression (23) for minimum R is similar to one by Hald (1867, page 14).

4, NUMERICAL EXAMPLB
Consider the determination of three-decision ASR plan with two point
prior distribution as discussed in Pandey (1874, 871-377) with the following
values

P =pM=10.01; 2" =p" =015 ; w, = 0.93, w, = 0.07.
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The mini idable oost of decision (km)=8.086 and average

cost of inspeoction per unit (k,) = 23.603 and the constant uy, ¢, j=1, 2 a8
dofined in the above paper are

fay = 0.217638 ; Jhay = 0.382606
/iy = 0.545686 ; gy = 0.012342,

Using the above values and formula in Section 3 we obtain the values of
Do $1s Bes &) Ay, Ggy, Bsg, Bars Beay By, g, O, gy By, 2y 610, 88 follows

po = 0.053301; ;= LTI8083; ¢ = — 1.142445;
& = 2.860638; Ay= 0.084475; Ay=  0.957068;
A= 0211800; A=  0.032171;

Gy = — 0.720468; a — 0.801465; a, =  0.276638;

6o = —17.612360; B, = 11.076803; f, = 11.868745;

Bu= 62526719; fy= 12431048; a, $(po PM) = 0.046852 ;
@y = — 1.233468; o = — 2.020104; @, = 11562183;

@y = 32438856; w =  2.503874.

Choosing the values of ¢,=0, 1, 2, ...10 systematically in the expression (3)
for j = 1 we compute the corresponding values of sample size #. Substituting
these values of # in (3) for j = 2 we obtain the corresponding values of ¢,
systematically. The values of correction factor K(», .01, .16) are computed for
values of n obtained above. The corrected values of N are obtained by (25).

Table 1 provides the asymptotic values of », ¢; and N. The values of
Kin, pY, p) are given in Table 2.

TABLE 1. ASYMPTOTIC VALUES OF n, ¢; AND N

€ n e hin)frox, N
0 13.1214 0.1662 3.4261 68.9
1 32,1167 1.9680 15.8748 276.1
2 50.9378 3.1707 41.6338 787.1
] 69.72068 4.2668 109.9707 2276.8
4 88.5088 5.8200 271.9854 6287.2
3 107.2764 6.3581 708.8721 18428.7
(] 126.0440 7.3808 1823.2031 53987.8
7 144.8107 8.8001 4678.8068 157284.5
8 163.5762 0.4132 11385. 4462 492930.7
9 182.3408 10.4244 28961.0881 1261124.0
10 201.1048 11.4838 78738, 1258 8624368.5
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TABLE 2. THE VALUES OF E(n,p), p'®)
FOR p™ = 0.01 AND p® = 0.18

n K(n, 0.01, 0.15)
13 16.0877
32 16.5766
51 17.7236
70 20.1680
88 22.7940

107 25.0377
126 29,5150
146 33.6858
163 37.9587
182 43.1039
201 49.1511

The exaot ASR Bayesian plan for the same set of cost parameters and
prior distribution as in the present example are given in Table 3 in
Pandey (1974).

The value of regret function R* for exact ASR plans is given by

B = n*+(N—n") D(n*, <}, }) o (26)
where
Din', ¢1, €3) = piytran—8i{n’, 1) —&(n", ¢})
8(n®, ¢f) = puy Blej, n', pV)—puuBle], ', pV), 5 =11, 2
and N denotes the geomotric mean of the lower and the upper limit of Jot
range.

The valuocs of &;’s are provided in Table 10 in Pandey (1984).

Tho exaot and approximate ASR plans are given in Table 3. The
approximate plan (n, ¢,, ¢;, N) and exact plan (n°, ¢}, c;, N) both aro ob-
tained and listed according to the same values of ¢,, The values of N in
Table 3 are the geometric mean of the lower and upper Imits of the corres-

pouding lot range. For example, the valuo of N for the exact plan (8, 0, 1)
is equal to 84 which is the geometric mean of 8 and 146. Following Hald
(1981, page 362) efficiency e(n, c,, cg) of the approximate plan (n, ¢, ¢y, N)in
Table 8 is defined by R°/R where R is computed from asymptotio
formula (23).
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TABLE 3. EXACT AND APPROXIMATE BAYESIAN THREE-DECISION ASR PLANS

sxaot approximate
~ o(n. 01, 03)
N neoof oy N R n o & N R (%)
8-148 8 0 1 M 1138 13 0 1 60 16.82 68
147-608 27 1 2 200 37.27 2 1 8 276 46.22 81
8101782 6 2 3 1042 38.82 51 2 3 787 67.88 87
17834721 a4 3 4 2801  78.17 0 3 4 2276 88.09 80
4722.13140 83 4 5 877 97.34 88 4 5 6287 106.75 91
1314136801 102 5 6 20090 116.83 107 5 & 18429 126.21 93
3680297192 121 6 7 58088 136.48 126 8 7 63938 146.58 84
87193.409222 141 7 8 199433 150.93 145 7 8 157284 164.77 07
409223.555609 168 8 9 476870 178.02 163 8 © 432340 182.94 87

£55700- 1428735
1428736-5000175

177 9 10 851088 181.25 182 9 10 1251124 202.00 85
198 10 11 2672813 212.03 201 10 1 3624363 221.21 08

It can be seen from Table 3 that the relation between the sample size n
and the decision numbers ¢, and ¢, for the approximate plans and the corres-
ponding valucs for the exact plans is quite closely correct. The relation
between the corrected lot size N for the approximate plan and the corres-
ponding value of lot size N for the exact plan is also fairly correct. The effi-
ciency of the approximate plans measured as ratio R*/R expressed in percen-
tage is found to be generally increasing and is well above 80 for lot size

above 300.

Approximate ASR three-decision Bayesian plans for two-point prior
distribution can be tabulated exhaustively in the following four steps :

Step 1.

Step 2.

Step 3.

Step 4.

Using the formula (2), (4)-(6), (11), (16), (18)-(21) compute the
value of py, 8, Gy, Gy Brk, W, Xy, Gy, @y, j =1, 2

Choosing the values of ¢, = 0, 1, 2, ...systematically compute
the values of sample aize n from (3) for j = 1.

Substituting, the value of n obtained above compute the value
of o, from (3) for j = 2.

Using the values obtained in the step 1 obtain the valus of
correoted lot size from (26).
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5. CONOLUDING REMARES
Approximate formule obtained here is useful to obtain fairly acourate
ASR plan in practice, Such formula developed for other type of three-deci-
aion, restricted and unrestricted osses also provide fairly accurate approxi-
mate plans,

Acknowledgemens. The author is grateful to the referee for his valuable
suggestions.
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