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MEASURES OF POVERTY BASED ON THE
REPRESENTATIVE INCOME GAP

By SATYA RANJAN CHAKRAVARTY
Indian Statistical Institule

SUMMARY. Ths papor provides a genoralisation of a poverty Iindox of Clark, Homming
and Ulph. It is based on the notion of the reprosontativo incomo gap of the poor. Sen's index
of poverty ia revisitod in this gonoral framework.

1+ INTRODUCTION
In a recent paper Clark, Hemming and Ulph (1981) have suggested an
index of poverty based on the notion of ‘equally distributed equivalent income
gop’. Given a poverty lino @ priori, this index has several propertics : (i) it
is sensitive to the percentage of the population that is below the line (the
‘head-count’ ratio), (ii) it depends on the average incomo of the poor, and
(iii) it depends on the ‘rclative deprivation measure’.

In this noto we offer o generalisation of the index, Each index is implied
by and implies at least one group deprivation function of the poor.

Essential to the construction of theso indices is tho notion of ‘representa-
tive incorao gap of the poor’.

In Section 2 we show that there is o Clark et al.—like poverty index
for every group deprivation function of the poor. Scn’s index (Sen, 1976)
is also intorpreted in this section. In Scction 3 wo define ‘absolute indices of
poverty' and present seversl poverty indices,

2. RELATIVE MEASURES OF POVERTY

With & population of size n, the distribution of incomes is represented

by a vector ¥ = (Y3, Yas --0s Ygo -+ ¥a), Where y¢ > 0. Let us assume that
the incomes are arranged in nondecreasing order, that is,

<Y< -SSP KYn

g(< n) is the number of tho poor who have incomo below the poverty line z
(given exogenously). The income short-fall of the s-th poor from tho poverty
lino is

w=(—w),1=12..q we (1)
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Throughout tho paper, wo will assumo that the welfare of the poor is
separablo from that of tho non-poor (for a discussion of the notion of scpara-
bility sco Blackorby, Primont and Russell, 1978, Ch. 3).

Clark, Hemming and Ulph (1981) assume that the identical deprivation
functions take tho form

dg) = = gt =1, s . )

where @ > 1 for concavity in incomo. The group social welfare function is
assumed to Le additively separable and ean therefore be written

~W(g, a)= 'ljll d(m), . @

whoro g = (g4, g2, ++» fo)-

‘fo measuro inequality in tho distribution of income gaps they define
the ‘equally distributed equivalent income gap’, which is that income gap,
which if shared by all the poor, would bo regarded as yiclding the samo level
of welfare as the cxisting level and distribution of gaps. This is given by

. 1.¢ Ve
=|—=2 . o (4)
! q l-ly‘.l

Poverty can then bo measured using the following index

P
£

P =

l

2
&

’ o (8)
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e
where I = qlz Elgh and 7 is tho mean incomo short-fall of tho poor. P°is
I=

q

.
inereasing in (»77), Iand 2.”-, tho relative deprivation measure.

Horo wo proposo a generalisation of the approach adopted by Clark et al.
For this, let the group deprivation function of the poor bo given by

F = F(gy, gys +--» ) e (0)
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where, —F'is d to Le ti s ing in ;'8 =12..,9
and also S-concave.!

Wo defino tho representative income gap (g) of the poor as that gap
which, if shared Ly all tho poor would make the distribution of incomo gaps
socially indifforent (indifferent a3 measured by the group deprivation function)
to thoe obsorved distribution and is given by

Flge1) = F(g) . (D)

where 1 is an appropriato vector of ones. Solving (7) (uniquely) for g,
wo obtain
9o = E(9), o (8)

where E is & particular numerical ropresentation of F.

As a general povorty indox wo introduco the measuro
=490
Pg) = 'z - (9)

The measure P is the aggregate income gap of the poor which, if equally shared,
would yield the samo level of doprivation as the actual distribution of gaps
generato, expressed as a proportion of the aggregato gap when cach member
of tho population has a zero income.

The measuro given by (9) is a relative poverty measure (that is, it remains
unchanged when all tho incomes and the poverty lino itself are multiplied
by a positive scalar) if and only if F is homothetic®. This means

F = (Flgy, ... 0 e (10)

where  is increasing in its argument and F is positively linearly homgocncous.

Ezamples: (i) Let F, tho imago of tho group deprivation funotion bo
given by

Flgy, - o) = ‘fil s )

3~ F i3 snid to bo S.concave if — F{#g) » —F(g) for all g and for all bistochastic matricos f

ofordor g. —F fa striotly & if the inequality is striot wh the veotor Ag is not &

lonof g. & ity is tho that —F should ngroo with woak Lorenx
quasiordering (eco Dasgupta ef al, 1973).

TTho proof of this aesertion follows from rusults in Bluckorby and Donaldson (1978).
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where the sequenco {ag} is positivoe and non-increasing?,

Q
p=x, ! £ g T
1. -
‘-‘al

Suppose that aj = g+1—1, then
2 g .
P=——__ 3 1— - (13
@ & 0t 4

= Sen’s measure,

(ii) Let g, correspond to tho symmetric mean income gap (of the poor)
of order @ (& p 1), i.e,

4= [% ém]lh e (14)
Then
r=L [% ’zi;l gg]"' o (15)

= Tho Clark, Hemming and Ulph mecasure.

This index becomes more sensitivo to transfer of income the larger is a.

Therofore, the index P is a goneralisation of the Clark, Hemming and
Ulph index given by (5). Given (9), wo noto that for every homothetic group
deprivation function of tho poor there exists o corresponding relative poverty
index. Theso indices will differ only in tho way in which the relative de-

privations of tho poor sro taken into account. The measure is also sensitive
to the head-count ratio,

3. ABSOLUTE MEASURES OF FOVERTY

For many policy purposes it might bo necossary to introduco absolute
moasures of poverty which aro invariant with respeot to translation of z ond
yP, where y? is the incomo vector of the poor.

For a given incomo profilo y, wo may define the absolute poverty index
Q a8 tho product of the head-count ratio and tho ropresentative incomo gap
of the poor corresponding to y, that is,

=1 0 e (10)

¥The roquiroment that {a;) is non-incropuing is nocoassry snd sufliciont for F to bo quasi-
00nvox or 8-convex in (Y. us, Yok
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Tho valuo of the doprivation function remains unaltered when the same
amount of incomo is added to or subtractcd from the incomes of the poor
and tho poverty line itself. IIenco the measure given by (16) remaing in-
varinnt with respect to translation of z and y»,

Eramples: (i) Consider the representativo incomo gap of tho poor
corresponding to tho symmctric mean income gap of order @, Then

=2 (L $ )™
=1 [q‘%‘(z w] . (17)

where @ > 1.
(ii) Let g, correspond to tho Kolm-Pollak group deprivation function
of the poor. Then

7= —% log %‘g_:l e""’""] . (18)
Therefore
e=-(%) 2 log [l ¢ e, . (19)
n/ 0 7 =1
where 0> 0.

Hero 0 is o frce parameter which determines the curvature of the social
indifferenco surfaces. As 0 increases, the mensure attaches more weight to
transfers of incorne lower down the incomo scale.

Indeed, any group deprivation function F = F(g,, ..., ;) where —F is
continuous, non-decreasing in y’s (i=1,...,,q) and also S-concave, will
serve for constructing an absolate poverty index of the form (16). Theso
indices will diffor only in the way jn which the deprivations of the poor are
accounted for. The approach yields a rich class of mensures to choose from.

4. Co~oLvstons

Wo havo genoralised the Clark, Hemming and Ulph indox [vide equation
(8)) in this paper and havoe shown that (i) for every homothetio group depriva-
tion function of the poor there is one relative poverty index of the type
proposed; (ii) Clark, Hemming and Ulph’s index is tho relativo poverty index
when tho group deprivation function of the poor is given by the symmetrio
mean incomo gap (of the poor) of ovder @ (¢ » 1); (iii) Sen’s index can bo
interpreted in this gencral framowork; (iv) for every group deprivation function
F with minimal propertics there is an absoluto poverty index of the typo
proposed hero,
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