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Abstract

It is shown that the family of representations {j,, t€ R,} of the universal enveloping
algebra % of the N-dimensional unitary group which is generated by the N-
dimensional number process of quantum stochastic calculus can be expressed in the
form

Je=1oy,
where i is a bijective linear map from % onto the space & of symmetric tensors over
the Lie algebra, and I, is the iterated (chaotic) integral on &. The chaotic product *
is defined by the formula
Y(LM) = Y (L)* (M)

and satisfies I(S*T)=1,(5)1,(T).

This work generalizes and completes earlier results on the centre of %.

1. Introduction

In N-dimensional quantum stochastic calculus, the generalized number processes
(Par] (A(H,t),t > 0), labelled by skew-symmetric linear transformations H on the
ambient space CV, consist of operators of differential second quantization. Thus they
form the infinitesimal representation j, of a representation of the group U(N) of N x N
unitary matrices

ur>m,(u) = F(Mx[o'”®u+Mx“_m)® 1). (1-1)
Here M, denotes the operator on L*(R,) of multiplication by the indicator function
Xs of S = R,, and I' is the second quantization map from unitary operators on the
Hilbert space h = LYR, ; C¥) of vector-valued functions on R,, canonically identified
with the tensor product L*R,)® C¥, to unitary operators on the Fock space
H = Fock (LR, ; CY)) of quantum stochastic calculus [Par]. Thus, if V is a unitary
operator on b, I'(V) is the unitary operator on # whose action on exponential vectors

(), feb is
Il Jeinie F(V)elf) = e(Vf). (12)

In this paper we investigate the family (j,,t€R,), regarded as representations of
the complex universal enveloping algebra % of U(N). The processes (m,(u), teR,)
satisfy the stochastic differential equations

dm(u) = m(u)ydA(u—1,t), my(u)=1
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from which we derive the chaotic expansion

(U) = I+ 3 L{(u—1)®), (1-3)

r=1
where 1, is the iterated integral map from the tensor algebra J over the space £ of
linear transformations on C¥ which extends the map
Hw A(H, t) = 1,(H).

Identifying elements of % with left-invariant differential operators, we may
differentiate the relation (1-3) in the Lie group theoretic sense, to obtain a
corresponding (finite) chaotic expansion for elements L of %

Je(L) = I(y (L)), (14)
where (L) is an element of the symmetric tensor algebra & over . The linear map

Y from % to & is bijective.
A new product formula for iterated integrals

1(S)I(T)=1,8S*T), S,TeS
enables us to define a ‘chaotic product’ * in & such that
Y(LM) = y(L)y» M), L, Me%.

When restricted to % the quotient map from 7 to % is bijective. Composing ¢ with
this map, we obtain a bijective map C:% —%. The centre & of % is invariant under
C, so that C extends the chaos map for the centre found in a preliminary version of
this work [HP2].

2. A product formula for iterated stochastic integrals

We regard the space Z of all linear transformations of CV as the complexified Lie
algebra of U(N), by equipping it with the commutator bracket

(H,K) = HK —KH

and the natural involution { of adjunction with respect to the canonical inner
product in C¥. The space J of tensors over & becomes an associative algebra
equipped with the multiplication which extends the formation of tensor products. Its
symmetric subspace & is spanned by tensors of form

H® =H®..®H", He¥, r=0,1,2,....

Here H®' is the identity 1.
For He Z the generalized number process A(H,t) is defined by the action on
exponential vectors

@exp(eH)+M, @ 1)f).m

X(o,t] Xe, )

d
A(H. 0 e(f) = —e(M

Then we may define iterated stochastic integrals [Par] against the A(H,t) as
integrators. Because the map

ST>5(H,,....H)— dA(H,,t,))...dA(H,,t,)

0<t<..<t, <t
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is multilinear it extends uniquely to a linear map I{” on the subspace of 7 comprising
homogeneous tensors of rank r. Combining the maps I{”, r=0,1,... (where
I9(z) = 21, ze C) we obtain a linear map I, on J for which, for H,,....H e &,

L(H®..QH,) =J dA(H,,t) ... dA(H, . 1,).

0<t, <...<t, <t

Note that, for He &,
I,(H) = A(H, 1)
and that, for Te 7,
L(T)t = I(T") (21)

where, on the left, + denotes the restriction to the exponential domain of the Hilbert
space adjoint and, on the right, 1 is the extension to J of the involution on Z, for
which, for H,,....H. e &,

H,®..0H) =H®...®H! (2:2)

In the theorem which follows, for H,,...,H,e &£ and r,,...,7,eN,
Sym(H,®..HWR®H,®.. QH?® .. ®H,® ... ® H?)
denotes the unnormalized symmetrization of the tensor
H®. H"W"®H,®..QH"®..H,®...® H

consisting of the sum of the (r,+...+7,)!/(r,!...7,!) distinct permutations of the
original tensor. The product of operators on the exponential domain spanned by the
e(f), feh may be understood in the sense that R = ST means that {e(f), Re(g)) =
{Ste(f), Te(g)> for arbitrary f, geb; alternatively the exponential domain may be
enlarged in such a way that it reduces to ordinary multiplication of operators.

TuroreM 2:1. Let H, Ke ¥, m, neN U{0}. Then

(m) (n)
LI H®..Q H)Y(K®...® K)
min{m, n} (r) (m~-r) (n-r)
=It( Y sym(HK®. QHK®H®..® H ®K®...® K )). (2:3)
r=0

Proof. There is nothing to prove when m or n = 0. The proof is by induction on
m+mn. By the quantum It6 formula [HP1], for m,n > 1,

(m) (n) (m-1) (n)

dH® . @ HIK®..@K) =LH®..® H )K®..QK)I\H,I)

(m) (n—1)

+H® .. @ H)(K®...® K )dAK,!)

(m—1) (n—1)

+I(H®..® H)L(K®..® K )dAHK,!).
(24)

Making the inductive assumption that the Theorem holds when (m, n) is replaced by
any of (m—1,n), (m,n—1) or (m—1,n—1), we obtain the result by integrating,
noting that the three terms on the right hand side of (2:4) account for the terms in
the right hand side of (2-3) in which the final entry in the product tensor is
respectively H, K and HK respectively.
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COROLLARY 2:2. There exists an associative bilinear product * in the linear space &
such that, for arbitrary S, Te &,

IS)I(T) = I(S*T). (2°5)
Proof. We define * by
- i min{m, n} (r) (m-r) (n—7r)
H® xK® = Y symHK®..QHK®H®..® H RK®...® K)
r=0
(26)

and extends it to all of & by bilinearity. Since the map 7 is linear it is evident from
the Theorem that (2-5) holds. That * is associative may be verified directly from (2-6);
alternatively it follows from (2-5) and the associativity of operator multiplication on
the extended exponential domain together with non-degeneracy of the iterated
integral map 1.

Note. In [HP2] we showed that * can be defined on the whole of the tensor
algebra J .

3. Definition of the chaos map Y

Matrix elements between exponential vectors e(f), e(g). f, g € b of the representation
elements (1-1) are found using (1-2) to be

e(f), m(u)e(g)) = exp U (fls), u.(}(8)>0l6+fO {f(9),9(s)> dS}- (31)
0 t

Differentiating with respect to ¢ gives

<A1 m(w)e9)> = <0, (= 1) g0 <el), () e0)), 32)

where 1 is the identity element in U(N). It follows that the process m,(u), te R,,
satisfies the stochastic differential equation

dm,(u) = m(u)dA(u—1,t).

Since my(u) is the identity operator /, this may be solved formally as

m(w) = T I ((w—1)), (33)
r=0

where («—1)® denotes the tensor product of 7 copies of («— 1), which is 1 when r = 0.
The universal enveloping algebra % is conveniently defined as the quotient of the
tensor algebra 7 by the two sided ideal # generated by all elements of the form
H®K—-K®H-—[H,K)] where H,Ke % . Identifying & with the Lie algebra of all
left-invariant vector fields on the Lie group U(N), % becomes correspondingly the
algebra of left invariant differential operators on C*(U(N)). We may pass from the
representation 77, of U(N) to a representation j, of % by differentiating at the element

1e U(N); thus
JuL) = (Lm,) (1) (3-4)

in the sense that, for arbitrary ¢,, ¢, in the exponential domain

Pr:Jell) $20 = (L, m(.) $50) (1).
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We wish to apply (3:4) to (3-3) to obtain
= I LU —1)®) (1. (35)
r=0

Although the sum (3-5) is finite, (3:3) is only a formal expression. To derive (3-5)
rigorously we use (3-1) in the form

Celf ) mlan) @)y = e(f), elg)) %n'(fq — gl ds).

It is evident that, on application of the differential operator L and evaluating at
u = 1, only terms for which n does not exceed the degree of L survive on the right
hand side, and we recover (3:5) using the identity

(f d(s) ds)n =n! J D(8;) P(83) ... P(s,)ds, ds,...ds,

Let €, %= 1,...,N be the canonical basis in CV and let e;? be the dyad €f ¢; so that,
for each w = ((u}))e UN),

J

w=Suld. (36)

If R is an N x N matrix of non-negative integers, we denote by fy the product of
coordinate functions

N )
faw) = % (@)™ (37)
=

N
Frlw) = “falu—1)" = TI (uf=0)". (38)
We put |R| = X, , 7.

6,33

Now consider (3'5). For ue U(N), using (3-6),

N ®"
=1 =( £ (w-5)d)
i,j=1
N
=3 I (ui—8)%Sym ® AL g
|Rl=7 1,j=1 i,j=1

= ¥ fa(w) E(R)

|R|=r

where we introduce the notation

N
E(R) = Sym ® (¢®).
%,7=1
It follows that
degl

m(L) = 3% Lfp(1)I(E(R)). (39)

IR|=0
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We define ¢: % -7 by

deg L

Y(L) = X Lfx(1)E(R) (3:10)

IR|=~0
and embody our result in:

THEOREM 3-1. There exists a linear map :% -7 such that, for arbitrary
Leq and teR,,
' JlL) = 1§ (L)) (3:11)
COROLLARY 3-2. 1 satisfies

Y(LM) = (L) * (M) (3:12)
for arbitrary L, Me%.

Proof. This is evident from (3-11) and (2-6).

4. Bijectivity of
We denote by X the (complex) left-invariant vector field on U(N) determined by
the dyad €} = e} ¢;. The action of X} on fe C*(U(N)) is

1d

(X5f) () = 5 Swexp (H(e; — el)) —if (wexp (it (€] + €1)}ymo-

For the coordinate functions

filw) = fylw) = uj

we find that Xiff =éifr.
. N £
It follows that Xifa= 5 REfo tos (41)
k=1
~ N ~ ~
and hence that Xife= ZRifp g0 +Rlfp g (4-2)
k=1

Note that fp_,» and fR—ef 4+ are undefined if R¥ = 0, but if this is so the coefficients
in the sums (4:1) and (3-2) vanish so that the sums are well defined. The same applies
to the last term in (4-2). We set R! = Hi‘j(R;' n.

LeEvMMaA 4:1.  Suppose that |R| = n. Then

R! if R=é}+el+.. +eln,

X X el = {0 otherwise. 43)

Proof. 1t is evident from the definition that
L e 1 if r=0, i
/2 =19 otherwise. (#4)

Making the inductive assumption that, whenever k < n, and |R| > £,

Xie . Xifu(l) = R! if R=ep+...+egt,
( Ik 1I/JR O

otherwise,
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we use (4-2) to write
X Xpfa=50s I Xifnioy +RUR=el)fy... B—ch—eli~..—€lifa-dp-..~dy
S (i,ie 1 n
where the sum is over ordered r-tuples S of elements of {1,...,N} x{1,..., N} with
r = |S| < n, |R(S)| > |S] and the Cs are non-negative integers. Evaluation at 1€ U(N)
annihilates the sum in view of the inductive hypothesis and we obtain
Xin . Xife(1) = RyR—el)s .. R—eh—el— ... —€lnfinfrgp..—aa(1)

_[R! if R=eéit+...+en,
~ |0 otherwise,
in view of (4'4).
THEOREM 4:2. ¥ is bijective.
Proof. From (3:10) and (4-3) we have
Y(Xjr...Xp) = RIER)+F, (4-5)

where R = ¢/1+... +¢jr and F is a symmetric tensor of order less than n. Since the
tensors £(R) of this form generate & linearly, it follows that ¥ is surjective. On the
other hand suppose (L) = 0 for Le%, L + 0. Write L = L, + K where K consists of
terms of order < = in the Poincaré-Birkhoff~Witt expansion of L and

L,= 3 a,RB)(X¥)FVXN_)Ré- .. (XDR +0. (4-6)
|Ri=n
From (4:5) we have

Y(l)= 2 a,(R)R!E, (R)+F

|Rj=n
where F' is a symmetric tensor of order < 7, hence we have
> a,(R)R!E,(R)=0.
|R|=n

But the tensors E,(R) are linearly independent. Hence each a,(R)= 0 which
contradicts (46).

5. Casimir chaos map

Recall that £ is the two-sided ideal in I generated by all elements of form
H®K-K®H—-[H,K], H, Ke ¥, so that the universal enveloping algebra % is
canonically identified with the quotient algebra 7/ ¢.

ProrositioN 51. Every element Le U can be represented uniquely in the form

L=T+ 2, (51)
where Te &.

Proof. We prove that the mapc¢: £+ %, T— T+ ¥ is bijective. We compare the
basis E(R), |R| =0, 1,2, ... of & with the basis L(R), |R| =0, 1,2, ... of % formed from
the basis X}, 7,5 =1,...,N of & by the Poincaré-Birkhoff-Witt theorem; thus

L(R) = (X)RU(X})R: ... (X2)Ra,
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Evidently if |[B| < 1, ¢(E(R)) = L(R). More generally, using the commutation relations
X;X;—XPXi=6iXF—oF X}
it is evident that L(R) can be symmetrized modulo terms of lower degree, that is, that
cB(R))=LER)+ X agsL(S).
ISl <|R|
The triangularity of this relationship shows that the linear map ¢ maps the basis
E(R), IRl =0,1,... of & to a basis of % and is therefore bijective.

Note. Gross has shown [Gro] that, under a technical assumption concerning
completion of 7 in an inner product derived from one on .#, the universal enveloping
algebra of an arbitrary real Lie algebra .# can be ‘parametrized’ algebraically by the
symmetric subspace of the tensor algebra 4 over . We are grateful to him for
communicating his preprint [Gro].

We now consider the centre 2 of %, whose elements we call Castmir elements. The
adjoint action Ad, given by

Ad,(H)=uHu, uweUWQN), He%

of U(N) on & extends to the tensor algebra J and leaves invariant the symmetric
subspace &. Since it also leaves # invariant it lifts to %, and the Casimir elements
are characterized as fixed points of the adjoint action in %. For each Casimir element
Z, writing

Z=D+¢, De¥

in accordance with Proposition 5-1, we have, for uwe U(N)
Z=Ad,Z=Ad,D+Ad, ¢ = Ad,D+ ¢.
By the uniqueness of the representation 5-1, we have that
Ad,D = D. (52)

TaEOREM 52. There exists a bijective linear map C: & -~ Z such that, for arbitrary

ZeZ,
v+ ¢ =CZ.

Proof. We have to prove that Y(Z)+ #eZ for arbitrary Ze%Z. In [HP3] we
showed that, for the family of Casimir elements Z,=1, Z, =D, + ¢, r=1,....N
where

D, = 3 2 signor sﬁg(()l; ® ... ® e, (5°3)

n 7(r)
1<, <..<i, <N og71€8,
the chaotic expansion of j,(Z,) is of form
r
Jt(Zr) = It(Z arst)
s=0
where the a,, are non-zero rational numbers. Thus

vZ)+9 =X a,2,eZ.

s=0
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Now the Casimir elements Z,...,Z, generate the algebra Z. The theorem will
therefore be proved if, using the characterization (52) of symmetric tensors
corresponding to Casimir elements, we can show that, if D and D are elements of
point-wise invariant under the adjoint action, then so too is D +*D.Todo this, we note
first that, for arbitrary 7'e 7~

1,(4d, T) = m(w) I(T) m(u)™*
as is evident from (1-1) and (1-2). It follows that
1,(Ad (D * D)) = m,(w) (D % D) m,(u)
m(w) I,(D) 1,(D) m(u)™
m(w) 1,(D) () ™, (w) I,(D) m,(w)™

1,(ad, D)1,(ad, D)
1,(D)1,(D)
= I(D +D).

Hence, by the independence of stochastic integrators,
Ad,(D+D)=D=+D

as required. (Note that in general, even if D and D are symmetric, D * D is not. But
Dx*D+ # is a Casimir element.)

We call the map C of Theorem 52 the Casimir chaos map.

The centre & of % is isomorphic to the algebra %, of symmetric polynomials in N
commuting indeterminates, under an isomorphism %:Zz, where, for integers
l,....ly with I, > I, > ... > [, in the irreducible representation of U(N) of highest
weight (I, —N+1,,—N+2,...,1y), Z corresponds to the multiple z(l,, ...,15) I of the
identity operator. We may use this isomorphism to construct a chaos map
Cy =570y~ on Z . Tts action on a family of generators of the algebra &, is given by

ProrosiTion 53. Denote by o, r=0,1,...,N the elementary symmetric
polynomials oy = 1,
o(ly,....ly)= > L, ...L,, r=1,...,N.
1<é, <...<4 <N -
Then there is a triangular array of rational numbers
Py T=0,1,....N, s=0,1,...,r
such that each £,, + 0 and
;
NOr = Z ﬁrs(Tm r =O: 1: (]

=0
Proof. For the Casimir elements Z, = D, + ¢ defined by (5:3) it is known [Hud]
that z, = 9(Z,) is given by

,
2,55 2 Ve Uy

§=0
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where the triangular array v,,, r =0,...,N, s=0,...,r of rational numbers is such
that each y,, & 0. On the other hand, as we noted in the proof of Theorem 52,

where (a,,) is another such triangular array. The proposition follows now from the
fact that products and inverses of non-singular triangular matrices are matrices of
the same type.
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