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SUMMARY. Intbo present papor, Chong's (1978) result regarding the -optimality of
the most balanced group divisible (GD) dosigns under a fixed effects mode! has been extonded
to the cas0 of 8 mixed offecta model when ono is conficd to the clase of binary deigns.

1. INTRODUOTION

In the present paper, we prove the type 1 y optimality of the most
balanced GD designs of type 1 within the restricted class of all proper, connect-
od and binary block designs under the assumption of a mixed effects additive
model with the treatment effects fixed and block effects random. The corres-
ponding optimality result within the restricted clase of equireplicate designs
has been reported by Khatri and Shah (1981).

2. OPTIMALITY RESULTS

The coefficient mstrix of tho reduced normal equations for treatment
offects based on a proper block design with block size k under mixed effects

model is given by (Bose, 1875).
¢ = w(Dy— k" NgN )+ wik~NaN—n-rr')
where the symbols used are as in Boso (1976).
Let Z = w—w. Then
O = Z0P+Ca e (20)
where CF) = Dr—k'NaNy o (2.2)
which is the C-matrix based on the same design d under the assumption of a

fixed effects model and
Cs = Dy—n~rr'. . (23)

AMS (1970) subject olasnifioation . B82K05.
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Let us now come to the proof of the optimality result.

Let &, bo the claas of all proper, connected and binary designs with
given b, v and k (< v) and d* be & most balanced GD design (MBGDD) of
type 1, ie. o GD design with m = 2 and Ay = A, +1.

Then in view of Theorem 2.2 of Cheng (1978} it is enough to verify the
following conditions with d* as an MBGDD of type 1 and 8 as 8, defined
above.

Conditions are :
(i) C&" has two positive eigenvalues 4 and 2’ (z > g'), the multiplicity
of p being 1,
(i) d* maximises tr C{¥) over d ¢ B,
i) (R < {o— D(u—2))Ytr CRIR,
(iv) <° maximises
tr Cf,"’—[:;_;)mPﬁ“’ over all de B,
where p&O) = {tr(Cf,Q))’—(vw 1)=Ytr CiM)Eyve o (2.4)
with @Q = M or F.
Now for any equireplicate design d® with replication r,
Cad = r{ly—v~"Jyx0) . (2.8)
and 5o the i-th eigenvalue of Cl4

W = 24
where " is the correspouding i-th oigenvalue of C'f*.
Hence condition (1) holds for C{¥’ as it is known to hold for C{¥'
(vido Cheng 1078), and d* is an equireplicate design.
Condition (ii) will follow from the following lemma.

Lemma :  Let 8 be the class of all proper and connected block designs with
given b, v and k (< v). Then

ir O = max ir C e 28
ded
ig implied by @ d* such thal
(8) In.—kpl<l,
%3
and (b) 1, =r’=_,,=r,,=n/u

where n, is the (3, j)-th element of Nao.

if
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Proof :  Trivial.

Since .8, C » and d® = MBGDD of type 1 satisfies conditions (a) and
(b) of the above lemma, condition (i) of (2.4) follows.

For proving condition (iii) of (2.4), we note that for an equireplicato
design d°.

R . T = relf 2
and (540)' = 7650
as CP. 1y =Cs 1o =10,

Hence
(PO = ZHPEH2BT(NCY Can)—(o— 1) w7 6 T )
+utftr (,T;o—(o— 1)=2{er C_w)')
= Z’(P"':’)’ since the 2nd term and 3rd term vanish
by virtue of (2.5).
In particular
P = ZPR. o (28)
sinco d* is an oquireplicate design and so by Theorer (3.1) of Cheng (1978)
condition (iii) of {2.4) is proved.

So, now we re left with the verification of condition (iv) of (2.4) whioch
ia equivalent to the following conditions.

tr O —tr C40 > (”_l]'"P‘”’—P&“’)v:isx, . (29)

Since tr Ed- > tr Z’g o de Ry,
L.HS. of (2.9) > Z .{(tr C}2—tr CP).
Henco if we can show that
(PO > TP
then the result will hold in view of Cheng (1978) and relation (2.8).
Now,
(PPN = ZYPPY 4225t (CF . Co)—(v— 1) tr O tr G
+w’(tr —(v—1)"Xtr C'a)’) .o (2.10)
3rd term of (2.10) is > O sinoe it is of the form & Z {ss1—p)* where
£ 1y . puoy 876 the positive eigenvalues of O and j = h‘Gﬂ/(u——l).
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8o, if we oan ghow that

(0P . Ca)—(v—1)" tr OF tr Ca > 0, o (20
we are throogh,

LHS8. of (2.11) = ‘2_2164“6'“+ ‘}i,c‘“c‘,‘,—(v—l)"tr o . tr Og

where ¢, and Ea,, represent the (i, j)-th elements of C¥ and C respectively.

But aince

_ n(k—1) _ or{k—1)
= k—Md wCP = - -

dyi

where r = I rfv = nfv, the above expression is
=1

1 -
m)uc‘ﬁ".u(:ﬁlz!c‘“cw e (212)

k—
= T :}: (ri— r)c,“

Nows.i.noeCﬁ”.lg—“Ca-ln—'O
trCf'=— T, =X (Ayfk
‘ ’di . ’(lll)

and - R
trCa=— XN ¢ = I (nmyfn).
T TY]
Hence (2.12) can be written as
k-lg =)y o B Q=) (2.13)
oo 1 ™ im - i iy -

Now the m trix A =(Ay)igrjgr Where Aq=0, s+ =1,2,...,v, has all
elements 1 onnegative. So, we oan apply the inequality of Atkinson, Watterson
and Moran (1960) and obtain

v );- ‘7" Ag A Ay > A2

where A = T Agg = ri(k—1)
=’/\-.:, i=12.,0
and A.=3 zl:,\., = op—D)A.
Henoce, the 2nd term of (2.13)
1
g = { IE’/\”/\,. Py v(v_l) E Ao A, }
> Tl 1)‘0(0—1) 2 (A=A o)t > 0. o {2.14)
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Again the first term of (2.13)

- (re—r)re (1—r/n) - k%]

- "L— {(0—2)1- 2 (n—#'— Er—n*) on simplification.

If d is such that ry < (v—1)" % 4 = 1,2, ..., v then the quantity within second
bracket is nonnegative and we are through. 8o, we assume that one of the
08 (say ry) is >(v—1)r.

Now for a given value of r, such that

=l <r Lo n—r<0, §=2..,0

and % (n—7) = —(n—).
So, we have
£ (1> (7o) od — & (reip = (o> 70
Hence % > 2 (r—7pand T (nerp > D o
fml 1) v—1"1 1=1 ! (v—1)® n ’

So, the first term of (2.13)
Hy—2)
n{v—1)F
> 0.
Thus (2.13) holds and the result follows.
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