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RENEWAL TYPE EQUATIONS ON z
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NUMMARY. An ol vy 1 i 1 lytic. *‘roal varwmblua" provl in
obtanwul for the fact that the solutions of equation (1) below (uy 2 U given. vy > 1 to by golvodl
for) ans given by the thoorem tulow as supplomentod by the Remork following its statement.

This paper is a continuation of the work, maioly of Shanbay (1977), and
also of Lau-Rao (1882) and Ramachandran (1082). as regards both the type of
problem considered and the method of solution. The result proved is a
special case of & general result due to Deny (1961), who, however, uses the
Choquet theory. Lau and Rao (1984) deal with the corresponding result
perteining to the whole real line, but they, again, zppesl to the Krein-Milman
theorem instead of Choquet’s. The present paper is an outcome of the search
for an “elementary” (non-functional-analytic) proof for the real line case: the
discrete case dealt with here should be of independent interest and a sequel®
will deal with the real line case.

Let Z denote as usual the set of all integers, let the w,, for n € Z. be
given non-negative real numbers, and let vy, for m ¢ Z, be non-negative real
oumbers satisfying the equations

U = E‘. U ntw, forall meZ. .o (D
{We may refer to such equations as of “‘renewal type”, in analogy with such
equations arising in probability theory, with the set of non-negative integers
or the half-line [0, o0) as the domain of reference rather than Z or R'). We
then have the
Theorem : Let 4 = {neZ:w, > 0). If the (addilive) group generaled
by A is Z ilself, Lthen we have either v, = 0 for all m € Z, or vy = Bb™ for all
meZ, or vy = BbmCcm for all m ¢ Z, for some B 3 0 and C 3 0, respectively
according as the equation Twx® = 1 has no positive solulion, or has exaclly
one positive solulion b, or has lwo distinct positive solutions b and ¢ (nole thal
there can not be more than two dislinct posilive solubions).

AMS (1980) subject classification : Primary 45E10, $0B99 : Secondary 62E10. 60K05.

Key worde and phrascs : Renowal type (convolution type) equationa; Charaoterization
Probleins.

*Vide this issue, pp. 326-338.
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320 B. BAMACHANDRAN

Remark : If the group generated by A4 is not Z iteelf but the subgroup
kZ for some integer k > 1, then, as the preamble portion of the following
proof will show, (1) is not really one equation but can be broken up into &
aquations, esch having a coset of kZ in Z as ita domain of definition, and
our theorem can be applied separately (after suitable trivial modifications)
to each of these k equations : the solution may be stated as :

Um = Py(m}b™+py(m) - ¢,
where 2,, p, are periodio on Z with k as pariod.

Proof : We shall consider balow only the case where A contains at least
one positive element and one negative el
covered by the papers listed as References.

t : the compl tary cases are

Sinoce A4 generates Z, we may assume without loss of generality that
w, > 0 for every n ¢ Z, the reason being as follows :

Let (2) A=A+ A4 = (a,+a, : a,, a5 ¢ A} and, generally, ()4 =(n—1)A+4
for positive integers n » 2; let S = (J (n)4, so that § is a semi-group
gl

under addition. Then our assumption implies that S = Z. For, let d, > 0
and dy < 0 (by our choice) be the g.c.d.’s of the positive and of the negative
elements of A respectively, so that d, and d, are mutually prime and so there
exist integers p, and p, such that p,d,+pgd, = 1. Since d, > 0 and d, < 0,
it follows that p, and p, are either both non-negative or both non-positive
(and at least one of them is non-zero). For all sufficiently large positive
integers, say for n » N, nd, and nd, € § (see, for instance, Lau-Rao, 1082,
Lemma 2.3). If now both p, and p, are non-negative, then, for » > ¥,
n = (np,)d,+(npy)d; € 8, S being closed under addition; and if p, and p,
are non-positive, then, for » > N, —n = (~np,)d,+(—np,)d; ¢ 8. Since §
also contains arbitrarily large negative integers and arbitrarily large positive
integers respectively, it follows that in both the cases (p, and p, both > 0, ;
and p, both < 0), § contains all the integers (being closed under addition).

Now, (1) impliea that
Vm = Ltpmin w,, Where w, > 0 forne4,
= E-' U e+ [
= Zvgm ]
where w® = T wywy > 0 for every n e (2)A4; the w(® are finite, for any
2ilmn

n€(2)4, as seen by taking an m for whioh vm,n > 0 and using the tact
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that Vg » Um.awi; repeating the argument, we see that for every positive
integer k,
VU = Zogy, uf?
where 14” > 0 for every n & (r)4; hence, with w{’ = w, and w} = b 2=
-t
we have !
vy = Zvp, 000

Note that w) > O forall ne 8§ = 2.

Thus, henceforth we may and shall assume that, in (1), w, > 0 for every
neZ. Then vy = 0 for some m implies that v, = 0 for every n, and the
theorem is true. Wo shall consider below the cases where vy > 0 for every m.
Then (1) yields the obvious inequalities

Vi > W) Vmey. Vs > W \Um . (2
so that {v»"f‘} and {v—"'} are both bounded sequences. Let then
tm Yma
- ¥may —inf Uma _ Vm
b= s:p v c= 1:( o l/(s:p ("mﬂ)) R )]

If b = ¢, then ve = vb™ for all m and the theorem hold . Hence. again, we
need only consider the case where b> ¢ Then 7p = bvp—vm,, and
7. = tm.,—Cvm define sequences of non-negative numbers. both sequences
atisfving the (same) basic equation (1). If 7,4 were to be zero for some m,
then it follows that 7, = 0 for all n. 80 that v, = vb™ for all m, and we have
b = ¢. ruled out by assumption. Similarly, 7, > 0 for all m as well. We
then have the analogues of (2). namely.

T > 10,Tm,y 28 Well a8 > w_y7,

7o > w7, a8 well a8 > w_yr,

or b0 — sy > 10,(bp . — Ui 4} 88 Well a8 > 1e_ (brg, | —vyy) e (9)
Vi —CUpeyy > W0,(Vpy ) —CPpy ) B8 Well a8 > 17_ (Ve —CV) .. (8)
(4) implies that
p_Umer o Um ( _”_m_') 1 = Yy
Umay W ¥m 4y Vm Wy om |

On iteration, and setting 6 = (cw;)~! 80 that # > 1 (. vy > W0,0p,,), we get
for every positive integer n,

by <0 0)
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80 that, if ptmel e,, then
Um

Umin e g‘_gn—l
w2 - (1)
(- 20
bE—1y )"
If follows that, given any e > 0 and an arbitrary, fixed positive integer k,
there exists an integer m = m(k, e) such that
Umin - pn_g forn =0,1, ..., k )]
Um
In particular, since vm,x/vm < b* for positive integers k, it follows from (8) that
sup 22#% — bt similarly from (6), inf Dk _ op i
m Vm m Um
Next, we note that, also from (4),

Um41 Ym-y Um
_Ymay Imafy  Im
b= 2 o ( "m-x)

oy Um
> w,b (b v-._l)
whence, by iteration, it follows (as above) that for any e > 0 and an arbitrary
but fixed positive integer k, there exists an integer m = m(k, e) such that

Vm_p
Um

<bmteforn=0,1,.. k .. (8)

We shall now show that Zw,b" = 1, a dual argument will show that Zw,c® =1
a3 well.

Let k be an arbitrary fixed positive integer; and e > 0 be arbitrary.
By (8), there exists an integer m such that

Vniyn

>bn—eforn=20,1,.., 2%
Um

U emak x
Hence I=3 -2y > 5 ..
YUm-k ~k

P ()E Mwn)i

T Vm Vo k
X Um | nirk —k
> (3:‘k L w,) 5%, by (7),

k k x
> I (bn—eb-tyw, = I bmo,—ebk (Z u'n]
~k -k -k
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13
Since e > 0 is arbitrary, it follows that 2 bmw, < 1. k being en arbitrary
Y
positive integer, we then have that Zb*w, < 1. A dual argument shows
that Zcmw, < 1. To obtain the reverse inequalities, we proceed as follows :
Given any &> 0 and a fixed positive integer k, there exists an m = m(k, e),
according to (8), such that

Um-n

=B bnteforn=12 ..k
Im

Hence, also using (7), we have
= —@n ~1
1=3 Umyn w, € I brw, + (2* w4+ X (b"+ ey,
Um 0 —= -k
Since & > 0 is arbitrary, it followa that for every fixed positive integer k,
= -1 —tk+1)
I bMw,+ Z bMo,+ I cmw, > 1.
o -r —.

Letting £ — oo, and noting that Zcmw, is a convergent series, we conclude

that i brw, > 1.

Hence we must have LdMw, = 1. A dual argument, using (6) instead of
(4), shows that Xen w, = 1.

Now we set for convenience of writing

bn = V™™, P = wnb™. A = cfb(< 1)
80 that
by = Zim,nPs forallm, Zp =ZpAn=],

nup[“’—;' =1, inflllm*—’ = A

Also, let um = !m—im,, 80 that, in particular, uy, > 0 for all m. Also, upm
satisfies the same equation a3 does i, i.e., um = Zum,,p, forallm. Ifum, = 0
for some m, then u, = 0 for all n, 80 that by = 1, Or um = pd™, ruled out by
our hypothesis about {v,}. Hence ux > 0 for every m and we then necessarily
Umet ) or A while inf 2™ = A since 1 and A ere the only two
Um Um

{positive) solutions of the equation Ep,an = 1. (If mfu% =1 then again

have sup

um = constant = lim u, = 0 since {/} | & finite Limit as m — co, and we
-e
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have =& contradiction, which rules out this possibility). We shall show below
that sup ¥+l g indeed = A.
Um
The relations tm = Zlp,aPn, Zp, = 1. imply that
Zltm—bmin)Pn = 0

or I (tw—tminlPn = I (tmin—tm)Pn - (9
LB ng -1
In view of the analogue of (7) for {um}, we have that for all positive integers k,
Um & o Umak —
T > AF while =X Ak ... {10
e > A¥ while i < (10)

Using (10) below, we get that the LHS of (9) ia

= Py +H{tm+ tn1 )Py + (Un Fmiy FUmia )Pt
2 Un{Py+ P14+ )+ o1+ A+ AY 4.}

2 =221 =)+ (1= A0}

Um (= =
m@ p,-%p./\} o
whereas the RHS of (9) is

=ty P+ (Umoy +Um_g}P_oH(Um_ g Um_gttm P st

< (P + P 1A+ p (1 A4+ )

by -- e
= M (K dp- 3 P} as easily verified. L)
-2 Lo (=l

Since £ p; = 3z pA =1, (11) and (12) imply that u, < Au,_, but the

reverse inequality is already true. Hence up = Aup_, for all m, whence we
conclude that

im = B+CA™ whereB= | lim ¢, >0, C> 0
noe
or vy, = Bbm4-Cem, as claimed.

The cases B andjor C = 0 have already been covered earlior. ‘The theorem
stands proved.
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